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Characterization of generic projective space bundles
and algebraicity of foliations

Carolina Araujo and Stéphane Druel

Abstract. In this paper we consider various notions of positivity for distributions on complex
projective manifolds. We start by analyzing distributions having big slope with respect to curve
classes, obtaining characterizations of generic projective space bundles in terms of movable
curve classes. We then apply this result to investigate algebraicity of leaves of foliations,
providing a lower bound for the algebraic rank of a foliation in terms of invariants measuring
positivity. We classify foliations attaining this bound, and describe those whose algebraic rank
slightly exceeds this bound.

Mathematics Subject Classification (2010). 14M22, 14]40, 37F75.

Keywords. Holomorphic foliations, rationally connected varieties.

1. Introduction

The existence of sufficiently positive subsheaves of the tangent bundle of a complex
projective manifold X imposes strong restrictions on X . In particular, several special
varieties can be characterized by positivity properties of their tangent bundle. Early
results in this direction include Kobayashi and Ochiai’s characterizations of projective
spaces and hyperquadrics [23] and Mori’s characterization of projective spaces [26].
There are many ways of measuring positivity of a torsion free sheaf. One way is
to consider slopes with respect to movable curve classes ¢« € Mov(X). We refer to
Section 2.3 for the notion of slope and its properties. When « is an ample class, we
have the following characterization of projective spaces due to Horing.

Theorem 1.1. Let X be an n-dimensional complex normal projective variety, £ an
ample line bundle on X, and ¥ < Ty a distribution. Set a := [£"!] € Mov(X).
If po(F @ L£*) > 0, then

e (X,£) = (P",Opn(1))[22, Theorem 1.1], and
e ¥ = Tpn |5, Theorem 1.3].

Projective space bundles provide counter-examples to the statement of Theo-
rem 1.1 if we replace the ample class @ = [£"~!] with more general movable curve
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classes. More precisely, let Y be a complex projective manifold, and & an ample
vector bundle of rank r +1 = 2on Y. Consider the projectivization X = Py (&), with
tautological line bundle @ x (1) and natural morphism 7: X — Y. Let @ € Mov(X)
be the class of a line contained in a fiber of . Then

1
pa(Tx/ vy ® Ox(—1)) = = 0.

So there is an open neighborhood U C Mov(X) of a such that ug(Tx;y ® Ox(—1))
> ( for every B € U. The following characterization of generic P”-bundles shows
that these are all the new examples that arise when the ample class @ = [£"7!]
is replaced with an arbitrary movable class « € Mov(X) in Theorem 1.1. By a
generic P"-bundle we mean an almost proper dominant map X --> ¥ to a normal
projective variety ¥ with general fibers isomorphic to P”. See Section 2.3 for the

notion of p**.

Theorem 1.2. Let X be a normal Q-factorial complex projective variety, and £
an ample line bundle on X. If uy™(Tx @ £*) > 0 for some movable curve class
a € Mov(X), then X is a generic P"-bundle for some positive integer r.

Theorem 1.2 follows from the more refined statement in Theorem 3.1.

Corollary 1.3. Let X be a normal Q-factorial complex projective variety, and
suppose that X is not a generic P"-bundle for any positive integer r. Let £ be
an ample line bundle on X. Then, for any positive integer m and any torsion-free
quotient (Q}( ® £)®™ —» Q of positive rank, det(Q) is pseudo-effective.

Next we apply these results to investigate algebraicity of leaves of holomorphic
foliations on complex projective manifolds.

A central problem in the theory of holomorphic foliations is to find conditions
that guarantee the existence of algebraic leaves. Algebraic leaves of holomorphic
foliations correspond to algebraic solutions of complex differential equations. It
has been noted that positivity of foliations on complex projective varieties tend to
improve algebraicity of leaves ([1-4,6,7,10-12, 14, 15, 25]). In order to measure
algebraicity of leaves, we introduce the algebraic rank. The algebraic rank r*(¥') of a
holomorphic foliation ¥ on a complex algebraic variety X is the maximum dimension
of an algebraic subvariety through a general point of X that is tangent to . These
maximal algebraic subvarieties tangent to F are the leaves of a subfoliation ¥¢ C F,
the algebraic part of ¥ (see Definition 2.4).

In a series of papers, we have addressed Fano foliations ([1-4]). These are
holomorphic foliations ¥ on complex projective varieties with ample anti-canonical
class —K . For a Fano foliation # on a complex projective manifold X, a rough
measure of positivity is the index (¥ '), which is the largest integer dividing —K ¢
in Pic(X). Our works on Fano foliations with high index indicated that the larger is
the index, the larger is the algebraic rank of the Fano foliation. Now we investigate this
relation between positivity and algebraicity of leaves for a wider class of foliations
than Fano foliations.
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We first introduce a new invariant measuring positivity for foliations with big anti-
canonical class.
Definition 1.4. Let X be a complex projective manifold, and ¥ a holomorphic
foliation on X with big anti-canonical class —Kg. The generalised index of ¥ is
defined as follows (see Lemma 4.1):

(F) := max {t eER|—-Kg =1tA+ E, where A is an ample divisor
and F is a pseudo-effective R—divisor}.

We provide a lower bound for the algebraic rank in terms of the generalised index,
and classify foliations attaining this bound. We refer to Definition 2.4 for the notions
of pull-back and purely transcendental foliations.

Theorem 1.5. Let X be an n-dimensional complex projective manifold, and ¥ < Ty

a foliation on X with big anti-canonical class. Then the algebraic rank and the
generalised index of ¥ satisfy

r(F) = U(F).

Moreover, equality holds if and only if X = P" and ¥ is the linear pull-back of a
purely transcendental foliation on P"~" “OF) with zero canonical class.

