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Fourier optimization and prime gaps
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Abstract. We investigate some extremal problems in Fourier analysis and their connection to
a problem in prime number theory. In particular, we improve the current bounds for the largest
possible gap between consecutive primes assuming the Riemann hypothesis.
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1. Introduction

In this paper we study a new set of extremal problems in Fourier analysis, motivated
by a problem in prime number theory. These problems (which will be described

shortly) are of the kind where one prescribes some constraints for a function and its
Fourier transform, and then wants to optimize a certain quantity. When available,
a solution to such a problem usually requires two main ingredients: a tool to prove
optimality and a tool to construct an extremal function. A classical example in

approximation theory is the problem of finding the best L1 (M)-approximation of real-
valued functions by bandlimited functions (i.e. functions with compactly supported
Fourier transforms). For the two-sided problem (i.e. unrestricted approximation), one

usually works with the so called extremal signatures to establish optimality, whereas

for the one-sided problem (in which one is interested in majorizing or minorizing a

given function) the Poisson summation formula is useful as a tool to prove optimality.
For an account of such methods see, for instance, [10, 37,42 ] and the references

therein. Optimal bandlimited majorants and minorants have several applications to

inequalities in analysis and number theory, for instance in connection to the theory of
the Riemann zeta-function, e.g. [6-8,11], Slightly different extremal problems appear
in the work [33], in connection with the question of bounding the least quadratic
nonresidue modulo a prime. Another example of a Fourier optimization problem
was proposed by Cohn and Elkies [ 12|, in connection to the sphere packing problem.
This recently attracted considerable attention with its resolution in dimensions 8

and 24 (see [13,43]).
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As we see below, the Fourier optimization problems considered here are simple
enough to be stated in very accessible terms but rather delicate in the sense that
the usual tools in the literature to prove optimality and construct extremal functions
are not particularly helpful. While we have been unable to determine explicitly
the solutions to our optimization problems, we are able to make progress on the

existence and uniqueness of extremizers, and to establish good upper and lower
bounds for the values of the sharp constants. In addition, we establish a connection
between these extremal problems in Fourier analysis and the problem of bounding the

largest possible gap between consecutive primes (assuming the Riemann hypothesis).

1.1. Fourier optimization problems. For F e L'(R), we let

/CO e-llClXt
-co

denote the Fourier transform of F. We also let x+ := max{jc, 0} and 1 < A < oo be

a given parameter (note that we include the possibility that A oo), and we consider
the following problems.

Extremal problem 1. Given 1 < A < oo, find

G(A):= sup -i-(\F(0)\-A f |F(0|df), (1.1)
F6^IK1IIv 4[-UF 7

o

where the supremum is taken over the class A of continuous functions F: M —> C,
with F e if (R). In the case A oo, determine

C(oo) sup (1.2)
Fee ll^lli

where the supremum is over the subclass 8 G A ofcontinuous functions F: R -» <C,

with F e LX(R) and supp (F) C [—1,1].

Extremal problem 2. Given 1 < A < oo, find

G+(A):= sup -1-(f(0)-a[ {F(t))+dt),
FeA+ H II1 h~ l,l]c 7

F# 0

(1.3)

where the supremum is taken over the class cA+ of even and continuous functions
F: R —R, with F e L1 (R). In the case A oo, determine

£ + (oo) sup -^p, (1.4)
FeS+ ll7' Hi

F/0

where the supremum is over the subclass 8+ C A+ ofeven and continuousfunctions
F:R —>• R, with F e L:(R) and F(t) < 0for \t\ > 1.
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There has been some previous works in connection to problem (1.2) and its

analogue for trigonometric polynomials, see for instance [2,24,29,40], The current
best numerical upper and lower bounds for C(oo), reviewed in (1.5) below, are due

to Hörmander and Bernhardsson [29]. We were not able to find any mention to
the other problems in the literature. If one further imposes the condition that F is

nonnegative on IR, then 1.2) reduces to a folkloric problem for bandlimited functions
while (1.4) reduces to the Cohn-Elkies problem [12, Theorem 3.1] in dimension 1. In
both cases Poisson summation shows that the required maximum is 1, being attained

by any constant multiple of the Fejér kernel F(x) (sin(7rx)/(7rx))2. Classical

interpolation formulas of Vaaler [42, Theorem 9] show that these are indeed the

unique extremizers for this simplified version of (1.2), whereas this simplified version

of (1.4) admits other extremizers (see [12, Section 5]).
We restricted the parameter A to the range 1 < A < oo because in the range

0 < A < 1 the corresponding problems (1.1) and (1.3) are trivial in the sense that

G(A) G+(A) oo. This can be seen by taking Fe{x) with
\/G

s 0+. It is also clear that the mappings A g> G(A) and A m>- G+(A) are

non-increasing for 1 < A < oo.
The extremal problems presented here are certainly related to the phenomenon of

Fourier uncertainty, and works like [17,18], that discuss L1 -uncertainty principles,
provide interesting insights. The recent works [3, 23] on the "root-uncertainty
principle" for the Fourier transform also consider interesting extremal problems
related to the theory of zeta-functions in number fields. Toward the problems of
determining the exact values of the sharp constants G(A) and G+(A) we establish

the following results.

Theorem 1.1. Let 1 < A < oo. With respect to problems (1.1) and (1.2), the

following propositions hold:

(a) If A oo, then:

(a. 1) There exists an even and real-valuedfunction G e S, with G(0) 1, that
extremizes 1.2).

(a.2) All the extremizers of (1.2) are of the form F(x) c G (x), where c G C

with c ^ 0.

(a.3) The extremal function G verifies the identity

/OO sgn(G(x)) F(x)dx F(0)
-OO

for any F £ 8.

(a.4) (cf. [29]) The sharp constant G (oo) verifies the inequality

1.0818576438 < G(oo) < 1.0818576441. (1.5)
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(b) If A - 1 then t?(l) 2, hut there are no extremizers for (1.1).

(c) If 1 < A < oo, then:

(c. 1 There exists an even and real-valuedfunction G e A that extremizes (1.1).

(c.2) Let c{) %(f\ ^df)"1 1.07995... and let d0 1.09769...he
defined by (4.5). Let X X(A) he the unique solution of

1 /7tX\ JtX
1 sin — cos —A V 2 / 2 V 2 /

with 0 < X < 1. Then

max {2,_2/i(j3Ty,î2£îC0S(îM)}

<eM)<H(i_o.^M_2)),2}, (L6)

where thefirst upper hound on the right-hand side of 1.6) is only available
in the range 2.6 < A < oo.

Remark. The function
cos 2nx

11 71

belongs to the class g and verifies ||//||i l/c0- Wethenhave H(0)/\\H\\i c0

1.07995 and this yields a slightly inferior lower bound for C(oo) when compared
to the one in (1.5) (which is obtained in [29] by means of more complicated numerical
examples). Due to its simplicity, this particular function H(x) plays an important
role in our work, being used in the proof of the lower bound in 1.6) and in the proof
of Theorem 1.5.

Theorem 1.2. Let 1 < A < oo. With respect to problems (1.3) and (1.4), the

following propositions hold:

(a) If A oo, then:

(a.l) There exists a function G G 8+ that extremizes (1.4).

(a.2) The sharp constant G+(oo) verifies the inequality

G{oo) < £+(oo) < 1.2.

(b) If A 1 then 'C + (\) 2, but there are no extremizers for (1.3).

(c) If I < A < oo, then:

(c.l) There exists an even and real-valued function G A+ that extrem¬

izes (1.3).
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(c.2) The sharp constant ~C + (A) verifies the inequality

eO)<g+0)<minj (,_022'2^_1)).2}. (1.8)

where thefirst upper hound on the right-hand side of (1.8) is only available
in the range 1.222 < A < oo.

(c.3) In particular, if A 36/11 a numerical example yields the lower hound

Remark. Note that for small values of A, the right-hand side of (1.8) gives a better
bound than the right-hand side of (1.6), and can be used instead. The reason, as

we shall see, is that such bounds come from modifying the test functions in the

dual problem for the case A oo. In our construction, these modifications do not

necessarily maintain the hierarchy as A approaches 1.

