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Abstract. We establish topological local rigidity for uniform lattices in compactly generated

groups, extending the result of Weil from the realm of Lie groups. We generalize the classical
local rigidity theorem of Selberg, Calabi and Weil to irreducible uniform lattices in Isom(A)
where A is a proper CAT(O) space with no Euclidian factors, not isometric to the hyperbolic
plane. We deduce an analog of Wang's finiteness theorem for certain non-positively curved
metric spaces.
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1. Introduction

Over the last fifty years, the study of rigidity phenomena played a central role in

group theory and its interplay with number theory, geometry and dynamics. Three
fundamental results of the theory are local rigidity, strong rigidity and super-rigidity.

In the last two decades there has been a comprehensive, and quite successful,
effort to extend this theory from the classical setting of Lie groups and symmetric
spaces to the much wider framework of locally compact groups and non-positively
curved metric spaces. Much of the attempt has been dedicated towards generalising
the latter two phenomena, namely Mostow strong rigidity and Margulis super-rigidity,
see e.g. [3-5,12,13,16,24,33,40,41], The present paper focuses on local rigidity.

Overview. Let T be a uniform lattice in the locally compact group G. The lattice T is

topologically locally rigid if every homomorphism from T to G which is sufficiently
close to the inclusion mapping in the point-wise convergence topology is injective
and its image is a uniform lattice in G. The lattice T is locally rigid if every such

homomorphism is in fact conjugate in G to the inclusion mapping. See §2.1 for the

precise definitions.
One main goal of this paper is to establish topological local rigidity for uniform

lattices in general compactly generated groups — extending Weil's theorem [46] from
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the realm of Lie groups to locally compact groups. Another main goal is to generalize
the classical local rigidity theorems of Selberg, Calabi and Weil 114,39,47] to the

general context of CAT(O) groups. Furthermore we study local rigidity from another

perspective, in terms of the Chabauty topology.
We apply these results to obtain new finiteness statements on non-positively

curved metric spaces in analogy with Wang's classical finiteness theorem.

Topological local rigidity. A. Weil proved that uniform lattices in connected Lie
groups are topologically locally rigid [46], We complete the picture by extending
this result to all compactly generated groups.

Theorem 1.1. Uniform lattices in compactly generated groups are topologically
locally rigid.

It is rather straightforward that a small deformation of a uniform subgroup remains
uniform. The main point is in showing that it stays discrete and injective.

Compact generation of G is equivalent to finite generation of a uniform lattice V

in G when the later exists. Without this requirement lattices need not be topologically
locally rigid. For instance, let G T be an infinite rank free group and note that the

identity map i : F —» T is approximated in the representation space by non-injective
maps sending all but finitely many generators to the trivial element.1

Let us recall that a topological group admitting a uniform lattice is automatically
locally compact 134, 2.2],

Weil's proof relied on the differentiable structure of G as well as the connectedness
and the existence of a simply connected cover in the classical case of Lie groups.
These notions are not available in the general context under consideration. Instead,

our approach is to make use of the action of G on an appropriate Rips complex.
The Rips complex is simply connected whenever G is compactly presented and

for this reason we first prove Theorem 1.1 in §5 under this additional assumption
and then explain in §6 how it can be removed. §3 is dedicated to several geometric
preliminaries that are required for the proof. §4 contains an independent proof of
topological local rigidity for certain compactly presented totally disconnected groups,
having the advantage of being rather elementary while providing an insight into the

more complicated general case.

Local rigidity. Local rigidity was first proved by Selberg [39] for uniform lattices
in SL„ (E), n > 3 and by Calabi [14] for uniform lattices in PO(m, 1) Isom(HI"),
n > 3. Weil [47] generalized these results to uniform irreducible lattices in any
connected semisimple Lie group G, assuming that G is not locally isomorphic

'Note that there are examples of topologically locally rigid lattices in non-compactly generated groups.
For instance, the additive group Z [^] with the discrete topology is topologically locally rigid regarded
as a lattice in itself.
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to SL2 (M), the isometry group of the hyperbolic plane H2. In the latter case lattices
have many non-trivial deformations.

Quite surprisingly, it turns out that H2 is the only obstruction to local rigidity of
uniform lattices in the much greater generality of irreducible CAT(O) spaces.

Theorem 1.2. Let X be a proper geodesically complete CAT(O) space without-

Euclidean factors and with Isom(X) acting cocompactly. Let F be a uniform lattice
in IsomfA Assume thatfor every de Rhamfactor Y ofX isometric to the hyperbolic
plane the projection of F to Isom()/) is non-discrete. Then F is locally rigid.

As in the works of Selberg, Calabi and Weil topological local rigidity plays
an important role in the proof of local rigidity. Theorem 1.1 allows us to apply
the Caprace-Monod theory of CAT(O) isometry groups and their lattices [15,16]
reducing the question to an irreducible lattice in a product of a semisimple Lie group
and a totally disconnected group. In the purely Lie group case we rely on the above

mentioned classical results, while the purely totally disconnected case is treated in

a somewhat more general context in §4. Finally, the case where both factors are

non-trivial relies on the superrigidity theorem of Monod [33].

The Chabauty space and local rigidity. Consider the space of closed subgroups
Sub (G) of a topological group G equipped with the Chabauty topology. This

suggests a different approach to local rigidity — we say that a uniform lattice is

Chabauty locally rigid if it admits a Chabauty neighborhood consisting of isomorphic
uniform lattices. For Lie groups this notion was first considered by Macbeath [31].
We prove Chabauty local rigidity for a rather broad family of groups.

Theorem 1.3. Let G be a compactly generated group without non-trivial compact
normal subgroups. Then the collection of uniform lattices is Chabauty open. If
moreover G is compactly presented then uniform lattices are Chabauty locally rigid.

See Theorem 7.1 for a sharper statement. In view of Proposition 7.2 the notion
of Chabauty local rigidity is stronger than topological local rigidity. The compact
generation assumption is necessary — see Proposition 3.6. Isometry groups of
certain CAT(O) spaces are a special case for which Theorem 1.3 applies.

Corollary 1.4. Let X be a proper geodesically complete CAT(O) space with Isom(V)
acting cocompactly. Then uniform lattices in Isom(Jf) are Chabauty locally rigid.

Whenever the CAT(O) space X has no Euclidean factors and the lattice F

projects non-discretely to the isometry group of every hyperbolic plane factor of X,
Theorem 1.2 implies that the Chabauty neighborhood of T given in Corollary 1.4

consists of conjugates of T. This is discussed in Corollary 8.9 below. In that

situation F is an OCC or open conjugacy class subgroup in the sense of [25].

Finiteness results for lattices of bounded covolume. A well-known classical result
that relies on focal rigidity is the finiteness theorem of Wang. It says that a
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connected semisimple Lie group G not locally isomorphic to SL(2, M) or SL(2, C)
has only finitely many conjugacy classes of irreducible lattices of co-volume < v for

every v > 0. We refer to Wang's original proof [44] and to [21, Section 13] for a

treatment of the case where G has factors isomorphic to SL(2, K) or SL(2, C).
The two main ingredients of Wang's proof are:

(1) Local rigidity of all lattices in G.

(2) The Kazhdan-Margulis theorem [26|2.

Indeed, (2) combined with the Mahler-Chabauty compactness criterion implies
that the set of conjugacy classes of lattices of co-volume < v is compact with respect
to the Chabauty topology, while (1) implies that it is discrete. However, even if one
restricts attention to uniform lattices only, it is crucial that (1) holds for all lattices3

in G. This is illustrated in the case of SL(2, C) where uniform lattices are locally
rigid while the finiteness statement fails. The issue is that a sequence of uniform
lattices of bounded co-volume may converge to a non-uniform lattice which is not

locally rigid.
We obtain a similar finiteness result for CAT(O) groups. However, since local

rigidity in the general CAT(O) context is established for uniform lattices only, we
need to make an additional assumption.

Definition 1.5. Let G be a locally compact group. A family F of lattices in G is

uniformly discrete if there is an identity neighborhood U C G such that Tg (T U {e}
holds for every lattice T e IF and every g e G.

Lattices belonging to a uniformly discrete family4 are all uniform [38, 1.12], and

their co-volumes are clearly bounded from below.

Theorem 1.6. Let X be a proper geodesically complete CAT(O) space without
Euclidean factors and with Isom(A) acting cocompactly. Let IF he a uniformly
discrete family of lattices in Isom(A) so that every T e F projects non-discretely
to the isometry group of every hyperbolic plane factor. Then IF admits only finitely
many lattices up to conjugacy with co-vol < v for every fixed v > 0.

The proof follows rather immediately from the open conjugacy class property,
Corollary 8.9, and is perhaps more conceptual than Wang's original argument.

Finiteness of lattices containing a given lattice. Prior to the finiteness theorem
mentioned above, Wang proved a weaker result that applies in a more general situation.

Namely, he showed that a lattice in a semisimple Lie group is contained in only finitely

2See Definition 1.7 and the paragraph following it tor a discussion of this theorem.
'Recall that when G is a semisimple Lie group not locally isomorphic to SL(2, K.) or SL(2, C) then

also the non-uniform irreducible lattices are locally rigid. For rank one groups this was proved by Garland
and Raghunathan [20]. (An alternative geometric proof for the rank one case is given in |9|.) For higher
rank groups this is a consequence of Margulis' super-rigidity theorem [32],

"Uniform discreteness is not to be confused with a weaker notion of a joint discreteness given in
Definition 9.1. See also Footnote 13 concerning this terminology.
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many lattices [431. This result relies on the Kazhdan-Margulis theorem as well. To

obtain a suitable generalization to locally compact groups we introduce the following
notion.

Definition 1.7. Let G be a locally compact group. A family F of lattices in G has

property (KM) if there is an identity neighborhood U C G such that for every lattice
T e F there is an element yeG satisfying gTg-1 fl U — {e}. We will say that G

has property (KM) if the family of all lattices in G has property (KM).

Kazhdan and Margulis showed [26] that a semisimple Lie group with no compact
factors has property (KM). We refer to [22] for a short proof of the Kazhdan-

Margulis theorem and for additional examples of groups with property (KM).

Theorem 1.8. Let G be a compactly generated locally compact group. Assume that

every lattice in G has a trivial centralizer. Let IF be a family of lattices in G with

property (KM) and admitting some F £ f that is finitely generated and is a least
element in 'F with respect to inclusion. Then F is finite.

Examples of groups in which all lattices have trivial centralizers include second

countable locally compact groups with a trivial amenable radical [ 17, 5.3] as well as

the isometry groups of certain CAT(O) spaces. See §8.1 for more details.

In particular, it follows that a family of lattices F containing a given finitely
generated lattice Y and satisfying T' D U {<?} for some identity neighborhood U
and all T' e F must be finite.

We would like to mention the work [7] that contains somewhat related finiteness
results for uniform tree lattices. Recently Burger and Mozes have established the

analogue of [43] for certain uniform lattices in products of trees by carefully studying
discrete groups containing a given irreducible uniform lattice.

Remark 1.9. §9 dealing with these generalizations of [43] does not depend on local

rigidity and is the only part of the current paper that extends without difficulty to
non-uniform lattices.

Invariant random subgroups. Finally, we investigate several questions concerning
Chabauty spaces in general. For instance, the invariant random subgroup
corresponding to a uniform lattice T is shown to depend continuously on T in

the Chabauty topology; see Proposition 11.2. This relies on the Chabauty-continuity
of the co-volume of uniform lattices established in Proposition 11.4.

Acknowledgements. Pierre-Emmanuel Caprace has kindly and generously provided
us with clever ideas and arguments extending the generality and improving our results.

His suggestions also helped to improve the presentation of this paper. We would like
to thank him for this immensely valuable service.

In particular Theorem 1.3, Proposition 3.6, Corollaries 4.3 and 4.4, Remarks 4.8
and 4.9, Theorem 7.1, Proposition 7.4, Remark 8.7 and Proposition 11.2 all contain

arguments suggested by Caprace.
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2. Deformations of lattices

2.1. The representation space. We describe a topological space classifying the

representations of a given discrete group into a target topological group. The notion
of local rigidity for a lattice is then defined in terms of that space.

Definition 2.1. Let F be a discrete group and G a topological group. The

representation space lR(r,G) is the space of all group homomorphisms from F

to G with the point-wise convergence topology.

Note that for any point r e tR(F, G) the group r(F) is a quotient of F.

If F has a Unite generating set S then G) is homeomorphic to a closed

subspace of Gs with the product topology. This subspace is determined by closed
conditions arising from the relations among the generators in E.