The following are immediate consequences of Theorem 1.5.
Corollary 1.6. Let X be an n-dimensional complex projective manifold, and ¥ < Ty
a Fano foliation of index «(¥) on X. Then the algebraic rank of ¥ satisfies the
Jollowing inequality:

ri(F)y = u(F).

Moreover, equality holds if and only if X =~ P" and ¥ is the linear pull-back of a
purely transcendental foliation on P ") with zero canonical class.
Corollary 1.7. Let X be an n-dimensional complex projective manifold, L. an ample
divisor on X, and ¥ < Ty a foliation of rank r on X. Suppose that —Kg — rL is
pseudo-effective. Then (X, Ox (L)) = (P",Opn (1)), and F is induced by a linear
projection of P".

Finally, we address foliations ¥ whose algebraic rank and generalised index
satisfy ré(F) <u(F) + 1.
Theorem 1.8. Let X be a complex projective manifold, and ¥ < Tx afoliation on X
with big anti-canonical class. Suppose that the algebraic rank and the generalised
index of ¥ satisfy r®(F) < U(¥F) + 1. Then the closure of a general leaf of ¥ is
rationally connected.

The following is an immediate consequence of Theorem 1.8.
Corollary 1.9. Let X be a complex projective manifold, and ¥ < Tx a Fano foliation
of index (¥ ) on X. Suppose that the algebraic rank of ¥ satisfies r*(¥) = «(F)+1.
Then the closure of a general leaf of ¥ ¢ is rationally connected.
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We remark that codimension 1 Fano foliations % of index # — 3 on n-dimensional
projective manifolds were classified in [4]. When X % P”, then either ¥ is
algebraically integrable or r(¥) = «(F) + 1.

Notation and conventions. We always work over the field C of complex numbers.
Varieties are always assumed to be irreducible. We denote by X, the nonsingular
locus of a variety X. When X is a normal variety, and ¥ is a quasi-coherent sheaf
of generic rank r on X, we denote by Tx the sheaf (QL)*, and by det(F) the
sheaf (A"F)**. If & is a vector bundle on a variety X, we denote by Px (&) the
Grothendieck projectivization Projy (S°€).
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and Institut Fourier. We would like to thank both institutions for their support and
hospitality.
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2. Foliations

2.1. Basic notions. Let X be a normal variety.

Definition 2.1. A distribution on X is a coherent saturated subsheaf ¥ C Tx. By
saturated we mean that the quotient Ty / ¥ is torsion-free.

The rank r of ¥ is the generic rank of . The codimension of ¥ is defined as
g :=dimX —r.

The normal sheaf of ¥ is the sheaf Ng := (Tx /F)**.

The canonical class K¢ of ¥ is any Weil divisor on X such that Ox (—Kg) =
det(F). We say that ¥ is Q-Gorenstein if K¢ is a QQ-Cartier divisor.

Definition 2.2. A foliation on X is a distribution & C Tx that is closed under the
Lie bracket.

Let X° C X, be the maximal open subset such that F|x, is a subbundle of Ty,.
By Frobenius’ theorem, through any point of X ° there is a maximal connected and
immersed holomorphic submanifold L. C X° such that 7;, = ;. We say that
such L is a leaf of ¥. A leaf is called algebraic if it is open in its Zariski closure.

2.3. To a codimension g distribution ¥ on a normal variety X, one naturally
associates a unique (up to scaling) twisted g-form wgs € H(X, ng ® det(Ng)).
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This form does not vanish in codimension 1, and completely determines the
distribution ¥ . (See for instance |3, Paragraph 3.5] for details.)

Definition 2.4 (The algebraic and transcendental parts of a foliation [2, Definition 2]).
Let ¥ be a foliation of rank » on a normal variety X . There exist a normal variety Y,
unique up to birational equivalence, a dominant rational map with connected fibers
@: X --> Y, and a foliation ¥ on Y such that the following conditions hold (see [24,
Section 2.3]).

(1) § is purely transcendental, i.e. there is no positive-dimensional algebraic
subvariety through a general point of Y that is tangent to 5.

(2) ¥ is the pull-back of § via ¢. This means the following. Let X° C X and
Y° C Y be smooth open subsets such that ¢ restricts to a smooth morphism
@°: X° — Y°. Then Fixo = (d¢°) ' (§y-). In this case we write ¥ = ¢~ '§.
The foliation ¥ on X induced by ¢ is called the algebraic part of ¥, and its
rank is the algebraic rank of ¥, which we denote by r¢. When r¢ = r, we say
that ¥ is algebraically integrable. The foliation § C Ty is called the transcendental
part of ¥ .
Next we relate the canonical class of a foliation with those of its algebraic and
transcendental parts. For that we introduce some notation.

Definition 2.5. Let 7: X — Y be a dominant morphism of normal varieties.

Let D be a Weil Q-divisoron Y. If m: X — Y is equidimensional, we define the
pull-back * D of D to be the unique Q-divisor on X whose restriction to ! (Yy;)
is (7)1 (v,)) D1 (v,,)- This agrees with the usual pull-back if D is Q-Cartier.

We define the ramification divisor R(r) of & as follows. Let Y° C Y be a dense
open subset such that codim(Y \ ¥°) = 2 and n restricts to an equidimensional
morphism 7°: X° = 771 (Y°) — Y°. Set

R(%) = Y () D° = (%) D) )

DO

where D° runs through all prime divisors on Y°. Then R(sr) is the Zariski closure
of R(x°)in X.