1.2. Bounds for prime gaps on RH. Let pn denote the nth prime. Assuming the

Riemann hypothesis (RH), a classical result of Cramér [14] yields the bound

Pn +1 — Pn
limsup <c, (1.10)
n^oo sflhi log pn

where c is a universal constant. Building upon the works of Goldston 121 ] and

of Ramaré and Saouter [39], the current best form of this bound is due to Dudek
[19, Theorem 1.3], who obtained (1.10) with constant c 1. Here we improve this
and other bounds in this theory by establishing an interesting connection with the

extremal problems presented in the previous section.

Our strategy consists of three main ingredients: (i) the explicit formula, (ii) the

Brun-Titchmarsh inequality, and (iii) the derived extremal problems in Fourier
analysis. Letting n(x) denote the number of primes less than or equal to x, we
define the Brun-Titchmarsh constant B in our desired scale by

Jl(x + Vx) - Tl(x)
B:=limsup — (1.11)

x->oo y\x/logX

and we observe that
36

1 < B < —. (1.12)_ _ H v 7

The lower bound in (1.12) follows from the prime number theorem jt(x) ~ x/ log x
as x -» oo and the upper bound on B follows from the work of Iwaniec 130,

Theorem 14].
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We prove the following general result.

Theorem 1.3. Assume the Riemann hypothesis. Let 'C+ (•) he defined in 1.3) and B
he defined in (1.11 Then, for any a > 0, we have

I n(x + c^/x\ogx) - jt(x) \ (1+2a) 21
int <c > 0; limint — > a\ < ; < —(1 + 2a).

1 x^oo 7+ 1 - e+(B) 25 '
(1.13)

The last inequality comes from (1.9) and (1.12).

The case a 0 in Theorem 1.3 yields an affirmative answer tor a question posed
in [19], on whether one could establish (1.10) with a constant c < 1.

Corollary 1.4. Assume the Riemann hypothesis. Let 'G+(-) he defined in (1.3) and B
he defined in 1.11 Then

P„ +1 ~ Pn ^
1 21

hmsup < —; < —. (1.14)
»-oo V7+ log/?« - £+(B) 25

We note from (1.12) and Theorem 1.2 (b) that the limit of this method would yield
a constant 2 on the right-hand side of (1.14). On the other hand, under stronger
assumptions, namely the Riemann hypothesis and Montgomery's pair correlation
conjecture, it is known that the limit supremum in (1.14) is actually zero (see, for
instance, [26,27,36]).

The case a 1 in Theorem 1.3 yields the constant

3 63
C ~ E+(B)

<
25

on the right-hand side of (1.13). This also sharpens the previous best result, due to
Dudek 119], who had obtained this inequality with constant c 3.

By working with a particular dilation of the bandlimited function (1.7) and

an explicit version of the Brun-Titchmarsh inequality due to Montgomery and

Vaughan [35], we are able to make all of our error terms effective and, assuming the

Riemann hypothesis, prove that

22
Pn + l ~ Pn < — sfPn log p„

for all primes pn> 3.

Theorem 1.5. Assume the Riemann hypothesis. Then, for x > 4, there is always a

prime number in the interval [x, x + || yfx log x].

This theorem improves a result of Dudek, Grenié, and Molteni [20, Theorem 1.1],
who had previously reached a similar conclusion with c || replaced by c

c(x) 1 + j:. Cramér [15] has conjectured that

Pn +1 Pn — G(1og2 Pn),
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and this problem remains open to this date. It has been verified by Oliveira e Silva,

Herzog, and Pardi [38, Section 2.2] that

for all primes 11 < pn < 4 1018. Estimate (1.15) plainly implies the conclusion
of Theorem 1.5 for all 4 < x < 4 1018. Therefore, in our proof, we assume
that x > 4 - 1018.

We now proceed to the proofs of the main results stated in this introduction.
This is carried out in Sections 2-6. In Section 7 we have a general discussion on

some related extremal problems in Fourier analysis, which includes for example the

existence of extremizers tor the Fourier optimization problem of Cohn and Elkies [ 12]

related to sphere packing. Some of this material may be of independent interest.

2. Existence of extremizers

In this section we discuss the existence of extremizers for the extremal problems
(1.1 )—( 1.4). We prove here parts (a.l), (b), and (c.l) of Theorems 1.1 and 1.2. We

begin by making some simplifying observations, that will be helpful for the rest of
the paper. Note that we may restrict ourselves to the situation when F e L1 (R)
(otherwise the quotients on right-hand sides of (1.1), (1.3), and (1.4) yield —oo), and

we assume this throughout the rest of the paper. In particular, F decays at infinity
and || T71|oo is attained at some point.

The class .A in Theorem 1.1 includes complex-valued functions, but for our
extremal problems we can restrict attention to even, real-valued functions. Indeed,

given a non-identically zero F G A, the following steps either increase the quotients
on the right-hand sides of (1.1 )—( 1.2) or leave them unaltered:

• by translating F over R, we may assume that | F(0)| Ilvico;

• by dilating F, we may assume that || F|| i 1 ;

• by multiplying F by a unimodular complex number, we may assume that F(0) > 0;

• by replacing F(x) by (F(x) + F(x))/2 we may assume that F is real-valued;

• by replacing F(x) by (F(x) + F(—x))/2 we may assume that F is even.

From the definitions it is clear that "(A) and ~+(A) are non-increasing functions
of A. The observations above show that in (1.1 )—( 1.2) we can restrict attention to

even, real-valued functions, so that If (A) < f?+(A). The Fejér kernel F(x)
(sin(7Tx)/(^Jc))2 reveals that )f(oo) > 1. For every F e Awe have

Pn+1 - Pn < log2 Pn (1.15)

(2.1)
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so that G (1 < 2. A similar argument gives G+(l < 2. Putting together all of these

observations, for 1 < A < oo, we obtain the chain of inequalities

1 5 G(oo) < G(A) < G+(A) < G+(l) < 2.

2.1. ProofofTheorem 1.1 (a.l). This is the case A oo and we are restricted to the
class 8 c A of continuous functions F:M —> C, with F e L1(M) and supp (F) c
[—1,1], Let {Fn}n>i be an extremizing sequence verifying the conditions above,
i.e. a sequence {Fn}n>i C 8 of even and real-valued functions, with ||F„||i 1,

ll^nlloo Fn(0) > 0, and

lim Fn(0) G(oo).
n —>oo

Since G(oo) < 2, it follows that {Fn}n>\ is a bounded sequence in L2(M). Hence,
there exists G £ L2(R) such that (after passing to a subsequence, if necessary)
Fn —^ G weakly in L2(E). In this case, supp(G) c [—1,1] and by Fourier
inversion G can be taken continuous. For any y £ M, we have

FM f FM d, r F,WdjJ-i J-oo nix. - y)

-> r "-2 CMix r mciv».
oo tt(x - y) y_ i

as n -> oo. It follows that G is even, real-valued and G(0) G(oo). Moreover, by
Fatou's lemma, we have ||G||i < 1. Hence G £ 8, and from the definition of G(oo)
we must have || G || i 1 which makes G an extremizer. Multiplying this G by
the constant factor G(oo)-1 we arrive at the extremizer stated in the theorem (that
assumes the value 1 at x 0).

2.2. Proof of Theorem 1.1 (b). We already observed in (2.1) that G(l) < 2. By
taking Fs(x) -ypEe~nx

^e with s — 0+ we see that G( 1) 2. In order to

obtain equality in (2.1) we must have F(t) c||F||i for all t £ [—1, 1], for some
constant c £ C with |c| 1. This is not possible, and hence there are no extremizers
in this case.

