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Transverse foliations on the torus T2 and partially
hyperbolic diffeomorphisms on 3-manifolds

Christian Bonatti and Jinhua Zhang

Abstract. In this paper, we prove that given two C! foliations # and § on T2 which
are transverse, there exists a non-null homotopic loop {®;};¢[0.1] in Diff! (T2) such that
&, (F) Mg foreveryt € [0,1], and &g = | =Id.

As a direct consequence, we get a general process for building new partially hyperbolic
diffeomorphisms on closed 3-manifolds. Bonatti et al. [4] built a new example of dynamically
coherent non-transitive partially hyperbolic diffeomorphism on a closed 3-manifold; the example
in [4] is obtained by composing the time ¢ map, t > 0 large enough, of a very specific non-
transitive Anosov flow by a Dehn twist along a transverse torus. Our result shows that the same
construction holds starting with any non-transitive Anosov flow on an oriented 3-manifold.
Moreover, for a given transverse torus, our result explains which type of Dehn twists lead to
partially hyperbolic diffeomorphisms.

Mathematics Subject Classification (2010). 37D30, 57R30, 37C05, 37C15.

Keywords. Dehn twist, transverse foliations, partial hyperbolicity, transverse torus.

1. Introduction and statement of the main results

The main motivation of this paper is the construction of new examples of partially
hyperbolic diffeomorphisms on closed 3-manifolds, initiated in [4]. More precisely,
our main result is a topological result which was missing for [4] getting a general
construction instead of a precise example. Nevertheless, this topological result deals
with very elementary objects and is interesting by itself. We first present it below
independently from its application on partially hyperbolic diffeomorphisms.

1.1. Pair of transverse foliations on T2, The space of 1-dimensional (non-singular)
smooth foliations on the torus T2 has several connected components which are easy to
describe: such a foliation is directed by a smooth line field, which can be seen as a map
X : T? - RP! >~ S'; such a map induces a morphism X, : 7;(T?) = Z%2 — Z
and two foliations can be joined by a path of non-singular foliations if and only if
the induced morphisms coincide. The group Diffo(T?) of diffeomorphisms of T2
isotopic to the identity map has a natural action on the space of foliations.
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In this paper, we consider pairs (¥, ) of transverse foliations on T2. For any
such a pair (¥, &) of transverse foliations, we consider the open subset of Diffo(T?)
of all diffeomorphism ¢ so that ¢(F) is transverse to ¥. Our main result below
shows that this open subset contains non-trivial loops.

Theorem A. Let ¥ and § be two C! one-dimensional foliations on T? and they are
transverse. Then there exists a continuous (for the C'-topology) family 1D:}refo0,1)
of C1 diffeomorphisms on T? such that

® q)o = (Dl — Id,’
e Foreveryt €[0,1], the C! foliation ®,(¥F) is transverse to §;
e For every point x € T2, the closed curve ®,(x) is non-null homotopic.

Our main theorem is implied by the following two theorems, according to the two
cases described in Definition 1.1 below:

Definition 1.1. We say that two foliations & and § of the torus T? have parallel
compact leaves if and only if there exist a compact leaf of ¥ and a compact leaf of §
which are in the same free homotopy class.

Otherwise, we say that ¥ and § have no parallel compact leaves or that they are
without parallel compact leaves.

Theorem 1.2. Let ¥ and § be two C' one-dimensional transverse foliations
on T2, without parallel compact leaves. Then for any a € mw1(T?), there exists
a C'-continuous family {®;}se[0.1] of C' diffeomorphisms on T? such that

o q)() = q)l = Id,
« Foreveryt € [0,1], the C! foliation ®,(¥) is transverse to G,
* For every point x € T2, the closed curve ®;(x) is in the homotopy class of c.

The proof of Theorem 1.2 consists in endowing T2 with coordinates in which the
foliations & and § are separated by 2 affine foliations (i.e. ¥ and § are tangent to
two transverse constant cones). Thus in these coordinates every translation leaves ¥
transverse to ¥, concluding.

Theorem 1.3. Let ¥ and § be two C' one-dimensional foliations on T? and they
are transverse. Assume that ¥ and § have parallel compact leaves which are in the
homotopy class a € m1(T?). Then, for each B € m\(T?), one has that B € {(a) if
and only if there exists a C'-continuous family {®; };ep0,1) of C U diffeomorphisms
on T2 such that

e (Do e CD] == Jds
e Foreveryt € [0,1], the C! foliation ®,(F) is transverse to §,

* For every point x € T2, the closed curve ®,(x) is in the homotopy class of B.
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One easily checks that, if ¥ and § are transverse C! foliations having compact
leaves in the same homotopy class, then every compact leaf L .. of ¥ is disjoint from
every compact leaf L, of §. If {®;},¢[0,1] is an isotopy so that P is the identity
map and ®,(F) is transverse to &, then ®,(L ) remains disjoint from L: this
implies the if part of Theorem 1.3. The only if part will be the aim of Section 6. The
proof consists in endowing T2 with coordinates in which T?2 is divided into vertical
adjacent annuli in which the foliations are separated by affine foliations: now the
vertical translations preserve the vertical annuli and map ¥ on foliations transverse

to 5.

Remark 1.4. First notice that every continuous path (for the C!-topology) of
C! diffeomorphisms can be approached, in the C!-topology, by a smooth path
of smooth diffeomorphisms.

Now, as the transversality of foliations is an open condition, any loop {¥;};¢[0,1]
of diffeomorphisms C -close to the loop {®:}1ef0,1] (announced in Theorems A, 1.2,
and 1.3) satisfies that W, (F) is transverse to & for every ¢.

Therefore, in Theorems A, 1.2, and 1.3, one can choose the loop ¢ = @, so that
the map (f, x) — ®,(x), for (r,x) € S! x T2, is smooth.

Definition 1.5. Let (¥, ) be a pair of transverse foliations of T2. We denote by
Gy.¢ C m1(T?) the group defined as follows:

* if ¥ and § have no parallel compact leaves, then G¢ ¢ = Z2 = m1(T?);

« if ¥ and ¥ have parallel compact leaves, let @ € w1 (Z) be the homotopy class of
these leaves. Then Gg g = (@) = Z -a C m1(T?).

1.2. Dehn twists and pairs of transverse 2-foliations on 3-manifolds. The aim of
this paper is to build partially hyperbolic diffeomorphisms on 3-manifolds by
composing the time 7-map of an Anosov flow by a Dehn twist along a transverse tori.
In this section we define the notion of Dehn twists, and we state a straightforward
consequence of Theorems 1.2 and 1.3 producing Dehn twists preserving the
transversality of two 2-dimensional foliations.

Definition 1.6. Let u = (n,m) € Z? = m1(T?). A diffeomorphism v : [0,1] x
T2% — [0, 1] x T? is called a Dehn twist of [0, 1] x T? directed by u if:

o  is of the form (z,x) — (f,¥(x)), where ¥, is a diffeomorphism of T2
depending smoothly on 7.

* Y, is the identity map for ¢ close to 0 or close to 1.

* the closed path t — v;(0) on T? is freely homotopic to u (where O = (0,0) in
T? = R2/Z3?).

Definition 1.7. Let M be an oriented 3-manifold and let 7 : T2 < M be an
embedded torus. Fix u € 71 (7). We say that a diffeomorphism ¢ : M — M isa



516 C. Bonatti and J. Zhang CMH

Dehn twist along T directed by u if there is an orientation preserving diffeomorphism
@ :[0,1] x T? < M whose restriction to {0} x T2 induces T, and so that:

* 1 is the identity map out of ¢([0,1] x T?). In particular, ¥ leaves invariant
([0, 1] x T?);

* The diffeomorphism ¢~ ' oy 0 ¢ : [0,1] x T? — [0,1] x T? is a Dehn twist
directed by u.

Proposition 1.8. Let ¥ .8 be a pair of 2-dimensional foliations on a 3-manifold M,
and let & be the 1-dimensional foliation obtained as & = ¥ N'§. Assume that
there is an embedded torus T C M which is transverse to & (hence T is transverse
to ¥ and §). We denote by 7.5t the 1-dimensional foliations on T obtained as
intersection of ¥ and § with T, respectively.

Then for every u € G?r-fr C m(T), there is a Dehn twist  along T directed
by u so that Y (¥) is transverse to .

1.3. Building partially hyperbolic diffeomorphisms on 3-manifolds. In order to
state our main result, we first need to define the notions of partially hyperbolic
diffeomorphism and of Anosov flow.

