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Algebraic varieties are homeomorphic
to varieties defined over number fields

Adam Parusiniski and Guillaume Rond*

Abstract. We show that every affine or projective algebraic variety defined over the field of
real or complex numbers is homeomorphic to a variety defined over the field of algebraic
numbers. We construct such a homeomorphism by carefully choosing a small deformation of
the coeflicients of the original equations. This deformation preserves all polynomial relations
over Q satisfied by these coefficients and is equisingular in the sense of Zariski.

Moreover we construct an algorithm, that, given a system of equations defining a variety V,
produces a system of equations with coefficients in Q of a variety homeomorphic to V.

Mathematics Subject Classification (2010). 14Q20, 14D15, 14P99.

Keywords. Deformation of singularities, Zariski equisingularity, semialgebraic map, algorith-
mic in algebraic geometry.

1. Introduction

In computational algebraic geometry one is interested in computing the solution set
of a given system of polynomial equations, or at least in computing various algebraic
or geometric invariants of such a solution set. Here by computing we mean producing
an algorithm that gives the desired result when it is implemented in an appropriate
computer system.

Such an algorithm should be stable with respect to a small perturbation of the
coefficients. But in general the shape of the solution set may change drastically
under a small perturbation of the coefficients. This difficulty is particularly apparent
if one has to deal with polynomial equations whose coefficients are neither rational
nor algebraic numbers. The main goal of this paper is to show that, when we are
interested in the topology of such a solution set, one can always assume that the
polynomial equations have algebraic number coefficients precisely by choosing in an
effective way a particular perturbation of its coefficients.

*Research partially supported by ANR project LISA (ANR-17-CE40-0023-03).
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Theorem 1. Let V C K" (resp. V C Pg) be an affine (resp. projective) algebraic set,
where K =R or C. Then there exist an affine (resp. projective) algebraic set W C K"
(resp. W C Pg) and a homeomorphism h: K" — K" (resp. h:Pg —> Pg) such
that:

(i) the homeomorphism maps V onto W ;
(ii) W is defined by polynomial equations with coefficients in Q NK;
(iii) the homeomorphism h is semialgebraic and arc-analytic.

Arc-analytic semialgebraic homeomorphisms play an important role in real
algebraic geometry, see Remark 12.

Remark 2. In fact we prove a more precise and stronger result. See Theorem 11 for
a precise statement.

In the proof of Theorem 11 we show that W can be obtained by a small deformation
of the coefficients of the equations defining V. Let denote these coefficients by g; 4.
The deformation is denoted by ¢ + g; (?) with g; «(0) = gi . This deformation
is constructed in such a way that every polynomial relation with rational coefficients
satisfied by the g; o is satisfied by the g; o (¢) for every ¢, c.f. Theorem 4. So we
can prove that the deformation is equisingular in the sense of Zariski since this
equisingularity condition can be encoded in term of the vanishing and the non-
vanishing of polynomial relations on the g; (f). In particular this deformation is
topologically trivial.

The first part of this paper is devoted to the proof of Theorem 4, an approximation
result similar to the one given in [20]. In the next part we recall the notion of Zariski
equisingularity. The proof of Theorem 11 is given in the following part. Finally we
provide an algorithm that, given the equations defining V', computes the equations
defining W. This algorithm is based on the proof of Theorem 11.

1.1. Topologically trivial stratifications. Theorem 1 can be also proven by the foll-
owing general argument. Denote, as above, the coefficients of the polynomials
Fy, ..., F, defining V by g; o and denote their number by N. Let VKN x K”
be the zero set of Fi,..., F,, where we consider their coeflicients as parame-
ters (ci o) € K™ . Thus V is the fiber of V over (gi,). There exists a stratification &
of the coefficients space K” such that the fibres of 'V are locally topologically trivial
over each stratum. Such a stratification can be, for instance, constructed by Zariski
equisingularity, and in this case, by construction, each stratum S of § is described
by polynomial equations and inequalities in ¢; o, with coefficients in Q. Therefore,
Theorem 1 follows from the fact that @ N § is dense in .S (this follows, for instance,
from our Theorem 4). It seems that this argument was known to specialists in
equisingularity theory, though we couldn’t have found it in literature.

In the real algebraic (or semialgebraic) set-up one can put the above argument
in terms of Tarski’s transfer principle, cf. [4, Ch.5]. More precisely, let us first
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work over the real closed field of algebraic numbers Ry, = @ N R. By Hardt’s
trivialization theorem [9] there is a stratification of &, of Rﬂg that trivializes V.
Moreover, the trivialization maps are semialgebraic. By Tarski’s transfer principle
both the stratification and the trivializations extend to R, that is the same equations and
inequalities give a stratification § of R, that is locally trivial with the trivializations
given exactly by the same formulae.