Assume that either Ky is QQ-Cartier, or that 7 is equidimensional. We define the
relative canonical divisor of X over Y as Ky,y := Kx —n*Ky.
2.6 (The canonical class of a pull-back foliation). Let 7: X — Y be a dominant
morphism with connected fibers between normal varieties, ¥ a foliation on Y, and
¥ = n~'¢ C Ty its pull-back via 7, as in Definition 2.4 (2). Assume that 7 is
equidimensional. Let {B;};c; be the (possibly empty) set of prime divisors on Y
contained in the set of critical values of 7 and invariant by ¥. A straightforward
computation shows that

Ky =n*Kg + Kxjy — ) (7% Bi — (0% Bi)rea)- (2.1)

iel
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In particular, if ¥ is induced by i, then (2.1) reads
K¢ = Kx/y — R(m). (2.2)

Remark 2.7. Let ¢: X --> Y be a dominant rational map with connected fibers
between normal varieties, and ¥ a foliation on X. Suppose that the general fiber
of ¢ is tangent to ¥. This means that, for a general point x on a general fiber F of ¢,
the linear subspace ¥, C Ty X determined by the inclusion ¥ C Ty contains Ty F.
Then, by [1, Lemma 6.7], there is a foliation § on Y such that ¥ = ¢~ 1§. We
remark that this is not true in general if ¥ is just a distribution.

2.8 (Restricting foliations to subvarieties). L.et X be a smooth variety, and ¥ a
codimension g foliation on X. Let Z be a smooth subvariety with dimZ > g.
Suppose that Z is generically transverse to ¥ . This means that the associated
twisted g-form wg € H%(X, Q% ® det(Ng)) restricts to a nonzero twisted g-form
on Z, and so ¥ induces a foliation ¥z of codimension ¢ on Z. Then there
is an effective divisor B on Z such that ¥z corresponds to a twisted g-form in
H%(Z, Q% ® det(Ng )z (—B)) non vanishing in codimension 1. A straightforward
computation shows that

Ky, + Kx|1z = K¢z + Kz — B.

When Z is a general hyperplane section, we show that B = 0.

Lemma 2.9. Let X C PN be a smooth projective variety, and ¥ a foliation of
codimension ¢ < dimX —2 on X. Let H C PV be a general hyperplane. Then ¥
induces a foliation ¥ xnpg of codimension g on X N H with

Kgyoy = (Kg + H)xnn-

Proof Let H C P be a general hyperplane, and set Z := X N H. Notice that Z
is smooth and that Z is generically transverse to ¥. Let B be the effective divisor
on Z introduced in 2.8. If By is a prime divisor on Z, then B; C Supp(B) if and
only if ¥ is tangent to H at a general point of Bj.

Let X° C X be the open subset where ¥ is a subbundle of Ty, and consider the
incidence subset

I°={(x,H)e X°x (PM)* | x e Hand ¥, C T H}.
An easy dimension count gives that
dim/° =dimX + N —(dimX —g)—1 <dimX + N — 3.

It follows that if H is general, then B = 0. L]
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2.2. Algebraically integrable foliations. Throughout this subsection, we let X be
a normal projective variety, and ¥ a Q-Gorenstein algebraically integrable foliation
on X.

Definition 2.10 (|2, Definition 3.11]). Let i: F — X be the normalization of the
closure of a general leaf of . There is a canonically defined effective Q-divisor A g
on F such that Kr + Af ~g i*Kg. The pair (F, Af) is called a general log leaf
of ¥.

In the setup of Definition 2.10, we often write Lz for the pull-back i*L of a
Cartier divisor L on X.

2.11 (The family of log leaves of ¥ [2, Lemma 3.9 and Remark 3.12]). There
is a unique proper subvariety Y’ of the Chow variety of X whose general point
parametrizes the closure of a general leaf of ¥ (viewed as a reduced and irreducible
cycle in X). Let Y be the normalization of Y', and Z — Y’ x X the normalization
of the universal cycle, with induced morphisms:

Yo x

Z
nl (2.3)
Y.

Then v: Z — X is birational and, for a general point y € Y, v(z~!(y)) C X is the

closure of a leaf of . We refer to the diagram (2.3) as the family of leaves of ¥ .
Let ¥z be the foliation on Z induced by ¥ (or 7). By (2.2), K¢, = Kz;y — R(x).

Moreover, there is a canonically defined effective Weil Q-divisor A on Z such that

Kg, + A= Kz;y — R(m) + A ~¢ v*Kg. (2.4)

Note that A is v-exceptional since v« K%, = Kg.
Let y € Y be a general point, set Z, := 7~ '(y) and A, := A|z,. Then
(Z,, Ay) coincides with the general log leaf (F, A r) from Definition 2.10.

We will need the following observation.
Lemma 2.12. Let X be a smooth projective variety, and ¥ an algebraically integrable
foliation on X. In the setup of Paragraph 2.11 above, we have
Supp(A,) = Exc(v) N Z,.
In particular, the singular locus of Z, is contained in Supp(A ).

Proof. Since A is v-exceptional and Supp(A,) = Supp(A) N Z,, we must have
Supp(Ay) C Exc(v) N Z,.

To prove that Exc(v) N Z, C Supp(A,), we first reduce to the case when ¥
has rank 1. Suppose that ¥ has rank r > 2, and consider an embedding X C PV,
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Let . C P be a general linear subspace of codimension r — 1. By Lemma 2.9,
JF induces a foliation by curves ¥xnz on X N L with

KfFXnL = (K? + (I” - I)H)IXOL ) (2.5)

where H is a hyperplane in PN . Notice that the closure of a general leaf of Fxynp
is v(Zy) N L for a general point y € Y. Moreover, the general log leaf of ¥xnyz
is (Z, Nv™Y(L), A, N v~ (L)). This follows from the definition of general log
leaf, (2.5), and the usual adjunction formula. Let £ be an irreducible component
of Exc(v) meeting Z,. Since the restriction of v to £ N Z, is finite, we have
dimv(E) = r — 1. In particular, v(E) N L # @. Moreover, Exc(v) N Z, C
Supp(A,) if and only if Exc(v) N Z, N v~ (L) C Supp(Ay) Nv~I(L). Since
Exc(v) Nv~'(L) = Exc(v),—1(z)), We may assume that F has rank 1.