1.3.1. Definition of partially hyperbolic diffeomorphisms. A diffeomorphism f
of a Riemannian closed 3-manifold M is called partially hyperbolic if there is a
Df -invariant splitting TM = E* @ E° @& E" in direct sum of 1-dimensional bundles
so that

(P1) There is an integer N > 0 such that for any x € M and any unit vectors
u € ES(x),v € E°(x)and w € E¥(x), one has:

IDf Y @)l < inf{L, | DFY @I} < sup{L, | DFY @)1} < | DFN (w)].

A diffeomorphism f of a Riemannian closed 3-manifold M is called absolute
partially hyperbolic if it is partially hyperbolic satisfying the stronger assumption

(P2) Thereare 0 < A < 1 < o and an integer N > 0 so that for any x,y,z € M
and any unit vectors u € E*(x), v € E°(y) and w € E¥(z), one has:

IDFN @) <2 < |DFY @) <o < | DfY¥w)].

We refer the readers to [2, Appendix B] for the first elementary properties and [17]
for a survey book of results and questions for partially hyperbolic diffeomorphisms.

1.3.2. Definition of Anosov flows. A vector field X on a 3-manifold M is called an
Anosov vector field if there is a splitting TM = E* @R - X @ EY as a direct sum of
1-dimensional bundles which are invariant by the flow { X, };er of X, and so that the
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vectors in E* are uniformly contracted and the vectors in E* are uniformly expanded
by the flow of X.

Notice that X is Anosov if and only if X has no zeros and if there is 1 > 0 so
that X, is partially hyperbolic.

The bundles E¢° = E*@R-X and E* = R-X @ E" are called the weak stable
and unstable bundles (respectively). They are tangent to transverse 2-dimensional
foliations denoted by F ¢ and F ¥ respectively, which are of class C! if X is of
class at least C2.

The bundles E¥ and E¥ are called the strong stable and strong unstable bundles,
and are tangent to 1-dimensional foliations denoted by % and ¥ ** which are called
the strong stable and the strong unstable foliations, respectively.

Notice that being an Anosov vector field is an open condition in the set of C!-
vector fields and that the structural stability implies that all the flows C!-close to
an Anosov flow are Anosov flows topologically equivalent to it. Therefore, for our
purpose here we may always assume, and we do it, that the Anosov flows we consider
are smooth.

The most classical Anosov flows on 3-manifolds are the geodesic flows of
hyperbolic closed surfaces and the suspension of hyperbolic linear automorphisms
of T? (i.e. induced by an hyperbolic element of SL(2,7Z)). In 1979, [8] built the
first example of a non-transitive Anosov flow on a closed 3-manifold. Many other
examples of transitive or non-transitive Anosov flows have been built in [1,3].

1.3.3. Transverse tori. If X is an Anosov vector field on an oriented closed 3-
manifold M and if S € M is an immersed closed surface which is transverse to X
then

» § is oriented (as transversely oriented by X);

¢ S is transverse to the weak foliations F¢° and F <% of X and these foliations
induce on S two 1-dimensional C !-foliations % ¢ and F¢', respectively, which are
transverse.

* as a consequence of the two previous items, S is a torus.

A transverse torus is an embedded torus 7 : T? < M transverse to X and
we denote by 7 and F} the 1-dimensional C' foliations induced on T obtained
by intersections of 7" with ¥° and with ¥ ¥, respectively. These foliations are
transverse. Therefore Theorem A associates to (¥7. F7) and a subgroup G P
of 71 (T) which is either a cyclic group if ¥ and F have parallel compact leaves
or the whole 7 (T') otherwise.

Let Ty,..., Ty be a finite family of transverse tori. We say that X has no return
on | J; T; if each torus 7; is an embedded torus, the {7;} are pairwise disjoint and
each orbit of X intersects |_J; 7; in at most 1 point.
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A Lyapunov function for X is a function which is not increasing along every orbit,
and which is strictly decreasing along every orbit which is not chain recurrent.

In [5] Marco Brunella noticed that a non-transitive Anosov vector field X on an
oriented closed 3-manifold M always admits a smooth Lyapunov function whose
regular levels separate the basic pieces of the flow; such a regular level is a disjoint
union of transverse tori 77, ..., Ty . One can check the following statement:

Proposition 1.9. Let X be a (non-transitive) Anosov vector field on an oriented
closed 3-manifold M. Then the two following assertions are equivalent:

(1) Ti..... Ty are transverse tori so that X has no return on | J; T;.
(2) there is a smooth Lyapunov function 8 : M — R of X for which the T;,
i € {l,...,k} are (distinct) connected components of the same regular level

6~1(t) for some t € R.

We are now ready to state our main result.

1.4. Statement of our main result.

Theorem B. Let X be a smooth (non-transitive) Anosov vector field on an oriented
closed 3-manifold M, and let Ty, ..., Ty be transverse tori so that X has no return
on | J; Ti. We endow each T; with the pair (¥°,F}*) of transverse 1-dimensional
C! foliations obtained by intersections of T; with the weak stable and unstable
(respectively) foliations of X ; let

denote the subgroup associated to the pair (¥°, ¥*) by Theorems 1.2 and 1.3.

Then for any family uy € Gy, ... ,ux € Gy there is a family V; of Dehn twists
along T; directed by u;, and whose supports are pairwise disjoint and there ist > 0
so that the composition

f=V,o0Wy0---0W; 0 X;

is an absolute partially hyperbolic diffeomorphism of M .
Furthermore, f is robustly dynamically coherent, the center stable foliation ¥ ;5
and center unstable foliation ¥ f“‘ are plaque expansive.

In a forthcoming work with a different group of authors, one will remove the
hypothesis that the 7; are connected components of a regular level of a Lyapunov
function. We state this result here with this restrictive hypothesis in order that this
result is a straightforward consequence of Theorems 1.2 and 1.3. Removing this
hypothesis will require further very different arguments.

Acknowledgements. We would like to thank Rafael Potrie whose questions motivate
this paper. Jinhua Zhang would like to thank China Scholarship Council (CSC) for
financial support (201406010010).
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2. Preliminary: foliations on the torus and its classification

In this section, we give the definitions and results we need. We denote by S! the
circle S! = R/Z and by T? the torus R?/Z? = S! x S!.

2.1. Complete transversal.

Definition 2.1. Given a C” (r > 1) foliation ¥ on T2. We say that a C! simple
closed curve y is a complete transversal or a complete transverse cross section of the
foliation ¥, if y is transverse to ¥ and every leaf of ¥ intersects y.

Lemma 2.2. Consider a C! foliation & on T?. Assume that there is a simple smooth
closed curve y which is transverse to & and is not a complete transversal of &. Then
there exists a compact leaf of & which is in the homotopy class of y.

This lemma is classical. As the proof is short, we include it for completeness.

Proof. Cutthe torus along y: we get a cylinder C endowed with a foliation transverse
to its boundary. Furthermore, by assumption, this foliation admits a leaf which
remains at a uniform distance away from the boundary of C.

Figure 1.

Hence, the closure of that leaf is also far from the boundary of C. By the Poincaré-
Bendixson theorem, the closure of this leaf contains a compact leaf, thus this compact
leaf is disjoint from the boundary C. Furthermore, as the foliation is not singular, this
leaf cannot be homotopic to 0 in the annulus, hence it is homotopic to the boundary
components. ]

Definition 2.3. Given two C” foliations ¥ and ¥’ on manifolds M and M’,

respectively. F and F’ are C" conjugate if there exists a C” diffeomorphism
f M — M’suchthat f(F) = F".
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2.2. Reeb components.

Definition 2.4 (Reeb component). Given a foliation & on T2, we say that ¥ has a
Reeb component, if there exists a compact annulus A such that

* the boundary dA4 is the union of two compact leaves of ¥ ;
* there is no compact leaf in the interior of 4;

* first item above implies that & is orientable restricted to A4, so let us choose
an orientation. We require that the two oriented compact leaves are in opposite
homotopy classes.

e

Figure 2. Reeb component.

By using the Poincaré-Bendixson theorem, one easily checks the following
classical result:

Proposition 2.5. Let ¥ and § be two transverse foliations on T?. Assume that ¥
admits a Reeb component A. Then § admits a compact leaf contained in the interior
of A. Thus ¥ and 9 have parallel compact leaves.

We state now a classification theorem which can be found in [13]:

Theorem 2.6 ([13, Proposition 4.3.2]). For any C” foliation ¥ on T?, we have the
following:

» Either ¥ has Reeb component; or
o ¥ is C" conjugated to the suspension of a C" diffeomorphism on S1.

In general the union of the compact leaves of a foliation may fail to be compact.
But, for codimension 1 foliations we have the following theorem due to A. Haefliger.