2.3. Proof of Theorem 1.1 (c.l). Here 1 < A < oo. Suppose F £ A is non-
identically zero, with

1 |F(0)| — A /[_] )]< |^(0| dt

2 -
Since

f \F(t)\dt>
JI-i,i]<

^llt

no)- F(t)dt

(2.2)

>|F(0)|-2||F||,,
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we may use (2.2) to see that

2A — -
\F(0)\ < —^HFIh. (2.3)

Inserting this estimate into (2.2), we also have

[ \F(t)\dt<
3

H^llt- (2-4)
J[- t.i]' 2(^4 — 1)

Let { Fn }n> i C A be an extremizing sequence of even and real-valued functions,
with || Fn || i 1, Halloo Fn(0) > 0, and Fn e Ll(R). Thus

lim (Fn(0)-A [ \Fn(t)\dt) G(A).
n^oo \ J[_i i]C /

Since G(A) > 1, from our observation in (2.3) we see that {Fn(0)}n>i is a bounded

sequence, and from (2.4) that {|| Fn || \ }„>i is also bounded.

2.3.1. Step 1. Since ||Z7"«||oo Fn(0), the sequence {Fn}n>\ is bounded in L2(M).
Passing to a subsequence, if necessary, we may assume that Fn(0) -»• c, for some
constant c > G (A), and that Fn -*• G weakly in L2(M) for some G e L2(R). By
Mazur's lemma [4, Corollary 3.8 and Exercise 3.4], there exists a sequence Hk —* G

strongly in L2(M), with Hk e Conv({F„}„>^}) (i.e. each Hk is afinite linear convex
combination of functions Fn with n > k Note that Hk is even and real-valued,
\\Hk\\oo Hk(0) -+ c, \\Hk\\i < 1, and {|| Hk || x}k>x remains bounded. Bypassing
to a further subsequence, we may also assume that Hk -» G and Hk -> G, pointwise
almost everywhere. Hence G is also even and real-valued. Note that {Hk}k>i is also

an extremizing sequence.

2.3.2. Step 2. By Fatou's lemma ||G||i < liminf^oo ||//jt||i < 1 and ||G||i <
lim inffc-Hxj || Hk II t < oo. By Fourier inversion, we may assume that G is continuous
(after eventually modifying it on a set of measure zero), hence G e A. First we
claim that G is nonzero. In fact, since {Hk}k>x is an extremizing sequence and

Hk(0) -> c > G(A), from (2.3) we find that liminf^oo ||//fc||i > <4 > 0. From
the L2-convergence (applied below just in the interval [—1,1]) and Fatou's lemma,

we have

G(0) — A I IG (01 dt
41-141'

f G(t)dt-f (\G(t)\-G(t))dt-(A-l) [
J-1 J[-l,l]c 4[—1,1]''

> lim sup (f Hk(t)dt — f (\Hk(t)\ - Hk(t)) dt
k-*oo J— 1 J[— 14lc

\G(t)\dt

-(A-l)f \Hk(t)\dt)
J I-14F '
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lim sup (//^(O) — A J \Hk(t)\dt)
k^oo V J I- l,l]e '

ci'e(A).

This shows that G is nonzero. The same computation above (up to its third line)
shows that G is indeed an extremizer, since || G || i < lim inf^oo || Hk || i.

2.4. Proof of Theorem 1.2 (a.l), (b), and (c.l). The proof of part (b) follows along
the same lines as the argument in §2.2 (with the same extremizing family). The

proofs of parts (a.l) and (c.l) follow the outline of §2.3 and we simply indicate the

minor modifications needed.

In seeking extremizers when 1 < A < oo, we may assume that F(0) > 0 and

that F e L1 (M) (recall that here we are already working within the class of even and

real-valued functions). Suppose that F e A>+ is non-identically zero, with

(2.5)
1 F{Q)-Aj{__, l]c{F{t))+dt
2" ||F||i

Since

f (F(t)) dt > F(0)- [ F(t)dt > F(0) - 2\\F\\i
a[-i,i]'' J-1

we may use (2.5) to see that

F(0)< 2-^ HF\U. (2.6)
A — 1

As before, inserting this estimate into (2.5) we obtain

L (F(0)+dt <-±—\\Fh. (2.7)
'[-1,1p 2(A - 1)

Let{F„}„>i C t>4>+ be an extremizing sequence with ||F„||i 1, Fn(0) > 0, and

Fn e L1 (LR). Note that, in principle, we do not necessarily have || Fn Fn(0).
Since G+(A) > 1, from (2.6) we see that {F,,(())}„>! is a bounded sequence, and

from (2.7) we see that {|| Fn || \ }„>i is also bounded.
The rest of the proof follows as in Steps 1 and 2 of §2.3. Note that the

corresponding sequence {FIk}k>\ will be extremizing, due to the general property that

(/ + g)+ < f+ + k'+, and inequality (2.6) shows that lim inf^oo || FIk || i >c i > 0.

For the final computation, one uses the identity

G(0) — A f (G(t))+dt I' G(t)dt - f ~{G(t))_
J [-i,i]c J-1 7[-i,ip

dt

-(A-\)f (G(t)) dt.
•/[-1,11e

For the case A oo (part (a.l)), the required modifications are similar and we
omit the details.
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3. Uniqueness of extremizers

In this section we continue the study of the extremal problem (1.2). We prove the

uniqueness of a bandlimited extremizer (up to multiplication by a complex scalar)
and provide its variational characterization as described in parts (a.2) and (a.3) of
Theorem 1.1.

3.1. Proof of Theorem 1.1 (a.2). Let G G 6 c A be an even and real-valued
extremizer of (1.2) with G(0) 1. Let G\ c 8 be another extremizer of (1.2), with
Gi(0) 1. It suffices to show that G\ G.

Let F (G + Gi)/2. Then, by the triangle inequality, we have

and F{()) 1. To avoid strict inequality in (3.1) we must have

|G(x) + Gi(x)| |G(x)| + IG r (.x I

for all x G M. In particular, this shows that Gj : M —> C is real-valued and that

G(x) Gi(x) > 0

for all x G M. Let R G • Gi. Then R is a nonnegative and integrable function
with supp(Ä) C [—2,2]. By a classical result of Krein [1, p. 154], we have R(x)
|S(x)|2, for some S G L2(M) with supp (5) C [—1,1]. Observe that 15(0)| 1 and

that

In particular S G L^E). To avoid strict inequality in (3.2) we must have G (x) Gj(x)
for all xgI, completing the proof.

3.2. Proof of Theorem 1.1 (a.3). Let G be the unique extremal function of (1.2)
with G(0) 1. Let F e S be a real-valued function with F(0) 0 and define,
for s G M,

This is a differentiable function of the variable s and, since G is an extremizer, we

/OO
j /.oo I

\F(x)\dx<-J (|G(x)| + |G1(x)|)dx
y.

(3.1)

i r°° l

<-lL + (3.2)

<t>(e) := |G(x) + eF(x)| dx ((G(x) + eF(x))2)1^2 dx.

must have

(3.3)
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If F\ G 8 is a generic real-valued function (not necessarily with F\ (0) 0), by (3.3)
we obtain that

/OO
/"OO

sgn(G(x)) F\ (x) dx G(oo) / sgn(G(x))(Fi (x) — F\ (O)G(x)) dx
-oo J —OO

/OO sgn(G(x)) Fi(0) G(x) dx
-oo

(3.4)

F,(0). (3.5)

Finally, if F2 G S is a generic complex-valued function, we may write F2(x) —

A(x) — iB(x), where A(x) (F2(x) + F2(x))/2 and B(x) i(F2(x) — F2(x))/2
are real-valued functions in S, and use (3.4) to arrive at

/OO sgn(G(x)) F2(x) dx F2(0).
-OO

4. Upper and lower bounds

In this section we conclude the proofs of Theorems 1.1 and 1.2 by establishing the

proposed upper and lower bounds for the sharp constants G (A) and ~C+(A).

4.1. Approximations. For the purpose of finding the values of the sharp constants

G(/4) and ~+(A) in problems (1.1)—(1.4), without loss of generality we may work
with smooth functions. For instance, let us show that we can simply consider

F e Cc°°(R). This observation is useful in some passages later in the paper.