When ¥ has rank 1, ¥ is a line bundle on X by [1, Remark 2.3] and [20,
Proposition 1.9]. If E is an irreducible component of Exc(v) that dominates Y,
then v(E) is contained in the singular locus of #. Apply [13, Lemme 1.2] (see
also [1, Lemma 5.6]) to conclude that £ N Z,, C Supp(A,), completing the proof
of the lemma. []

Corollary 2.13. Let X be a smooth projective variety, and ¥ < Tx an algebraically
integrable foliation on X, with general log leaf (F,AF). Suppose that either
p(X) =1, or ¥ is a Fano foliation. Then Ag # 0.

Proof. Let the notation be as in Paragraph 2.11, and suppose that A = 0. It follows
from Lemma 2.12 that no irreducible component of Exc(v) dominates Y. Hence, ¥
is induced by a rational map X --» Y that restricts to a smooth proper morphism on
a dense open subset of X. This is impossible if p(X) = 1. Moreover, F is smooth,
and in particular log canonical. On the other hand, an algebraically integrable
Fano foliation whose general log leaf is log canonical has the special property that
there is a common point in the closure of a general leaf (see [1, Proposition 5.3]
and [3, Proposition 3.13]). We conclude that A g # 0. ]

We end this subsection with a consequence of [21, Lemma 2.14] (see also
[10,11,15] for related results). Recall that a Weil Q-divisor D on a normal projective
variety X is said to be pseudo-effective if, for any ample divisor L on X and
any rational number & > 0, there exists an effective Weil QQ-divisor £ such that
D +el ~q E.

Lemma 2.14. Let X be a normal projective variety, L an ample divisoron X, and ¥
a Q-Gorenstein algebraically integrable foliation on X . Let F be the normalization of
the closure of a general leaf of ¥, and let v : F — F bearesolution of singularities.
If Kz + vi LiF is pseudo-effective, then so is Kg + L.
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Proof. Consider the family of leaves of ¥ as in Paragraph 2.11:

ot ¥

f

By [15, Lemma 4.2], there exists a finite surjective morphism p;:Y; — Y
with ¥; normal and connected satisfying the following property. If Z; denotes
the normalization of the product Y; xy Z, then the induced morphism ¢;: Z; — Y
has reduced fibers over codimension one points in Y. Letvy: Z; — Z be the natural
morphism. Let p2: Yo — Y be a resolution of singularities, and Z, a resolution of
singularities of the product Y2 Xy, Z;, with natural morphism v,: Z, — Z;. We
have a commutative diagram:

V>, birational V1, finite v, birational
Zr Zi
l V2 l ¥ J ¥
Y, — Y, — Y.
42, birational 1, finite

Let Fy = F be a general fiber of ¥, and set L := (v o v{)*L. Let F, be the fiber
of Y¥a: Z5 — Y, mapping to I, and set L, 1= v;‘Ll.

By Paragraph 2.11, there is a canonically defined v-exceptional effective Q-Weil
divisor A on Z such that

Kz/y — R(¥) + A ~q v* Ky, (2.6)

where R(y) denotes the ramification divisor of ¥. Moreover, a straightforward
computation shows that

vi(Kzy — R(W)) = Kz, /v, - 2.7)

Suppose that K z + v L|r is pseudo-effective. We may assume without loss of
generality that the restriction of vy: Z, — Z to F, factors through F > F~ Fi.
This implies that Kg, + Ly, is pseudo-effective as well. By [21, Lemma 2.14],
Kz,/y, + L2 is also pseudo-effective. This implies that (voviov2)«(Kz,/y, + L2)
is too. Set Z7 := Z; \ va(Exc(vz)) and Y := Y1 \ p2(Exc(n2)). Since v is
equidimensional, we have ¥ (Z7) C Y.

Notice that codim Y\ Y{ = 2, codim Z;\ Z] = 2, and that v; (respectively, (i)
induces an isomorphism

v; (ZI\ZY) = Z1\ Z}
(respectively, w5 1(Y1 \ ¥Y7) = Y1 \ ¥,°). It follows that

(v2)«(Kz,/y, + L2) = Kz, /vy, + L1.
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From (2.6) and (2.7), we conclude that

(voviov)«(Kz, vy, + L2) = deg(v1)(Kg + L)

is pseudo-effective, completing the proof of the lemma. ]

2.3. Foliations defined by stability conditions. Let X be a normal projective var-
iety, and ¥ C T a foliation on X. Harder-Narasimhan filtrations of ¥ allow one
to construct subfoliations of F that inherit some of the positivity properties of ¥
(see for instance [1, Section 7]). However, the classical notion of slope-stability with
respect to an ample line bundle is not flexible enough to be applied in many situations
in birational geometry. The papers [9] and [17] extend a number of known results
from the classical case to the setting where stability conditions are given by movable
curve classes.

Definition 2.15. A curve class @ € N (X)gr is movable if D -« = 0 for all effective
Cartier divisors D on X. The set of movable classes is a closed convex cone
Mov(X) C Ni(X)r, called the movable cone of X. If X is smooth, then Mov(X)
is the closure of the convex cone in N; (X )r generated by classes of curves whose
deformations cover a dense subset of X by [8].

2.16 (The Harder—Narasimhan filtration with respect to a movable curve class).
Let X be a normal, Q-factorial, projective variety, « € N1(X)g a movable curve
class, and ¥ a torsion-free sheaf of positive rank on X.