Theorem 2.7 ([10]). Forany C” (r > 1) codimension one foliation ¥ on a compact
manifold M, the set

{x € M | The ¥ -leaf through x is compacf}

is a compact subset of M .
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2.3. Translation and rotation numbers. In this section we recall very classical
Poincaré theory on the rotation number of a circle homeomorphism. We refer to [11]
for more details.

We denote by homeo™ (R) the set of orientation preserving homeomorphisms
on R which commute with the translation 1 —  + 1. Recall that the
elements of homeo™ (R) are precisely the lifts on R of the orientation preserving
homeomorphisms of S*.

Let H € homeo™ (R) be the lift of # € Homeo™ (S!). Poincaré noticed that the
ratio H—"-(;f)—_x converges uniformly, as n — 00, to some constant 7(H) called the
translation number of H. The projection p(h) of ©(H) on R/Z does not depend on
the lift H and is called the rotation number of h.

We can find the following observations in many books, in particular in [11].

Remark 2.8. The rotation number is rational if and only if 4 admits a periodic point.
Proposition 2.9 ([11, Proposition 11.1.6]). t(-) varies continuous in C°-topology.

Proposition 2.10 ([11, Proposition 11.1.9]). Ler H, F € homeot(R). Assume
that T(H) is irrational and H(x) < F(x), for any x € R. Then we have that
1(H) < t(F).

Poincaré theory proves that a homeomorphism /4 of the circle with irrational
rotation number is semi-conjugated to the rotation R,p); but & may fail to be
conjugated to R, even if & is a C!-diffeomorphism (Denjoy counter examples).
However the semi-conjugacy is a C °-conjugacy if 4 is a C 2-diffeomorphism (Denjoy
theorem). In general, if 4 is a smooth circle diffeomorphism with irrational rotation
number, the conjugacy to the corresponding rotation may fail to be a diffeomorphism.
However M. Herman proved that there are generic conditions on p(h) ensuring the
smoothness of the conjugacy:

Theorem 2.11 ([14]). Let f € Dift” (Sl) (r > 3) be a diffeomorphism of the circle.
If the rotation number of [ is diophantine, then f is C"~2 conjugated to an irrational
rotation.

2.4. Foliations without compact leaves on the annulus. Let ¥ be a C” foliation
on the annulus S! x [0, 1] so that

« ¥ is transverse to the boundary S! x {0, 1};
* ¥ has no compact leaves in the annulus.

Thus Poincaré-Bendixson theorem implies that every leaf entering through S! x {0}
goes out through a point of S! x {1}. The map P# : S! x {0} — S! x {1}, which
associates an entrance point (x, 0) of a leaf in the annulus to its exit point at S x {1},
is called the holonomy of # .

Consider the universal cover R x [0, 1] — S! x [0, 1]; we denote by F the lift

—~—

of ¥ on R x [0, 1] and by P« the holonomy of #. Note that P is a lift of Pg.
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We will use the following classical and elementary results:
Proposition 2.12. Let ¥ .8 be C"-foliations, r > 0, on the annulus S* x [0, 1] so
that:
* The foliations ¥ and § are transverse to the boundary S' x {0, 1} and have no
compact leaves in the annulus;

» The foliations ¥ and § coincide in a neighborhood of the boundary St x {0,1};
» The foliations ¥ and § have same holonomy, that is P = Pg.

Then there is a CT diffeomorphism ¢ : S' x [0,1] — S! x [0, 1] which coincides
with the identity map in a neighborhood of the boundary S x {0, 1} and so that

¢(&) =7F.

If furthermore the lifted foliations F and § have same holonomies, that is &5; =
P , then @ is isotopic (relative to a neighborhood of the boundary) to the identity
map.

An important step for proving Proposition 2.12 is the next classical result that we

will also use several times:
Proposition 2.13 ([13, Lemma 4.2.5]). Let ¥ be a C" (r > 1) foliation on the
annulus S* x [0, 1, transverse to the boundary and without compact leaf. Then there
is a smooth surjection 6 : S x [0, 1] — [0, 1] mapping S* x {0} on 0 and S* x {1}
on 1 and so that ¥ is transverse to the fibers of 6.

As we did not find a reference for the precise statement of Proposition 2.12, we
explain its proof below.

Hint for the proof of Proposition 2.12. One first notices that the surjection € given
by Proposition 2.13 can be chosen so that 8(x,7) = ¢ for ¢ close to 0 or to 1.
Let us fix such surjections ¢ and g associated to ¥ and ¢ by Proposition 2.13.
We get amap ¢z : S! x [0,1] — S! x [0, 1] defined as

e (x.1) = (.05 (x,1)),

where (y,0) is the intersection of the leaf of # through (x,¢) with S! x {0}. We
define a map ¢g in the same way.

As F coincides with ¥ in a neighborhood of the boundary and ¥ ,§ have the
same holonomy map, and as A% coincides with g close to the boundary, one easily
checks that ¢# coincides with ¢g in a neighborhood of the boundary. Now the
announced map ¢ is just

0 =9z opr.
One easily checks that ¢ satisfies all the announced properties. O
A classical consequence of Proposition 2.13 is that a foliation on T# admitting a

complete transversal is conjugated to the suspension of the first return map on this
transversal.



Vol. 92 (2017) Transverse foliations and partially hyperbolic diffeomorphisms 523

3. Existence of a complete transversal for two transverse foliations
without parallel compact leaves

In this section, we consider two foliations ¥, § on the torus T2 which do not
have parallel compact leaves (see Definition 1.1). According to Proposition 2.5, the
foliations ¥ and ¥ have no Reeb component. In particular, ¥ and § are orientable.
By Theorem 2.6, for each of them, there exist complete transverse cross sections.
In this section, we prove that any two transverse foliations without parallel compact
leaves share a complete transverse cross section.

Proposition 3.1. If two C! foliations ¥ and § are transverse on T? and have no
parallel compact leaves, then there exists a smooth simple closed curve y which is a
complete transversal to both ¥ and §.

Proof. As noticed before the statement of Proposition 3.1, the foliations ¥ and §
have no Reeb component and therefore # and & are orientable. Thus there exist
two unit vector fields X, Y such that X and Y are tangent to the foliations ¥ and §
respectively.

Since X and Y are transverse, the vector field % X + % Y is transverse to both ¥
and ¥. Let Z be a smooth vector field C° close enough to % X + % Y so that Z is
non-singular and transverse to both foliations ¥ and . Furthermore, up to perform a
small perturbation, we can assume that Z admits a periodic orbit ¥ which is a simple
closed curve transverse to both ¥ and §.

According to Lemma 2.2, if ¥ is not a complete transversal of one of the
foliations F or &, this foliation admits a compact leaf homotopic to y. As ¥
and ¢ have no parallel compact leaves, this may happen to at most one of ¥ and §.
In other words, ¥ is a complete transversal for at least one of the foliations, thus we
assume that ¥ is a complete transversal for . If ¥ is a complete transversal for §,
we are done.

Thus we assume that it is not the case. Therefore Lemma 2.2 implies that § has
compact leaves which are in the homotopy class of . We denote by C, a compact
leaf of &, and we denote by L a segment of a leaf of ¥ with endpoints p,q on ¥ and
whose interior is disjoint from y; furthermore, if ¥ has a compact leaf, we choose L
contained in a compact leaf of #. We denote by ¢ C ¥ the (unique) non trivial
oriented segment so that

* 0o joins the final point g of L to its initial point p;
* the interior of o is disjoint from {p, ¢};

* the orientation of o coincides with the transverse orientation of the foliation &,
given by the vector field X directing ¥ .

Thus the concatenation y9 = L - o is a closed curve (which is simple unless p = ¢
in that case p = ¢ is the unique and non topologically transverse intersection point)
consisting of one leaf segment and one transverse segment to ¥ . A classical process
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allows us to smooth yp into a smooth curve y transverse to F (see Figure 3 for

the case p # ¢ and Figure 4 for the case p = ¢), and the choice of the oriented
segment o allows us to choose y transverse to ¥. Furthermore, we have that

* y cuts the compact leaf C, of § transversely and in exactly one point;

 if ¥ has compact leaves, then y cuts the compact leaf containing L transversely
and in exactly 1 point;

e yisaclosed simple curve (even in the case p = q).

Figure 3. In the first figure: the dash line is the transversal y; the dash and real arrows on the
circle pointing outside give the orientations of ¥ and ¥ respectively. The second and the third
figure show the good choice of curve and bad choice of curve respectively.

Figure 4. The dash line is the transversal y. The dash and real arrows on the circle pointing
outside give the orientations of ¥ and ¥ respectively.

