
Zeitschrift: Elemente der Mathematik

Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 32 (1977)

Heft: 4

Artikel: A prime congruence system

Autor: Morley, Larry J. / Bishop, Alan

DOI: https://doi.org/10.5169/seals-32158

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 14.12.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-32158
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


Larry J. Morley and Alan Bishop: A Prime Congruence Theorem 91

A Prime Congruence Theorem

1. Introduction
The congruence theorem which we prove in this paper was discovered in

attempting to establish a relationship between certain commutator elements of
different weights in a Standard wreath product of /?-groups. The idea of forming
matrix entries in the way described below was motivated as a method of collecting
exponents of like commutator elements after each step in a rearrangement
factorization process. While the matrix notation helps to motivate the proof, matrix
Operations are not utilized in the proof. It is still an open question as to whether
a proof could be accomplished via matrix Operations. The authors have not been
successful in this regard.

Definition 1.1. Let p denote any prime number and A (atJ) be the (p— 1) by
(p— 1) matrix with the column entries defined recursively as follows:

alX i, i=l,2,...,p-l,
i

«a^'Z'V-b k>\ and/=l,2,...,/?-l.

The entry alk is / times the sum of the first / entries of column k-l. Let
Ä (ähJ) denote the matrix formed from A by reducing all entries modulo/?.

Theorem 1.2. All entries below the minor diagonal in Ä are 0. As an example,
in the case p 5, the matrix Ä is

1 1

0 0
0 0 0

It is interesting to note that the entry äp_x 2 0 because of the formula for the

sum of the first k positive integers. Also, the entry ä2p_x 0 since, prior to being
reduced modulo p, this entry is 2 + 22 + • • • + 2p~x 2(1 + 2 + ••• +2^~2)
— 2(1 — 2^"]) which is congruent to 0 modulo p by Fermat's Little Theorem.
Perhaps other elementary and well known theorems can be cited to give partial
results to this problem.

2. The Proof
The proof is by a double induction argument and is presented via a series of

three Lemmas. The authors acknowledge and thank Professor J.M. Gandhi for
suggesting the well know differentiation technique utilized in the proof of Lemma
2.2. In all Statements of the sequel, al} and ätJ denote matrix entries in A and Ä
respectively, according to Definition 1.1 with 1< i,j<p— 1.



92 Larry J Morley and Alan Bishop' A Prime Congruence Theorem

Lemma 2.1 ak+x,n+x (k+l)((l/k)ak^n+x + ak+ln)

l k
Proof. ak+ hn+ i (k+l)\Y *,,„ + %+ i,„

(k+l)((l/k)kYajn + ak+ln

(k+l)((l/k)ak,n+x + ak+hn)

Lemma2.2 aKn =kY(~ iy(k-j)n+k~2/j\(k-l-j)\.
j 0

Proof Proceeding with a double induction argument on n and k, we first verify
the formula

k aKX kY(-\y(k-j)k-x/j\(k-l-j)\.
7=0

Beginning with the binomial identity

k-\(l_^-i= £(-lY(fc-l)!xy/!(£-l-/)!
i 0

we multiply by x and then differentiate with respect to x to get

(l-x)k-x-(k-l)x(l-x)k~2= Y(-l)l(k-l)\(i+l)xl/i\(k-l-i)\.
i 0

Repeating this process of multiplication and differentiation we have

>(l-x)k-2g(x) + (k-l)(k-2)x2(l-x)k~3
k-\
Y (~ !)'(*- (''+ l)2*'/*! (ik- 1 -0' •

/ 0

After k— 1 repetitions and replacement of 1 for x,

k-l
(~l)k-x(k-l)\= Y(-i)l(k-iy-(i+i)k~l/ii(k-i-iy-

1 0

which implies

k-\
1= Y (~l)l~k+l(i+ l)k~l/i\(k-l-i)\.

i 0

Setting j=k — i—l this identity becomes

^Yi-^(k-j)k-x/(k-l-j)\j\
7 0

which establishes the formula for n= 1 and all k.



Larry J Morley and Alan Bishop. A Prime Congruence Theorem 93

The identity

ai,n=i=Y(-w-j)n-l/ß(-jy.
7 0

is clear and the proof is completed by verifying the formula for ak+Xn+x utilizing
the formulas for akn+ x and ak+ Xn and Lemma 2.1. Before using Lemma 2.1, rewrite
the expression for (l/k)akn+ x as follows:

(l/k)akn + l=Y(-iy(k-j)n+k-x/j\(k-l-jy.
7 0

Y (- iy~l(k-j+ iy+k~x/(j- iy(k-jy
7=1

Y-(-W(k-j+l)n + k-l/ß(k-j)l.
7 0

Now substituting into Lemma 2.1 we have

ak+i,n+i (k+l)\Y-(-W(k-j+l)n +k-l/ß(k-j)\
lj 0

+(k+i)Y(-iy(k-j+iy+k-x/j\(k-j)\\
j 0 J

=(*+ i)[Z(- iy(*-y+ \)n+k-x/f(k-j)\\ (k+ i-j)
Lj o J

(k+i)Y(-iy(k-j+ir+k/j\(k-jy.
7 0

The proof of Theorem 1.2 follows directly from Lemma 2.2 and the next
Lemma which verifies that the entries immediately below the minor diagonal in Ä

are all zero.

Lemma 2.3 akp_k+x 0ioxk 2,...,/?— 1.

Proof. akip_k+l kkf!(- \y{k-jf-k^+k-2/j\(k-j- 1)!

=**S(- iy (k-jy- l/ß (k-1 -jy.

k£\- iy/ß{k- 1 -j)\ (modp)
j-o

(k/{k- \y.)t\- Vit- iy./ß(k-\-jy.

(k/(k-iy.)(i-\f-1
=o
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