Given a discrete subgroup T of G the inclusion morphism T =-> G can naturally
be regarded as a point of /R(F, G). We will denote this point by r() and frequently
refer to neighborhoods of r0 in //?(F, G) as deformations of T in G.

Recall that a discrete subgroup F < G is a uniform lattice in G if there is a

compact subset K c G such that G — TK. Note that T is finitely generated if and

only if G is compactly generated [18, 5.C.3],

Definition 2.2. The lattice V is topologically locally rigid if the inclusion

morphism r() admits an open neighborhood U in ^(T, G) such that for every r e U
the subgroup r(r) < G is a uniform lattice and r is injective.

Less formally, a uniform lattice is topologically locally rigid if sufficiently small
deformations are injective, discrete and co-compact.

Definition 2.3. The lattice F is locally rigid if sufficiently small deformations of it
are given by conjugation in G.

Local rigidity inside a larger group. There is a more general notion of local rigidity
requiring small deformations of T to arise from conjugation inside a larger group
containing G. The following is one particular example of this.

Definition 2.4. Assume that G is a closed subgroup of G^. The lattice T in G

is locally rigid in G ' if sufficiently small deformations inside 7? F, G arise from
conjugation by an element of G^.

If T is locally rigid in some larger group G^ then it is in particular topologically
locally rigid. Moreover, if G is cocompact in G ' and all uniform lattices in G^ are

known to be locally rigid then uniform lattices in G are locally rigid in G' in the

sense of Definition 2.4.
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Proposition 2.5. Let G, be a closed and cocompact subgroup of the locally compact

group G J for i 1,2. Let Y be a uniform lattice in G \ x 6' 2 projecting densely to both

factors. IfY is locally rigid in g\ x g\ then Y is locally rigid in NGtxGt (Gi x G2).

Proof. To simplify notation let

G G 1 x G2, G+ G J x G\.

Consider a deformation r G ,7?(r, G) which is sufficiently close to the inclusion so

that r(y) yg for some g (gi,gi) G G\ x g\ G^ and all y F. We have

that

proj, (r(T)) proj; (#_1 Yg) gf1proji(Y)gi gfiGlgl
On the other hand r(T) C G and therefore proj,-(r(T)) < G,. This means that

g G G^ conjugates G to a subgroup of itself.
Consider the Chabauty space Sub (G t) with the natural containment partial order.

This partial order is semicontinuous on Sub (G^) in the sense that given Hi < H2
there are Chabauty open neighborhoods H1 G £2i and H2 G Ll2 so that

H[<H2,WH[ Gfii, and Hi < H'2, WH^ G tl2.

The G^-conjugacy class of G is a compact subset of the Chabauty space Sub (G^) and

therefore it admits minimal and maximal elements with respect to containment [45J.

In particular, every group in the G^-conjugacy class of G is both minimal and

maximal so that .g-1 Gg G and g G NGt(G) as required.

Local rigidity and finite index subgroups. In certain situations, it is convenient to

replace the group T by a finite index subgroup having additional properties. The

following lemma allows this procedure.

Lemma 2.6. Let G be a topological group, Y < G a finitely generated lattice and
A <1 T a normal subgroup offinite index. Assume that Cg (A) is trivial. If A is

locally rigid then T is locally rigid as well.

Proof. Let r G .7?(r, G) be a sufficiently small deformation of Y so that r(8)
g_18g for some g G G and all <5 G A. For every pair of elements y G T and 8 e A
we have

r(8y(y) r(8y) 8yg r(8)glyg.

The group A is finitely generated, being a finite index subgroup of T. Applying the

above argument with 8 ranging over a finite generating set for A gives

g~lygr{y)"1 G CG (r(A)) CG (A)g {e},

which means that yg r(y) for all y G Y as required.
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2.2. The Chabauty topology. There is another related viewpoint on local rigidity,
expressed in terms of the Chabauty space of closed subgroups.

Definition 2.7. Given a locally compact group G let Sub(G) denote the space of
closed subgroups of G equipped with the Chabauty topology generated by the sub-

basis consisting of

0\(U) {H < G closed : H Cl U ^ 0} for every open subset U C G,

02(K) {H < G closed : H n K 0} for every compact subset K C G.

The space Sub (G) is Chabauty compact. A reference to the Chabauty topology
is (10, VIII.§5). One major difference between the representation space and the

Chabauty topology is that the latter only takes into account the embedding of a given
subgroup as a closed subspace of G, a priori irrespective of the algebraic structure
of that subgroup.

Let T < G be a uniform lattice. The following two notions are variants of
Definitions 2.2 and 2.3 respectively, given in terms of the Chabauty topology.

Definition 2.8. T is Chabauty locally rigid if the point T Sub(G) admits a

Chabauty neighborhood consisting of uniform lattices isomorphic to T.

Definition 2.9. T has the open conjugacy class (OCC) property if the point
T e Sub (G) admits a Chabauty neighborhood consisting of conjugates of T.

The term OCC was recently coined in 125].

The image of a deformation. Given any homomorphism r : T -> G of some group T

into a topological group G the closure of r(T) is a closed subgroup of G.

Definition 2.10. Let F be a discrete group and G a locally compact group. The

closure of the image of a representation is a well-defined map

C:^(r,G) -+ Sub(G), C(r) r(f).
The map C relates the representation space of T in G to the Chabauty space of G.

In fact, we show in §7.1 that C is continuous at the point r0 corresponding to the

inclusion T ^ G whenever G is compactly generated and T is uniform. In this

sense Chabauty local rigidity is a stronger notion than topological local rigidity.
On the other hand, observe that if the map C is known to be open then topological

local rigidity implies Chabauty local rigidity, and likewise local rigidity implies the

OCC property. This is the path taken in §7.3 towards Theorem 7.1.

3. Geometric preliminaries

Our research on topological local rigidity has benefited greatly from the ideas and
excellent exposition of the new book / IS/ by Cornulier and de la Harpe.
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In this section we collect from [11, 18] a toolkit of geometric notions needed

for the proof of Theorem 1.1. The central theme is the construction of a geometric
action of G on the Rips complex, which is a certain simplicial complex associated to
a choice of a metric on G. The notion of compact presentation and its implication to
the simple connectedness of the Rips complex is discussed. In addition we discuss

geometric actions and length spaces.

3.1. Geometric actions. Let G be a topological group acting on a pseudo-metric

space (X, d). We emphasize that the action need not be continuous.

Definition 3.1. The action of G on I is:

(1) cobounded if there exists a bounded F C X with GF X ;

(2) locally bounded if Wg e G, x e X there exists a neighborhood g e V with Vx
bounded;

(3) metrically proper if Vx e X the subset {g e G : d(gx,.x) < R} is relatively
compact for all R > 0;

(4) geometric if it is isometric, metrically proper, locally bounded and cobounded.

For example, if G is compactly generated and d is a left invariant, proper and

locally bounded5 pseudo-metric then the action of G on (G, (/) is geometric.

Proposition 3.2. Let G be a compactly generated locally compact group and H < G

a closed cocompact subgroup. If G acts on X geometrically then so does H.

Proof. The only property that needs to be checked is coboundedness. There is a

compact subset K c G with G HK and a bounded subset F c X with G F X.
Therefore HKF X and it remains to show that KF c I is bounded.

Pick a point xo e X. Then for any k e K there is a neighborhood k e with
FfcX'o bounded. As K is compact, this implies that Kxo is bounded, and so KF is
bounded as well.

Lemma 3.3. Let G be a locally compact group admitting a geometric action on
X. d). Let H < G be a subgroup considered abstractly with the discrete topology.

If the restricted action of H on X. d is geometric then H is a uniform lattice in G.

Proof. If H was not discrete in the topology induced from G, there would be a

sequence hn e H with hn e, hn —>• e e G. Pick a point xo e X. As the

G-action is locally bounded, there is an open neighborhood V C G containing e

such that Fx0 is bounded. In particular the set {hnx0}nen C X is bounded in
contrast with assumption that the action of FI is metrically proper.

5A pseudo-metric d is locally bounded if every point has a neighborhood of bounded diameter. A left
invariant, proper and locally-bounded pseudo-metric on a group is called adapted in 118|.
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H is acting coboundedly on A, and so there exists a bounded subset F C X
with HF X. Pick a point x0 £ X and let K {g e G : gxo £ /*'}. Because the

action of G is metrically proper K is compact. Note that KH G.

Recall the following coarse variant of connectedness [18, 3.B].

Definition 3.4. A pseudo-metric space (A, d) is coarsely connected if 3c > 0 such

that Vx,y £ X there is a sequence x x0, xi xn y of points x,- X with

d(xi,xi+1) < c.

The following two propositions are a first step towards the study of Chabauty
neighborhoods of uniform lattices.

Proposition 3.5. Let G be a locally compact group admitting a continuous geometric
action on a coarsely connectedpseudo-metric space X, d Let F be a uniform lattice
in G. Then V admits a Chabauty neighborhood consisting ofsubgroups whose action
on X is cobounded.

Proof. The lattice T is acting on X geometrically according to Proposition 3.2.

In particular, there is a point x £ X and a radius R > 0 so that TB\ X
for Bi BX(R). We may assume without loss of generality that X is c-coarsely
connected for some c > 0 and that R > c. Denote B2 BX(2R) and If BX(3R).
Let S {y T : yB\ PI ß3 / 0} so that ß3 c Sßi. Since the action of T on X is

metrically proper and the subgroup T is discrete the set X is finite.
The continuity of the action of G on A implies that there is a symmetric identity

neighborhood U C Isom(A) so that UB\ c B2. In particular

ß3 C [J ouaB2
asS

for every choice of elements u„ £ U with a e S. We claim that the Chabauty
neighborhood

Q p| 0\(<jU)
<t6E

of T is as required. Consider any closed subgroup Ii £ C. There are elements
h,T £ H Do U for every o £ £. We will show that in fact H0B2 X so that already
the finitely generated subgroup HQ {ha)oeTj of H is acting coboundedly on A.

Let y £ A be any point. The c-coarse connectedness of A allows us to find
a sequence of points xo, x3,..., xn for some « £ N, where x0 x, x„ y and

d(x-i,Xi-1) < c for every 1 < i < n. Clearly x0 £ H0B2. Arguing by induction
assume that x,_i £ hB2 for some 1 < i < n and h £ Ho. Therefore

d{xi, hx) < d(xj.Xi-i) + d{xi-\, hx) < c + 2R < 3R.

In other words x; £ h If. Note that B2 C [J(rc£ ha B2 so that x,- £ hh„ B2 tor some

a £ £. In particular x/ £ H0B2. We conclude by induction.
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Proposition 3.6. Let G be a locally compact group and F a uniform lattice in G.

Then F admits a Chabauty neighborhood consisting of cocompact subgroups ifand

only if G is compactly generated.

Recall that any topological group admitting a uniform lattice is locally compact.

Proof. If G is compactly generated then it admits a left-invariant, continuous, proper
and coarsely connected pseudo-metric [18, 4.B.8], Consider the action of G on itself
equipped with such a pseudo-metric d by left multiplication. Proposition 3.5 implies
that T admits a Chabauty neighborhood consisting of cobounded subgroups. Since d
is proper a cobounded subgroup is cocompact.

Conversely, assume that T admits a Chabauty neighborhood £2 consisting of
cocompact subgroups. For every finite subset F c F let Tp denote the subgroup
of T generated by F. Then (Tp)p is a net of discrete subgroups of G having T as

an accumulation point. Therefore Tp belongs to £2 for some F. In other words G

admits a finitely generated uniform lattice, so that G is compactly generated.

Remark 3.7. The proofs of Propositions 3.5 and 3.6 establish that a uniform lattice T

in a compactly generated group G admits a Chabauty neighborhood £2 and a compact
subset K c G so that every closed subgroup H e £2 satisfies HK G.

3.2. Compact presentation. We recall the notion of compact presentation.

Definition 3.8. A group G is compactly presented if it admits a compact generating
set S and a presentation with relations of bounded length in S.

A compactly presented locally compact group is boundedly presented by all of
its compact generating sets. See 118, Section 8] for additional details.

Remark 3.9. Connected Lie groups, as well as reductive algebraic groups over local

fields, are compactly presented. There are however algebraic groups over local fields
which are not compactly presented, such as the group SL2 (k) k k2 where k is a

non-Archimedean local field 118, Section 8.A],

3.3. The Rips complex. Let (3f, d) be a pseudo-metric space and c > 0. Consider
the 2-dimensional simplicial complex R R2(X,d) whose vertices are the points
of X. Two distinct points x, y e X span an edge if and only if d{x, y) < c. Three

distinct points x, y, z e X span a 2-simplex if and only if each pair spans an edge.