Now y is a simple closed curve transverse to ¥ and has non-vanishing intersection
number with a compact leaf of &, and therefore y is not homotopic to the compact
leaves of §. Lemma 2.2 implies therefore that y is a complete transversal of §. The
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same argument show that, if ¥ has a compact leaf, then y is a complete transversal
of #. Finally, if ¥ has no compact leaves, any closed transversal is a complete
transversal, ending the proof. (]

4. Deformation of a foliation along its transverse foliation

For any C! foliation &, we will denote by &, the leaf of € through x. For any two
points x, y on a common leaf of &, we denote dg (x, y) as the distance between x, y
on the &-leaf.

Proposition 4.1. Let S = R x [0, 1] be a horizontal strip on R2. Assume that €, ¥
and § are C! foliations on S satisfying that

o the foliation § is transverse to ¥ and &, that is, € O § and ¥ th &
* the foliations &, ¥ and § are invariant under the map (r,s) — (r +1,s);
* the foliations & and F have the same holonomy map from R x {0} to R x {1},

e Each leaf of each foliation intersects the two boundary components of S
transversely.

Then there exists a continuous family {®; },c(0,1] of C* diffeomorphisms on R x [0, 1]
such that

. Do = Id;

.« 0,(6) =

. O,(8) MG, foreveryt €0, 1];

o &, commutes with the map (r,s) — (r + 1,s), foranyt € [0, 1],

o O, coincides with the identity map on R x {0, 1}, for any t € [0, 1].

If furthermore € and F coincide in a neighborhood of the boundary R x {0, 1}
of S then we can choose the family {®; };c[0,1) of diffeomorphisms so that there is a
neighborhood of R x {0, 1} on which the ®, coincides with the identity map, for any
t €[0,1].

Proof. By assumption, for each x € R x {0}, the leaf gx and the leaf f’x have the
same boundary.

Claim 4.2. Foreach y € gx, the leaf ‘gy intersects ?’x in a unique point.

Proof. Since 8 and .T are transverse to g one can prove that every leaf of g intersects
every leaf of 8 and F in at most one point. If y is an end point of Sx, it is also an
end point of ?’x, concluding. Consider now y in the interior of 8
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Recall that gy is a segment joining the two boundary components of S. Thus
S \5 has two connected components. Moreover each connected component of § \ﬁ

contains exactly one end point of 8 As IF has the same end points as SX, it
intersects ﬁ O

Now, we can define a map hg from § to itself. For each x € §, there exists

a unique leaf of F which has s the same boundary as Ex, by the claim above, 5;
intersects that unique leaf of ¥ in only one point and we denote it as hg(x) (see
Figure 5 below).

Figure 5. The light line, the dark line and dash line denote the leaves of g Eand ¥ respectively.

Since €, F and & are C!-foliations, hg is a C! map, and its inverse hg

obtained by reversing the roles of € and 7, proving that iz is a dlffeomorphlsm
Since each foliation is invariant under horizontal translation (r s) = (r +1,s), the
diffeomorphisms Az and h z commute with the map (r,s) = (r + 1,s).

Since x and hz(x) are on the same € leaf, the map d (x, hz(x)) is well defined
from S to R and one can check that it is a C' map which is invariant under the
translation (r,s) — (r + 1,s).

Now, for each 7 € [0, 1], we define P, (x) as the point, in the segment joining x
to hg(x) in the leaf &, so that

dg(x, Pr(x)) =t -d_(x. hg(x))
and dg(®(x). hg(x)) = (1 — 1) - d (x.hgz(x)).

Then, we have that &y = Id, &; = hg and ®, commutes with the horizontal

translation (r,s) +— (r + 1,s) and preserves each leaf of the foliation g. One
easily checks that ®; is of class C ! and depends continuously on ¢. Furthermore,
its derivative along the leaves of € does not vanish, so that ®; is a diffeomorphism
restricted to every leaf of g. As @, preserves every leaf of €, one deduces that P, (6’)
is transverse to € and &, is a diffeomorphismof S. Thus, {®; };¢[o,17 is the announced
continuous path of C'! diffeomorphisms of S. O

For any C! simple closed curve y on T2 whose homotopy class is non-trivial,
we can cut the torus along y to get a cylinder. The universal cover of the cylinder is
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a strip denoted by S, and diffeomorphic to R x [0, 1]. For any C! foliation & on T2
transverse to y, one denotes by € the lift of € on Sy.

Corollary 4.3. Let &, F and § be three C! foliations on T?. Assume that:

s EMNGand F N §;

o there exists a C! simple closed curve y such that

(1) the curve y is a complete transversal of the foliations &, ¥ and G

(2) the lifted foliations € and F have the same holonomy map defined from one
boundary component of S, to the other;

Then there exists a continuous family of C' diffeomorphisms {®;}ref0,17 C
Diff! (T 2) such that

e &y =1d;

e &,(€) MG, foreveryt €[0,1];

® @1(8) =,

Sketch of proof. If we just apply Proposition 4.1, one obtains a family of home-
omorphisms of T2 which are C! diffeomorphisms on the complement of y and
which coincide with the identity map on y and satisfy all the announced properties.
Thus the unique difficulty is the regularity along y. For that we check that the
construction in the proof of Proposition 4.1 can be done on the whole universal cover
of T? commuting with all the deck transformations, leading to diffeomorphisms
on T2, O

5. Deformation process for transverse foliations without parallel compact leaves:
proof of Theorem 1.2

5.1. Separating transverse foliations by two linear ones and proof of Theorem 1.2.

Theorem 5.1. Let ¥ and € be two transverse C foliations on T? without parallel
compact leaves. Then there are two affine foliations # and 4 on T? and a
diffeomorphism 6 : T? — T2 so that

e the foliations 0(F ), 0(§), J and J are pairwise transverse;

e there are local orientations of the foliations at any point p € T? so that

— 0(F) and 0(9) cut ¥ with the same orientation;
— 6(F) and 6(§) cut J with opposite orientations.

The two affine foliations J and J divide the tangent space 7, M at each point
p € T? into four quadrants, and Theorem 5.1 asserts that the tangent lines at p
of 6(¥) and 6(¥) are contained in different quadrants.

The proof of Theorem 5.1 is the aim of the whole section. Let us first deduce the
proof of Theorem 1.2
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Proof of Theorem 1.2. We consider two transverse C! foliations # and ¢ on T2
without parallel compact leaves, the diffeomorphism 6 and the affine foliations #
and 4 given by Theorem 5.1. Consider any vector u € R? and let T, be the affine
translation of T2 directed by u, that is 7,,(p) = p + u.

Claim 5.2. For any u € R?, the foliation T,,(6(F)) is transverse to 6(§)

Proof. The foliations J¢ and J are invariant by 7,,, and the quadrants defined by #
and J are preserved by T, so that T, (6(¥")) is still transverse to both 4 and 4 and its
tangent bundle is contained in the same quadrants as (¥ ), and therefore T, (0(F))
is not contained in the same quadrants as the tangent bundle of 6(%).

Thus T, (6(F)) is transverse to (&), concluding. O

Consider (m,n) € Z? = H,(T?,Z) and letu = (r, s) be the image of (m, n) by
the natural action of 6 on H;(T?, Z). Then the announced loop of diffeomorphisms
is {or = 07 'T1u0}ref0.13- Then ¢;(F) is transverse to § for every t € [0, 1],
o = ¢ = id_,, and the loop t + ¢(p) is in the homology class of (m,n) for
every p € T2, “ O

Therefore, it remains to prove Theorem 5.1. The proof is divided into two main
steps corresponding to the next subsections.

5.2. Separating transverse foliations by a circle bundle. In this section, consider
two transverse foliations ¥ and ¥ without parallel compact leaves. We first choose a
coordinate to make ¥ in a “‘good position”, then we apply Proposition 4.1 to deform ¥
in “good position”, keeping ¥ invariant.

By Lemma 3.1, there exists a smooth simple closed curve y which is a complete
transversal of ¥ and §. The aim of this section is to prove next result which can be
seen as the first step for proving Theorem 5.1.

Theorem 5.3. Let F and § be two transverse C ! foliations on T? and assume that
they share the same complete transversal y. Then there exists 6 € Diff' (T?2) such
that
. 6(y) = S' x {0};
* Both 6(F) and 6(8§) are transverse to the horizontal circle S’ x {t}, for any
t € SL
Up to now, ¥ and & are two transverse foliations on T2 which share the same
complete transversal y. In particular, ¥ is conjugated to the suspension of its
holonomy (first return map) on y. In other words, we can choose an appropriate
coordinate on T? = S! x S! such that:
s thecircle y = S! x {0} is a complete transversal for ¥ and §;
* the foliation § is everywhere transverse to the horizontal circles;

» the foliation & is vertical in a small neighborhood of S! x {0}.
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Under this coordinate, we cut the torus along ¥ and we get a cylinder S x [0, 1].
Thus T2 is obtained from S! x [0, 1] by identifying (x, 0) with (x, 1), for x € S.