Our approach is slightly different since we do not stratify the coefficient space.
Instead, as we explained above, we produce a deformation of the coefficients, that
preserves polynomial relations with rational coeflicients and therefore is topologically
trivial. For the last argument we use Zariski equisingularity, since it works over
both R and C, and gives trivialization with many additional properties (including
semialgebraicity). This deformation is based directly on the properties of the field
extension of (Y generated by the coefficients g; . For instance, it is particularly
simple if this extension is purely transcendental, see Remark 13.

Acknowledgements. We would like to thank an anonymous referee for drawing our
attention to the role of transfer principle in this context.

Notation. For a vector of indeterminates x = (x1, ..., X,), x' denotes the vector of
indeterminates (xp, ..., x;). To avoid confusion, variables will be denoted by normal
letters ¢ and elements of KK will be denoted by bold letters t. For a field K the ring of
algebraic power series is denoted by K (x).

2. An approximation result

Let € C K" be open and non-empty and let ¢ be an analytic function on 2. We say
that ¢ is a Nash function at a € 2 if there exist an open neighborhood U of a in 2
and a nonzero polynomial P € K|tq,...,¢r, z] such that P(t, ¢(t)) = Ofort € U or,
equivalently, if the Taylor series of ¢ at a is an algebraic power series. An analytic
function on €2 is a Nash function if it is a Nash function at every point of 2. An
analytic mapping ¢: @ — K% is a Nash mapping if each of its components is a Nash
function. Note that if €2 is connected and ¢ is Nash then, by analytic continuation, it
satisfies one polynomial equation P(t, ¢(t)) = 0 everywhere on €2.

We call a Nash function ¢: Q2 — K, QQ-algebraic (and we note ¢ € QA(S2)) if
(locally) it is algebraic over Q[¢], i.e. it satisfies a polynomial relation P(t, ¢(t)) = 0
for every t € Q with P € QJty,...,t,z], P # 0. Itis well known, in the case
when 2 is connected, that this means that the Taylor expansion of ¢ at a point
with coordinates in Q (or Q) is an algebraic power series whose coeflicients lie in
a common finite field extension of QQ, i.e. this Taylor expansion belongs to k({x),
where k is a subfield of K which is finite over QQ (see [18] for example).
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Remark 3. Usually, Nash functions are defined as real analytic functions defined
on an open set 2 C R" whose graph is semialgebraic. In particular, {2 has to be
semialgebraic. Here, we need a definition valid both for K = R and C. Moreover,
in practice, the open set €2 will always be connected, and one may choose 2
semialgebraic. Nash functions, as we defined above, are used sometimes in complex
algebraic geometry, see for instance [14]. Therefore, we have chosen a simple
definition, that is slightly more general than the usual one in the real case, but easier
to handle when we consider simultaneously the cases K = R and C.
Theorem 4. Let K = R or C. Lety € K \ Q™. Denote by k the field extension
of Q generated by the components y; of y. The field k is a primitive extension of a
transcendental finitely generated field extension of Q: k = Q(ty,...,t,)(z) where
the t; € K are algebraically independent over Q and z € K is finite of degree d
over Q(ty,...,t).

Then there exist an open, connected and non-empty neighborhoodof t = (ty, ..., t;),
U C K7, a vector function well defined on U x K of the form

y(t.2) € Q)[z]",
and a scalar function z(t) € QA(U) such that

z=1z(1), y=y(tz),

and for every f(y) € Q[y]?, where y = (y1,..., Ym) is a vector of indeterminates,
such that f(y) = 0, we have

fy@, z(0) = 0.

Moreover, the function z(t) is algebraic of degree d over Q(t).

Proof of Theorem 4. We denote, as in the statement of the theorem, by k the field
extension of Q generated by the components of y, so k C K. Since there are finitely
many such coeflicients, k is a finitely generated field extension of Q. Lett;,...,t,
be a transcendence basis of k over Q (with r > 1 because y ¢ Q™) and set
L := Q(ty,...,t.). By the primitive element theorem, there exists an element z € k
finite over L and such that L(z) = k.