Note that the 0-skeleton of R2{X,d) is naturally identified with X, and we

frequently make this identification implicit.

Definition 3.10. The Rips 2-complex R2(X.d) is the topological realization of the

above simplicial complex.

R^(A, d) is given the weak topology, namely each simplex is regarded with
its natural Euclidean topology, and an arbitrary subset is open if and only if its

intersection with each simplex is open.
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Definition 3.11. (X,d) is X-length if for all pairs x,y e X the distance d(x,y)
equals inf Y11=o d(xi,Xi+1), where the intimum is taken over all sequences x
xo,..., x„ y of points x, X with r/(x,, x, + i < A.

Proposition 3.12. Let G be a compactly presented locally compact group. Then G

admits a left-invariant, continuous and proper pseudo-metric d so that R^(G, d) is

connected and simply connected for all c sufficiently large. Moreover we may take

the pseudo-metric d to be X-length for some A > 0.

Proof. According to Proposition 7.B.1 and Milestone 8.A.7 of [18], and as G is

compactly presented, the Rips complex R2c(G,d) is connected and simply connected

provided that the pseudo-metric d is left-invariant, proper, locally bounded and large-
scale geodesic6. The existence of such a pseudo-metric which is moreover continuous
follows from the implication (i) => (vi) in Proposition 4.B.8 of [18]. The fact that d

can be taken to be A-length follows from the details of the proof, combined with
statement (2) of Lemma 4.B.7 of [18].

The Rips complex as a metric space. The Rips complex R R2c(G,d) can be

viewed as a quotient space obtained by gluing together a family of zero, one and

two-dimensional pieces. Assume that we declare edges to have unit length and 2-

simplices to be isometric to equilateral Euclidean triangles. This defines a quotient
pseudo-metric p po,d «n R that is compatible with the weak topology on R, see

|11, §1.5]. Metric simplicial complexes are considered in [11, §1.7], where a metric p
as above is called the intrinsic pseudo-metric.

Theorem 3.13. Let d be a pseudo-metric on G. If the Rips complex R R^(G, d)
is connected for some c > 0 then R endowed with the metric pq^ is a complete
geodesic space.

Proof. The simplical complex R has finitely many isometry types of Euclidean

simplices (in fact, a unique one in every dimension). Assuming that R is connected

Theorem 1.7.19 of [11] applies.

It is shown in Proposition 6.C.2 of 118] that for a pseudo-metric d as in

Proposition 3.12, the inclusion of (G, d) into (R, p) is a quasi-isometry. This implies
that the action of G on (R, p) is geometric.

Proposition 3.14. Every two vertices g. h e R(0) G are connected in R by a

rectifiable path p of length l(p) < 2p(g, h) whose image lies in the \ -skeleton of R.

Proof. Let g, h £ R(0) be any pair of vertices. Since R is a geodesic space there is a

path p'\ [0,1] -> R with p'{0) g, p'( 1) h and length l(p') p(g.h).

6A left-invariant, proper, locally bounded and large-scale geodesic pseudo-metric on a group is called

geoilesically adapted in 1181.
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We may assume without loss of generality that whenever p'([a,b]) C T tor a

2-simplex T C R with 0 < a < b < 1 and p'{a), p'(b) dT then p'^a ^ is a

geodesic segment of T. Let p be the path obtained from p' by replacing, for any
instance of a < b and T as above, the geodesic segment />L ^ with a shortest

path connecting p'(a) and p'(b) along the boundary 3T. As T is isometric to an

equilateral Euclidean triangle, l(p) £ 2l(p').

3.4. Length spaces and covering maps.

Definition 3.15. A map f'.X -» Y of metric spaces is a local isometry if for every
x £ X there is s .v(x) such that the restriction of / to Bx(s) is an isometry
onto B/(jc)(.v). The map / is an s-local isometry if .v can be chosen independently
of x.7

Lemma 3.16. Let f : X —> Y he an s-local isometry where Y is a connected metric

space and X f 0. Then f is a covering map.

Proof. Denote by Y' f(A) the image of /. Since / is an .v-local isometry, Y' has

the property that if y e Y' then By (,v) c Y'. This condition implies that Y' is both

open and closed. Since Y is connected we deduce that Y' — Y and / is surjective.
To establish the covering property, given a point y e Y consider the open

neighborhoods Ux Bx{s/7) C X for all points x 6 f~1(y) in the preimage of y.
As / is an .s-local isometry it restricts to a homeomorphism on each Ux. Moreover

UXl n Ux2 f 0 implies 0 < dx(xt,x2) < .v but /(xi) /(x2) y which is

absurd. So the open neighborhoods Ux are pairwise disjoint as required.

Pullback length metric. Recall that a metric is a length metric if the distance

between any two points is equal to the infimum of the lengths of all rectifiable paths

connecting these two points. A space equipped with a length metric is called a length

space. Let f'.X —> Y be a local homeomorphism such that Y is a length space
and X is Hausdorff. It is possible to pullback the length metric from Y to obtain a

metric on X that is induced by f (see Definition 1.3.24 of [11]).

Proposition 3.17. Let f'.X -> Y be a local homeomorphism where Y is a length

space and X is Hausdorff. Then the metric dy on X induced by f is a length metric
and f becomes a local isometry. Moreover d/ is the unique metric on X satisfying
these two properties.

In addition, assume that there is s > 0 such that every x 6 X has a neighborhood
x U with f\u being a homeomorphism onto its image and Bf(X)(s) C /((/).
Then f is an s'-local isometry for some s' > 0.

'Our definition is different from the usage by several authors, see e.g. Definition 3.4.1 of |36|. We

require a somewhat stronger local condition, while |36| requires in addition that a local isometry is

surjective.
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Proof. The first part is Proposition 1.3.25 of [11]. The statement concerning .v-local

isometries follows from the proof.

Compare Lemma 3.16 and Propositions 3.17 with the more general Proposition

3.28 of [11],

Proposition 3.18. Let /': X -> Y be a homeomorphism of length spaces that is a
local isonietry. Then f is an isometry.

Proof. See Corollary 3.4.6 of [36].

4. Totally disconnected groups

We establish local rigidity for the isometry groups of connected and simply-connected

proper length spaces assuming the action is smooth.

Definition 4.1. An action of a totally disconnected topological group G on a

connected topological space X is smooth if compact subsets of X have open point-
wise stabilizers in G.

Any continuous action of a locally compact group on a connected locally finite
graph is smooth. In addition, the actions of totally disconnected isometry groups on
certain CAT(O) spaces are smooth [15, Theorem 6.1].

Theorem 4.2. Let X be a connected and simply connected proper length space and
G < Isom(A') a closed subgroup acting cocompactly and smoothly. Then uniform
lattices of G are locally rigid in Isom( X

The conclusion means that a small deformation of a uniform lattice T < G

is a conjugation by an element of Isom(A). This theorem, or rather its variant
Theorem 4.5, is used in §8 as an ingredient in the proof of local rigidity for CAT(O)

groups.
The following is yet another interesting application.

Corollary 4.3. Let G be a compactly presented totally disconnected locally compact

group without non-trivial compact normal subgroups. Then there is a locally compact

group G ' admitting G as a closed cocompact subgroup such that uniform lattices
in G are locally rigid.

In particular, all uniform lattices in G as above are topologically locally rigid.
Note that this conclusion follows immediately from our main Theorem 1.1. However
the independent proof given in §4.2 and §4.3 is considerably simpler and yet provides
an insight into the general case.

Corollary 4.3 can be improved in the special case where G as above is a direct

product of two groups and the uniform lattice T has dense projections to the factors.
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Corollary 4.4. Let G G\ x C2 be a compactly presented totally disconnected

locally compact group without non-trivial compact normal subgroups. Let Y be a

uniform lattice in G projecting densely to both factors. Then Y is locally rigid in

Aut(G).

4.1. Isometry groups with smooth action.

Theorem 4.5. Let X be a connected and simply connected proper length space.
Assume that X splits as a direct product X X \ x of metric spaces and let

Gi < Isom( V, be closed subgroups acting cocompactly. Assume that G\ acts

smoothly.
Let T < G] x G2 be a uniform lattice. Then any sufficiently small deformation

of Y that is trivial on G2 is a conjugation by an element o/Isom(Vi).

This somewhat cumbersome statement involving a product decomposition is

needed in the proof of local rigidity for CAT(O) groups below.

Note that Theorem 4.2 is obtained as an immediate consequence of Theorem 4.5

in the special case where X ^ X\, the factor X2 is a reduced to a point, and a

subgroup of Isom(A) s Isom(A'i) is acting smoothly and cocompactly.

Proofof Theorem 4.5. Let !R\( Y, G) denote the subspace of the representation space
<7?(r, G) consisting of these r with Proj2(r(y)) Proj2(y) for all y e T. Let

r0 e 47?i (T, G) correspond to the inclusion morphism r0: Y r~^ G and r ,7?i(r, G)
denote a point that should be understood as being close to r0, the precise degree of
closeness will be specified below.

According to Proposition 5.B.10 of [18] and as X is proper, G is acting
geometrically. In particular we may apply Proposition 3.2 and find a compact subset

K c X such that X YK. Denote K\ ProjX(K) and let Ok S G\ be the

point-wise stabilizer of K\. Since K! is compact, smoothness implies that Ok is an

open subgroup of G i.
Fix some arbitrary s > 0 and let NS(K) denote the ^-neighborhood of K, so that

NS(K) is relatively compact and open. Denote

A, {y g T : yK n NS(K) ± 0},

with As being finite as Y is discrete and its action is metrically proper.
We now construct a Y-equivariant covering map /: X -» X, where Y acts on the

domain of / via r0 and on the range of / via r, namely

f(yx) r(y)f(x), Xy e Y, x e X.

We propose to define f:X -> X piece-wise by

f\yK r{y)y ', Vy e Y
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and care needs to be taken for this to be well-defined. Note that / depends on r
implicitly. In any case, the above formula is equivariant in the sense that given
x G yK and y' G r we have

J\y>yk{y'x) (r(y'y)y~1y'~l)(y'x) r(y')(r(y)y~l)x r(y')f\yK(x).

An ambiguity in the definition of / arises whenever yK D y'K 7^ 0 for a pair
of elements y, y' G F. By the equivariance property we may assume y' 1, that is

yK n K ^ 0 and so y G A.v. To resolve the ambiguity we require that

f\KnrK — r(y )Y\KC\YK '^lATnyAT-

This will certainly be the case given that r(y)y_1 fixes the set K point-wise. Note
that Proj2(/-(y)y~' C2 G IsomjA^) and so it suffices to require

Proj1(r(y)y_1) e Ok o Proj, (r(y)) e O^Proj^y).

This means that if we let £2 C R\(T, G) be the open condition given by

£2 {r G Ri(r,G) : Proj ,(r(y)) G 0K?ro)x(y), Vy G As},

the function f is well-defined as long as r G £2.

Next to ensure that / is a local isometry. We define an open neighborhood £2-v of
r() in R\(F, G) so that for every f G £25 the function / is an .v-local isometry. Let

£2,. {r G R\(V,G) : Proj,(r(y)) G Proj, (y)0K, Vy G A.ç}

and it is easy to see that for every r G £2,v and y G A.ç the map r(y)y_l fixes

point-wise the set yK. In particular f\Ns(K) id for all such r G £24..

Given a point x G X we may by equivariance assume that x G K and so

Bs(x) C NS(K). In particular ,f\Bs(x) id and / is certainly a ,v-local isometry
at x.

We have shown that /: X —> X is a V-equivariant .v-local isometry. Therefore /
is a covering map by Lemma 3.16. The connectedness and simple connectedness of X
implies that / is an homeomorphism. A local isometry which is a homeomorphism
between length spaces is in fact an isometry, see Proposition 3.18.

To conclude we may regard / G Isom(A) and the equivariance formula implies
that /T/-1 /'(F) as long as /- G £2 Fl £2V for some s > 0. Observe that

Proj2(/) C2 G Isom(A"2) and so in fact f G Isom(A,).

4.2. The Cayley-Abcls graph. In order to apply Theorem 4.2 towards Corollary 4.3

we need to construct a suitable space X associated with a totally disconnected

compactly presented group G. With this aim in mind we recall the notion of a

Cayley-Abels graph; see e.g. [29,48] or [18, 2.E.10J.
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Proposition 4.6. Let G be a compactly generated totally disconnected locally
compact group. There is a locally finite connected graph X on which G acts

transitively, continuously and with compact open stabilizers.

