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Kleine Mitteilungen

Volume of an _V-Simplex by Multiple Integration

For N 1, 2, let An be the iV-simplex bounded by the coordinate hyperplanes

xx 0, xn 0, and the hyperplane

^+...+^-i. (i)
ax aN

where ax, aN are positive numbers Thus, An intersects the coordinate axes at
the pomts xt — av i 1, _V. In this note, we prove usmg multiple integrals that
the volume of An is

N
Tla^

It is feit that the proof may be useful pedagogically to students in advanced calculus
or in begmnmg analysis who are seemg Integration in RN for the first time. It was
motivated by a problem in Ref. [1], p. 560, exer. 1.

We denote by Vn (#_> • • > ün) the volume of the simplex An with sides ax,..., aN-
Our proof is by induction on N. Smce Ax is a lme of length ax and A2 a right triangle
with sides ax and a2, formula (2) holds for N 1, 2. We now assume that we have
proved formula (2) for N 1, 2, k and consider _V k + 1. But for k > 2

Vk+X (ax, ak+x)

at a% (1 - xx\ax) a3 (1 -xx\ax - xjat) ak + x (1 - xx\ax -xjat - - xk\ak)

\ \ \ j dxk+i -dxzdx2dxx. (3)

0 0 0 0

The upper hmit on the Integration with respect to each xt is obtained by solving
equation (1) (with N k + 1) for xt in terms of the other variables and setting x3 0

for i < ] < k + 1. We make the change of variables yx xx\ax, y2 x2\a2,..., yk+x
%k+ilak+i> m *he multiple integral in equation (3), obtaining

VkH (al> • • •» **+i) «!••• «*+i X

1 (1 -yx) (1 -y! -y.) (1 -yt -y% - • -yÄ)

/ / / / ^ä+i • • • ^3 ^y2 ^yi
0 0 0 0

ax. a2 aÄ+1 FÄ+1 (4)



58 Kleine Mitteilungen

The integration over yk+x can be performed, and we find

*Wi,...,i)
1(1 -y_) (l-y^-y.) (i-y^y,- -yk_x)

/ / / / (1~yi-y2 yk)^yk-dyidyi
0 0 0 0

1 (1 -yx) (1 -yx-yt) (1 -yx-yt yk_x)ff f f 'iVk-dytäyi-Zh. (5)

0 0 0 0

where

l(l-y_)(i-y_-y«) (l-yi-y. Vk-\)

It / / / ••• / y%dyk...dy2dyx,i=l,...,k. (6)

0 0 0 0

The integral in the last line of equation (5) is just Vh (1, 1), which equals l\k\ by
the inductive hypothesis. We shall prove that

This will complete the proof, for by equations (4) and (5) we find that

f 1 * 1 ax...ak+x

as required.
To evaluate Ix, we rewrite the upper limits in (6), obtaining

i r(i -y_) (i -yO (i -y,/(i -y_)) • • • (i -y_) (i -y_/(i -y_) y*-i/(i -yx))

*!** Vi I I dyk-"dy2
0 Lo 0 0

dyx.

But the expression in brackets is just Vk~x (1 — yx, 1 — yx) [see equation (3)].
Hence,

i i

h= / ViVk-1(l-yv...,l-yi)dy1= / (1 - yj 7rt (yx,..., yj iyx
0 0

1 1

0

0 0 0

The key step here is the use of the induction hypothesis in going from the second to
the third equation. To show that I{ Ix, i 2,..., k, we change the order of integration
in I{ so that we integrate with respect to y{ last. This changes the Upper limits in
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(6), and the resulting expression can be evaluated by exactly the same procedure
used for Ix. The proof is complete.

Richard S. Ellis*,
University of Massachusetts, Amherst, USA

*) Supported in part by National Science Foundation Grant GP-28576.
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Eine Übertragung der Formel von Gauss-Bonnet auf ebene Netze

Bei geeigneter Übertragung der Begriffe Gausssche Krümmung und geodätische

Krümmung auf ebene Netze kann man zu einer kombinatorischen Formel gelangen,
die eine gewisse Analogie zur Formel von Gauss-Bonnet aufweist; bei dieser

Übertragung handelt es sich um eine Diskretisierung der innergeometrischen Krümmungsbegriffe.

Für den Umfang S eines in einem 2dimensionalen Flächenstück enthaltenen
Entfernungskreises mit geodätischem Radius r und Zentrum P erhält man ([3], S. 204)

2nr K07i
r3~f- (1)

wobei K0 die Gausssche Krümmung in P ist; K0 ist also ein Mass für die Abweichung
dritter Ordnung von S gegenüber dem Umfang eines Kreises mit demselben Radius r
in der euklidischen Ebene.

Fig. 1

Auf der Kugel mit Radius R ist die Gausssche Krümmung K const. (1/R)2;
ein Entfernungskreis mit geodätischem Radius r (r < R nj2) ist ein Kleinkreis mit
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