Foreveryi = 1,...,m we can write

d—1
Pig(ty,....t4)
i kZ:(:) qi,k(tlv---,tr)z ,
where d is the degree of z over L, p; x(¢), i x(t) € Q[t] and g, x (L1, ..., t,) # 0.
By multiplying the p; x by some well-chosen polynomials we may assume that all
the g;  (t) are equal, let us say to g(t).
Let P(t,z) € Q(¢)[z] be the monic polynomial of minimal degree in z such that

P(t],...,tr,z) :0.
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Let D C K" be the discriminant locus of P(¢,z) seen as a polynomial in z (i.e. D
is the locus of points ¢ € K" such that ¢ is a pole of one of the coefficients of P
or such that P(a,z) has at least one multiple root). Since P(t;,...,t,,z) has no
multiple roots in an algebraic closure of I, the point t is not in D. Then there exist
U C K"\ D a simply connected open neighborhood of t and analytic functions

wi: U —K, i=1,...,d
such that
d
P(t.2) = [ [z —wi(1))
i=1
and wy(ty,...,t;) = z.
Moreover the ¢ — w; (¢) are algebraic functions over Q[¢]. Let us set Qg = Q
when K = R and Qg = Q +iQ when K = C. Then w; € QA(U) and the Taylor
series of wy at a point of U N Qg is an algebraic power series whose coefficients

belong to a finite field extension of Q.
Since the polynomial g is not vanishing at t the function

te]Kr\{q=O}|—>m

is a Nash function whose Taylor series at a point of Qg \{g = 0} is an algebraic
power series with rational coefficients.

Let b := (b1,...,by) € Qi N U\{g = 0}. Let us denote by ¢;(¢) the Taylor
series of wi. Then let ¢,(¢) € Q(¢) denote the Taylor series of t — 1/q(¢) at b.
For simplicity we can make a translation and assume that b is the origin of K”.

Foreveryi = 1,...,m letus define

d—1

yiltn otz 0) =0 ) piic(tn, 1)zt 2.1)
k=0

and
y(t,2,0) == (y10,2, )0 0 o) Yt 2, 9)).
Let f(y) € Q[y]? such that f(y) = 0. We have that

f(y(tl,...,tr,z, qz—t))) —0

or equivalently

f(y(tl,...,tr,(pl(tl,...,tr),(Pz(tl,---:tr))) = 0.

But the function

t— [y, trooi(r. .o ty), 2(t1, . 1))
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is an algebraic function over Q[¢] and ty,. .., t, are algebraically independent over Q.
Thus we have that

f(y(l],...,lr,gl)l(tl, e tr),02(ty, ...,tr))) = 1)

Indeed, write /' = (fi,..., fp) and for each i = 1,...,m consider the complex
valued function

Qi(1) = fi(y(tr,.oostr 011, tr), @2(t1, ... 1r))).

Note that ®; € QA(U) because sois wy. Let Py ; € Q[ty,. .., z] be a polynomial
of minimal degree such that Py ; (¢, ®;(¢t)) = 0. Note that P, ; is irreducible. Write

deg Py ;

P1i(t,z) = Z aix(t) 5.

k=0

Then a;,¢(t) = 0 since ®;(t) = 0. Therefore a;¢(t) = 0 because t;,...,t, are

algebraically independent over Q. Hence P;; = P ;z for some polynomial P ;,

and P, ; is aunitsince Py ; is irreducible. Therefore ®; (¢) vanishes identically on U.
This proves the theorem by defining

y(t,Z) = y(t,Z,(pz(I))

and z(t) = w;(¢). Indeed the coeflicients of the components of y(t, z, ¢2(¢)) seen
as polynomials in z are rational power series by (2.1). Moreover ¢;(¢) belongs to a
finite field extension of QQ(¢) of degree d since P(¢, z) is irreducible. ([l

The following lemma will be used in the proof of the main theorem:

LemmaS5. Let p(t) € C(t) be a power series algebraic over Q[t] and P(t, ®) € Q[t, ®]
be a nonzero polynomial of degree d in © such that P(t,¢(t)) = 0. Lett € Q
be such that t is not in the vanishing locus of the coefficients of P(t, ®) seen as
a polynomial in ®, and such that t belongs to the domain of convergence of ¢(t).
Then @(t) is an algebraic number of degree < d over Q.

Proof. The proof is straightforward: just replace ¢ by t in the relation P (¢, ¢(¢)) = 0.
]

3. Zariski equisingularity

Zariski equisingularity of families of singular varieties was introduced by Zariski
in [28] (originally it was called the algebro-geometric equisingularity). Answering
a question of Zariski, Varchenko showed [24-26] that Zariski equisingular families
are locally topologically trivial. In the papers [25,26] Varchenko considers the
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families of local singularities while the paper [24] deals with the families of affine
or projective algebraic varieties. A new method of proof of topological triviality,
giving much stronger statements, was given recently in [17]. The case of families
of algebraic varieties was considered in Sections 5 and 9 of [17]. The version
presented below follows from the proof of the main theorem, [17, Theorem 3.3]; see
also [24, Theorems 3.1 and 4.1] in the complex case and [24, Theorems 6.1 and 6.3]
in the real case, and [ 17, Proposition 5.2 and Theorem 9.2] where the algebraic global
case is treated.