Now, we take a universal cover of that cylinder, we get a strip § = R x [0, 1].
The foliations ¥ and & can be lifted as two foliations ¥ and & on S, respectively.
Moreover, § is everywhere transverse to the horizontal direction.

The proof of Theorem 5.3 has two steps: first we build a foliation & on T2
transverse to ¥ and to the horizontal foliation, so that & has the same holonomy as ¥ .
Then we push ¥ on & by a diffeomorphism preserving &, by using Proposition 4.1.
Thus the main step of the proof is:

Proposition 5.4. With the notations above, there exist € > 0 and a C! foliation &
transverse to § on T ? such that the foliation & induced by € on the strip S = Rx[0, 1]
satisfies:

* the foliation & is transverse to the horizontal direction;

e Forany x € R x {0}, we have that
Ex N (R x ([0,e]U[1—¢€,1])) = F N (R x ([0,€] U1 —e,1])).

Remark 5.5. The last item of Proposition 5.4 means that
* the foliations & and ¥ coincide in a neighborhood of y

* the holonomy maps from R x {0} to R x {1} associated to € and ¥ are the same.

Proof. We denote by
fig :Rx{0}— R x {1}

the C! holonomy maps of F and grespectively.

As F is transverse to &, we have that f(x) # g(x), forany x € R x{0}. Hence,
we can assume that f(x) > g(x) forany x € R x {0} (the other case is similar).

We denote by g; : R — R the holonomy of ¢ from R x {0} to R x {t}. In
particular, g is the identity map and g; = g. Our assumption that § is vertical close
to the boundary, implies that g, is the identity map for ¢ small enough and g; = g
for ¢ close to 1.

Let o : S — S be defined by (x, 1) — (g;(x),t). Then ¥ is a diffeomorphism
which commutes with the translation 7y @ (x,1) = (x + 1,1).

Consider the foliations %o = ¥ 1(G) and Fo = ¥ (). Now we have:

e 5 is the vertical foliation;

. 5‘::0 is a C! foliation transverse to the vertical foliation and transverse to the
boundary of S, and invariant by the translation 7. We denote by ¥y its quotient
on the annulus S! x [0, 1].

* every leaf of % goes from R x {0} to R x {1} so that the holonomy map 1 is well

defined and f° = g~ o f. Our assumption f(x) > g(x) means that f°(x) > x
for every x.
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As Fy is transverse to the boundary of S! x [0, 1], there is § > 0 so that 5*:0
is transverse to the horizontal foliation on R x [0,4] and on R x [I —§,1]. Thus
the holonomy f,° : R x {0} — R x {r} of the foliation %, is well defined for
t €[0,8] U[1—34,1] and satisfies:

* f%(x) > x fort > 0, and moreover f,%(x) < f,2(x) fort;,1, € [0,8] U [l —8,1]
and t; < 1.
0 ~
* The map (x,?) — fto(x) is C! and % > 0 (because Fy is transverse to the
vertical foliation).

Consider € > 0 so that:
g e < inlg {fLs(x) — f(x), for x € R},
XE

" 0
e < inf B—f’—t—({)- forx e Randt € [0,8] U [1 — 34, 1]}

With this choice of &, one can easily check the following inequalities.

Claim 5.6.
» Foranyt € [0,6] and x € R, one has

0 0
ﬂO(x) &= fl—&(x) + f8 (x) + (T _ 1)8, (51)
) 2
 Foranyt € [1 —§,1] and x € R, one has
0 0
f“‘g(x); fs ) + (t - %)e < ). (5.2)

Leta : [0,1] — [0, 1] be a smooth function so that:
* at) =1, for ¢ close to 0 and close to 1;

e a(t) =0,fort € [%, 1— %];

« 42 <0on[0,8]and 4* > Oon [l -4, 1].

For x € R and t € [0, 1], we define %, (x) as follows:
e Ift €[0,8]U[1—4,1], then

0 0
he(x) = 0) £2(x) + (1 - a(r))(f8 Bt , s(z . l));

e ift € [§,1 — 4], then

hi(x) =

f5 (x) +2f1°_5(X) +8(t 1).
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Claim 5.7. The map ¥ : (x.t) — (h(x),t) is well defined and is a C' diffeo-
morphism of S such that:

* Yy preserves the horizontal foliation and commutes with the translation T ;
. oh:(x)
at

> 0, forevery (x.t) € §S.

Proof. One easily checks that /; is continuous and of class C!. The formula gives
also that ¥; commutes with 77. Now

dhi(x) (Bf,; (x) 8f1°_s(x))>01f¢e[5 1— 8]
ox 2 0x dx |

and

3ha(x) e )3ft (x) (=) (af5 (x) Bfl(’_a(x))
X - ox
>0 ift ¢ [8,1—8].

This shows that /;, is a diffeomorphism of R for every r € [0, 1].
It remains to prove the last item of the claim. One can observe that:
dhy (x)
at

=¢e>0, ifte[6,1-7]

and if ¢ ¢ [§, 1 — &] the derivative ah‘ (x) is equal to:

do (t)

|
O(rpw-3(#w+ 2w +e(i-3))) a0 +a-awye
The last two terms of this sum are positive, as product of positive numbers.

For t € [0, 8], the first term is product of two negative numbers, as the derivative
of « is negative and (5.1) implies:

fto(x) = %(fao(x) + flo_a(x) + s(t — %)) <0.

Fort € [1—-4, 1], the first term is product of two positive numbers, as the derivative
of & is positive and (5.2) implies:

Sx) - %(fg“(X) + fls(x) + e(t - %)) > 0.

Thus % > 0 for every (x,1). O

Now the foliation J¢ defined as the image of the vertical foliation by v/, satisfies:

. J? is transverse to the horizontal foliation.
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» J¢ is transverse to the vertical foliation (that is, to §p).

* its holonomy from R x {0} to R x {t} is &;. In particular, it coincides with f; for
t so that «(t) = 1, that is, in the neighborhood of R x {0} and R x {1}.

* as a consequence of the previous item, the foliation J coincides with fo in the
neighborhood of R x {0} and R x {1}.

We can now finish the proof of Proposition 5.4: the announced foliation on the
strip S is & = Yo(J). This foliation is invariant under the translation 77, so it
passes to the quotient in a foliation & on the annulus S' x [0, 1]. As & coincides
with % in a neighborhood of the boundary of S, one gets that & coincides with &
on the boundary of the annulus, and therefore this foliation induces a C ! foliation,

still denoted by € on the torus T 2. O

Next remark ends the proof of Theorem 5.3:

Remark 5.8. According to Proposition 4.1, there is a continuous path of
diffeomorphisms {@; }se[0,1] of S so that:

* ¢, commutes with the translation 77 : (x,#) — (x + 1,1);
* (o is the identity map;
 for every s € [0, 1], the diffeomorphism ¢; coincides with the identity map in a
neighborhood of the boundary of §;
* @ (g) = § for every s§; in particular ¢ (?) is transverse to § for every s;
*p(F) =€
We now state a small variation of the statement of Theorem 5.3 which follows

(exactly as Theorem 5.3) from of Propositions 5.4 and 4.1, and that we will use in a
next section.

Lemma5.9. Let ¥ and § be two transverse C ' -foliations on the annulus S* x [0, 1].
Assume that

* G is transverse to every circle S* x {t};

o F is transverse to the boundary S* x {0, 1} and has no compact leafin S* x (0, 1).

Then there is a C' diffeomorphism 0 of S' x [0, 1] which coincides with the
identity map in a neighborhood of the boundary and which preserves every leaf of G,
so that O(F) is transverse to every circle S' x {t}.

5.3. Building the second linear foliation: end of the proof of Theorem 5.1.

Proposition 5.10. Let ¥ and § be two transverse C! foliations on T? without
parallel compact leaves. Assume that both ¥ and § are transverse to the horizontal
Sfoliation. We endow ¥ and § with orientations so that they cut the horizontal
foliation with the same orientation.
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Then there exists a smooth (C *) foliation & on T? such that:
e the circle S' x {0} is a complete transversal to &
* the holonomy map induced by & on y has a diophantine rotation number;

* the foliation & is transverse to the foliations ¥, § and to the horizontal direction.
We endow it with an orientation so that it cuts the horizontal foliation with the
same orientation as ¥ and §.

* the foliation & cuts ¥ and § with opposite orientations.