Proof. By the van-Dantzig theorem there is a compact open subgroup U C G. We

refer to Proposition 2.E.9 of 118] for the construction of the required graph X. In

particular, the vertices of X are taken to be the cosets G/ U.

Any graph satisfying the conditions of Proposition 4.6 is called a Cayley-Abels
graph8 for G. It is clear that the action of G on a corresponding Cayley-Abels
graph is geometric. In particular all such graphs for G are quasi-isometric to G and

therefore to each other, as follows from Theorem 4.C.5 of [18] (this fact is also proved
in [29]).

Proposition 4.7. Let G be a compactly presented totally disconnected locally
compact group and let X be a Cayley-Abels graph for G. Then the Rips complex
R^(A'(0') constructed with respect to the graph metric on the vertices of X is simply-
connected for all c sufficiently large.

Note that the Rips complex R^(V(0^) constructed on the vertices of X is a locally
finite 2-dimensional simplicial complex.

ProofofProposition 4.7. In terms of the machinery developed in [18] the proof is

transparent. Namely, G is large-scale equivalent (i.e. quasi-isometric) to X. The fact
that G is compactly presented is equivalent to G being coarsely simply connected9

with respect to some geodesically adapted metric; [18, 8.A.3], Hence X is coarsely

simply connected, which implies that R^(V) is simply connected for all c sufficiently
large by [18, 6.C.6].

Alternatively, a hands on proof can be obtained by recalling that the vertices of X
correspond to G/U for some compact open subgroup U and verifying that the proof
of 118, 7.B.1] goes through in this case as well.

4.3. Local rigidity of uniform lattices in totally disconnected groups.

ProofofCorollary 4.3. Let G be a compactly presented totally disconnected locally
compact group without non-trivial compact normal subgroups. Let A be a Cayley-
Abels graph for G and R — R^ (X the corresponding Rips complex for c sufficiently
large so that R is connected and simply connected, as in Proposition 4.7. Denote
G^ Isom(R) and let a: G —> G^ be the natural homomorphism [18, 5.B]. The

group G+ is locally compact, totally disconnected and compactly presented, and

the homomorphism a is continuous, has compact kernel, and its image is closed

8If G is a countable discrete group then a Cayley-Abels graph is simply a Cayley graph with respect
to some generating set.

9The notion of coarse simple connectedness is discussed in [ 18, 6.A|.
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and cocompact in G*. Our assumptions imply that a is injective so that G can be

identified with the subgroup a(G) of Gf.
It is clear from the definition of a Cayley-Abels graph that the action of G1 on R

is smooth. Moreover, R is a length space, as in Theorem 3.13. Being a locally
finite simplicial complex with a single isometry type of simplices in each dimension,
R is proper. The group is acting transitively on the vertices of R and hence

cocompactly on R. Having verified all the required conditions, local rigidity of
uniform lattices in G^ follows immediately from Theorem 4.2.

Remark 4.8. Uniform tree lattices are locally rigid — let T be a locally finite
tree and G a cocompact group of automorphisms of T. Every uniform lattice T

in G admits a free Schottky subgroup A of finite index [30]. A Schottky subgroup is

defined by an open condition and it is clear that A is topologically locally rigid. Since
the centralizer of T in G is trivial, our Lemma 2.6 implies that T is topologically
locally rigid as well.

Remark 4.9. The previous remark leads to a different and possibly simpler proof of
Corollary 4.3. Let G be a compactly generated totally disconnected locally compact

group. There is a locally compact group G admitting G as a quotient with discrete

kernel, such that G is acting by automorphisms on the universal covering tree of some

Cayley-Abels graph for G. Uniform lattices in G are topologically locally rigid by
Remark 4.8. Topological local rigidity for uniform lattices in G follows relying on
the methods of §6.

ProofofCorollary 4.4. Let G G\ x G2 be a product of two compactly presented

totally disconnected locally compact groups without non-trivial compact normal

subgroups and F a uniform lattice in G projecting densely to both factors. Let X be

the product of the two Rips complexes Ri and R2 associated to the two factors by

Proposition 4.7 and as in the proof of Corollary 4.3. We consider X with the product
L2 metric. The de Rham decomposition theorem of Foertsch-Lytchak [19] implies
that G^ Isom(Ri) x Isom(R2) is an open finite index subgroup of Isom(A). In

particular the uniform lattice T is locally rigid in G t by Theorem 4.2. We conclude

relying on Proposition 2.5.

5. Compactly presented groups

In this section we prove Theorem 1.1 with the additional assumption of compact
presentation. Let G be a compactly presented group and F < G a uniform lattice.
We show that a small deformation r(F) of F is a uniform lattice isomorphic to it.

Overview. The strategy of the proof is as follows. Consider the Rips complex R

associated to G. Then R is connected and simply connected and G is acting on R
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geometrically. The main ingredient of the proof is the construction of a connected

space Y and a covering map f:Y —R depending on the deformation r. Such a

map / must of course be a homeomorphism.
We consider certain open subsets of R called bubbles. The space Y is constructed

by gluing together bubbles indexed by elements y T. The map / is naturally
associated to this gluing and is a local homeomorphism. This allows us to define a

pull-back length metric on Y. We then promote / to an .v-local isometry using a

certain "Lebesgue number" argument with respect to the cover of Y by bubbles.

There is an obvious action of T on Y by homeomorphisms, coming from the

indexing of the bubbles. The map / becomes T-equivariant with respect to this

action, with F acting on R via r. Finally, we show that T is acting on Y geometrically
with respect to the induced length metric and deduce from this Theorem 1.1.

Standing notations. Recall that T is a uniform lattice in the compactly presented

group G. Let r0 e t7?(T, G) correspond to the inclusion and r e IR(T, G) be a small

deformation of r0.
Let R R^(G, d) be the associated Rips complex where d is some left invariant,

continuous and proper pseudo-metric on G, see Proposition 3.12. We assume that d
is A-length and that c > A is sufficiently large so that R is connected and simply-
connected. Moreover p is the intrinsic metric on R, and p will denote the induced

length metric on the space Y.
We will use the notation U Û3(e, D), where J8 denotes a bubble as in

Definition 5.2. Here D > 0 is a fixed radius. An additional radius L (the "Lebesgue
number") is introduced in Lemma 5.14 and it is assumed that L > c > A and

D > D(L). See Lemma 5.14 for the meaning of the parameter D(L).
Finally, S will denote a certain generating set for T depending on the choice of

the bubble U.

5.1. Bubbles. We consider certain open subsets of R that share many of the

properties of metric balls.

Definition 5.1. Let R be a simplicial complex and A C R(0) asubsetofitsO-skeleton.
The span S (A) C R of A is the union of those simplices in R all of whose vertices

belong to A.

Definition 5.2. Let (R, p) R^(G, d) be the Rips complex of (G, d) with its
associated metric p. Let 0 < e < V3/4 be fixed. The bubble at a vertex g e G R(0)

of radius D > 0 is

S(g, D,e) ,Ke(S(B)) {x e R : p(x,S(B)) < e},

where

B B(G^)(g. D).
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The constant 0 < s < V3/4 will be kept fixed in what follows and its exact
value will not affect the arguments in any way. For this reason we will sometimes

suppress s from the notation for -B.

We collect basic properties of bubbles.

Proposition 5.3. Let 33 33(x. I), e) be a bubble.

1 .33 is open in R.

(2) Ifd is X-length, R R^(G, d) and D > c > A then S is connected.

(3) Given g & G we have g33 — 33 (gx, D, e).

(4) x e 33 33(x, D, e).

Let 33' 33 (x', D', e) be an additional bubble.

(5) Ifd(x,x') + D' < D then 33' C IB.

Let 33j 33 (xj, /), ,e) be a collection ofbubblesfor i e I with \ I | < oo.

(6) //'n, e/ ,8/ f 0 then this intersection contains a vertex of R.

Proof. Item (1) is obvious.
To establish (2), consider a bubble at the vertex x g G. Theorem 3.13

implies that p-balls are path connected in R, and so it suffices to show that 8(B) is

path connected. Any point of S(B) can in turn be connected by a segment to one
of the vertices in B. It remains to show that any vertex h e B can be connected

to g within S(B). As d(g, h) < D and d is A-length there is a sequence of points
X() g, X\ ,xn h with d(xi,Xi + \) < X < c and d(g,Xi) < D. The

corresponding path in R connects g to h and is contained in -8(B) as required.
Statement (3) follows immediately from Definition 5.2 and the left G-invariance

of the pseudo-metric d and metric p, and statements (4) and (5) are clear.

To observe (6) we make an auxiliary construction. Let R' be the simplicial
complex obtained by subdividing every 2-cell of R in the obvious way into four
2-cells isometric to an equilateral triangle of side length 1/2. Every edge of R is

subdivided into two new edges in R' of length 1/2. Clearly the underlying metric

spaces of R and R' are isometric. Given a subcomplex Q c R let M'(Q) c R'
denote the union of the interiors of those cells of R' whose closure has non-empty
intersection with Q. Since e < x/3/4 we see that

33i JSe(8(Bi)) c Jf'{$(Bi)),

where /?, B(c,d)(xi, Df). However, note that because of the definition of R'

<N'(Qi n 02) 'Af(0i) n rH'(Q2)

for every pair of subcomplexes Q\, Q2 C R. Moreover, ß(Bl)L8( Bj A Bl H Bf).
Statement (6) follows.
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Bubbles provide us with a system of nicely behaved open subsets of R. However,
the "center points" of bubbles belong by definition to the 0-skeleton G of R. This
will not pose any serious difficulty since any point of R is at most a unit distance

from G.

Proposition 5.4. Let (R, p) R^(G. d he a Rips complex associated to G. Any
p-bounded subset is contained in the bubble fB(c, D) for all D sufficiently large.

Proof. Let F C R be a p-bounded subset. Let V be the union of all vertices belonging
to simplices of R which intersect F non-trivially. Then V is bounded as well and

in particular V c Bp(e, N) c R for some N > 0 sufficiently large. Regarded as a

subset of G, this implies V C B^ie, cN). We obtain F c S(V) C lB(e, D) for all
D > cN.

Essentially, Proposition 5.4 follows immediately from the fact that (G.d) and

(R, p) are quasi-isometric.

5.2. The nerve of a deformation.

Definition 5.5. Let A c T be any subset, U c R an open set and r e lR(r,G). The

nerve N(Ä, U, r) consists of all subsets A C A such that f]aeA r(o)U is non-empty.

For example, the condition {01,02} G N(A, (J, r) implies that r(oi)wi r(o2)w2
with u 1 and m2 ranging over certain non-empty open subsets of U.

Proposition 5.6. Let Ac V be any finite subset and U ,S(g, D) c R a bubble

at a vertex g G G R(0). Then, denoting U' - JB(g, D — a) the equality

N(A, U, r0) N(A, U', r0) N(A, U', r)

holds for every r IR sufficiently close to r0 and a > 0 sufficiently small.

Proof. By definition A {<$1, 8m} G N(A,U,r) if and only if the bubbles

r{8\ )U,..., r(8m)U intersect non-trivially. By Items (3) and (6) of Proposition 5.3

this happens if and only if there exists ga g G that satisfies

d(r(8)g. gA) < D, V<5 G A.

Since the pseudo-metric d is continuous and A is finite, for r sufficiently close to r0
and a sufficiently small the conditions

N(A, (J, r0) N(A, [/', r„) C N(A, U', r)

are satisfied. Note that N(A,U,r0) d N(A,U',r0) follows trivially from the

definitions.
To obtain the opposite inclusion, first choose a > 0 sufficiently small as required

above. ltisthenclearfromItem(5)ofProposition5.3thatr(5)f/' c SU forall^ G A
and r sufficiently close to r0. In particular N(A, U, r0) D N(A, U'. r) and equality
holds throughout.
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We remark that for our purposes it will only be relevant to consider elements of
the nerve of size at most three.

Remark 5.7. In general, let G be a group acting by homeomorphisms on a connected

path-connected space X and admitting an open path-connected subset U C G with
GU X. Then one can derive a presentation for G from knowledge of the nerve
N(G, U). For details see [31] or [11,1.8.10],

5.3. The space Y. Consider the action of F on the Rips complex R. By
Proposition 3.2 and the remark following Theorem 3.13 this action is geometric, and in

particular cobounded. By Proposition 5.4 there is some D > 0 such that VU R

where U is the bubble
U &(e, D)

and e G G is regarded as a vertex of R. The bubble U is open and connected

according to Proposition 5.3. In addition, denote

S {y e F : yU n U ± 0}

so that S is a finite symmetric generating set for T, containing the identity element.