Starting with 0 ^ F e =A(orO^ f e A+ in the case of (1.3)), we write

\Fm-Af[_hlY.\F(t)\*
J(F) Wh

F(0) - A /;
and J + {F) :=+ r^._ nO)-A/[_ii]C(F(0)+dt

ll^llt

In either situation we may also assume that F G L'(R) and that J{F) and J + (F)
are positive. Let K(x) (sin(7rx)/(nx))2 be the Fejér kernel and, for A > 0, define

A""1 A(x/A). By Young's inequality we have ||F * K\||i < ||F||i, and

using dominated convergence it follows that limsup^^0 * Kx) — J(F) and

lim sup^^o J + (F * Ki) > J + (F). Flence we may assume that our test function F
is bandlimited.
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Let rj e Cc°°(M) be an even, nonnegative, and radially non-increasing function

such that rj(0) 1, supp(ry) C [-1, 1], and j rj(x) dx 1. Again, let r]i(x)
\~1r)(x/\). If supp(F) c [—A, A], then F * rix G Cc°°(M) and supp(F * rja) C

[—A — À, A + A]. By dominated convergence, we have lim^^.0 J(F • rjx) J(F)
and brn^o J + (F rjx) J + (F). This verifies our claim in the cases 1 < A < oo.
In the cases A oo one has to slightly dilate F beforehand in order to apply the

procedure above and arrive at a function in the class 8 C A for 1.2) and é?+ C A+
for (1.4).

4.2. Proof of Theorem 1.1 (a.4). The bounds

1.08185... < C(oo) < 1.09769... (4.1)

were proved in the very interesting work of Gorbachev [25, Theorem 3], to which we
refer the reader for details. These are slightly inferior to the ones presented in (1.5)
but will be more convenient for our purposes, especially the upper bound, since the

test functions used are described more explicitly. These bounds improved upon the

work of Andreev, Konyagin, and Popov [2], who had previously obtained

c0 1.07995... <£(oo) < 1.17898. (4.2)

As already pointed out in the introduction, the lower bound in (4.2) comes from
the simple example

_
COS(271 A')

1 - 16jc2 '

The Fourier transform of FI is H (t) — j cos(nt /2) which may be verified

by starting with our expression for H (t) and computing its Fourier transform to

recover H. Thus H belongs to the class 8, and H(0) is clearly 1. To compute
the L:-norm of H we observe that sgn(H(x)) 2/^_i ^(x) — sgn(cos27rx), and

use Plancherel's theorem and the fact that sgn(cos27rx) has distributional Fourier
transform supported outside (— 1, 1 to get1

\Hh /OO
/»OO

\H(x)\dx / (2/[_i i]W — sgnfcos 2nx)) H(x) dx
-oo J—oo 4'4

J 2X[-I,i](x) H(x)dx J
^
^2sm^f/2)^(^ cos(jtt/2)^j dt

iv f1 sin 7Tt

J —— df l/c0.
4 J_ 1 7vt

This example will be useful later on to generate lower bounds for f (A) in the general
case 1 < A < oo. The lower bound of Gorbachev [25] in (4.1) comes from more
complicated numerical examples.

'The function x !-> sgn(cos 2;rx) is an example of a high pass function, as studied in [34].
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The upper bound in (4.1 comes from a dual formulation of the problem. Suppose
that f £ L°°(R) is such that its distributional Fourier transform is identically
equal to 1 on the interval (—1,1). Let -S(K) denote the Schwartz class. Then,
for F S IT -S(K) (as discussed in §4.1), we have

OO /OO
n OO

I
/» 1

|F(x)|dx > / F{x) x/r(x)dx I
-oo

' J — CO
' J—1

F(t) xjr(t) dt TOI,

which implies that

C(oo) <

With this dual formulation, it suffices to exhibit a nice test function x/r.

We now briefly describe the construction of Gorbachev 125, Lemma 9]. To

simplify the notation (and align with the terminology of [25] to facilitate the

references) we let
sin(27rx)

./OO —;2JTX

in what follows. For r 29289/100000 0.29289 we define a continuous and

piecewise linear function a: [0, 1/2] —»• M by

2x — 1, 0 < x < r;
I 2r — 1 + 2(1 — t)(jc — r)/e, r < x < x + s\

a(x) \ 1, x + s < x < 1/2 — 2e; (4.3)
1 — y(x — 1/2 + 2s)/s, 1/2 — 2s < x < 1/2 — e;

1— y + y{x — l/2 + e)/e, 1/2 —£<x<1/2,

where
r2 — 2r + 1/2

£ —— ~ > 0, (4.4)
1 + y - 2r

and, having defined (4.3) and (4.4), y is finally chosen so that

fi/2 (1 -a(x))
/ cos(2jtx) dx 0.

Jo j(x)
One arrives at the values y 0.43056... and e 0.0000053884 Let

d0 [ I
1

,a(/V)dx)
X

1.09769... (4.5)
j(x)

and define \ —periodic even functions a(x) and h(x) by

a(x) d0a(x) and b(x) —11 ^
— 1, forx e [0,1/2].

2j(x)
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As observed in [25], with this construction the functions a and b have Fourier series

expansions

oo oo

a(x) E 2an cos(2jt«x), b(x) y^ 2bn cos(2jrnx),
n=1 n=2

oo oo

^|a„|<oo, and XI \h" \ < 00

n=l n=2

(notice that the first Fourier coefficients verify a0 b0 bt 0). A numerical
evaluation leads to

ax -0.5622..., a2 0.0684..., a3 0.1005...,

and since ||a|P2 x x 0.7238... and 2a\ 0.6321..., an application of
L 2 ' 2 J

Plancherel's theorem gives us that \an\ < |«i| for all n. For the function h we
adopt a slightly different approach to bounding the Fourier coefficients bn (since

i] is very large). A numerical integration yields

r 1/2
\kn I < / \b(x)| dx 0.8283

J-1/2

for all n >2.
Finally, let 4>(x) 2/(x)( 1 + 6(x)), and define

i// (x) ^>(x) + fl(x). (4.6)

This is the test function constructed by Gorbachev [25], which verifies \\\j/ ||oc d0
and has distributional Fourier transform identically equal to 1 on the interval (—1,1).
In fact, we have

OO

\jr{t) 4>{t) + an(8(t -«) + S(t + «))
n 1

oo

/a-i,ii(0 + y]è«(x[-t,i](f -«) + X[-i,i ](* + «)) (4.7)
n=2

oo

+ y: a,i {Ht -n) + 8(t +«)),
n 1

where 5 is the Dirac delta distribution. We shall use this construction to generate

upper bounds for 'G(A) in the general case 1 < A < oo. The observation that
||</>||oo 1 will be relevant later on.
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Remark. In an earlier version of this manuscript, without being aware of the

references [2,25], and [29], we had initially arrived at the test function

oo

f(x) 2fl0Z[-i ,|](*) + J2 2"«(*[-Ul(x ~ ^ + xl-b\l{x + 5»
n 1

— «o sgn(cos(27rx)),

where an ^ Ylf=n (2J+1)2 are t^ie Fourier coefficients in the expansion

(nt/2) _
«0 + 2 > «„ cos(tint)

s\n(jTt/2) '
' n l

for — 1 < t < 1. This leads to the bound C(oo) < Halloo «0 1.16624...,
which is intermediate between (4.1) and (4.2).

4.3. Proof of Theorem 1.1 (c.2).

4.3.1. Lower bounds. As before, let H(x) (cos27rx)/(l — 16x2). Take F(x)
H(x/X) for a suitable parameter A G (0, 1] to be optimized. Then F(0) 1 and

Il F ||i A II HII1 A/co with c0 1.079950.... The ratio to be maximized is

»(¥-)«)= ?('--"('--£)))
Calculus shows that this is maximized by choosing A such that

1 /7tA\ 71X / 7vX\
<4'8)

For A A(A) verifying (4.8), this examples demonstrates that

v>tA\^nAco (nX(A)\

Note that as A -> 1+, this lower bound goes to tzcq/2 and is not very effective.