Theorem 6 ([17] and [24]). Let 'V be an open connected neighborhood of t in K’

and let Oy denote the ring of K-analytic functions on V. Lett = (t1,...,1t,) denote
the variables in'V and let x = (x1,..., Xy) be a set of variables in K". Suppose that
fori = ky, ..., n, there are given
d; _
Fi(t,x") = xf + Y a1, ;0. xxf 7 € Oplx),
=l

with d; > 0, such that:

(i) for everyi > ky, the first non identically equal to zero generalized discriminant
of Fi(t,x'1,x;) equals F;_i(t,x'"1) up to a multiplication by a nowhere
vanishing function of Ov;

(ii) the first non identically zero generalized discriminant of Fy,, is independent of x
and does not vanish on V.

Let us setfor every q € V, Vg = {(q,x) € Vx K" | F,(q,x) = 0}.
Then for every q € 'V there is a homeomorphism

hq: {t} x K" — {q} x K"
such that hq(Vy) = Vyq. Moreover, if Fy = Gy ... Gy then forevery j = 1,....,s
he(G71(0) N ({t} xK")) = G71(0) N ({q} x K").

For the notion of generalized discriminants see Subsection 6.3.

Remark 7. The homeomorphism /4 of Theorem 6 can be written A4 (t, x) = (q, Wq(x)),
i.e. as a family of homeomorphisms Wq: K" — K”. If F; are homogeneous poly-
nomials in x, then the homeomorphisms W, satisfy, by construction,

VA e K*, Vx e K" Wy(Ax) = AWqy(x).

Hence if we define IP (V) = {(q, x) € V xPg | Fy(q.X) =0}, the homeomorphism £,
induces an homeomorphism between P (V;) and P (V).
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Remark 8. By construction of [24-26] and [17], the homeomorphisms /4 can be
obtained by a local topological trivialization. That is there is a neighborhood ‘W of t
in K" and a homeomorphism

O:WxK" - WxK"
such that ®(q,x) = (q, ~q(x)). Moreover, as follows from [17], we may require
that:

(1) The homeomorphism P is subanalytic. In the algebraic case, that is in the case
considered in this paper, we replace in the assumptions @+ by the ring of K-valued
Nash functions on V. Then ® can be chosen semialgebraic.

(2) @ is arc-wise analytic; see [17, Definition 1.2]. In particular each Ay is arc-
analytic. It means that for every real analytic arc y(s): (—1,1) — K", hq o y is real
analytic and the same property holds for h;l.

4. Generic linear changes of coordinates

Let f € K[x] be a polynomial of degree d and let k be a field extension of Q
containing the coefficients of f. We denote by f the homogeneous part of degree d
of f. The polynomial

f_(xl,...,x,,_l,l) %0,
otherwise f_ would be divisible by x, — 1 which is impossible since fis a
homogeneous polynomial. So there exists

(15« fin1) € Q"1

such that ¢ := f (i1, ..., n—1,1) # 0. Then let us denote by ¢, the linear change
of coordinates defined by

Xi — X; + uix, fori <n,
Xp —> Xp.

We have that B
ou(f) = ng + h,

where / is a homogeneous polynomial of degree d belonging to the ideal generated
by x1,...,Xn—1. So we have that

d
ou(f) =cxf + ) a;j(x" xg
=1

for some polynomials a; (x"~1) € k[x"™1].
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Remark 9. If ¢ = g1...g, is a product of polynomials of k[x], then the linear
change of coordinates ¢,, defined above also satisfies

d
d; ~1y,.d—J
0u(gi) = cixli + Y a; j(x"xl
=1
for some nonzero constants ¢; € k.

Remark 10. Forevery f € k[x] of degree d where k C K and . € Q"!, we have
that

P—p © ‘Pu.(f) = [
Let us define the support of f = 3", cnn fox® as

Supp(f) := {a € N" | fo # 0}.

Let us assume that
ou(f) =" fax®

for some coefficients f, € k. Then the coefficient f, has the form

Jo = Pa(ﬂla---’ﬂn—l,fé)
for some polynomial P, € Z[u, fé] depending only on the fé with |8 = |«|.