Remark 5.8. Using our notation for nerves, S can be defined alternatively as

consisting of those a G Y such that {1, a} G N{Y, U, r0).

Construction of F as a quotient space. Consider the space Y x U with the product
topology, T being discrete. We introduce a certain equivalence relation 8r on Y x U.

Definition 5.9. 8r is the equivalence relation generated by

(y.w) ~er (/,"')
if y' ycr for some a G S and r(y)u r(y')u'.

We emphasize that the element a in the above definition must belong to S.

Definition 5.10. Let Y be the quotient space (T xU)/8r. Let [y, u] G Y denote the

8r-class of the point (y, u). For a subset V C U let [y, V] {[y, u] : v e V}.

The map

/': T x U -> R, (y, u) i-x r(y)u

factors through a well-defined map

f: Y -> R.

Note that the space Y, as well as the map /, implicitly depend on the choice of r G R.

that has not yet been specified but should be thought of as close to r0.
The following propositions establish several useful properties of the space Y and

the map f:Y -> R.
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Proposition 5.11. The space Y is connected, assuming that r G .R is sufficiently
close to /•().

Proof. Since U is path-connected so is [y, U] for every y G T; see Proposition 5.3(2).
For r r0 the proposition follows from the definition of E and the fact that F (E).
The same argument shows that Y is connected as long as r is sufficiently close to r0
so that Proposition 5.6 applies with the data À S and U.

Proposition 5.12. The 8r -quotient map is a local homeomorphism onto Y, and in

particular Y is Hausdorff. The map f is a local homeomorphism, namely f restricts
to a homeomorphism on \y, U], Vy G T.

Proof. Let n: T x U —> Y denote the quotient map with respect to 8r and denote

/' / o ?r. Note that

u\ ± u2 => [y,mi] ± [y,M2], Vy g r, Vwi,w2 e U

which implies that the restriction of it to each {y} x U is a homeomorphism and it
is a local homeomorphism. Similarly, Proposition 5.3(1) shows that /' is a local

homeomorphism.
The facts that R is Hausdorff and it a local homeomorphism imply that Y is

Hausdorff. Since it and /' are both local homeomorphisms and it is surjective, it
follows that / is a local homeomorphism as well.

Proposition 5.13. The 8r-closure of {e} x U is contained in E x U, as long as

r G IR is sufficiently close to ro.

Proof. Assume that D > 0 is a priori chosen so that U' JB(x0. D — a) satisfies
R rW, fora > 0 sufficiently small. Using Proposition 5.6, up to replacing U

by U' if necessary and without loss of generality, we may assume that A(E2, U, r)
/V(E2, U, r0) for all r sufficiently close to r0. Denote this nerve by A. In particular,
an element y G E2 satisfies {1, y} G N if and only if y G E.

Consider an é?r-equivalent pair of points (e, u), (y, u') G T x U. We claim that
in fact y G S. By Definition 5.9 we may write y oq • • -on where rr(- G £ (possibly
with repetitions), and there are points wi ,un G U with un u' and

u r(tii • • • r(csm)um, for 1 < m < n.

We use induction to show that a\---om e S, for 1 < m < n. The base case

m 1 is clear. Next assume that rr cri • - - am_i G S. Since

u G U fl r(ai • • crm-1 )r(om)U U IT r(a)r(am)U

this intersection is non-empty. Namely {1 ,oom) G N and by the above oom G E.
The last induction step m n shows that y G E as required.
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The action of T on Y. V has a natural action on V x U, which descends to a

T-action on Y by homeomorphisms. Note that / is T-equivariant with respect to
this action on Y and the action via ronX, namely

/(y[y',n]) r(y)r(y')u r(yy')u, Vw £ U, y,y' £ F.

5.4. / is a covering map. We have constructed a local homeomorphism/: Y -> R,

depending on r £ IR. The Rips complex R is a length space by Theorem 3.13 and Y

is Hausdorff by Proposition 5.12. Therefore we may use / to induce a length metric
on Y. Let p be the pullback length metric on Y induced by /: Y -> (R, p).

This makes / a local isometry according to Proposition 3.17. However, we would
like to apply the additional clause of that proposition to deduce that / is actually
an .v-local isometry for some s > 0. Towards this aim we make the following key
observation, which is somewhat reminiscent of the existence of aLebesgue number10.

Lemma 5.14. Consider R R^(G, d) and reÄ sufficiently close to r0. For every
L > 0 a radius D D(L) > 0 may be chosen sufficiently large, so that for any
vertex x £ f(Y) FI G C R«» the inclusions

S(x,L) c f{[y,U]) C f(Y) CR

holdfor some y £ F.

Here D is taken to be radius of the bubble U IB(e, D) used in Definition 5.10
to construct the space Y. In particular, the choice of the generating set £ depends

on D. It is understood that in our discussion we first specify L and then U and £ are
chosen accordingly.

Proof. Let L > 0 be arbitrary and choose D D(L) sufficiently large so that

U' S(e, D-L-if)
satisfies R VU' for some p > 0. Say x: e r(y)U f([y,U]) c f(Y) with

y e T. As / is T-equivariant, we may assume by applying y~' that x U and it
then suffices to show that S(x, L) C r(cj)U for some <r £.

By the assumption on U' we know that x e yU' for some y e T. So

x e U Fl yU' C U(1 yU which implies y a £. Applying Proposition 5.3

we obtain
<S(x, L) C rrfB(e, D — p) JB(ro(cr), D — p).

If r is sufficiently close to r0 so that c/(<r, r (a)) < p for all a £ £ the above conclusion
can be modified to read

33{x, L) C J3(r(cr), D) r(o)U /([a, U]) C f(Y)
as required.

'"Unlike the classical Lcbesgue number, no compactness argument is used in Lemma 5.14.
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Corollary 5.15. Assume that R R;?(G,r/) and U lB(e, D) for c, D > 0

sufficiently large, and that r is sufficiently close to ro in ,R{Y,G). Then f is a

homeomorphism.

Proof. Fix a "Lebesgue constant" L > c and choose D > 0 as provided by

Lemma 5.14. This in turn determines the bubble U 3$(e. D) and the generating
set S c r.

It has already been established that f:Y —>• R is a local isometry. Lemma 5.14

provides the additional assumption needed in Proposition 3.17 to deduce that / is an

.v-local isometry for some s > 0. Lemma 3.16 shows that / is a covering map.
With Y being connected by Proposition 5.11 and R being connected and simply-

connected the fact that / is a homeomorphism follows11. We assume throughout
that r is sufficiently close to r() as required.

5.5. A geometric action of T on Y. We have established that f: Y -> R is a

T-equivariant homeomorphism. According to Proposition 3.18 the map / is in fact

an isometry. In other words, (K, p) is simply an isometric copy of the Rips complex
with an action of T via the representation r.

Proposition 5.16. T is acting on (Y, p) geometrically.

Proof. The action is clearly by isometries. Moreover, as Y T[c, U] it iscobounded.
As T is discrete the action is locally bounded.

It remains to verify that the action of T is metrically proper. Let dz be the word

metric on T. It suffices to show that ds(yn,e) -»• oo implies p ([y„, e] ,[e,e]) —> oo,
with e being regarded both as an element of Y and as a vertex in the 0-skeleton of
U c R. Let y e Y be an arbitrary element and consider the two points

ye [e,e], yy [y,e]

of Y. According to Proposition 3.14 there is a path p\ [0,1] -> Y with

p(0) ye, p( 1) yy, of length/(p) < 2 p(ye,yY)

so that the image of p lies in the 1-skeleton T(i).
We claim that

l{p) > ds(y, e) — 2

recalling that the length l(p) equals the number of edges along p. To prove this

claim let vo,vi,..v/(p) denote the vertices of Y(0) that appear along the path p.
For each 0 < m < l(p) choose e F as provided by Lemma 5.14 so that

L) C U], Since d{vm-\, vm) < c and L was chosen so that L > c, this

implies vm e f8(um_i, L) for all 1 < m < l{p). In particular, by Proposition 5.13

"It is tor this argument that we crucially rely on G being compactly presented.
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and assuming r is sufficiently close to r0 we see that 8m £ 8m~\S for 1 < m < l(p).
But the same reasoning shows and y £ 8m S and the required estimate on /(p)
follows.

Putting together this claim and the lower bound on p(ye, yY) in terms of /(/?) we
conclude that the action of T on (y, p) is indeed metrically proper.

Proposition 5.17. Y is acting on (Y, p) faithfully.

Proof. Given an element y £ T and a point \y', x] £ Y tor some y1 £ T and x £ tB,

recall that y [y',x] [yy'.x]. Therefore an element y which is not in £ certainly
acts non-trivially by Proposition 5.13. Consider the remaining case of an element

y a £ £. Then

o[e,e] [e,e] r(cr) e

and so a is acting non-trivially on Y as long as r(rr) ^ e £ G.

As is commonly the case throughout this section, we implicitly assume in both

propositions that r : T —>• G is sufficiently close to r0.

5.6. Proof assuming compact presentation. Putting together the results of this
section we complete the proof of Theorem 1.1 in the compactly presented case,

showing that a small deformation r of T is injective, discrete and uniform.

ProofofTheorem I.I assuming G is compactly presented. Recall the notations
introduced in the beginning of this section. In particular, fix L > c arbitrary and let

D D(L) be as required for Lemma 5.14 to hold. Consider the bubble

U £(e, D) C R

so that R rU. Let S C Tbe the finite generating set corresponding to U.
We are now in a situation to construct the space Y and the map f:Y -» R

depending on r, as in §5.3. Corollary 5.15 and Proposition 3.18 imply that /
is a T-equivariant isometry with F acting on R via r. It was established in

Propositions 5.16 and 5.17 that the T-action on Y equipped with the induced length
metric is geometric and faithful.

We conclude that r:T —» r(T) is an isomorphism. Therefore the subgroup

r(r) < G considered abstractly with the discrete topology is acting geometrically
on R. In particular /• (T) is in fact a uniform lattice in G according to Lemma 3.3.

We extract from the above proof two corollaries that will become useful in the

study of Chabauty local rigidity in §7. As before, let T be a uniform lattice in the

compactly presented group G.

Corollary 5.18. There is a compact subset K C G so that r(V)K G for every
deformation r sufficiently close to the inclusion mapping.
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Proof. The fact that the T-equivariant map f:Y -> X is an isometry implies in

particular that /(r)C R. We may take K to be the closed ball B(G^(e, D), or
equivalently the closure in G of the vertex set of the bubble U S(e. D). Note
that K is compact since the pseudo-metric d is proper.

Corollary 5.19. Let Q C. G be a compact subset so that F n Q =0. Then

r F Fl Q 0 provided that the deformation r is sufficiently small.

Proof. We proceed as in the above proofof topological local rigidity for the compactly
presented case. Choose the radius D > 0 to be sufficiently large for the purposes of
that proof and so that moreover Q c IB S(e, D) where S denotes a bubble at e

of radius D, see Proposition 5.4.

Note that r(y) Q implies in particular IB Fl r(y)JB / 0. This last condition

implies that y S for some finite subset X of T and for every sufficiently small
deformation r, see Proposition 5.13. The requirement that r(o) £ Q for every a e S
is an open neighborhood of the inclusion in ,7?(r, G).

6. From compactly presented to compactly generated groups

We now discuss Theorem 1.1 in the general case where T < G is a uniform lattice
and G is compactly generated. The main idea is to reduce the question back to the

compactly presented situation, using the following result.

Proposition 6.1. Let G be a compactly generated locally compact group. Then

there is a compactly presented locally compact group G admitting a discrete normal
subgroup N < G so that G / N ~ G as topological groups.

Proof. See Proposition 8.A. 13 and Corollary 8.A. 15 of [18]

Consider the compactly presented group G given by Proposition 6.1 and let

p:G -* G, kerp N < G

be the associated homomorphism and its kernel. For a subgroup H < G denote

H p~\H) < G.
In this situation we have two representation spaces IR lR(r,G) and IR

IR(T, G) with the points r0 >R and f0 ,R corresponding to the inclusions F < G

and T < G respectively.

Lemma 6.2. //' F < G is a uniform lattice then so is T < G. Conversely if T < G

is a uniform lattice containing N, then F p(Y) < G is a uniform lattice.

