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Satz. Ist die 2 n-periodische Funktion f lokal von beschrdnkter Schwankung und ist ihr
«erstery Fourierkoeffizient normiert, d. h.

1 2=
=5 [ f)e d5=1,
27
so ist die Ldnge ihres geschlossenen Graphen I (d.i. die totale Variation von f auf
[0.27]) dann und nur dann am kleinsten, wenn I eine geschlossene konvexe Kurve
und der Parameter § die Normalenrichtung ihrer Stiitzgeraden ist.

Albert Pfluger, Ziirich
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Packing of 180 equal circles on a sphere

The Dutch botanist Tammes raised the following problem: To determine the largest
angular diameter of n equal circles (spherical caps) which can be packed on the
surface of a sphere without overlapping; or what is the same, to arrange n points
on the unit sphere so as to maximize the minimum distance between any two of the
points. The Tammes problem has a vast literature which is surveyed, e.g., in Fejes
To6th’s book [4], and more recent results are incorporated in a review paper by
Melnyk, Knop and Smith [6] where the solutions and conjectured solutions of this
problem are summarized for n=2 to 60 and 80, 110, 119, 120, 122. Some of the
spherical circle-packings listed in [6] have been improved by Danzer [2] (n=17, 32)
and, more recently, by Tarnai and Géspar [10, 11] (n= 18, 27, 34, 35, 40, 80, 122);
and new packings for n= 54, 72, 132 have also been constructed [9].

Studying these packings we have found that among them, in general, those packings
have great density which have octahedral or icosahedral symmetry in rotation.
(The density of packing is defined as the ratio of the total area of the surface of the
spherical caps and the surface area of the sphere.) This fact has suggested us to
search for packings, for certain values of n, in octahedral or icosahedral arrangement
having no planes of symmetry. As a result of the research a packing of 180 equal
circles on a sphere has been constructed that we present in this note.

According to Coxeter’s paper [1], let us consider the regular tessellation of symbol
{3,5+}3, which consists of equilateral triangles, five or six at each vertex, some
slightly folded, such that they cover and fill the polyhedral surface of the regular
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icosahedron {3,5}; the suffixes 3,2 indicate that a vertex of the icosahedron can be

arrived at from an adjacent one along the edges of the tessellation by three steps on

the vertices in one direction then two steps after a change in direction by 60°. A part

of this tessellation is shown by the continuous lines in figure 1 where the large

equilateral triangle composed of dashed lines is a face of the icosahedron. Let us

remove the vertices of the icosahedron and the edges drawn by thin lines in

figure 1. The remaining edges display the rotational symmetries of the icosahedron

and can have the same length even if the icosahedron is ‘blown up’ onto a sphere.

This edge-system (heavy lines in figure 1) can be considered as the graph of
packing of 180 equal circles on the sphere. The vertices of the graph are the
centres of the spherical circles and the edges of the graph are great-circle arcs

joining the centres of the touching spherical circles.

The edge-length of the graph, that is, the diameter of the circles can be computed by
spherical trigonometry and iteration using only a part of the graph (figure 2) due to
the icosahedral symmetry of the graph and the fact that all the rhombi are equal. In
figure 2, a is the edge-length of the graph and A is a vertex of the spherical icosa-

hedron. We started the actual computation with an approximate value of g,

determined a and g from q, y from a and B, 6 from y, ¢ from a and J, then

computed a new a from ¢ and §. The process was repeated, starting from a weighted

average of the old and new values of a. At the end we obtained that ¢ =y and the

diameter of the circles in the investigated arrangement is

a=15°49"7.5".

This circle diameter results in density 0.85617 which does not seem to be a bad value

since densities greater than this one are only known in the cases of packings of 6

and 12 circles (regular octahedron and icosahedron) and Robinson’s packings of
' 24 and 48 circles [8].

Figure 2.

Figure 1.
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The edge-system of heavy lines in figure 1 can also be used on the tetrahedron and
the octahedron as graphs of packing of 36 and 72 equal circles, respectively. In
this case the obtained circle diameters 34°42’12.3” for n=36 and 24°51’13.5” for
n=72 are greater than those in the best packings until now constructed by
Karabinta [5] and the author [9], respectively; and the densities are 0.81914 for
n=36 and 0.84343 for n="72.

By these constructions we have given lower bounds for the extremal density of
packing of 36, 72, 180 nonoverlapping equal circles on the sphere. We have also
computed upper bounds for the extremal density by the formula (§ 9.5) of Robinson
[7]. These upper bounds are as follows: 0.86559 for n=36; 0.87942 for n=72;
0.89399 for n=180. It may be seen that the difference between the upper and lower
bounds for 72 circles is less than that for 180 circles.

Finally, we mention that Fejes T6th [3] raised the following problem: To distribute
k points in the elliptic plane so that the least distance between any two of them
should be as great as possible. Since the elliptic geometry is derived from the
spherical geometry by abstract identification of antipodal points, Fejes To6th’s
elliptic problem for k points is the same as the Tammes problem for 2 k points with
the restriction that the set of points should be symmetric with respect to the centre
of the sphere. The packings of 72 and 180 circles described in the present note are
centro-symmetric sets of circles, so we also obtained approximations for the solution
of Fejes Toth’s elliptic problem for 36 and 90 points, respectively.
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A Result for the ‘other’ variable of Ramanujan’s sum

In [1], Grytczuk shows that

;}2 | Ca(n)| = (k, m) 2 (K/tm) | 1)

where C,(n) is Ramanujan’s sum and w (n) is the number of distinct prime divisors
of n. In this note we derive an analogous result for the sum

> 1Ce@)] . @)

din

It is well-known (e.g. [3], p. 56) that C; (n) is multiplicative in the variable k for each
fixed n. That is, if (k,j)=1, then Ci(n)C;(n)=Cy;(n). Grytczuk uses this multi-
plicative property of Ramanujan’s sum to derive the identity (1). This is a standard
technique for proving such identities. Ramanujan’s sum is not multiplicative in its
other variable and thus the same technique cannot be applied directly to evaluating
the analogous sum (2). However, in [4] the following reciprocity law for
Ramanujan’s sum is proved. Let k be the core of k (the largest square-free divisor
_of k) and k* =k /k, then for all n and k,

#(ic) Cpo(nk*)= p ()
k n*

C,(kn*). (3)
It is also shown in [4] that
Cie(nk*)=k* Cr(n). @

These two results make the sum (2) tractable.
It is routine to prove the following Lemma.

Lemma 1. Let Fi(n)= 4, | Ca(k)|, then Fy (n) is multiplicative in the variable n for
each fixed k.

Lemma 2. Fix k. Then

Fem=1] @+ ]]la@-D+1],
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