Proof. As already done before, we cut the torus along ST x {0}, getting an annulus,
and we denote by ¥ and § the lift of ¥ and ¥ on the strip R x [0, 1] which is
the universal cover of the annulus. We denote by f and g the holonomy maps
from R x {0} to R x {1} associated to the lifted foliations ¥ and &, respectively.
By transversality of ¥ with ¥, we have that either f(x) < g(x) for any x, or
f(x) > g(x) for any x. Without loss of generality, we assume that f(x) < g(x).
Let (/) and t(g) be the translation numbers of f and g.

Claim 5.11. z(f) # 1(g).

Proof. We prove it by contradiction. Assume that t(f) = 17(g), then (f) = 7(g)
is either rational or irrational. When they are irrational, since f(x) < g(x), by
Proposition 2.10, we have that 7(f) < 7(g), a contradiction. When they are both
rational, then there exist m,n € N such that 7(f) = 7(g) = ;.. Hence, there exist
two points xo, yo € R, such that

f™(x0) = xo +nand g" (yo) = yo + n,

which implies that there exist compact leaves of ¥ and § that are in the homotopy
class of (m, n), contradicting the non-parallel assumption. O

We endow ¥ and § with orientations such that they point inward the strip S
at R x {0} and point outward at R x {1}, and ¥ and § are endowed with the
corresponding orientations. Let X and Y be the unit vector fields tangent to ¥ and &
respectively, pointing to the orientation of the corresponding foliation, and XandY
be their lifts on S.

Claim 5.12. There are smooth vector fields U and V on T? so that

* at each point x € T2, the vertical coordinates of U(x) and V(x) are strictly
positive. In particular, U and V are transverse to the horizontal foliation. We
denote by U and V' the lifts of U and V on the strip S.

» let h and k be the holonomies ofﬁ and V, respectively, from R x {0} to R x {1}.
These holonomies commute with the translation Ty, and let T(h) and t(k) denote
their translation numbers. Then

t(f) = t(h) <t(k) = 1(g).
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Proof. Just consider a small enough ¢ > 0 and consider smooth vector fields U
and V arbitrarily C° close to X + ¢} and eX + Y, respectively. O

Now the vector fields U; = (1 —t)U + tV,t € [0, 1], are all transverse to both
foliations F, ¥ and to the horizontal foliation, and they cut ¥ and ¥ with opposite
orientations. We denote by (7, the lift~ of U; on the strip S. Let 7, denote the
translation number of the holonomy of U; from R x {0} to R x {1}. According to
Proposition 2.9, the map ¢ — 1; is a continuous monotonous function joining (/)
to t(k). As t(h) < t(k), there is t € (0, 1) for which t; is an irrational diophantine
number, ending the proof. O

We end the proof of Theorem 5.1 by noticing that Theorem 2.11 implies

Lemma 5.13. Let & be a smooth foliation on T? transverse to the horizontal foliation
and so that its holonomy on S!' x {0} is a diffeomorphism with an irrational
diophantine rotation number. Then there is a diffeomorphism 6 of T? which
preserves each horizontal circle S' x {t}, for any t € S, and satisfies that 6(8) is
an affine foliation.

6. Deformation process of parallel case and proof of Theorem 1.3

We dedicate this whole section to give the proof of Theorem 1.3. We state a definition
which is only used in this section.

Definition 6.1. Given a C! foliation & on the annulus [0, 1] x ST = [0,1] x R/Z
without compact leaves such that & is transverse to the vertical circle {t} x S!, for
any ¢t € [0, 1]. The leaves of such a foliation & are called

— not increasing (re§g. not decreasing), if the lifted foliation gon [0, 1] x R satisfies
that every leaf of & is not increasing (resp. not decreasing);

— non-degenerate increasing (resp. non-degenerate decreasing), if the lifted folia-
tion & on [0, 1] x R satisfies that every leaf of & is strictly increasing (resp. strictly
decreasing) and transverse to the horizontal foliation {[0, 1] x {}};eRr.

6.1. Normal form for two transverse foliations with parallel compact leaves and
proof of Theorem 1.3. The aim of this section is the proof of Theorem 1.3. The
main step for this proof is the following result which puts any pair of transverse C'!
foliations in a canonical position.

Theorem 6.2. Let ¥ and § be two transverse C ! foliations on T? admitting parallel
compact leaves. Then there are an integer k, a set of points {t;}iecz/kz in S which
are cyclically ordered on S*, and a diffeomorphism 0 : T? — T? so that

* the foliations 6(F) and 6(§) are transverse to {t;} x S, foranyi € Z/kZ,
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» foreachi € 7./ kZ, the restrictions of the foliations 6 (¥ ) and 6(§) to the annulus
C; = [ti.ti+1) x S satisfy one of the six possibilities below

(1) 6(F) coincides with the horizontal foliation on C; and 6(§) admits compact
leaves in C;;

(2) 6(9) coincides with the horizontal foliation on C; and 6(F") admits compact
leaves in C;;

(3) the foliations 6(F ) and 6(§) are transverse to the vertical foliation on C;.
Furthermore, every leaf of 8(F) (resp. of 0(§)) on C; is non-degenerate
increasing (resp. not increasing);

(4) the foliations 6(F ) and 6(§) are transverse to the vertical foliation on C;.
Furthermore, every leaf of 0(F) (resp. of 6(§)) on C; is not increasing
(resp. non-degenerate increasing),

(5) the foliations 6(F ) and 0(§) are transverse to the vertical foliation on C;.
Furthermore, every leaf of 0(F) (resp. of 0(§)) on C; is non-degenerate
decreasing (resp. not decreasing);

(6) the foliations 6(F) and 0(§) are transverse to the vertical foliation on C;.
Furthermore, every leaf of 6(F) (resp. of 6(§)) on C; is not decreasing
(resp. non-degenerate decreasing).

The proof of Theorem 6.2 will be done in the next subsections. We start below
by ending the proof of Theorem 1.3.

Proof of Theorem 1.3. Let ¥ and § be two C! foliations of T2 admitting parallel
compact leaves, and let & € 71 (T?) be the homotopy class of the compact leaves
of ¥ and §. Letk > 0, {#;}iez/kz and 0 be the integer, the elements of S! and the
diffeomorphism given by Theorem 6.2, respectively.

One easily checks that there is at least one annulus of the type (1) or (2). As a
consequence, the compact leaves of §(F) are isotopic to the vertical circle {0} x S!.

Consider any vertical vector (0,¢), for t € R, and let V; be the vertical translation
defined by (r,s) +— (r,t + s). Then V; preserves each annulus C;. Now one can
check, on each annulus C;, that V;(6(F)) is transverse to 6(§).

Consider now B € («), so that B = na for some n € Z. Then the announced
loop of diffeomorphisms is {6~! o Vi 0 O},¢00.1]- d

6.2. First decomposition in annuli. By Theorem 2.7, the sets of compact leaves
of ¥ and § are all compact sets. We denote the unions of compact leaves of ¥ and §
as Kr and K¢ respectively. Note that every compact leaf of ¥ is disjoint from any
compact leaf of §, because they are in the same homotopy class, and by assumption,
F and ¢ are transverse. Thus K¢ and K are disjoint compact sets.

The aim of this section is to prove Proposition 6.3 below which is an important
step for proving Theorem 6.2.
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Proposition 6.3. Let ¥ and § be two transverse C ' -foliations on T? having parallel
compact leaves. Then there are ko and a family { B; }icz/ak,z of annuli so that

e each B; is an annulus diffeomorphic to [0, 1] x S and embedded in T? whose
boundary is transverse to both foliations ¥ and §.

* B; is disjoint from B if j ¢ {i —1,i,i + 1}, and B; N Bj4+, consists in a
common connected component of the boundaries 0B; and 0B; 1. In particular,
the interiors of these B; are pairwise disjoint;

* each annulus By 11 is disjoint from the compact leaves of ¥ and of G, that is

Byj+1 N (KF U Kg) = 0;

* each annulus By4; contains compact leaves of ¥ and is disjoint from the compact
leaves of G ;

e each annulus Baj+7 contains compact leaves of § and is disjoint from the compact
leaves of ¥ .

We say that a compact set C is a F -annulus (resp. a §-annulus) if we have the
following:

— the compact set C is diffeomorphic to either S! or S! x [0, 1];
— the compact set C is disjoint from K¢ (resp. of Kr);
— the boundary of C consists of compact leaves of ¥ (resp. of ).

We say that two compact leaves Li, L, of ¥ (resp. of §) are Kg-homotopic
(resp. K p-homotopic) if Ly U L, bounds a ¥ -annulus (resp. a §-annulus).

Remark 6.4. * The union of two non-disjoint ¥ -annuli is a ¥ -annulus.

* two compact leaves of F are Kg-homotopic if and only if they are contained in
the same ¥ -annulus.

* there is § > 0 so that any two compact leaves of F passing through points x, y
with d(x, y) < § are Kg-homotopic.