Proof. Let T < G be a uniform lattice with G TK for some compact set K C G.
There is an open set G C G such that U Fl T {e} and so p~l(U) D T N. Let
V c G be an open set such that V fl N {?} C G. Then T n (p~l (U) Fl V) {ê}
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and hence T < G is discrete. Using the fact that G is locally compact and by
Lemma 2.C.9 of [ 181 there exists a compact subset K c G with p(K) K. It
follows that r K G and T is a uniform lattice.

Conversely let A < F < G be a uniform lattice with G T K for K c G

compact. The discreteness of N ker p implies that p is a local homeomorphism
(see e.g. (37, p. 811). Take U C G open and sufficiently small so that T fi U {ë}
and p(U) s U. Since iV < f we also have p(U) Fl F {e}, hence F is discrete.
Since G Tp(K), T is a uniform lattice.

Definition 6.3. The space fR admits a closed subspace 31n given by

Ä/v {r : T —> G : r(n) fo(n) — n, V« g N}.

Associated to the quotient map p there is a well-defined map

p*: -> SI, p*r(y) p o r(y), Vy g T

where y G T in any element satisfying p(y) y.

Note that clearly e 31^. The map /?* is not injective in general.

Proposition 6.4. The map p*: 31 ^ —> 31 is a local homeomorphism.

Proof. Recall that ,7?(r, G) and 31n may be identified with closed subsets of the two

spaces Gr and Gr, respectively, equipped with the product topology. Let y e T be

any element and y e F be such that p(y) y. The equation (p*r)(y) p(r(y))
implies that p* is both continuous and open.

Let Ë be a finite generating set for T and U C G a symmetric open identity
neighborhood so that U2 Fl N {e}. For every point r G 3tn consider the open
neighborhood r e fl C 31 ^ determined by the condition that s(rr) e r(o)U for

every ö e Ë and every s e FF This clearly implies that p* is injective on S3. We

conclude that p* is a local homeomorphism.

Proofof Theorem 1.1 for compactly generated groups. Let G be a compactly generated

group and T < G a uniform lattice. Let G, p. N be as in Proposition 6.1.

Lemma 6.2 implies that I 1 (T) is a uniform lattice in G.

Let 31 and !R be the associated representation spaces, as in the above discussion.

Applying Theorem 1.1 for compactly presented groups (see §5.6) we deduce the

existence of an open neighborhood r0 G S2 c ik that satisfies the conclusion of the

theorem for the uniform lattice T < G. Next consider the subset

S3 /7*(S3 Fl IRn) C 31

and it follows from Proposition 6.4 that £2 is an open neighborhood of /-0 in 31.

We claim that Theorem 1.1 holds for T < G with respect to the neighborhood
Q C 31. To see this, consider a representation r G S3 and let r e £2 Fl 31 n be such
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that p*r r. Then r is injective and r(T) is a uniform lattice in G containing N
and satisfying T ^ r(T). From Lemma 6.2 it follows that r(T) /?(r(r)) is a

uniform lattice in G. The injectivity of r and the fact that r(n) n for all elements

n £ N < T implies that r is injective as well.

7. Chabauty local rigidity

We study uniform lattices regarded as points in the Chabauty space, establishing
Chabauty local rigidity and the open conjugacy class property. Recall the image
closure map associated to a uniform lattice T in a topological group G, namely

C: R(r, G) Sub (G), R(r, G)3ri-> r(T) e Sub (G)

Our current goal is the following result.

Theorem 7.1. Let G be a topological group without non-trivial compact normal
subgroups. Let T be a uniform lattice in G and ro £ R(T, G) the inclusion mapping.

(1) If G is compactly generated then F has a Chabauty neighborhood consisting of
uniform lattices.

(2) If G is compactly presented then C is a local homeomorphism at ro and F has a

Chabauty neighborhood consisting of isomorphic uniform lattices.

Theorem 1.3 of the introduction is essentially a restatement of Theorem 7.1.

7.1. The map C is continuous for compactly generated groups.

Proposition 7.2. Let V be a uniform lattice in the compactly generated group G

and ro the inclusion mapping. Then C is continuous at ro-

In proving the above proposition we may assume without loss of generality that G

is compactly presented. To see this, let G be a compactly presented group admitting
a quotient map p:G -» G with discrete kernel N ker p, as in Proposition 6.1.

Consider the commutative square

!Rn ——y Sub^(G)

P* P*

,R(r,G) —Sub(G).

The representation space IRn and the map p* along the left vertical arrow are

described in Definition 6.3. Here Subjv(G) is the space of closed subgroups of G

containing N and the map p* from that space to Sub (G) is the projection modulo N.
The map p*\IRn R is a local homeomorphism by Proposition 6.4. Now observe

that the continuity of C follows from that of the map C.



810 T. Geländer and A. Levit CMH

ProofofProposition 7.2. Recall the sub-basis sets generating the Chabauty topology
given in Definition 2.7. It suffices to verify that the preimage under C of every such

sub-basis set containing Y contains a neighbourhood of r0. This is straightforward
for sets of the form C ' ((9\ ((/)) with U being open in G. For sets of the form
C"1 (02(^0) with K being a compact subset of G we rely on Corollary 5.19.

7.2. A Chabauty neighborhood consisting of discrete subgroups. As a preliminary

step towards proving Theorem 7.1 we study Chabauty neighborhoods ofuniform
lattices in topological groups without non-trivial compact normal subgroups. The

main result is Proposition 7.4 below.

Lemma 7.3. Let G be a locally compact group and Y < G a discrete subgroup. LetU
be a symmetric relatively compact identity neighborhood in G with Y n U {e}.
Then every Chabauty neighborhood C of Y has a Chabauty sub-neighborhood Ylu
with T G Q[j C C such that every closed subgroup H e fi(/ satisfies

(1) H Cl U is a subgroup ofG, and

(2) There is a closed subgroup L < H so that L e Y2 and L normalizes H Cl U.

Proof. We may assume, up to passing to a smaller neighborhood Y2 if needed, that
there are open relatively compact subsets V\ V„ C G and a compact subset

K c G so that
n

Yl Ç\0x(Vi)C62(K)
/—I

in terms of the notations of Definition 2.7. Let

"=nf>°
i l veVj

so that V is an identity neighbourhood in G by [34, Theorem 2.4]. In addition let W
be an open symmetric identity neighbourhood satisfying W2 c U Y\ V.

Consider the Chabauty neighborhood given by

Ylu Y2 n&2(Ü \ W).

Let H e Ylu be any closed subgroup of G. Observe that the facts H n IT H fl U,
W2 C U and W W~x taken together imply that the intersection H Cl U is a

subgroup, establishing (1). Choose elements hi e H n K, for every i 1Itremains to show that the closed subgroup L (h\,..., hn) < H satisfies (2), that
is L normalizes H n U. Note that

(H n u)hi (H n V)hi H n vh> c h n u

and so H n U is indeed normalized by (h i, hn) and hence by L, as required.
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Proposition 7.4. Let G be a compactly generated group without non-trivial compact
normal subgroup. Let r be a uniform lattice in G satisfying T fl U {e} for some

relatively compact symmetric open identity neighborhood U inG. Then F admits a

Chabauty neighborhood consisting ofuniform lattices A with A fl U {e}.

Proof. The uniform lattice F admits a Chabauty neighborhood L2 consisting of
cocompact subgroups according to Proposition 3.6. Let U be a relatively compact
symmetric open identity neighborhood in G so that T fl U {e}. Relying on

Lemma 7.3 we find a smaller Chabauty neighborhood Qu of T with Q u c Q and

satisfying Conditions (1) and (2) of Lemma 7.3.

Let H be any closed subgroup in Sly. Since £2 c Qu it follows that H is

cocompact in G. It remains to show that the intersection V H Fl U is the trivial
subgroup. Note that F is a compact subgroup of G. Moreover there is a closed

subgroup L < H so that L normalizes V and so that L is cocompact in G.

Let v e V be an arbitrary element. Since V is normalized by L the set vL
{vl : / G L} is relatively compact. Additionally since L is cocompact in G it follows
that the entire conjugacy class vG {ug : g e G} of v is relatively compact. Let J
be the closed subgroup of G generated by vG. In particular J in normal in G and

it admits a dense subset consisting of elements with a relatively compact conjugacy
class in G. Observe that J is compactly generated since the compact set vG generates
a dense subgroup of J.

It follows from 128, Lemma 7| and |42] that J admits a unique largest compact
subgroup K < J and that 7/K is abelian without non-trivial compact subgroups.
This implies that K is characteristic in J and therefore K < G. By the assumption K
is trivial and J is abelian without non-trivial compact subgroups. Recall that

v V D ./ and therefore v generates a compact subgroup of J. However by the

above the element v must be trivial. We conclude that V H Fl U {e} as

required.

7.3. Proof of Theorem 7.1. Let G be a compactly generated group without non-
trivial compact normal subgroups and F < G a uniform lattice. It follows from

Proposition 7.4 that V admits a Chabauty neighborhood Q consisting of uniform
lattices A satisfying A (T U {e} for some relatively compact symmetric open
identity neighborhood U in G. This completes the first part of Theorem 7.1.

Assume that G is moreover compactly presented. Recall that the continuity of C

at ro was given in Proposition 7.2 above. It remains to verify that C is open at r0. In

other words, we would like to show that every H e £2 is actually equal to the image
of some small deformation of F. It would then follows from Theorem 1.1 that F

admits a Chabauty neighborhood consisting of isomorphic uniform lattices.

The map C is open at the point ro- We rely on the fact that F is finitely presented 118,
I .D.4|. Let £ be a finite generating set for T and let V be an identity neighborhood
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in G. Up do passing to a smaller Chabauty neighborhood £2, we may choose elements

h0 e H fi Va for every a e S. We propose to construct a map r//: F > II by

defining it on generators12, declaring r#(<r) ha for all a e E. In order that r//
extends to a well-defined homomorphism, it must send all the relations of T to the

identity. Since T is finitely presented, and in view of the fact that H fl U {e},
the map r# is indeed well-defined provided that the neighborhood V is sufficiently
small. Therefore r#(T) < H and it remains to show that / // (T) is equal to H,
possibly up to passing once more to a smaller Chabauty neighborhood.

There is a symmetric compact subset K c G so that rn(V)K G for every
closed subgroup H in Q provided that the neighborhood V is sufficiently small, see

Corollary 5.18. In particular every element h H can be written as h

for some elements y £ T and kf, e K Cl H. The equality rn(T) H will follow
as soon as we show that H fl K c r//(T) whenever r# is a sufficiently small

deformation.
Let IT be a symmetric open identity neighborhood satisfying IT2 C U. Let A

be the finite collection of all elements 5 E T such that K fl W8 ^ 0. Consider the

compact subset Q K \ ITA. Every closed subgroup H of G belonging to the

Chabauty neighborhood Q ]

fi, n n P) Gi(W8) n o2(Q) c Sub(G)
HeA

intersects each translate W8 exactly once. Such a subgroup H therefore satisfies

H n K C H (1WA G rH(T)

and in particular / //(T) H by the above discussion. This completes the proof of
the fact that C is open at r0 as well as of Theorem 7.1.

8. Local rigidity of CAT(O) groups

We turn to the question of local rigidity for uniform lattices in the isometry groups
of CAT(O) spaces. Our goal is to prove Theorem 1.2 of the introduction.

In this section we rely to a large extent on the work of Caprace and Monod

concerning the structure theory and discrete subgroups of isometry groups of CAT(O)

spaces [15,16], For additional general information concerning these spaces we refer

the reader to the books 1111 and [36].

8.1. CAT(O) groups. We now collect several relevant facts about CAT(O) spaces
and their lattices to be used below. These are recalled for the reader's convenience.

l2Thc notation r// is a slight abuse of notation, since the map r// depends not only on the group H
but also on the choices of the elements ha.
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Let X be a proper CAT(O) space with a cocompact isometry group Isom(A').
Then Isom(Ar) is locally compact, second countable and is acting on X geometrically.
Moreover as X is geodesic and simply-connected Isom(A') is compactly presented;

see 5.B.5, 5.B. 10, 6.A. 10 and 8.A.8 of [18].

Definition 8.1. A CAT(O) lattice is a lattice in Isom(3Q. A uniform CAT(O) lattice
is called a CAT(O) group.

The mere fact that the space X admits a CAT(O) group already has some

significant implications. Assume that X is proper and geodesically complete, that

is every geodesic segment can be extended to a bi-infinite geodesic line, and that
G < Isom(A') is a closed subgroup acting cocompactly and admitting a uniform
lattice T < G. Assume moreover that X has no Euclidean factors. Then:

- The boundary <)X has finite geometric dimension ([27, Theorem C]).

- T is acting minimally and without a fixed point in dX (geometric Borel density
[16, Theorem 3.14]). In particular, G acts minimally and admits no fixed point at

infinity as well.