5. Main theorem

We can state now our main result:

Theorem 11. Let V CK" (resp. V CIPg ) be an affine (resp. projective) algebraic set,

where K =R or C. Then there exist an affine (resp. projective) algebraic set W C K"

(resp. W C Pg) and a homeomorphism h: K" — K" (resp. h:Pg —> Pg) such

that:

(i) The homeomorphism maps V onto W ;

(ii) W is defined by polynomial equations with coefficients in Q NK;

(iii) The variety W is obtained from V by a Zariski equisingular deformation. In
particular the homeomorphism h can be chosen semialgebraic and arc-analytic;

(iv) Let gi1,...,85 be the generators of the ideal defining V. Let us fix € > 0.
Then W can be chosen so that the ideal defining it is generated by polynomials

g, ..., gk € Qlx] such that if we write
gi= Y giax® and gl =Y gfx"
aeN”2 aeN”

then for every i and o we have that:

|gi,a _g;,a] <&



348 A. Parusifiski and G. Rond CMH

(v) Every polynomial relationship with rational coefficients between the g; o will
also be satisfied by the g| .

Remark 12. Arc-analytic semialgebraic maps were introduced first in [11]. By [2]
they coincide with the category of blow-Nash maps (i.e. blow-analytic and
semialgebraic maps), and thus as blow-analytic homeomorphisms they appeared
already in the classification of real singularities in [10]. Arc-analytic semialgebraic
maps and homeomorphisms are often used in real algebraic geometry. They
share many properties of regular morphisms but are more flexible. For instance,
arc-analytic semialgebraic homeomorphisms preserve the weight filtration and the
virtual Poincaré polynomial [15], but the equivalence relation defined by such
homeomorphisms does not have continuous moduli [17]. For more, the interested
reader may consult the survey [13] and the Kucharz—Kurdyka talk on 2018 ICM [12].

Remark 13. We will see in the proof the following: let k denote the field extension
of Q generated by the coefficients of the g; and assume that k # Q (otherwise there
is nothing to prove). By the primitive element theorem, k is a simple extension of a
purely transcendental extension . of Q, i.e. Q — L is purely transcendental and
L — k is a simple extension of degree d. Then the coefficients of the g; belong to
a finite extension of QQ of degree < d.

In particular if  — k is purely transcendental then W is defined over Q.

Remark 14. In fact, (v) implies that:
Vi, gia=0=>g;,=0.
If € is chosen small enough we may even assume that
Vi,o gia=0<= g/, =0.

Proof of Theorem 11.Letus consider a finite number of polynomials g4, . . ., gs € K[x]
generating the ideal defining V' and let us denote by g;  their coefficients as written in
the theorem. After a linear change of coordinates ¢, with 1 € Q"' as in Section 4
we can assume that

Dr
Ou(gr) = crxlm + Z bn—l,r,j(xn_l)xfr—J = Z an,r’ﬁxﬂ Nr =1,...y,5.
j=1 BeN”

Moreover by multiplying each ¢, (g,) by 1/c, we can assume thatc, = 1 forevery r.
We denote by f, the product of the ¢, (g,) and by aj, the vectors of coeflicients a,, , g.
The entries of a, are polynomial functions in the g; , with rational coefficients, let
us say

adp = An(gi,a) (5.1)

for some A, = (A,,8)rp € Q(ui,a)N" for some integer N, > 0 and some new
indeterminates u; 4.
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Let [, be the smallest integer such that

An ,ln (an) % 09

where A, ; denotes the /-th generalized discriminant of f,. In particular we have
that
An’l(an) = 0 Vl < ln.

After a linear change of coordinates x"~! with coefficients in @ we can write
An,i,(an) = en—1 fn—1 with

p dp—1 4 _

= 2 dn—1—J

Somt = D anmgxP = x4 Y b ()
ﬁeNi’l*l ]:1

for some constants e,—1,a,—1,8 € k, withe,_1 # 0, and some polynomials b, > ; €
k[x"~2]. We denote by a,_; the vector of coefficients a,—1 g. Let [,—1 be the smallest
integer such that

An—l,ln_1 (af’l—l) % 0’

where A,_;; denotes the /-th generalized discriminant of f, 1.
We repeat this construction and define a sequence of polynomials f;(x7), j =
ko, ...,n — 1 for some kg, such that

dj

dj i—1y dji—k

Ajyri;y,@j41) :ej(xjj + Y b Tx )
k=1

= ej( > aj,ﬂxﬁ) =ejfi

BeN/

is the first non identically zero generalized discriminant of f; 41, where a; denotes
the vectors of coordinates a; g in k¥, i.e. we have that:

Ajrgyy(@j+1) = ef( 2, aj,ﬁxﬁ) =e;f (5.2)
BeNJ
and
Ajyri(@j+1) =0 Vi <ljp, (5.3)

until we get fx, = 1 for some ko > 0.

By (5.2) we see that the entries of a; and e; are rational functions in the entries
of a4 forevery j < n. Thus by (5.1) we see that the entries of the a and the ¢;
are rational functions in the g; , with rational coefficients, let us say

ar = Ax(gie). €j = Ej(gie)
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for some Ax € Q(u; o)V« and E; € Q(u; o) for every k and j, where the u; 4 are
new indeterminates for every i and «.