As a direct consequence of Remark 6.4, one gets

Lemma 6.5. (1) The relation of Kg-homotopy (resp. of K p-homotopy) is an equiv-
alence relation on K (resp. of Kg).

(2) there are finitely many Kg-homotopy classes (resp. K g-homotopy classes).

(3) There are k € N \ {0} and pairwise disjoint compact sets {A; }iez/2k7 , SO that

o Ay;is a ¥ -annulus and A3+ is a §-annulus.

* For each Kg-homotopy class (resp. K r-homotopy class) of compact leaves
of ¥ (resp. of §), there is a (unique) i so that the class is precisely the set of
compact leaves of ¥ (resp. of §) contained in Ay; (resp. in Aziy1).



Vol. 92 (2017) Transverse foliations and partially hyperbolic diffeomorphisms 537

* these{A;}arecyclically orderedin the following meaning: foranyi € 7./2kZ,
the set T2\ (A;_1 U A; 1) consists precisely of two disjoint open annuli such
that one of them contains A; and is disjoint from A; for j # 1.

Proof. The set {A;} is defined as the set of the unions of all the ¥ -annuli containing
compact leaves of ¥ in a given Kg homotopy class and the unions of all the ¥-annuli
containing compact leaves of ¥ in a given Kr homotopy class. Then {A;} bound a
family of disjoint compact annuli (or circles) whose boundary are non-null homotopic
simple curves on T2. Thus these curves are in the same homotopy class and the
annuli are cyclically ordered on T2. Thus, up to reorder the annuli, we assume that
the order is compatible with the cyclic order. Finally if A; is a ¥ annulus then A4; 4+,
cannot be a # -annulus, otherwise there would exist a ¥ -annulus containing both A;
and A; 41, contradicting to the maximality of A;. O

The annuli A,; and A,;4+q will be called the maximal ¥ -annuli and maximal
G -annuli, respectively.

Lemma 6.6. With the hypotheses and terminology above, each maximal ¥ -annulus
(resp. maximal §-annulus) A admits a base of neighborhoods { By }nen which are
diffeomorphic to [0, 1] x S! and whose boundaries are transverse to both ¥ and §.

Proof. Assume for instance that A is a maximal ¥ -annulus. Its boundary consists
of compact leaves of ¥, and in particular is transverse to ¥. Furthermore any
neighborhood V' of A contains an annulus U which is a neighborhood of A and
satisfies that U \ A is disjoint from Kr and Kg. Now each connected component
of U \ A contains an embedded circle which consists in exactly one segment of leaf
of ¥ and one segment of leaf of §. Exactly as in Section 3, we get a simple closed
curve transverse to both ¥ and § by smoothing such a curve.

One gets the announced annulus by considering such a transverse curve to both F
and g in each connected component of U \ A. O

Proof of Proposition 6.3. The announced annuli B4; and B4; 4 are pairwise disjoint
neighborhoods of the maximal ¥ -annuli and maximal §-annuli, respectively, given
by Lemma 6.6. Each annulus B»; 41 is given by the closure of a connected component

of Tz \ Ui (B4l' U B4,‘+2). D

6.3. In the neighborhoods of the maximal ¥ annuli. The aim of this section is
to prove the following Proposition which implies that, in the neighborhoods of the

maximal ¥ and §-annuli, one can put ¥ and ¥ in the position announced by
Theorem 6.2.

Proposition 6.7. Let ¥ and § be two transverse foliations on T? having parallel
compact leaves. Let {Bj}cz akz be the annuli, which are built in Proposition 6.3
and whose boundaries are transverse to both ¥ and G, and As; (resp. A4i+2) be the
maximal ¥ -annuli (resp. G -annuli) contained in By; (resp. in Byj o), fori € 7./ kZ.
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Then there exists 6 € Diff' (T 2) such that for every j € Z./4kZ, one has

1
6(B;) = [4’—}(.—’4/( ]xSlz

and for everyi € Z/kZ, one has:

* the foliation 6(§) coincides with the hortzontalfoltanon {[5—;(— i ] X {t}}resl
on B(B4;) = [2;( 4’“] x S1;
* there are :—,’( < a4;i < by < 42;;1 such that 0(Asi) = [aai.bai] X Sl In

particular, {as;} x S and {bs;} x S! are compact leaves of 0(F);
e the foliation 6(F) is transverse to the vertical circle {r} x S, for any r €
[4_;' a4i) U (bai 4i+1]
4k “ai 4 Tak I
and similarly:
* the foliation 6 (¥ ) coincides with the horizontal foliation {[*5£2, #:2] x {1}} res!
on 0(Baj+s) = [4x+2_ 4z+3] % S

* thereare 4;}{;2 k SO that@(A4;+7_) [a4,-+2, b4,‘+2] 5 Bl

In particular, {a4,+2} x S! and {bsi+2} x S are compact leaves of 0(§);

s the foliation 6(§) is transverse to the vertical circle {r} x S, for any r €
[4: 2 ) U (bai 4i+3]
ak 4i42 4i+2s gk I*
Proposition 6.7 is a straightforward consequence of Lemma 6.8 below:

Lemma 6.8. Let ¥ and § be two transverse C ' -foliations of the annulus [0, 1] x S!

so that the boundary {0, 1} x S is transverse to both ¥ and §. Assume that § has

no compact leaves (in (0, 1) x S') and ¥ admits compact leaves in (0, 1) x S!.
Then there exists 6 € Diff' ([0, 1] x S!) so that

(1) the foliation 6(§) is the horizontal foliation {[0, 1] x {t}},es1.

(2) there are 0 <a < b < 1 so that {a} x S' and {b} x S' are compact leaves of
O(F) and every compact leaf of 0(F ) is contained in [a, b] x S!;

(3) the foliation O(F) is transverse to the vertical circle {r} x S! forr ¢ [a, b].
The proof of Lemma 6.8 uses the Lemma 6.9 below.

Lemma 6.9. For any continuous function ¢ : [0,1] — [0, +00) such that ¢ > 0
on (0,1), and any interval (c,d) C (0,1) C S, there exists § € Diff°(R x S1)
such that

* the diffeomorphism 6 coincides with the identity map out of [0,1] x S1;
* 6([0, 1] x {y}) =[0.1] x {y};

* DO(Z) =2 +alx.p)E:

* a(x,y) >0, forany (x,y) € (0,1) x (c,d);

« a(x,y) > —@(x), forany (x,y) € (0,1) x S’
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Proof. We fix ¢ < d and take a point e € (d, 1). We take

0(x,y) = (x +ax)B(),y)

where @ : R — [0, +00) and B : ST — [0, 1] are smooth functions so that
* «a(x) is defined on R and equals to zero in (—oo, 0] U [1, +00);

* 0 <a(x) < @(x)inthe set (0, 1) and @ = 0 out of [0, 1] (the existence of such a
function is not hard to check);

* the derivative o’(x) is everywhere strictly larger than —1;
* B(y) is equal to zero in the set [0, c] U [e, 1];

« the derivative B’(y) is strictly positive for y € (c,d);

« the derivative B’(y) is larger than —1 everywhere.

With this choice, one gets that the restriction of 6 to any horizontal line has a
non-vanishing derivative, hence is a diffeomorphism. One deduces that 6 is a
diffeomorphism of [0, 1] x S!. Furthermore, the function a(x, y) in the statement is
a(x)-B’(y) which is strictly positive on (0, 1) x (c, d) and larger than —c¢(x) > —¢(x)
for x € (0, 1), concluding the proof. O

Remark 6.10. In the proof of Lemma 6.9, if we define 6, by

6 (x.y) = (x + ta(x)B(y).y). foranys € [0, 1],

one gets a continuous family of diffeomorphisms for the C°° topology so that 6
is the identity map and every 6;, t # 0, satisfies the conclusion of Lemma 6.9. In
particular, in Lemma 6.9 one may choose 6 arbitrarily C *° close to identity.

Proof of Lemma 6.8. As§ is transverse to the boundary and has no compact leaves in
[0.1] x S!, then as a simple corollary of Proposition 2.12 one gets that, up to consider
the images of ¥ and § by a diffeomorphism of the annulus, we may assume that §
is the horizontal foliation and that there are compact leaves {a} x S! and {b} x S!,
0 < a < b < 1, so that the compact leaves of F are contained in [a,b] x S'. In
other words, we may assume that items (1) and (2) are already satisfied. It remains
to get item (3), that is, to get the transversality of ¥ with the vertical fibers out of
[a.b] x S!.