Alternatively, we can then use a dilation of the Fejér kernel K(x) (sin(rrx)/(nx))2
(note that K(t) (I - |f|)+). Again we consider F(x) — K(x/X) and optimize the

dilation parameter A G (0, 1], The ratio we seek to maximize is

The optimal choice is A a/{A — 1 ')/A, which leads to the bound

£(A) >2A- 2 y/A(A - 1).
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4.3.2. Upper bounds. We already know that 'CiA) < U(l) 2. The other upper
bound comes from duality considerations. Suppose that (p e L°°(M) is such that its
distributional Fourier transform is identically equal to 1 on the interval (—1, 1) and
I — 1| < A for all (el. Then, for F e A D £(M) (as discussed in §4.1), we
have

/OO
I

/»OO

|F(x)| dx > / F(x) <p(x) dx
-oo

1 J—oo

I [ F(t) qj(t) dt > |F(0)| — A f |F(0|ffi.
' J—oo 7[—1,1]''

This leads to U(4) < ||<p||oo-

Let ifr be defined by (4.6). The idea is to mollify this function (used in the case
A oo) in order to "bring down the delta functions" in its Fourier transform into
the acceptable range | <p(t) — 11 < A for all te JR. First we dilate xfr defined by (4.7)
to push the delta functions away from the interval [— 1,1], in other words, for y > 1,

we observe that

OO

1}{t/y) (f>(t/y) + yan (S(t - yn) + 8(t + yn j).
n 1

Let R(t) /[-i/2,i/2](0- F»r A > 0, we write Rx{t) A-1 R(t/A) and dehne

(p{t) := (fi(-/y) *

(H-/y) * Fx){t) + - yn) + X[-l i](f + yn)).
n 1

(4.9)

Recall that \an\ < \a\\ < 0.6 for all n > 1. Let c 0.6, so that all the delta
functions in (4.7) have coefficients at most c. Let us assume that A > 2 + c (so that

our particular choices of A and y below verify 0 < A < y). We choose y — 1 A

(so that the support of the mollified delta functions in (4.9) stay away from the interval
(— 1, 1)) and A — 2 (so that the height of the mollified delta functions in (4.9)
is at most A — 2). This leads to the explicit forms

A ^ and y
?——.

~ -) ~ '
2(21-2)

From (4.9) we conclude that ip(t) 1 forf e (—1,1) and, since |$| 1, we also

have \(p{t)\ <4 — 1 for all t G M, which in particular implies that |(p(t) — 11 < A

for all t e M (note that the mollified delta functions on the right-hand side of (4.9)
have disjoint supports due to the fact that A < y). Since ip(x) y if/{yx) R(x/A),
our upper bound is then ||<p||oo kllV^lloo y do.
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4.4. ProofofTheorem 1.2(a.2). We proceed again via duality considerations. Suppose

that 4 e L°°(R) is a real-valued function such that its distributional Fourier
transform is identically equal to 1 on the interval (—1, 1) and 4(f) — 1 < 0 for
all t R. Then, for F e S+ fl ^(R) (as discussed in §4.1), we have

/OO
/»OO /»OO

|F(x)|dx> / F(x) 4(x) dx / F{t) 4(f) df > F(0),
-oo J—OO J—OO

which implies that

e + (cx>) < llvPH^.

Experimentation gave the following numerical example. Let a 0.018, b 0.027,
and c 0.002, and consider

sin(2jrx) 2sin(a;rx) 2 sin(bjix)
4(x) 1 cos(37tx) H cos(4jrx)

7T X JIX 71X

+
^

cos(lO^-x) — 0.888 cos(27Tx) — 0.01 cos(6jtx), (4.10)
TlX

which has Fourier transform

Z[—1,1] (4 + Xl-a/2,a/2] (t - §) + X[-a/2,a/2](t + §)

+ X[-b/2,b/2\(t — 2) + X[-b/2,b/2](t + 2)

+ X[—c/2,c/2] 0 — 5) + X[-c/2,c/2](t + 5) (4.1 1)

_ 0.444(<5(t + 1) + 5(f - 1)) - 0.005(5(f + 3) + 5(f - 3)).

For this test function we have II vf/II „ < 1.2.

Figure 1. Graph of the function 4 in (4.10) in two different scales.

4.5. Proof of Theorem 1.2 (c.2). We have already seen that ï?+(4) <)f+(l) 2.

The other upper bound comes from the following dual formulation. Suppose that
<t> L°°(R) is a real-valued function such that its distributional Fourier transform is



Vol.94 (2019) Fourier optimization and prime gaps 551

identically equal to 1 on the interval (—1,1) and — A < 0(0 - 1 < 0 for all t 6
Then, for F e A+ fi S (M) (as discussed in §4.1 we have

/oo
poo

I F(x)\ dx > / F(x)4>(x)dx
-oo J —oo

f F (t) 0(0 d t > F(0) -A f (F(0)+ dt,
J—oo J[—1,1]''

which leads to

£+(d) < || 4>||

The idea is to mollify the test function in (4.10) to bring down the delta functions to
the required range, as done in §4.3.2. Let c 0.444 be the largest coefficient of a

delta function in (4.11) and assume a priori that A > 1 + | (so that our choice of A

below is in fact positive). With the same notation as in (4.9) we choose y — 1 | and

A — 1. Note that the four delta functions in (4.11) have negative coefficients,
while the rest of the Fourier transform lies between 0 and 1, so we may take A — 1

here instead of A — 2. Moreover, since these delta functions are supported in non-
consecutive integers, the condition y — 1 ^ already guarantees that the mollified
delta functions will not overlap (hence we do not need to assume here that A < y).
This yields

2 1

A ~ and y —.
-(A - 1) - 1 1 - 2(A-1)

Since O(x) y T'(yx) R(x/X), our upper bound is ||«||oo 5 /Halloo < Y x 1-2-

4.6. Proof of Theorem 1.2 (c.3). For the specific value of ,4 ||, the lower bound

described in (1.8) and (1.6) yields C+(|y) > 1.1569.... We found a better example
through experimentation. The function

F(x) -4.8 x2e~3'3x2 + 1.5x2e_7'4x2

+ 520 x24e-9'7*2 + 1.3 e"2-8*2 +0.18 e^2*2 (4.12)

gives

F(0)-A/r11]c(F(t))+dt 25
1.1943 > —.Il^lli 21

We have found more complicated examples that do slightly better.
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5. Prime gaps: asymptotic version

In this section we prove Theorem 1.3. The proof uses two main tools: the explicit
formula connecting the prime numbers and the zeros of the Riemann zeta-function,
and the Brun-Titchmarsh inequality as expressed in (1.11) and (1.12).

Lemma 5.1 (Guinand-Weil explicit formula). Let h(s) be analytic in the strip
|Im.v| < I + s for some e > 0, and assume that \h(s)\ <<C (1 + |.v|)~^1+l5) for
some 8 > 0 when \ Re s | —>• oo. Then

2>(^) h(ii)+ k(-è)" è*(0) '°g*
p

+ -!_/" Hu)Re £71 + L) d„ _ _L y2jt /-oo F V 4 2 / 2tt y/n V V 2n ^ lit / /

where p ß + i y are the non-trivial zeros ofÇ(s), F'/ F is the logarithmic derivative

of the Gamma function, and A (n is the Von Mangoldtfunction defined to be log p if
n p'" with p a prime number and m > 1 an integer, and zero otherwise.

Proof The proof follows from [31, Theorem 5.12].

5.1. Set-up. Motivated by the discussion in §4.1, throughout this section we fix
F: M -> M to be an even and bandlimited Schwartz function, with F(0) > 0.

Let us assume that supp(F) c [—N, N] for some parameter N > 1. It then

follows that F extends to an entire function (which we continue calling F) and
the fact that x2F(x) e L°°(M) implies, via the Phragmén-Lindelôf principle, that
I TOI <?C (1 + |.vI) 2 when | Re .v| —> oo. We may therefore apply the explicit
formula (Lemma 5.1).

Our idea to approach this problem can be summarized as follows. We use the

explicit formula above to measure the size of an interval that does not contain too
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many primes. Note that the information about the primes is on the right-hand side

of the formula, while on the left-hand side we have information on the zeros of £(,v).