By Theorem 4, there exist a new set of indeterminates t = (¢4, ...,?,), an open
domain U C K", (ty,...,t,) € U, polynomials g; (¢, z) € Q(¢)[z], for every i
and «r, and z(¢) € QA(U) such that g; 4(t, z(t)) = g; « foreveryi and «.

Since the a; and the e; are rational functions with rational coefficients in the g; o,
the system of equations (5.3) is equivalent to a system of polynomial equations with
rational coefficients

f(gie) =0. (5.4
By Theorem 4 the functions g; 4 (, z(¢)) are solutions of this system of equations.

Because €;(g; o) = €j(gi«(t, z(t))) # O for every j, we have that none of the
e;(gi«(t,z(t))) vanishes in a small open ball V C U centered at t.

In particular we have that

ej(8ia(t,z(t)) #0 Vj, VieV. (5.5)
Fort e Vandr = 1,...,s, we define
g (t,x) =) gialt.z()x%,
aeN”"

Fu(t.x) =[] Gre. ),
r=1

where Gl x) = Z A e plonat, AN r=1.008
BeN”

and for j = kg,...,n—1
Fi(t.x)= Y Ajp(gialt.z(t)xP.

BeNJ
In particular we have that G, (t, x) = ¢, (g-(x)) for every r.

Let us denote by @y, the ring of K-analytic functions on V. In particular we have
that F; (¢, x) is a polynomial of Oy[x*], of degree d; in x ;, such that the coefficient
of xjj is e (gi,«(t,2(2))) and whose discrimipant (seen as a polynomial in x;) is
equal to e;_1(gi o (t,2(2))) Fj—1(t,x) € Oy[x/ 1] for every j by (5.4).

Thus the family (F;); satisfies the hypothesis of Theorem 6 by (5.5). Hence, the
algebraic hypersurfaces

Xoi=1{F0;x) =0} and Xi:i= {Fu(1.x)}

are homeomorphic. Moreover the homeomorphism between them maps every
component of Xy defined by G,(0,x) = 0 onto the component of X; defined
by G,(1,x) = 0. This proves that the algebraic variety defined by

{ou(gr) = - = oul(gs) = 0}
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is homeomorphic to the algebraic variety
{G1(0,x) = --- = G5(0,x) = 0},
which is defined by polynomial equations over Q. Thus V' is homeomorphic to
W= {g}(x) = --- = gh(x) = O}.

Moreover since Q N K is dense in K, we can choose q € Q as close as we
want to t. In particular by choosing q close enough to t we may assume that (iv) in
Theorem 11 is satisfied, since y, ¢ — z(¢) and the g; o are continuous functions.

Finally we have that z(q) is algebraic of degree < d over Q by Lemma 5 (see
Remark 13).

Thus Theorem 11 is proven in the affine case. The projective case is proven is the
same way by Remark 7. ]

We can remark that Theorem 11 (v) implies that several algebraic invariants are
preserved by the homeomorphism h. For instance we have the following corollary:

Corollary 15. For ¢ > 0 small enough the Hilbert—Samuel function of W is the
same as that of V.

Proof of Corollary 15. Let hy, ..., hy, be a Grobner basis of the ideal I of K[x]
generated by the g; with respect to a given monomial order <. Let us recall that for

f=) fax"eKxl, f#0,

aeN”

we denote the leading term of f* by

LT(f) = faox™,

where o is the largest nonzero exponent of the support of f with respect to the
monomial order:

Supp(f) = {a € N" | fy # 0}.

A Grdébner basis of 7 is computed by considering S-polynomials and divisions (see [6]
for more details):

— the S-polynomial of two nonzero polynomials f and g is defined as follows: set
LT(f) = ax® and LT(g) = hx? with a, b € K*, and let x® be the least common
multiple of x* and xP. Then the S-polynomial of f and g is

xS—a xS—B
S(f.g):= p ¥ — L8
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— the division of a polynomial f by polynomials fi,..., f; is defined inductively
as follows: firstly after some renumbering one assumes that

LT(f1) 2 LT(f2) = -+ 2 LT(f).