- The centralizer of a lattice in Isom(V) is trivial [16, 2.71.

8.2. Irreducibility and splitting. We recall two notions of irreducibility developed
in Section 4 of [16]. In particular, we show that aCAT(0)-group virtually decomposes
into a product of abstractly irreducible groups.

Definition 8.2. A discrete group is abstractly irreducible if no finite index subgroup
splits nontrivially as a direct product.

Definition 8.3. A lattice T < G\ x • • x Gn in a product of locally compact groups
is irreducible if its projection to every proper subproduct of the G,'s is dense and

each Gi is non-discrete.

In this terminology, an abstractly irreducible CAT(O) lattice becomes an

irreducible lattice in the product of the closures of its projections ([ 16, Remark 4.11).

In the case of a uniform lattice T < G such that G is a cocompact subgroup of
Isom(V) and X a proper CAT(O) space, these two notions of irreducibility turn out
to be related. Namely, V is abstractly irreducible if and only if for every finite index

subgroup T' < T and a decomposition X X\ x X2, the projections of T' to both

Isom(A,) are non-discrete (see Theorem 4.2 of [16]).

Remark 8.4. As abstract irreducibility is an algebraic condition, it follows from
Theorem 1.1 that in the setting of the previous paragraph the property of having
non-discrete projections is stable under small deformations.

Lemma 8.5. Let X be a proper CAT(O) space without Euclidean factors with

Isom(A") acting cocompactly and F < G a uniform lattice. Then there is a finite
index normal subgroup F' <1 F and product decompositions

r' T| x • • • x Ffc, X X\ x • • • x Xk,

such that the F,- < Isom(Aj) are abstractly irreducible uniform lattices.
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We provide a proof for this lemma as we could not find one in the literature.

ProofofLemma 8.5. Note that every finite index subgroup T0 of V is a uniform lattice
and so acts minimally and without a fixed point at infinity ([16, Theorem 3.14]). By
the splitting theorem (see Theorem 9, and in particular Corollary 10, in [33]) every
direct product decomposition of such aT0 into finitely many factors gives rise to an

associated product decomposition of A with the same number of factors.

However, there is an a priori canonical maximal isometric splitting of the space X
into a product of finitely many irreducible spaces (see Theorem 1.9 of [15]). Therefore
the process of passing to a further finite index subgroup of T and writing an abstractly
reducible group as a direct product must terminate after finitely many iterations. This

gives a finite index subgroup F' < F that decomposes as the direct product of k

abstractly irreducible factors F,. The associated decomposition of X is obtained as

above, and it is clear that every T, is a uniform lattice in Isom(A;).
It remains to show that T' can be taken to be normal in T. Indeed F preserves the

decomposition of X upon possibly permuting isometric factors, as do all elements

of Isom(A). Therefore every conjugate (T')7 with y G F decomposes as a direct

product in a manner similar to T'. The intersection of such conjugates with y running
over finitely many coset representatives for V/ T' is as required.

8.3. Totally disconnected isometry groups. We first deal with the special case of
Theorem 1.2 where G is totally disconnected. This relies on the results of §4 and in

particular Theorem 4.2.

Theorem 8.6. Let X be a proper geodesically complete CAT(O) space with G <
Isom(A) totally disconnected and acting cocompactly. Then uniform lattices in G

are locally rigid in lsom( A

Namely, a small deformation within G of a uniform lattice T < G is a conjugation
by an element of Isom(A).

Proof According to Theorem 6.1 of [15] and as G is totally disconnected, G is

acting on X smoothly in the sense of Definition 4.1. As A is proper and G is acting
cocompactly by the assumptions, Theorem 4.2 applies in the present situation and

uniform lattices are indeed locally rigid in Isom(A).

8.4. Proof of Theorem 1.2. We proceed to establish the local rigidity of lattices

in proper geodesically complete CAT(O) spaces without Euclidean factors. The

proof will rely on the following important result, established by Caprace and Monod.

Namely, the CAT(O) space A admits a splitting

A M xY,
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where M is a symmetric space of non-compact type. Correspondingly, Isom(2f has

a finite index open characteristic subgroup Isom(V)* that decomposes as

Isom(V)* Gc x Gtd, Gc Isom(Af), Gtd Isom(K)

where Gc is a product of almost-connected non-compact center-free simple Lie groups
and Gm is totally disconnected. See Theorems 1.1, 1.6, 1.8 of [15],

Proofof Theorem 1.2. In light of Lemma 2.6 it suffices therefore to prove that F

admits a locally rigid normal subgroup of finite index.

Let T < Isom(V) be a uniform lattice. Up to passing to a finite index normal

subgroup and relying on Lemma 8.5 we obtain a splitting of T as a direct product of
abstractly irreducible subgroups and an associated splitting of X. Treating each factor
of X separately and without loss of generality we may assume that T is abstractly
irreducible to begin with.

Recall the decomposition Isom(V)* Gc x Gtd mentioned above. Up to passing
to a further finite index normal subgroup of T we may assume, to begin with,
that T < G° x Gtd where G° denotes the connected component of the identity of Gc.

We treat separately three possible cases. If G° is trivial the conclusion follows
from Theorem 8.6. On the other hand, if Gtd is trivial we may apply the classical result
of Weil. Namely, it is shown in [47] that uniform lattices in connected semisimple
Lie groups without compact factors are locally rigid, provided that the projection to

every factor locally isomorphic to SL2(M) is non-discrete. This additional condition
is ensured by our assumptions.

It remains to deal with the third case where both factors Gc, Gtd are non-trivial
and T is abstractly irreducible. We will rely on the superrigidity theorem of
Monod [33] for irreducible uniform lattices in products of locally compact groups.
See Theorem 8.4 of [15] for a variant ofthat theorem adapted to our situation (we also

refer to [24] for more general results).
Consider any simple factor S of G°. As T is abstractly irreducible the projection

of T to S is non-discrete. It follows from the Borel density theorem (see e.g. Chapter 5

of [38]) that this projection is in fact dense. Similarly, T projects non-discretely to

every factor of Gtd corresponding to an irreducible factor of Y. Let D < Gtd denote

the product of the closures of these projections. It follows that T is an irreducible
uniform lattice in G° x D. Moreover as T < Isom(X) is uniform the subgroup D is

acting cocompactly on Y.
Let r G <ft(T, Isom(A')) be a sufficiently small deformation of T so that r(T) is

a uniform lattice in Isom(V), as guaranteed by Theorem 1.1. The action of r(T)
on X is minimal and without fixed points at inhnity, as follows from the results of
Caprace and Monod discussed in §8.1. In particular, for every simple factor S of G°
the action of T on the corresponding irreducible symmetric space Ms given by the

projection of r(T) into S is clearly minimal and hxes no point of '<)Ms
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Regarding T as an irreducible lattice in G°x D we are now precisely in a situation
to apply Theorem 8.4 of [15], for every simple subgroup S of G° and with respect
to the given action of T on Ms- Therefore this T-action extends to a continuous
G° x D-action by isometries. In other words there is a continuous homomorphism
a: S —»• Isom(Ms)° S such that

jts o r a o us e #(r, S),

where its'- G° x D —>• S is the projection. Since S is simple and a is a Lie group
homomorphism with a dense image, it must be an automorphism of S relying on [35]
or [6, Corollary 1.4], According to Lemma 8.8 below, if r is a sufficiently small
deformation a must be inner.

We have showed that up to conjugation by an element of G° a sufficiently small
deformation of F may be assumed to be trivial on the G° factor. The result now
follows from Theorem 4.5 applied to the isometry group Isom(A)* Gc x Gt(j.

Remark 8.7. Assume that the space X is reducible and that the lattice T is abstractly
irreducible. Let G < Isom(A) denote the product of the closures of the projections
of T to the different factors of Isom(X). Therefore T can be regarded as an irreducible
lattice in G. In this situation Theorem 1.2 holds in a slightly stronger sense. Indeed,

relying on Proposition 2.5 we deduce that T regarded as a lattice in G is locally rigid
in Ah«(X)(G).

The following result concerning automorphisms of simple Lie groups was used

in the proof of Theorem 1.2 to show that a certain automorphism of a Lie group is

inner.

Lemma 8.8. Let S be a connected center-free simple Lie group and £ < S be a

finite set generating a dense subgroup. There is an identity neighborhood U C S

such that if T is an automorphism of S satisfying T(cr)o~l e U for all a e X,
then T is inner.

Proof. Recall that Aut(S)° Inn(S') ^ Ad(S) ^ S and that Aut(S) is canonically
isomorphic to Aut(Lie(,S')). Moreover, the analog statement for the Lie algebra,
obtained by replacing £ with a spanning setofLie(S) and U with a neighborhood of 0

in the vector space Lie(.S"), is obvious by the definition of the topology of Aut(Lie(.S')),
since Aut(Lie(.S' is a Lie group and Aut(Lic(,S'))° is open subgroup. Now since (S)
is dense in S, we can find d dim(5) words W\,..., Wj in the generators S
which fall sufficiently close to the identity element so that log(lfj), i 1,.... d

are well defined, and such that log(Ifj), i 1,... ,d span Lie(S). This implies the

lemma.

8.5. Chabauty local rigidity for CAT(O) groups. Let A be a proper geodesically
complete CAT(O) space with a cocompact group of isometries Isom(A). The group
Isom( X) is compactly presented, as was mentioned in §8.1 above. Moreover any
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compact normal subgroup N <1 Isom(A) is trivial. Indeed, the subspace XN of
N-fixed points is Isom(A)-invariant, convex and non-empty. This discussion shows

that Corollary 1.4 immediately follows from Theorem 1.3.

The following statement is a direct consequence of local rigidity for CAT(O)

groups as in Theorem 1.2 and of Chabauty local rigidity as in Theorem 7.1.

Corollary 8.9. Let X be a proper geodesically complete CAT(O) space without
Euclidean factors and with Isom(A) acting cocompactly. Let V < Isom(V) be a

uniform lattice and assume that for every de Rham factor Y of X isometric to the

hyperbolic plane the projection of T to Isom(T) is non-discrete. Then T has the

open conjugacy class property.

Proof. The image closure map C: .7?(T, Isom(A)) -> Sub(Isom(V)) is a local

homeomorphism at the point r0 e ^(T, Isom(A)) corresponding to the inclusion

mapping r0: F r-^ Isom(A). Theorem 1.2 provides us with an open neighborhood
of r0 in IR(\\Isom(X)) so that for every r e the subgroup r(T) is conjugate to T

in G. Therefore the Chabauty neighborhood C(£2) of T consists of conjugates.

9. First Wang's finiteness — lattices containing a given lattice

In this section we prove Theorem 1.8 which is a finiteness result for the number
of lattices that contain a given lattice. This is a generalization of a theorem of
H.C. Wang [43], and the proof that we give is inspired by Wang's original proof; see

also Chapter 9 of [38],

Definition 9.1. Let G be a locally compact group. A family of lattices in G is jointly
discrete13 if there is an identity neighborhood U C G such that T Fl U {e} for

every lattice T in that family.

Recall the notion of property (KM) defined in the introduction. The following
lemma relates this property to joint discreteness.

Lemma 9.2. Let G be group and 'F a family of lattices in G with property (KM). If
IF has a least element then it is jointly discrete.

Proof. Let U c G be an open neighborhood as in Definition 1.7 and T < G be a

least element of F. Since T is of co-finite volume, the set

{gT e G/r : gTg-1 DU {e}}

is relatively compact and nonempty. Thus, we can construct a Borel fundamental
domain <£) for T in G such that

S)u := {gefl: gTg"1 n U {c}}

is relatively compact.

l3In the older literature such a family is called uniformly discrete. However, in the more recent literature,
the notion of uniform discreteness is often used for the stronger property given in Definition 1.5.
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Let f < G be any lattice in the family D, so that F < f. Then f admits a

fundamental domain D' which is contained in T). Because of property (KM), there
is an element g e <£)' such that gT'#-1 (T U {e}. As T < T' we have that g e Da.
Finally since G is locally compact and Da is relatively compact

uv.= n g-'ug
ge£>u

is a neighborhood of the identity in G; see e.g. [34, Theorem 2.41. By construction
the neighborhood Ur intersects trivially every lattice from the family 'F.

Theorem 1.8 is a consequence of Lemma 9.2 and the following result, which is

of independent interest.

Theorem 9.3. Let G be a compactly generated locally compact group. Assume that

every lattice in G lias a trivial centralizer and let F < G be a finitely generated
lattice. Then every jointly discrete family of lattices in G all containing F is finite.