We modify our test function F in such a way that F emphasizes the information
on said interval, translating and rescaling F to concentrate the mass of F on this
interval. We then try to understand the effect of this localization in all the terms
of the formula through an asymptotic analysis. Since the function F must be small

near its endpoints, it is advantageous to use the Brun-Titchmarsh inequality to (over)
estimate the contribution from the primes on the edges of the interval.

Let 0 < A < 1 and 1 < a be free parameters to be chosen later. We anticipate
that we will be choosing A —> 0+ and a —y oo, so it is not harmful to further assume
that

2nAN < log a. (5.1)

Define f(z) := AF(Az) and note that supp(/) C [—AN, AN], Assuming RH, an

application of the explicit formula (Lemma 5.1 to the entire function h(z) f (z)alz
yields the following inequality:

f(hVn + f( ~ h)a~"2 - 22 itwi + ~ fr)log;r
Y

if00 r'/i iu\
+ fcL/(")<!'"Rer(i + y)d"

1 A(n) / -/log(n/a)\ -/ log«a\ \ (5'2)

2:JTiV\ 2tr /+ ' V 2Tr / + /'
n>2 v

5.2. Proof of Theorem 1.3. The idea is to proceed with an asymptotic evaluation

of both sides of (5.2). We start with its left-hand side. Note that

/(è) Af(ê) i/v"4/î<')d'

/N
pN

F(t) dt + A I (entA - l)F(t)dt
-N J-N

AF(0) + 0(A2).

We may similarly estimate Therefore, the left-hand side of (5.2) equals

f(jr)a1/2 + / (- ^r)^1/2 AF(0)(a^2 + a~x'2) + 0(A2a^2).

For the right-hand side of (5.2), we first consider the error terms. From (5.1 we have
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T-l/ -

Also, using Stirling's formula U-(s) log.v + 0(|.v| and (5.1), we get

fJ—C
f(u) alu Rey(^ + y)dw

/.
—oo

oo

F{y)e2niy^) log
I - + —V2V 14 2A

dy + 0(1)

/OO 1/1 1

F(y)e2*iy^(- log(A2 + 4v2) + log (—)) dv + 0(1)

IOg(4s)/?(-^) + 0<,) 0,1)-

Thus, we have deduced that

AF(0)(a^2 + cr^2) <Y/\f(y)\

+ E + /( _ ^)+) + 0(aV„, + 0(1,
n>2 v

(5.3)

It remains to estimate the two remaining sums on right-hand side of this inequality.

5.2.1. The sum over zeros. Let N(x) denote the number of zeros p ß + / y of
Ç(s) with 0 < y < x. Using the fact that N(x) ~ log ~ — ^ + 0(logx), we
evaluate the sum |./(y)| using summation by parts to get

1 C°° Ixl
J] 1/(7)1 ^ J l/WI log+ —dx + 0(||/||oo + ||/'(x) log+|x|||i),

where log+x max{logx,0} for x > 0. Recalling that f(x) AF(Ax), this

yields

i r°°
£l/(y)l 2W_ |/r(>,)l log+lT/2^A|dy + 0(l)

log(l/27rA)
271

|F||j + 0(l). (5.4)

5.2.2. The sum over primes and the choice of parameters. Fix a > 0 and assume
that c is a fixed positive constant such that

71 IX + cJx logX) — 71 (x)
lim inf —> —^ — < a.
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Then, given s > 0, there exists a sequence of x —> oc such that

n(x + c^xlogx) -n(x)
— < a + e (5.5)

V*
along this sequence. For each such x, we choose a and A such that

[x,x + Cy/xlogx] [fle~2,A,fle2lA]. (5.6)

Then (allowing the implicit constants in the big-0 notation here to depend on c) we
have

logx \ log* /log2x^
^)~C^c V x

47rA

and

/ logx \ logx /log2x\+0l-v-) (57)

a x(l+c—= x + 0(yfx logx). (5.8)
v V* '

By (5.1), the sum we want to evaluate is

^ Mn) ~(\og{n/a)\ ?/ logna\ \ ^ A(n) ~/log(n/a)\

n> 2 ^ " " n> 2

Note that the last sum is supported on n with ae~2ltAN < n < ae2nAN. The
contribution of the (at most) (a + s)y/x primes in the interval (x, x + c sfx logx]
(ae"2lA,üe2lA] to the sum (5.9) is bounded above by (using the trivial bound

(F(0)+ < || Flit)

<||F||i ^2 < ||F||, (a + e)Vx ||/^||t (a + s) logx.
p&(a e~2^A a ^27tA] VP

It is not hard to show that the contribution of the prime powers n pk with k > 2

in the full interval [ae"2jrA/v,ar2lAiV] to the sum (5.9) is 0(1). It remains to
estimate the contribution of the primes in the intervals [a e~2nAN, a e~ZnA] and

[a e2ltA,a e2ltAN], and for this we use the Brun-Titchmarsh inequality. Let B be

defined by 1.11) and let B' > B. For x sufficiently large we have

^2"A+ v 2"A '*-r<
A-l InA l-yV

B'Vfl(2rrA) / (F(t)) àt + 0(1).
4[-l,l]c

The inequality above can be seen by covering the intervals [a e~2ltAN, a e~2nA] and

[a e27tA,a e27lAN] by subintervals of size y/a, and applying the Brun-Titchmarsh
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inequality in each summand of the corresponding Riemann-Stieltjes sum associated

to this partition (the details of this argument are carried out in §6.2 for a specific
function and can be modified to handle the general case). Combining estimates, we
see that

n> 2

< ||F||i (a + s) log* + B'«/a(2nA) f (F(t)) dt + 0(\). (5.10)

5.2.3. Conclusion. Inserting the estimates in (5.4) and (5.10) into (5.3) and then

rearranging terms, it follows that

ÄVö(f(0)-B' f {F(t))+dt)
v J[—i,i]c /

log(l/2jrA)< -T 1

2jv

+ (a + e) log* + 0(1)
2n

where we have used (5.7) and (5.8) to combine the error terms. Sending x -» oo

along the sequence (5.5), we conclude that

wi -LOc < (1 + 2a + 2s)-
(F(0)-B'/t_11]c(F(0)+df)

'

where we naturally assume that the denominator above is positive. Since this holds
for all s > 0 and B' > B we finally arrive at

c<( l+2a)~ ^ -. (5.11)
(m-B(C(r))+df)

This is the connection to our extremal problem (1.3) and the discussion in §4.1 leads

to the desired conclusion, since we may now optimize (5.11) over such bandlimited F.

6. Prime gaps: explicit version

We now move on to the proof of Theorem 1.5. Instead of initially following the proof
outlined in Section 5 with a particular choice of test function F in the Guinand-
Weil explicit formula (and carefully estimating the error terms), we start off slightly
differently using a Mellin transform approach to the problem. For our fixed choice
of test function, this approach simplifies some of our calculations. Moreover, it may
be the case that the kernel we are using will be helpful in other applications. For
a generic choice of test function, however, the Fourier transform approach to the

problem used in the previous section is perhaps more illuminating.
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Lemma 6.1. Let d and S be positive numbers satisfying d8 ti/2. Then, for a > es

and d not an ordinate ofa zero ojfi(s), we have

EA (n / a \ d Jd x i->\ „ \—s ^ ^ cos (S y-+A cos tflog - -j———(es/2 + e~s/2) - 2d > —-—~
x ßfi \ *n) \ + d2{ ' + d2-y2

ae~° <n<aed 4 y

00 o —2n — \l2
- Y (e(2n + X/2)8 + e-(2n+l/2)Sy (g ]}^(2n + \)2 + d2K '

Here the first sum on the right-hand side runs over the nontrivial zeros p 1/2 + iy
of 'Ç(,v) where y e C with |Re(y)| < 1/2.

Proof For any c > 0, 8 > 0 and / > 0 we have

i fC+i oo /p8s_p-8s
0

I r(—-—Uv2.7t I Jc—ioo S

1, if e
s < f < es

1/2, \tfi e±s,

0, otherwise.