Then we consider the smallest integer i such that LT( /') is divisible by LT( f;). If
such an i exists one sets

m _ LT(f)

1 _ r ; 1) _
= and ¢g;’ =0 forj #i and r‘’/ =0.
C gy 7

J

Otherwise one sets q(.l)

;= 0forevery j and r(1 = LT( f). We repeat this process
by replacing f by

1
1
f=> a4 fi—r®.
j=1

After a finite number of steps we obtain a decomposition

l
=) aifi+r
j=1
where none of the elements of Supp(r) is divisible by any LT( f;). The polynomial r

is called the remainder of the division of f by the f;.
Thus we can make the following remark: every remainder of the division of some

S-polynomial S(g;,g;) by g1, ..., gs is a polynomial whose coefficients are rational
Junctions on the coefficients of the gi.
The Buchberger’s algorithm is as follows: we begin with g;, ..., g, the generators

of I and we compute all the S-polynomials of every pair of polynomials among the g;.
Then we consider the remainders of the divisions of these S-polynomials by the g;.
If some remainders are nonzero we add them to the family {gy,...,gs}. Then we
repeat the same process that stops after a finite number of steps.

By the previous remark if 4 denotes the remainder of the division of a S-poly-
nomial S(g;, g ;) by the gx then we have a relation of the form

S(¢i,gj)) =) higi+h (5.6)
=1

and the b; belong to the field extension of @@ generated by the coefficients of the g;.
Let hg denote the coefficient of xP in h. Then for those A g that are nonzero,
Equation (5.6) provides an expression of them as rational functions in the g; 4, let us
say

Vp € Supp(h) hp = Hp(gia)- (5.7)
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For those hg equal to zero Equation (5.6) provides a polynomial relation with rational
coefficients between the g; 4:

VB & Supp(h) Hp(gie) = 0. (5.8)

And Equation (5.6) is equivalent to the systems of equations (5.7) and (5.8). This
remains true if we replace the g; by polynomials whose coefficients are rational
functions in the g; , with rational coefficients. Thus the fact that 4y, ...,hy is a
Grobner basis obtained from the g; by Buchberger’s algorithm is equivalent to a

system of equations
Qk(giw) =0 fork € E, (5.9)

where £ is a (not necessarily finite) set. Thus by Theorem 11 (v) we see that these
equations are satisfied by the coefficients of the g/, hence the ideal defining W' has
a Grobner basis h), ..., h,, obtained from the g; by doing exactly the same steps in
Buchberger’s algorithm, and Supp(h;) C Supp(h;) for every i.

Moreover, the initial terms of the A; are rational functions in the g; , with rational
coeflicients, let us say H;(g; ) for some rational functions H;. By choosing & small
enough we insure that

Hi(giq) #0 Vi.
Thus the leading exponents of the /] are equal to those of the &;. In particular the
Hilbert—Samuel function of W is the same as that of V, and (iv) in Theorem 11 is
proven. [

Remark 16. In fact we have proven that the ideal of leading terms of / is the same
as the ideal of leading terms of the ideal defining W. So we could have concluded
by [8, Theorem 5.2.6] for instance.

6. Complete algorithm

6.1. Settings.

Input. (1) Polynomials g1,...,gs € K[x] whose coefficients g; o belong to a
finitely generated field extension k over QQ;

(2) A presentation
k=0Q1,....5,2),

where the t; are algebraically independent over Q and z is finite over Q(ty,...,t;);
(3) The minimal polynomial P(z) of z over Q(ty,...,t.);

(4) The g; 4 are given as rational functions in the t; and z, and the coefficients of P(z)
as rational functions in the t;;

(5) A positive real number &.
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Moreover we assume that the t; and z are computable numbers [23]. Let us
recall that a real computable number is a number x € R for which there is a Turing
machine that computes a sequence (qy) of rational numbers such that |x—q, | < % for
every n > 1. A computable number is a complex number whose real and imaginary
parts are real computable numbers. The set of computable numbers is an algebraically
closed field [19]. More precisely if ty, ..., t, are computable numbers such that for
everyi € {1,...,7r}(q;n)n is a sequence of Q + iQQ computed by a Turing machine
with |[t; — qin| < % for every n, and if z € C satisfies P(t,z) = 0 for some reduced
polynomial P(t,z) € Q]t, z], then one can effectively find a Turing machine that
computes a sequence ((,), of Q + iQ such that |z — q,| < % for every integer .

Output. Polynomials g7,..., g5 € (Q NK)[x] with the properties:

(1) The pairs (V(g;),K") and (V(g}), K") are homeomorphic, and the homeomor-
phism is semialgebraic and arc-analytic;

(2) The coefficients g; , of g; satisfy the properties:

8ia 70 gia #0,
|8« — 8l <& foreveryi anda,

and every polynomial relation with coefficients in QQ satisfied by the g; o is also
satisfied by the g/ .

6.2. Algorithm. We present here the successive steps of the algorithm.

(1) We make a linear change of coordinates with coefficients in Q, denoted by ¢,
with u € Q"~1, such thateach of the g; is amonic polynomialin x, of degree deg(g; ).

We denote by f,, the product of the g; after this change of coordinates, and by a,
the vector of the coefficients of the g; after this change of coordinates (seen as a
polynomial in x,).

