Zeitschrift: Elemente der Mathematik
Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 14 (1959)
Heft: 5
Rubrik: Ungeloste Probleme

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 20.02.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

110

Ungeloste Probleme

Nr. 32. For real ¢ let ||¢|| denote the positive distance between ¢ and the integer
nearest to Z, and let f be a nonincreasing function such that 0 < f(n) <1/2 for n =1,
2,.... It is a classical result of KHINTSCHINE that the inequality ||z a|| < f(n) has
infinitely many solutions for almost all « or almost no «, according as the series
2. f(n) diverges or converges. KHINTSCHINE'S theorem can also be stated in this form:
Let S, be the interval symmetric about 0, of length f(#), and let 7, be the union
of all the translations of S, through integer distances. Then the assertion ‘n a7,
for infinitely many #’ is true for almost all « or almost no «, according as J3f(n)
diverges or converges.

What can be said if S,, is a more complicated set in [0,1], of total length (or measure)
f(n)? On the basis of a crude probability argument, it is to be expected that the
nature of S, is immaterial, and that only its measure is of significance.

In case S, consists of the intervals of length f(n)/n* symmetric about the points
0, 1/nk, 2[nk, ..., (n¥ —1)/nk, where k is a fixed nonnegative integer, the relation
nao €7, is equivalent to

no — %?k‘ — m\ < 15—:9 for some integers 7, m

|
4+ o] < flo). *)

or

It has recently been proved by ErRDOs!) in the case £ =0, and LE VEQUE?) in the
case k > 0, that if 3 f(n) converges, inequality (*) has only finitely many solutions
for almost all «, while if 3 f(#) diverges, the number of solutions n < N of (*) is, for
almost all «, asymptotically equal to 3'Vf(n). It is also shown?) that the corresponding
theorem holds with certain other sequences {a,} in place of {n*+1} in (*), but there
appears to be nothing known about the situation when S, is not composed of finitely
many intervals.

A large part of the theory of diophantine approximations is susceptible of the same
kind of generalization, in which inequalities are replaced by set inclusions. The proofs
will require many new ideas. W. J. LEVEQUE

Aufgaben

Aufgabe 322. Es sei D, = |a,;;| die Determinante #-ten Grades, in der das allgemeine
Element a;; das kleinste gemeinsame Vielfache von ¢ und % ist. Man beweise, dass

D,=n! [J(1-p)A,
psSn
wo das Produkt iiber alle Primzahlen p < » erstreckt wird und [«] die grosste. ganze Zahl
< o bedeutet. P. TuraN, Budapest

1) P.ERrpOs, Two Theorems on Diophantine Approximation, to appear in Acta Arithmetica.

%) W. J. LEVEQUE, On the Frequency of Small Fractional Parts in Certain Real Sequences, 111, to appear
in J. reine angew, Math.
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