The slope of ¥ with respect to « is the real number

det(¥) -«

pa(F) = W-

The sheaf ¥ is a-semistable if, for any subsheaf & # 0 of ¥, one has

pa(€) < pa(F).
The maximal and minimal slopes of ¥ with respect to « are defined by

™ (F) :=sup {ua(€) | 0 # & C ¥ is a coherent subsheaf},
pa™(F) = inf {uq (@) | @ # 0 is a torsion-free quotient of  }.

By [17, Corollary 2.26], there exists a unique filtration of ¥ by saturated
subsheaves
O=FcC LG CFp=7F,

-

with a-semistable quotients @; = ¥;/%;_; such that o (@) > pe(@z) > -+ >
Mo (Qr). This filtration is called the Harder-Narasimhan filtration of ¥ .

Using the basic properties of slopes and the Harder—Narasimhan filtration, one
can check that, for 1 <i <k,

PIN(FD) = pa(@i) = pI(F / Fizr)- (2.8)
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The sheaf F7 is called the maximal destabilizing subsheaf of ¥ .
Suppose that @, (F) > 0, and set s := max{l <i <k | uo(@;) > 0} = 1.

The positive part of  with respect to « is the sheaf F_t := F;.

The following is a useful criterion for a subsheaf of a foliation to be a foliation.
We include a proof for the reader’s convenience.

Lemma 2.17 ([10, Lemma 4.10]). Let X be a normal, Q-factorial, projective variety
and ¥ C Ty a foliation on X. Let § C ¥ be a saturated subsheaf and suppose
that, for some movable curve class o € N (X)R,

215" (8) > pag™ (F/9).

o

Then § is also a foliation on X .

Proof. Note that § is saturated in T'y. Integrability of & is equivalent to the vanishing
of the map A%2§ — F /¢ induced by the Lie bracket. This vanishing follows from
the inequality

LI (AZG [ Tors) > ™ (F /§).

So it is enough to prove that
LI AZG [ Tors) = 2u™™(9). (2.9)

Observe (A2§/ Tors)** == (A2§)** is adirect summand of (§ ®§)**. Therefore,
we have

py™(A2G [ Tors) = g™ ((A*6)™)
> py (9 ®9)™)
= 2ur™(§) (by [17, Theorem 4.2]),

proving (2.9). [

Corollary 2.18. In the setup of Paragraph 2.16, suppose that ¥ C Ty is a foliation
on X with ug®™(¥) = 0. Then ¥; C Tx is also a foliation on X whenever
pal(@i) = 0.

We end this subsection with a remarkable result of Campana and Pdun concerning
algebraic integrability of foliations.

Theorem 2.19. Let X be a normal Q-factorial projective variety, « € N1 (X)r a
movable curve class, and ¥ C Tx a foliation on X. Suppose that u™™ () > 0.
Then ¥ is algebraically integrable, and the closure of a general leaf is rationally
connected.

In particular, if ¥ is purely transcendental, then K is pseudo-effective.
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Proof. Let v: X — X be a resolution of singularities. By [17, Proposition 2.7
and Remark 2.8], we have um"(F) = p™" (v=1F), where v*a € Mov(X) is the
numerical pull-back of @. The claim now follows from [10, Theorem 4.7] applied

tov I F. [l

The following is an immediate consequence of Corollary 2.18 and Theorem 2.19.

Corollary 2.20. In the setup of Paragraph 2.16, suppose that ¥ C Ty is a foliation
on X with ub*(F) > 0. Then, for 1 < i < s, ¥; C Tx is an algebraically
integrable foliation, and the closure of a general leaf is rationally connected.

3. Characterization of generic projective space bundles

Theorem 3.1. Let X be a normal Q-factorial projective variety, and £ an ample
line bundle on X. Suppose that uy*(Tx ® £*) > 0 for some movable curve class
a € Mov(X), and let 71 be the maximal destabilizing subsheaf of Tx with respect
fo «o.

(1) Then 71 is induced by a generic P"1 -bundle structure m1: X ——> Yy on X, and £
restricts to Opry (1) on a general fiber of w1. Moreover, ,uga"((TX/“fl) ®L*) £
0.

(2) If ¥ is afoliation on X and po (¥ @ £*) > 0, then 71 C ¥, and equality holds
if and only if ¥ is algebraically integrable.

Proof. Step 1. Suppose first that ¥ is an algebraically integrable foliation of rank r,
and py(F ® £*) > 0 for some movable curve class @ € Mov(X). We show that 5
is induced by a generic P"-bundle structure 7: X --> ¥ on X and that £ restricts
to Opr (1) on a general fiber of 7.

Let F be the normalization of the closure of a general leaf of ¥, and let v F>F
be a resolution of singularities. Let L be a divisor on X such that Ox (L) = £.
If K +dim F-vg L) is pseudo-effective, then so is K¢ +dim F-L by Lemma 2.14.
This is absurd since —rp (¥ @ £*) = (K¢ + dim F - L) - @ < 0 by assumption,
proving that Kz + dim F - vi L|F is not pseudo-effective. Apply [22, Lemma 2.5]
to conclude that (F, £r) = (P", Opr(1)). Consider the family of leaves of ¥ as in
Paragraph 2.11:

Z—5 X
‘
Y.
By [2, Proposition 4.10], we have

(Z,v*E) = (Py (8), Opy (6)(1)),
where € := Y, v* L.
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Suppose that the exceptlonal set Exc(v) dommates Y under ¢. Consider a
resolution of singularities u: Y — Y, and set Z = Po(u*€) = Y xy Z with
natural morphisms 1,@: Z - Yand9:Z — X. The exceptional set Exc(V) also
dominates ¥ under {ﬁ Note that Exc(V) has pure codimension one since X is
Q-factorial. Let E be an irreducible component of Exc(V) dominating Y. Then

(9*(—5) >~ @PA(M*g)(~k) X T//}*J

for some positive 1nteger k, and some line _bundle Jdon Y. In particular,
RO(Y,S¥u*€ ® 4*) = 1. Let £ be a divisor on Z such that

O (&) = Op, u=g)(1).