(2) Forevery j fromn to 1 we do the following: let us assume that f; is a polynomial

. . . deg(f;

in xy,...,x; having a nonzero monomial ejxjef’(f’), e; € k*. We denote by a;
the vector of the coefficients of f; seen as a polynomial in x;. We consider the
generalized discriminants A ;; of f; with respect to x;, and we denote by /; the

smallest integer such that
Aj,lj (aj) 76 0.

These polynomials A ;. (a;) can be effectively computed (see 6.3).

We perform a linear change of coordinates (with coeflicients in Q) inxy, ..., x; 1
suchthat A ;; . (a;) becomes a unit times amonic polynomial of degree deg(A 1, (a))
in x;_1, and we denote by f;_ this new monic polynomial.

(3) We stop the process once we have that f;_; is a nonzero constant.
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(4) We consider (5.2) as a system of polynomial equations that will allow us to
compute the expression of the ¢; as rational functions in the g; 4.

(5) We denote by P(t, z) the monic polynomial of QQ(¢)[z] such that P(t,z) = P(z)
is the minimal polynomial of z over Q(t).
By replacing & by a smaller positive number we may assume that

dist(t, Ap) > 2e,

where Ap denotes the discriminant locus of P(z,z) seen as a polynomial in z.
This discriminant is computed as Res, (P, dP/dz). See [7] or [5, Theorem C] for a
practical way of choosing such a ¢.

(6) Letzy := z, Z5, ...,z be the distinct roots of P(t,z). These are computable
numbers and so we can compute 1 € Q- such that all the differences between two z;
are strictly greater than 7).

Let z(¢) be the root of P(z, z) such that z(t) = z. We can write

w(t) =z +t) = ) 24t% zZo=12
aeN7"

‘We write

P(t,2) = po(®) + pr(D)z + -+ + pa—1()z7" + 2%,

where the p; () € K(¢). Set

M =1+ max max (t)].
0<i<d-—1 1’63(0,26)|pl( )|

Then |zo| < M/(2¢)!® for every  (by the Cauchy bounds for the roots of a
monic polynomial since w(t) is convergent on B(0,2¢) by (5)). Let Wi(¢) be
the homogeneous term of degree k in the Taylor expansion of w(z):

Wil = Y 2yt
=k

Then

M(k+r—1
vt € B(0,¢) Wk(t’)ls—( T )
26\ r—1

We have that
Vk >r

M(k+r—1) M2 kT
<

2k r—1 )= (r=112K

k
Then choose k¢ > r such that k" / V2 < 1forall k > ky. Therefore
M2" 1
(r—D! p*

vt € B(0,¢), Yk > ko [Wi(t)] <
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and
M2 V21 1
r—l)!ﬁ_1ﬁk ﬁk'

(7) Now we want to determine the computable number z(q) = w(q — t) for a given
choice of q € B(t, &) N(Q +iQ)". This number is one of the roots of P(q, z). These
roots are computable numbers and so we can bound from below all the differences
between each two of them: let § € Q¢ be such a bound.

By the previous step one can compute an integer k such that

)

1
<C— <=

V' € B(0,¢), Vk > ko ’Z Wi (t)
>k

<
—(

vt € B(0,s), ‘ZW;(t’)

I=k

So we can distinguish z(q) from the other roots of P(q, z).

(8) Choose q € (Q + iQ)" such that:
(i) qis not in the discriminant locus of P (¢, z) seen as a polynomial in z;

(i) llgq—tl] <e;
(iii) e;(gi,a(q,2(q))) # 0.
The first condition is insured by the choice of ¢ in (5).

In order to check that e;(g;,4(q,z(q))) # 0, one only has to choose q such that
It — q|| is small enough and this can be done effectively. Indeed the e;(g;, o) are
rational functions in the #; and z, thus we can effectively bound the variations of e;
locally around t.

(9) Then we evaluate the g; ,(¢,z(t)) at (q, z(q)). We denote these values by glf,a
and we define the polynomials
e = Z T it

aeN”

6.3. Generalized discriminants. We follow Appendix IV of [27], [1], or [21]. The
generalized discriminants, or subdiscriminants, A; of a polynomial

d
F=xt 43 byt

d
can be defined as follows: Let &1,...,&,; be the roots of f (with multiplicities), and
set §; = Zzzl é‘,’c for every i € N. Then
So S1 0 S
S1 So e S
Agy1-1 =

Sj—1  S1 82012
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Thus A is the classical discriminant of f. The polynomials A; may be effectively
computed in term of the s;, and those can be effectively computed in terms of the b;.
The polynomial f admits exactly k distinct complex roots if and only if

A1=---:Ad_k=() and Ad_k_H?éO.
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