In the proof we rely on the notion of Chabauty topology as well as the Mahler-
Chabauty compactness criterion, see §7. The discussion of these notions in [38,
Chapter 1] required separability, but that assumption is in fact redundant.

Proofof Theorem 9.3. Observe that the co-volume of the lattices T'with T < F' < G

and r'fl(/ {e} is bounded from below, and since

co-vol(r) [T' : F] • co-vol(r'),

the index [F' : F] is bounded from above. We may therefore restrict our attention to
lattices T' as above with [T' : T] d, where d e N is fixed. Assume that there

exists a sequence F„ of pairwise distinct lattices such that

r<r„< G, [r„ : r] d, and r„ n U {e}.

We will arrive at a contradiction by showing that F„ has an infinite repetition.
Consider the actions of Fn on the finite sets Fn/F given by the natural

homomorphisms ipn: Fn —> SymfT,,/ F) s S(/ for every n (- N. Denote

ker cpn < Fn

so that

r;<r and [r:r;] J£^<(d-l)!
Note that since F is finitely generated it has finitely many subgroups of every

given finite index. We now consider the group À < F given by

a=n k
n
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and deduce from the above discussion that A is a finite index subgroup of T. In

particular A is finitely generated as well. In addition, for every pair of elements

a e A and 8n e we have that

8na8~x 8nA8~l < 8nF'n8~' K < T.

We now apply the Mahler-Chabauty compactness criterion. Namely, from the

assumption Vn n (J {c} it follows that some subnet r„a converges in the Chabauty

topology to a discrete subgroup A < G containing F and such that

co-vol(A) < limco-vol(r„ d~1 -co-vol(r).
a

In particular, it follows that [A : T] > d. On the other hand A is a lattice containing F

and hence A is finitely generated.

By the definition of Chabauty convergence, for every A e A there is a 8na \\lu
with 8na -> A. We obtain the following expression for every a e A

lim 8niya8~l AaA_1.
a a "

Since the elements 8nan8~x all belong to the discrete group T this converging net

must eventually stabilize. It other words

SnaaSnJ AfjA_1

holds for all a > aa. Applying this argument with a ranging over a finite generating
set for A and in light of the fact that Cq (A) is trivial we see that 8na A for all a
sufficiently large.

By the above argument, every generator of A belongs to Vna and in particular
A < rna for all a sufficiently large. However the fact that [A : T] > [F„a : T]
shows that the net rna must eventually stabilize, producing the required infinite
repetition.

10. Second Wang's finiteness — lattices of bounded covolume

The classical finiteness theorem of Wang [44] states that a connected semisimple Lie

group without factors locally isomorphic to SL2 (K) or SL2 (C) admits only finitely
many conjugacy classes of irreducible lattices of volume bounded by v for any v > 0.

Recall Theorem 1.6 of the introduction which is a suitable generalization of
Wang's finiteness to the CAT(O) context, restated here for the reader's convenience.

Theorem. Let X be a proper geodesically complete CAT(O) space without Euclidean

factors and with Isomf A acting cocompactly. Let f be a uniformly discrete family
of lattices in Isom(A) so that every T e f projects non-discretely to the isometry

group ofevery hyperbolic plane factor. Then F admits only finitely many conjugacy
classes of lattices with co-vol < v for every fixed v > 0.
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The proof follows rather immediately from a combination of Mahler-Chabauty
compactness criterion and the open conjugacy class property for CAT(O) groups
established in §7.

Proofof Theorem 1.6. Assume without loss of generality that the family IF is closed
under conjugation by elements of Isom(A). In particular F is jointly discrete in
the sense of Definition 9.1, so that there is an identity neighborhood U C G with

r n U {e} for all V eF.
Consider some fixed v > 0. The Mahler-Chabauty compactness criterion [38,

1.20] says that the set of lattices in Sub (G) ofco-volume at most v and intersecting U

only at the identity element is compact. In particular F is relatively compact.
On the other hand, every lattice in the Chabauty closure of F is uniform by

[38, 1.12] and therefore has the open conjugacy class property by Corollary 8.9. The

required finiteness result follows.

The following consequence of Theorem 1.6 covers many classical examples:

Corollary 10.1. Let X and Isom(A) he as in Theorem 1.6. Let G < Isom(A) he

a cocompact subgroup and F a uniformly discrete family of lattices in G. Then F
admits only finitely many Isom A )-conjugacy classes of lattices with co-vol 5 v for
every fixed v > 0.

Since G is cocompact in Isom(A), for a lattice T < G the covolumes of T
in G and in Isom( X are proportional. Therefore to deduce Corollary 10.1 from
Theorem 1.6 it suffices to show that F is uniformly discrete in Isom(A). This
follows from:

Lemma 10.2. Let H he a locally compact group, G < H a cocompact subgroup
and F a family ofsubgroups which is uniformly discrete in G. Then F is uniformly
discrete regarded as a family of lattices in H.

Proof. Suppose that F is uniformly discrete in G with respect to the open subset

U C G. Say U G fi V with V C H open. Moreover let K C H be a compact
symmetric subset so that H GK and choose an open subset If C f so that
k~~l Wk C V for every k e K, using e.g. [34, Theorem 2.4]. Then F is uniformly
discrete in H with respect to W. Indeed, for T 6 F and an element h gk
with h e H, g e G and k e K we have the equation (Vg)k.

10.1. Linear groups over local fields. Corollary 10.1 immediately implies a Wang-

type finiteness result for uniform lattices in simple Chevalley groups over non-
Archimedean local fields. Such groups act on the associated Bruhat-Tits building X
which is a CAT(0) space; see e.g. [11, II. 10.A].

Corollary 10.3. Let G he a k-simple algebraic k-group with rank^(G) > 0 where k

is a non-Archimedean local field. Let X he the Bruhat-Tits building associated

to G. Fix an identity neighborhood U C G and some v > 0. Then there are only
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finitely many Isom V )-conjugacy classes of lattices L in G with co-vol{T) < v and

Ff1(/ {e} for every g e G.

Remark 10.4. If rank^(C) > 2 then Isom(A') Aut(G) and the statement of
Corollary 10.3 can be somewhat simplified. See [2, Proposition C.l].

11. Invariant random subgroups

Let G be a locally compact group. It is acting on its space of closed subgroups
Sub (G) by conjugation and this action is continuous.

Definition 11.1. An invariant random subgroup of G is a G-invariant Borel

probability measure on Sub(G). Let 1RS (G) denote the space of all invariant
random subgroups of G equipped with the weak-* topology.

The space 1RS(G) is compact. For a further discussion of invariant random

subgroups the reader is referred to [1,23],
Let ULat(G) denote the space of all the uniform lattices in G with the induced

topology from Sub (G). There is a natural map

I: ULat(G) -> 1RS (G), 1(F) pT,

where the invariant random subgroup pr £ 1RS (G) is obtained by pushing forward
the G-invariant probability measure from G/ T to Sub (G via the map gT i-> gTg-1.

Proposition 11.2. If G is compactly generated then the map I: ULat(G) —> IRS(G)
is continuous.

The proof of this proposition depends on showing that the covolume function on
the space ULat(G) is continuous, see Proposition 11.4 below.

Recall that a uniform lattice T in G is topologically locally rigid. Therefore,

Proposition 7.2 implies that there exists a neighborhood £2 of the inclusion homo-

morphism r0 in .7?(T, G) on which is image closure map C is continuous and takes

values in ULat(G).

Corollary 11.3. Let V be a uniform lattice in G. If G is compactly generated then

there is a neighborhood £2 C IRfT.G) of the inclusion homomorphism ro so that the

composition

£2 ULat(G) IRS(G)

is continuous.

Note that local rigidity of T is equivalent to I o C being locally constant at r<).
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11.1. Co-volumes of lattices. Let G be any locally compact group with a choice p
of a Haar measure. The co-volume function is well-defined on the space ULat(G) of
uniform lattices in G.

Proposition 11.4. If G is compactly generated then the co-volume function is

continuous on ULat(G).

The proof of Proposition 11.4 will rely on the following lemma, which is related

to Serre's geometric volume formula [8, Chapter 1.5].

Lemma 11.5. Let K C G he a fixed compact set. Given a uniform lattice F e

ULat(G) let Ttr'-G —» G/ Y denote the projection and let pr denote the induced

measure on G / F. Then the following function

is continuous.

Proof. Given a compact subset Q of G, consider the function

uq\ G x ULat(G) -> N>o, uq(x, T) |{y G Y : xy e Q }|.

Note that uq(-, T) is F-invariant from the right, and so descends to a well defined
function on G/ T.

In terms of the function uq we obtain the formula:

where x is an arbitrary lift of x.
Let T0 e ULat(G) be some fixed uniform lattice. The following two facts14 are

consequences of the definition of the Chabauty topology:

(1) limp^-r,) nk(x. T) < nx(x, T0), for all x e G.

(2) If Q is a compact set containing K in its interior, then

for all a e G.

l4Thc convergence F —> To is understood in the sense of nets. If G is metrizablc then it is enough to
consider sequences.

Vfc- ULat(G) -* M>0, vK(Y) priori«)).

lim nQ(x, T) > nK(x, r0)
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Since hk(x, T) > 1 for all x G K, it follows from Item (1), the above volume
formula and the dominated convergence theorem that u/c(r0) < limr^r0 f/f(P)-

To obtain the reverse inequality, let e > 0 and pick a compact set Q containing K
in its interior and satisfying p(Q \ K) < s. Note that this implies

f —7~~r\ d/x(x) < e

Jq\k nQ(x, T)

for all F ULat(G). It follows from Item (2) and the volume formula that

v*(r<))= f —
1

dn(x) > lim [ —-1-—- dfi(x).
JKnK{xS(\) r^r0 Jk riQ(x, T)

Combining these two last inequalities, we get

«^(Po) + e> Um [ —/ dji(x) lim vg(r) > lim u*-(r).
r->r0 JQ nQ(x, T) r-r0 r^r0

The continuity of the map vk at the point T0 follows by letting s -x 0.

ProofofProposition 1.4. Let T be a uniform lattice in G. Since G is compactly
generated it follows from Proposition 3.6 and Remark 3.7 that there is a Chabauty

neighborhood F e c ULat(G) and a compact subset K c G so that To/f G

for every r0 e £2. Taking into account Lemma 11.5 and as soon as f e £2 we obtain

co-vol(G/r) nA"(r) rl/mr U^(P ^lim^ co-vol(G/T')

as required.

Remark 11.6. If (T«)« is a net of lattices in G converging in the Chabauty topology
to the lattice T then

co-vol(G/T) < lim inf co-vol(G/Tq,).
a

This does not require compact generation or co-compactness [38, 1.1.201. Proposition

11.4 can be regarded as a refinement of this fact.

ProofofProposition 11.2. Let G be a compactly generated group and ra e ULat(G)
be a net15 of uniform lattices in G indexed by a e A and converging to F G ULat(G).

Let <0 be a Borel fundamental domain for T in G. There is an increasing

sequence of compact subsets Km C £) so that the Haar measure of £> \ Km goes
to zero as m -> oo. Moreover the argument on p. 28 of [38] shows that every Km

injects into G/ ra for all a > ß\ ß\(m) sufficiently large in A.

l5Once more, if G is mctrizable wc may speak of sequences instead of nets.
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Let s > 0 be arbitrary and take I /(e) so that /x(//) \ Kf) < e. Let f)a be

a Borel fundamental domain for in G for every a e A. The subsets 3fa can be

chosen in such a way that K[ C 3fa for all a > ß\(/).
Let /x be the Haar measure on G and its restriction to 5). Then /x |£> projects

to the G-invariant probability measure on G/T. Similarly let /x\sya denote the

restrictions of /x to fÛa for a G A. Write

M |£> M| K, + M| £>\Kr M|Sa M| K, + M| £>a\K,-

Recall that pt(S) \ K[) < e by the choice of I. In addition, the covolume function is

continuous at the point T e ULat(G) according to Proposition 11.4 and so

co-vol(G/ ra) ——» co-vol(G/ T) /x(/D).

This implies that /x(oDq> \ /f/) < 2s for all cr > ß>2 ßiis) in A.

Consider the maps <pa defined for every a e A

<pa: Ki -> Sub (G), (pa(k) krak~x.

Since Â7 is compact, the functions (pa converge uniformly to the function

<p: Ki -> Sub (G) where ^(k) kYk~x. In particular

(<Pa)*M|A, (<P)*^\Kr

Taking e -> 0 in the above argument gives the continuity of I at the point T.
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