It then follows, for any c > 1/2, a > 0, S > 0 (assuming ae±s f N), and any real
number d, that

' E Aw(ï)2m Jc-ioo K \ s > _f—' sß \n>
A(n) /a \i$

ae °<n<aeö

For details on this calculation we refer to (16, Chapter 17]. Applying this formula
at d and - d and then adding, we deduce that

A Of)

fny cos (d loga-)
x „V" v n>

ae ô<n<ae°

i pc+ioo yr^\ -Uw+ 2)aw(
2,7X1 Jc—ioo o

c+ioo ft / i&) _ g—8(w— i&) e8(w+iû) _g—8(w+iïï) N

•o
~~l TT dwj.

w — id w + id '
(6.2)

In the case dS Jt/2, after dividing by 2, this formula simplifies to

y cos (# log-)
x x V" V n'

ae °<n<ae°
1 /»c+ioo w ?a

-sîJL + + <«)

note the removable singularities of the integrand at w ±id and that the formula
now holds when ae±s e N, as well. Since a > es, we can shift the line of integration
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left from Re(u)) ctoRe(u>) —oo and, using the calculus of residues, the integral
in (6.3) equals

w (rs/2 + e~s/2) - 2û V alY cos^y)
4 T û2

+ ' ^ û2-y24

ûa-2n-H2Eu " r

O It2 I ,42
' ,(2n +1/2)5 g-(2n + l/2)5

^ (2" + 5)2 + *2

Combining estimates, the lemma follows.

Remark 6.2. Slightly more generally, if û<5 (mod ir), then we can also evaluate

the integral in (6.2) in terms of an absolutely convergent sum over the nontrivial zeros
of Ç(,v) (but not otherwise).

Since Û8 jt/2, the first term on the right-hand side of (6.1) is

/ 5/2 -5/2^ a ,-/8 (es/2 + e~s/2)\ !—( 28 \ A8^fa
T^{e +e } ^Ts2 " 2nVa(^) —

Our assumptions below imply that es /a < 1/V3, so the third term on the right-hand
side of (6.1 is bounded in absolute value by

2 ,A-V^ev» 3„V*
û V a

\5/2,eà,2n 2/e»\5/2" d\» 3 t eh CEt) -#t) s(3) =Av)
n—0 n=0

Hence, taking absolute values in (6.1 and using the previous two estimates, it follows
that

4 svü< „ AWC0S/#I Î\+2#v|^M +4t)jt s/n V n' ' I û2 — y2 &\a/ae~s<n<aes V

(6.4)
At this point, it is convenient to make a change of variables so that we can retrace

our steps from the proof of Theorem 1.3 in Section 5 using a dilation of the Fourier
transform pair

ti/ x
cos(2:71 %) r tc /nt\H(x)
x _ l6x2

and H(t) - cos X[_u](f).

We set /(x) AF(Ax) where F(x) H(x/X) so that F(t) XH(Xt). Then,

letting
2jtA X

8 and û —X 4A

3 /es\5/2
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in (6.4) (note that d8 ~ tt/2), after a little rearranging it follows that

2?rA/A 5/2
—~~b'I ' I + -Al./h V 2ttA / 2 ^

n>2

r- 1 x—* A(/t) ~/log(n/a)\ 3 /e2nA^\5/2^£i/MI + ^£^H|A2) + îA(—) («>
v m v

Note that the sum over « is supported on the interval (ae~2nA^,ae2nA^).
We assume that there are no primes in the interval [x,x + cfox logx] for

i < c < 1, and we choose a and A to satisfy (5.6). In particular, the equalities
in (5.7) and (5.8) still hold. As mentioned at the end of the introduction, we may
assume that x > 4 • 1018. Using the fact that log(l + y) < y for y > 0 in (5.7), we
note that A < < 10"8.

6.1. Sum over zeros. We now explicitly estimate the sum over the zeros of the zeta

function on the right-hand side of (6.5).

Lemma 6.3. Let N{x) denote the numberofzeros p ß+iy off (s) with 0 < y < x.
Then

x x 1
N(x)~ — log

2n 2jte 8
< 0.15 log a + 3

for x > e.

Proof. The result holds for e < x < 10, since /V(10) 0. From [41, Corollary 1]

we have

„ x x
N(X) - — log ;

0.2
< 0.112log.v + 0.278 loglogx + 2.51 + —, (6.6)

2it 2ne 8

which holds for all x > e. The estimate

0.278 log log x < 0.038 log x + 0.28 (6.7)

holds for all x > e, while
0.2
— < 0.02 (6.8)
x

holds for x > 10. Combining (6.6), (6.7), and (6.8), we arrive at our desired bound

forx > 10.

Write

N(x) Z- log +
n-

+ R(x)
Z7T 2ne 8

and let x0 9.676... be such that

X°
1

X° 7
o— log — 0.

2n 2ne 8
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Then, assuming the Riemann hypothesis and using summation by parts and Lemma

6.3, we have

poo I poo
^2\f(y)\= / — log -—) |/(jc)| djf — / R(x)\f\'(x)dx
f^0 Jxo v2^ 2tt2 JXo

pOO J v- x pOO

<
f°o / J JC \ /*oo

J \2ni0ë2n)^^dX + J (°-15 loê A + 3) l/'(x)ldx

f° (J-log-^-)|T(y)|dy + A P (0.15 log £ + 3) |F'(y)| dy.
yAxn V2tt 2?rA/ JAx(1' Ax() VZ7i JAx()

Therefore

J poo J pOo

X! I/Cî7)! - T~ / 1°S+3; + — log(l/2jrA) / |F(y)|dy^ 2TT y0 2jt y0

poo pOO

+ (0.15)A / log+y|F'(y)|dy + (0.15)A log(l/A) / |f"(y)|dy
Jo Jo

poo
/ 1^

Jo
+ 3A |F'(y)|dy.

The same bound holds for the zeros with y < 0. Since A < 10 8 implies that
A log( 1 / A) <2x10 7, we conclude that

£l/(y)l < log(|/2jrA) |t +
i

)og+
' 2jr 2n

+ (0.15) x HP8 x || log+LvlF'OOH!

+ (3 x 10~8 + (0.15) x 2 x 10~7)||F'||,

<M^A»||F||1 + °A0. (6,0)
2n 2jz

6.2. Sum over prime powers. We use a version of the Brun-Titchmarsh inequality
due to Montgomery and Vaughan [35, Theorem 2] which states that

2 v
7r(x + y) — 7t(x) < (6.11)

log.y

for all x,y > 1. For us, the relevant range is y > y/x, so that (6.11) corresponds to
an application of the Brun-Titchmarsh inequality with the bound B < 4. This
is slightly worse than Iwaniec's bound (1.12) but is completely explicit. With
A 4, the lower bound in (1.6) was established in §4.3.1 with a dilation of the
function H(x) with dilation parameter A A (4) 0.892422 leading to the
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bound U(4) > 1.141186 (0.8762 ,)_1. For the sake of simplicity, we work
instead with the dilation parameter A 0.9 and note that for F(x) H(x/X) we
have

F(0)4/,|f(/i|il< 25
HF)=j;-»1 1.1405... >-. ,6.,2,

With a and A chosen as in (5.6), we need to estimate the contribution of the

primes p such that 1 < I I

— ^ 1 t0 t'ie sum over n 'n (6-5)- We cover the

interval (a e2nA,a e2nAX '] C UJ-~\(xj, xy+i], with x0 ae2nA and xy+i
Xj + yxj. Using (6.11) in each subinterval (xy,xy+1] and the fact that F is

decreasing on [0, A-1] we obtain

logp p^og(p/a)\ y!/fogxy
*[p v 27rA / ~~ \ ^/x7 V 2jzA // logx,-Jj) V 2nA ' /—t \ ,/x7 V 2jtA "log.\ogp/a ^i_i v / =0 *