Notice that Op_ o (urg)(1) is the pull-back of Op, g)(1) = v*L under the natural
morphism IP’~(,u, &) > Py (&) = Z, and hence it is semi-ample. From Lemma 3.2

below, we conclude that m (KZ/Y +r$ 3] E) is effective for some positive integer m
and every sufficiently large integer s. This in turn implies that

0u(Kzp +rE+3E) = Ky +rL

is pseudo-effective. Thus pq(F ® £*) < 0, yielding a contradiction. This proves
that the map : X --> Y induced by ¥ is almost proper, and so ¥ is induced by a
generic P’ -bundle structure on X.

Step 2. We prove statement (1.

Let0 =7y € 71 € --- € Ty = Tx be the Harder-Narasimhan filtration of Ty
with respect to «, and set @; = 7;/¥;_;. By Corollary 2.20, 77 is an algebraically
integrable foliation on X . Moreover, (77 ® £*) > 0. From Step 1 applied to 77,
we conclude that 7 is induced by a generic IP"!-bundle structure 771: X --> Yy on X
and £ restricts to Qpr, (1) on a general fiber of ;.

Suppose that

to“(Tx [T1) ® £7) = pa(Q2 ® £7) > 0.

By Corollary 2.20, 73 is an algebraically integrable foliation on X. By Step 1, 7>
is induced by a generic P"2-bundle structure on X. This is impossible since P’2
cannot admit a generic IP"! -bundle structure with r; < ry. Thus (@, ® £*) < 0,

proving (1).

Step 3. Suppose that & is a foliation on X, and o (¥ @ £*) > 0 for some movable
curve class @ € Mov(X). Let 1 C ¥ be the maximal destabilizing subsheaf of &
with respect to «. By Corollary 2.20, ¥7 is an algebraically integrable foliation
on X. Moreover, we have pq(F; ® £*) > 0. By Step 1, ¥ is induced by generic
[P51-bundle structure on X. Let 73 C Ty be as in Step 2. By [17, Corollary 2.17],
F1 C T since

Pt F @ L) = pa(F1 ® £*) >0 and ul*(Tx/T1) ® £*) <0

by Step 2. Hence, we must have 7 = 77.
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If ¥ is algebraically integrable, then from Step 1, we conclude that ¥, = 77 = F.
[

Recall that a vector bundle & on a normal projective variety Y is said to be semi-
ample if the line bundle Op, (&)(m) on Py (&) is generated by its global sections for
some positive integer m.

Lemma 3.2. Let Y be a normal projective variety, M a line bundle on Y, and & a
semi-ample vector bundle on Y . Suppose that h°(Y, SK& ® M) = 1 for some integer
k = 1. Then there exists an integer mg = 1 such that

hO(Y, Sm()(sk—l)g ® det(8)®m° ® M@mns) >
Jor every sufficiently large integer s.

Proof. Let & be a semi-ample vector bundle on Y. By [16, Corollary 1], the vector
bundle &* ® det(&) is semi-ample. Let m( be a positive integer such that the line
bundle @z (mg) on Z := Py (&* ® det(&)) is generated by its global sections. Set

V= H(Y,$"0(&* @ det(€))) = H’(Z,0z(my)),
and consider the exact sequence
0> KR®Oz(m) -V ®Oz(m) - Oz(mg + m) — 0.

Pick a point y on Y, and denote by Z, the fiber over y of the natural morphism
Z — Y. Let m be a positive integer such that h!(Z,, Kz, ® Oz,(m)) = 0
for m = m;. Then the map

Ve HZ,,0z,(m)) - H*(Z,,0z,(mo + m))
is surjective for every m = m, and thus the morphism
V ®S™(6* ® det(€)) — S™0H"(6* @ det(8))
is generically surjective. This yields, for every m = m, an injective map of sheaves
smotmg) s V* @ S™(8) ® det(8)®™0, (3.1)

Let M be a line bundle on Y, and k a positive integer such that 2°(Y, S¥€ @ M) > 1.
Let s be an integer such that m := mg(sk — 1) = m;. The mys-th power of a
nonzero global section of S¥& ® M is a nonzero global section of $™0°% & @ M ®™M05 |
Then (3.1) yields

I < hO(Y, 8™k 6 @ MPmos)
<dimV - hO(Y, S™06k "D g @ det(£)8m0 @ MB™O5),

completing the proof of the lemma. ]
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Proof of Corollary 1.3. Suppose that there is a positive integer m, an ample line
bundle £, a torsion-free quotient (Q}( ® £)®™ — @ of positive rank, and a
movable class @ € Mov(X) such that p4(€Q) < 0. Then p2"((Q} ® £)®™) < 0.
This implies that ™ ((Txy ® £*)®") > 0. Thus, by [17, Theorem 4.2] (see

also [9, Proposition 6.1]), ug®(Tx ® £*) > 0. Theorem 3.1 then implies that X is
a generic IP” -bundle for some positive integer r. ]

4. Bounding the algebraic rank

We start this section by justifying the definition of generalised index in Definition 1.4.

Lemma 4.1. Let X be a complex projective manifold, and D a big divisor on X. Set

(D) := sup {t eER | D =tA+ E where A is an ample divisor
and E is a pseudo-effective R—divisor}.

Then there exists an ample divisor Ay and a pseudo-effective R-divisor Ey on X
such that D =1(D)Ay + E.