2ttA -a

< 4F(1) H — / F( 4 )dt (6.13)
XQ

rx~l
4F(1) + 4Va (2ttA) / F(y) e27rA>> dy

/»À-^ /»A-1

4F(1) + 4v^(2ttA) J F{y) dy + A-Ja (2nA) J F(y) {e2nAy - l) dy

< 4F(1) 4-4Vö(2jtA)(^ F(y)dy) +4V^(47rA)2F(l)(A"1 - 1),

where we have used the basic estimate ex — 1 < 2x, for x < 1, in the last passage.
We treat the other interval in a similar way, covering [a e~2nAX ', a e~2ltA) c
Uy ~g[xy + i,xy), with xo ae~2irA and xy xy + i + yxy+1. Using (6.11) in

each subinterval [xy+i, xy and the fact that F is increasing on [—A-1,0] we obtain

y logp p/\og(p/a)\ y /logA-y + 1 p / log(xy /fl X \ A^JXj +1

i?P,a Vf ^ 2^A 2 J^o V^T+T
^ 2jvA / / log Xy -I-,

< 2jiA ^_1

< 4F(—1) +
4 V p('"8t-V2A'>y

t/«/(e4,rA) ^ 2?rA 2

4 2jtA j-xo wlogri/aK£"(-i)+zâtL (6-l4)
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< 4F(-1) + 4V«e27rA(2jrA) [ F(y)dy
J-A"1

< AF{—\) + Asfa (2ttA) / F(y)dy + 8Va (2nA)2 F(- 1)(A_1 - 1).
J-A-'

Combining (6.13) and (6.14) we conclude that

'og P p/'og(/>/«) \^ V/5 V 2ttA /

< 8F(1)+ 4Va(2?rA) / ^(j) dj + 24^(2tj:A)2 F(1)(A~1 - 1)

;[-u]c (6.15)
< 0.886 + 4Vä (2ttA) / F(y)dy.

A-i, tb-

Here we have used the estimate 877(1) < 0.885 along with the inequalities a < 4xand

log(l+y) A y for y > 0 in (5.7) and (5.8) to see that (2jt A)2 < c x < 10~7

for c < 1 and x > 4 • I018 and thus that 24*Ja (2ttA)2 F(1)(A_1 — 1) < 0.001.
Since supp(F) C [—A-1,A-1] C [—2,2] and |F(y)| < jtA/4 < 1, the

contribution from the prime powers n pk with k > 2 to the sum over n in (6.5) is

sE E "tt
fe>2 ae_4jrA <n<aeAllA

n-

log (ae-4nA)

n=pk

J2 (\ +a*(e4nA/k-e~4nA/k)),
2^ae 4"A

k>2
k< log(ae4?rA)/log2

where we used a trivial estimate for the total number of Ath powers that can lie in the

interval [ae~4nA ,ae4nA], This is readily bounded by

<
1og(ag 4jrA). r 2nA —2jtA\\ log(aa47rA)

2V^4AÄ
V })

log2

\og(ae~4jlA) log(ae43rA) 2jrA 2jrA
a e 2jr A log 2

(aezn/x -ae~zna)

log(ae~4*A) log(ae4*A) r^ 2(log a + 1 )3
A _,=^a1—Ö c^/xlogx < -— <0.001. (6.16)

a e 27rA log 2 log 2 va

6.3. Finishing the proof. Note that ae^27lA^ > x/2 > 2 • 1018 and thus

3 2jtA/A 5/2 oooi-A <
2 \ a J 2tï
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Combining this estimate with (6.5), (6.9), (6.15), and (6.16), (after multiplying both
sides by 2tt) we derive that

\J~ci (2jtA) < log —-—)||/r||i + ^\/a (2jtA) f F(y) dy + 0.958.
\2nA/ 4[-i,i]c

Rearranging and dividing by ||F||i A||//||i 0.83337 we obtain (with J(F)
defined in (6.12))

7(F) V^(2ffA)< log (^) +1.16. (6.17)

Since a > x, 1 > c > |, and log(l 4- y) > y — \ for y > 0, we derive from (5.7)
and (5.8) that

c c^ log^ X c
sfa (2nA) > - log x —— > - log x — 0.001.

2 4 yjx 2

Using the inequalities c > \ and log(l + y) > y log 2, which holds for 0 <y< 1,

it follows that 2nA ^ log (l + c:^4 > r l(|g2 ^4- and therefore

log < log (— —)\2jtA / ~~ \c log 2 logx/

logx — log log(4 • 1018)) < ^ logx-2.~ 2

Inserting these estimates into (6.17), we derive that

c J(F) 1 1

-j- logx <- log,--.

This is not possible if c < ||. Hence there must be a prime in the interval

[x, X + || y/x logx].

7. Concluding remarks

There are several related extremal problems in Fourier analysis that could be the

sources of further investigation. We briefly discuss a few of these here.

7.1. Multidimensional analogues. The corresponding versions of the extremal problems

(1.1 )—(1.4) in arise as natural generalizations. The compact interval
[—1,1] C M could be replaced by any convex, compact, and symmetric set K c
for instance. Of those, the most basic ones are certainly the cube Q [—1,1]^ and

the unit Euclidean ball B — {x e |x| < 1}. The same ideas used here could be
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applied to show the existence of extremizers in this general situation. By averaging
over the group of symmetries of K, one can show that extremizers admit, without loss

of generality, these symmetries. Note that a crucial step in our proof of the uniqueness
of extremizers in Section 3 (for the bandlimited problem (1.2)) was the ability to write
a nonnegative function with Fourier transform supported in 2K as the square of a

function whose Fourier transform is supported in K. In general, this decomposition is

not available for any given K, but in the case of the unit ball B, with respect to radial

functions, this statement holds. This was proved, for instance, in [9,28], exploring
the connection with the theory of Hilbert spaces of entire functions of L. de Branges.
Hence, in dimension d > 1 and for K B, one has indeed the uniqueness of radial
extremizers (up to multiplication by a complex scalar) for the multidimensional
version of (1.2). Letting k(A) denote the sharp constant in the multidimensional
version of (1.1 )—( 1.2), one can show that ï?^g(oo) t?(oo)rf, and a tensor product
ofone-dimensional extremizers is an extremizer for the multivariable problem. In the

general case, one has ~Cd,K(oo) 5 vol(A'). A lower bound for ^d,K(oo) tnay come,
for instance, from the solution of the "one-delta problem for K", which is the same

problem as (1.2) with the additional constraint that F > 0. Such problem is also

vastly open, having been solved only in a few particular cases such as the cube Q and

the ball B (see the discussion in [5,22,32]). It would be interesting to have refined

upper and lower bounds for all of these extremal problems, as we have here in our
Theorems 1.1 and 1.2.

7.2. Sphere packing. The following extremal problem in Fourier analysis was

proposed by Cohn and Elkies [ 12] in connection to the sphere packing problem. Find

^ F(°) n nC sup —— (7.1)
Feg+ ^(0)
F^O

where the supremum is taken over the class 8^ of real-valued, continuous, and

integrable functions F:Rd -» R with F > 0 and F(y) < 0 for |y| > 1. This
is the multidimensional analogue of our extremal problem (1.4) with the additional
constraint that F > 0. By averaging over the group of rotations SO(d) we may
restrict the search to radial functions and by following the outline of §2.3 and §2.4

we obtain the next result.2

Proposition 7.1. There exists a radial extremizerfor (7.1).

As a matter of fact, Cohn and Elkies LI 2] proposed this optimization problem over
the more restrictive class of admissible functions F:Rd -> M such that |F| and |F|
are bounded above by constant times (1 + \x\)~d~& for some 8 > 0. Standard

2This result has been previously communicated by E. Carneiro and Alvaro A. Gomez (with a slightly
different proof than the one presented here), as part of the M.Sc. thesis of the latter under the supervision
of the former.
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approximation arguments show that the sharp constant over this restricted class is

the same C in (7.1), although extremizers of (7.1), in principle, need not have this

particular decay. In addition to dimension d 1, the value of the sharp constant
in (7.1) is known only in dimensions d 8 and 24 (see |43] and [13], respectively).
The extremizers found by Viazovska in [43] and by Cohn, Kumar, Miller, Radchenko,
and Viazovska in [ 13] are indeed radial Schwartz functions.
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