Proof. Set ty = D) — . Pick a real number ¢ > fg, an ample divisor 4, and a

pseudo-effective R-divisor £; on X such that D = rA; + E;. Then Llp_ 4, =

to
(z% — 1A + tiE, is pseudo-effective. In order to prove the lemma, it is enough to
show that there are finitely many classes of integral effective divisors B on X such
that ;—)D — B is pseudo-effective. Let Cy, ..., C, be movable curves on X such
that [C1],...,[Cn] is a basis of Ny (X)g. If B is an effective divisor on X such that

%D — B is pseudo-effective, then we have 0 < B-C; < % D - C;. These inequalities

define a compact set A C N1(X)g. Since the set of classes of effective divisors
is discrete in N!(X)g, the compact set A contains at most finitely many of these
classes. L

Next we show that the algebraic rank of a foliation is bounded from below by its
generalised index, and classify foliations attaining this bound (Theorem 1.5). We fix
the notation to be used in what follows.

Notation4.2. Let ¥ C Ty be afoliation with big anti-canonical class and generalised
index 7. Denote by ¢ the algebraic part of &, and by ¢ its algebraic rank. By
Lemma 4.1, there is an ample divisor L and a pseudo-effective R-divisor £ such that
—Kg =TL + E. Set £ := Ox (L), and oy = [£""'] € Mov(X). For any movable
curve class & € Mov(X), we denote by %" the positive part of ¥ with respect to «,
as defined in Paragraph 2.16, and by r, = rank(¥,") its rank.
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Proof of Theorem 1.5. We follow Notation 4.2, and assume that ¥ # Tx.
For any movable curve class & € Mov(X) such that . (F,} ® £*) < 0, we have
(L) < det(F) -«
<det(¥F,)-a (since uo(¥F/F,) <0)
< rapta(L) (since po(F,” ® £7) < 0)
< r?ug () (since F," C ¥ by Theorem 2.19).

.1

By Theorem 1.1, we have 1y, (f';g ® L*) < 0 for the ample class a, and (4.1) gives
that? < r?.

Suppose from now on that T = r%. Then (4.1) shows that, for any movable curve
class @ € Mov(X) such that uy (¥, ® £*) < 0 (in particular for @ = wy), we
have F¢ = ¥, and uo(F¢ ® £*) = 0. Moreover E - g = 0, and thus E = 0
and — K¢ =1L.

Next we show that p,(¥¢ ® £*) = 0 for every ¢ € Mov(X). Suppose
that this is not the case. Since the ample class o lies in the interior of
Mov(X) and fLg,(F¢ ® £*) = 0, there must exist a class « € Mov(X) such that
o (F2® £*) > 0. By Theorem 3.1, there is a dense open subset X° C X and
a P"*-bundle structure 7°: X° — Y° such that 5‘1}0 = Txosyo, and & restricts
to Opra (1) on any fiber of 7°. By Remark 2.7, there is a foliation § on Y © such that
Fixe = (x°)~1§. By shrinking Y ° if necessary, we may assume that § is locally
free, and ¥ / Txo,yo = ¢™§. Therefore, for a general fiber F of 7°, we have

Opra (?) = det(?)IF = det(TXO/yo)|F >~ Opra (ra 4 1)’

contradicting our assumption that T = r%. We conclude that p, (¢ ® £*) = 0 for
every @ € Mov(X).

This implies that —K g« = r? L, and hence F“ is an algebraically integrable Fano
foliation. Let (F, AFr) be a general log leaf of ¥4, sothat —(Kr + Af) =r?L|F.
By Corollary 2.13, Ar # 0, and thus Kr + r L|r = —AF is not pseudo-effective.
By [22, Lemma 2.5],

(F, £, 0p(AF)) = (P, Opra(1), Opra(1)).

In particular, (£, Ar) is log canonical. By [1, Proposition 5.3], there is a common
point x in the closure of a general leaf of #“. This implies that X is covered by
rational curves passing through x having degree 1 with respect to L. It follows
that X is a Fano manifold with Picard number p(X) = 1, and hence —Kga« = r®L
implies that —Kga ~ r¢L. By [5, Theorem 1.1], X = P” and ¥ is induced by a
linear projection : P” --> P?~"«, By Remark 2.7, there is a foliation & on IP*~7«
such that ¥ = 7~ 1%. By (2.1) and (2.2), outside the center of the linear projection
w:P" ——» P"7a_we have n*Kg ~ K¢ — K#a ~ 0, and thus K¢ ~ 0. ]
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Finally, we describe foliations ¥ whose algebraic rank slightly exceeds the
generalised index, namely ©(¥) < r%(¥) < ©(¥) + 1. We start by addressing
foliations ¥ with K¢ = 0 and algebraic rank r¢ = 1.

Lemma4.3. Let X be a complex projective manifold with Picard number p(X) = 1,
and let ¥ be a foliation on X. Suppose that K¢ = 0 and that ¥ has algebraic
rank 1. Then the closure of a general leaf of the algebraic part of ¥ is a rational
curve.

Proof. There exist a normal projective variety Y, a dominant rational map 7: X --> Y
of relative dimension 1, and a purely transcendental foliation ¥ on Y such that
F = n~14. Denote by € the foliation induced by 7, i.e. the algebraic part of F .

After replacing Y with a birationally equivalent variety, we may assume that Y
is the family of leaves of €. Let X° C X be an open subset with complement
of codimension at least 2 such that & restricts to an equidimensional morphism
mxo: X° — Y. By (2.1) and (2.2) applied to 7| xo, there is an effective divisor R
on X such that, on X°, we have

—Ke =7%"Kg + R.

By Theorem 2.19, Kg is pseudo-effective, and hence so is —Ke. If Ke #£ 0, then
the lemma follows from Theorem 2.19. Suppose from now on that K¢ = 0, and
let (F, Ar) be a general log leaf of €, so that Kr + Ar = 0. By Corollary 2.13,
Afr # 0. Thus deg(Kr) < 0, and hence F =~ P!, ]

Proof of Theorem 1.8. We follow Notation 4.2, and assume that7 < r? <7+ 1. We
will show that the closure of a general leaf of ¥ ¢ is rationally connected.

Step 1. Leta € Mov(X) be a movable curve class. If g (F,f @ £*) < 0, then (4.1)
gives that r¢ — 1 <7 < ry < r?. Hence, 37&* = F“. By Theorem 2.19, the closure
of a general leaf of F¢ is rationally connected. If uy(F,t ® £*) = 0, then (4.1)
gives that
2 —1ETEry = r4,

and hence #," has codimension at most 1 in F4, If #,;5 = F9, then, as before,
the closure of a general leaf of ¢ is rationally connected. Suppose that " has
codimension 1 in ¥¢. Then? = r* — 1. Let B € Mov(X) be another movable curve
class. If F, ﬁ+ ¢ F.F, then 7,5 + 7, ﬁ+ = ¥ % and Theorem 2.19 applied to both «
and f gives that the closure of a general leaf of ¢ is rationally connected.

Therefore, from now on we may assume the following.
Additional assumption. For any « € Mov(X), pe(F," @ £*) = 0. If @ € Mov(X)
is such that uy (3‘701+ ® £*) = 0, then f(j has codimension 1 in ¥4, and 5‘7ﬁ+ C Jf“'a“L
for any B € Mov(X).

By Theorem 1.1, we have jtq, (¥, ® £*) < 0 for the ample class ag. The
additional assumption and (4.1) for @ = g give that ro, = ¢ — 1 =7, E = 0
and — K¢ =1L.
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Step 2. Suppose that p, (F,f ® £*) = 0 for every « in a nonempty open subset U
of Mov(X). From the additional assumption, it follows that %7 = ?a‘(t and
ne(F @ £*) = 0forevery a € U. Thus

@

_Kf'ao — ra()L.

By Theorem 1.5, X =~ P”, and %) is induced by a linear projection

g
m:P" ——> P*Teo, Since X =~ P”, we must have

—Kg ~TL ~ —Kg,,-
By Remark 2.7, there is a foliation § on P"”"@0 such that ¥ = 7 1¢,and Kg ~ 0.
Moreover, since j:at has codimension 1 in ¥%, ¥ has algebraic rank 1. By
Lemma 4.3, the closure of a general leaf of the algebraic part of § is a rational
curve, and thus the closure of a general leaf of ¢ is rationally connected.

Step 3. By Step 2, we may assume that pq (F," ® £*) > 0 for some & € Mov(X).
By Theorem 3.1, %, is induced by a generic P"-bundle structure my: X --> Y,
on X, and £ restricts to Opro (1) on general fibers of m,. If necessary, we can
replace « by the class of a line on a fiber of . As in (4.1), we have

(r*—1)=1t=det(¥) -«
Sdet(?J)-a
= (ra + 1),

and thus r, = r¢ — 2. Moreover, by Corollary 1.7, — K FF ro L is not pseudo-
effective. Thus, there exists a nonempty open subset V' of Mov(X) such that, for
every B € V, ug(F,t ® £*) < 0. The additional assumption implies in particular
that ?ﬂ"" # F.t forevery g € V.

By Step 2, we may assume that g (?;‘ ® £*) > 0 for some B € V. As before,
3’7; is induced by a generic P"#-bundle structure mg: X --> Yg on X, &£ restricts
to Oprs (1) on general fibers of ng, and rg = r? — 2. Notice that ;5 N ?‘;" = 1)
and F" + ?; C FeIUFS+ 37; = %, then we conclude as before that the
closure of a general leaf of ¢ is rationally connected. So we may assume that
F+ .'Fﬂ“L < F . This can only happen if (rq, rg,r%) = (1,1,3).

Let Hy and Hg be the dominating unsplit families of rational curves on X whose
general members correspond to lines on fibers of 7y and 7g, respectively. Denote by
m°: X° — T° the (Hy, Hg)-rationally connected quotient of X (see for instance [1,
6.4] for this notion). By [5, Lemma 2.2], we may assume that codim X \ X° = 2,
T° is smooth, and 7 ° has irreducible and reduced fibers. Applying [19, Corollaires
14.4.4 et 15.2.3], we see that 7° is flat. This in turn implies that its fibers are
Cohen—Macaulay since both X and 7°° are smooth. By [1, Lemma 6.9], there is an
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inclusion T'yo;ro C fﬂ‘)’fo If Txo/po = 37!“ o, then the closure of a general leaf
of ¥ is rationally connected. So we may assume that dim 7° = dim X° — 2. By
Remark 2.7, there is a foliation §° on T° such that |y = xo tge. By (2.1), we
have

“KXO/TO = —K{F|Xo -+ JTO*Kgo.

Since codim X \ X° = 2, a general complete intersection curve in X is contained
in X \ X°. Let C — T° be the normalization of a complete curve passing through a
general point, denote by X¢ the fiber product C x7o X°, and by n¢c: X¢ — C the
natural morphism. By [18, Corollaire 5.12.4], X¢ satisfies Serre’s condition S5. On
the other hand, X ¢ is smooth in codimension 1 since the fibers of ¢ are reduced. It
follows that X¢ is a normal variety by Serre’s criterion for normality. We have

—Kxojc = —Kgix. + ¢ Kgoc.

If Kgo-C = 0, then —Kx_./c is ample, contradicting [5, Theorem 3.1]. Hence,
Kgo - C < 0, and [1, Proposition 7.5] implies that the closure of a general leaf of #
is rationally connected. []

Question 4.4. Is there a foliation ¥ with1(¥) € N and () < r*(F) <U(F) +1?
From the proof of Theorem 1.8, we see that in this case we must have ?j = F9 for
every @ € Mov(X) such that puy (¥, ® £%) <0.
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