We first show:

Claim 6.11. There is a C! foliation K defined in a neighborhood of the compact
leaf {a} x S so that

* the leaves of J are transverse to the horizontal foliation §;

 {a} x S'is a compact leaf of ¥,
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* the holonomies h and f on the transversal [0, 1] x {0} for the foliations J and ¥
are equal;

* the foliation J is transverse to the vertical circle {r} x S, forr < a.

Proof. We fix 0 < € < 1/2 and a function « : [0, 1] — [0, 1] so that « = 0 in [0, €],
a=1lin[l —¢ 1]anda'(s) > Ofors € (¢,1 —¢).

Consider the foliation #y, defined in a neighborhood of the compact leaf {a} xS :
whose holonomy map 4; : [0, 1] x {0} — [0, 1] x {s}, for any s € S!, is defined by
r—oas)f(r)+ (1 —a(s))r, where f :[0,1] x {0} — [0, 1] x {0} is the holonomy
map of F .

As F has no compact leaves on [0,a) x S!, one gets that f(r) # r for every
r < a. Thus, by the choice of o, we have that:

» J is transverse to the horizontal foliation everywhere;

* Jy is transverse to the vertical foliation at each point (r,s) with r < @ and
s € (e, 1—e);

* J is vertical for s in the interval [0,&] U [l — ¢, 1] = [—&,¢] C R/Z = S,

We fix an interval [e, f] C S! disjoint from [—¢, ]. The foliation #, is directed
by vectors of the form a% + 8(r, s)%, where the function § is continuous and non-
vanishing on [0,a) x [e, f]. We define ¢(r) = infse[e, £7 |8(r. 5)|. By the absolute
continuity of &, the map ¢ is continuous and positive for r < a. The map ¢ is only
defined on a small neighborhood of a, and we extend it to [0,a] as a continuous
function which is positive on (0, a).

Applying Lemma 6.9 to ¢ and to an interval (¢, d) containing [—e¢, €] and disjoint
from [e, f], one gets a smooth diffeomorphism 6y of [0,a] x S!, preserving each
horizontal leaf, such that 8y (%) is transverse to the vertical foliation on [0,a) x S,
concluding the proof of the claim. O

The foliation J defined by the claim in a neighborhood of {a} x S!, is conjugated
to ¥ by a diffeomorphism preserving the compact leaf {a} x S! and every horizontal
segment [0, 1] x {s}. We can do the same in a neighborhood of the compact leaf
{b} x S1.

Thus there is a diffeomorphism 6; of [0, 1] x S! preserving the leaves {a} xS! and
{h} x ST and preserving every horizontal segment [0, 1] x {s}, and there is € > 0 so
that 6 (¥) is transverse to the vertical circles on [a —¢&,a) x S' and on (b, b +&] x S!.

For concluding the proof, it remains to put the foliation ¥ transverse to the vertical
circles on the annuli [0,a — €] x S! and [b + €, 1] x S!. On each of these annuli, we
have that

* § is a foliation transverse to the circle bundle;
« ¥ istransverse everywhere to §;

* Both ¥ and § are transverse to the boundary and have no compact leaf.
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Thus applying Lemma 5.9 to these annuli, one gets diffeomorphisms which preserve
each leaf of ¥ and equal to the identity map on the boundary, such that these
diffeomorphisms send F on a foliation transverse to the circle bundle, concluding
the proof. O

Let us add a statement that we will not use, but it is obtained by a slight
modification of the proof of Lemma 6.8:

Corollary 6.12. Let ¥ and § be two transverse C  -foliations of the annulus [0, 1] xS
which are both transverse to the boundary. We assume that § has no compact leaves
in the interior of the annulus. Then there is a diffeomorphism 8 of the annulus so
that 6(§) is the horizontal foliation {[0, 1] x {s}};cg1 and 0(F) satisfies the following
properties:

» every compact leaf of 6(F) is a vertical circle,
* every non compact leaf of 6(F) is transverse to the vertical circles.

Furthermore, 0 has the same regularity as ¥ and '§. Finally, if § is already the
horizontal foliation, then 6 can be chosen preserving every leaf of § and equal to the
identity map in a neighborhood of the boundary of the annulus.

Proof. The unique change is that, in the last part of the proof, we will need to use
Lemma 6.9 in any connected component of the complement of the compact leaves
of ¥, that is, countably many times. For that we uses Remark 6.10 for choosing these
diffeomorphisms arbitrarily C *°-close to identity. O

6.4. Between two maximal ¥ and §-annuli. The aim of this section is to end the
proof of Theorem 6.2 and therefore to end the proof of Theorem 1.3. We consider
two transverse C ! foliations %, § on T? with parallel compact leaves.

According to Propositions 6.3 and 6.7, there is a diffeomorphism 6, of the torus T2
so that, up to replace ¥ and § by 6p(F ) and 6y(¥), there is an integer k > 0 for
which # and § satisfy the following properties

* both foliations ¥ and § are transverse to every vertical circle {ﬁ} x St for any
Jj € Z/4kZ;

* both foliations F and & have no compact leaves on the vertical annuli
241 21221 ST forany i € Z/2kZ;

* the foliation ¥ coincides with the horizontal foliation on each vertical annulus
[g—;{, 4?{,:‘] x S!, foranyi € Z/kZ;

* there are 51 < as; < bai < 42% such that

— {a4;} x St and {b4;} x S! are compact leaves of F;

— every compact leaf of F in [%, 4—5{;—1] x S is contained in [a4;, bai] X ST;

— ¥ is transverse to the vertical circles on ([ 5. a4i) U (ba;, #H1]) x S1;
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* the foliation F coincides with the horizontal foliation on each vertical annulus

[££2, 483 x S, forany i € Z/kZ;

* there are % < agi+2 < bgi+r < %2‘—3 such that
— {asis2} x St and {bgi+2} x S! are compact leaves of §;

— every compact leaf of & in [4£2, #£3] x S is contained in

[@4i42.bait2] x ST

— ¢ is transverse to the vertical circles on ([ﬁ—zz,a4;+2) U (bajsa, 42—;;3]) x ST,

Figure 6. In each figure, the real lines denote the leaves of ¥; and the dash lines denote the
leaves of §;.

The following Proposition ends the proof of Theorem 6.2:

Proposition 6.13. With the hypotheses and notations above, for any i € Z/2kZ,
there is a diffeomorphism 8; of T? supported on (bai,asis2) x St such that for the
restrictions F; of 6; (F) and §; of 6; (§) to [bz2i, azi+2] x S!, we have the followings:

* the leaves of both F; and §; are transverse to every vertical circle {r} x S!, for
any r € [bai, azi42];
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* the leaves of ¥; and §; satisfy one of the four possibilities below:

(1) the leaves of ¥i (resp. of §;) are not decreasing (resp. non-degenerate
decreasing) on [bai, bi'l';Z;“] x S and are non-degenerate increasing

b2i+;2f+2,a2i+2] x S1.

(2) the leaves of ¥; (resp. of §i) are not increasing (resp. non-degenerate
increasing) on [bz,-. bzﬁ#] x S! and are non-degenerate decreasing

. by; i
(resp. not decreasing) on [—2’4—%3,(12;4.2] x St;

(resp. not increasing) on [

(3) the leaves of §; (resp. of ¥;) are not decreasing (resp. non-degenerate
. bo; ; ; ,
decreasing) on [bai, 2’—"}";35'—%] x S and are non-degenerate increasing
bait+aziion
T2 a5i42] x S

(4) the leaves of §; (resp. of ¥i) are not increasing (resp. non-degenerate
bzi+azf+2] % S!
2

(resp. not increasing) on [

increasing) on [ba;, and are non-degenerate decreasing

; bori+an;
(resp. not decreasing) on [2—22'—"i a25+2] x St

We start by using Proposition 6.13 to end the proof of Theorem 6.2.

Proof of Theorem 6.2. Let {6;}icz/2kz be the sequence of diffeomorphisms on
annuli, which are given by Proposition 6.13. We take four sets of points {d4; }icz/kZ.

{cai+2tiez/kz: {dai+a}iez/kz and {cai+a}icz/kz on ST such that

. bsi + asi+2
bai < d4i < T < Cait2 <d4it2;
. bai+2 + asgi+1)
baiv2 < dait+2 < > < Ca(i+1) < A4i+1);

* The set {c4i+2.Cai+4.d4i+2.dait+2}iez/kz is disjoint from the union of the
supports of all {0¢}¢ez/2k2.-

s daj Cai+2 dai 2

l/. ,/I I/. ./I
1 B

byitasiy2 byi1a+ag;
asi  bai Sl Aaiv+z  baiqp 2L

Figure 7. The thick segment denotes the support of some 6.

We choose the annuli {C;} jez /617 as follows

» each annulus Cg; is the vertical annulus [c4;. da;i] X S!: notice that it contains
[a4i, bai] x St in its interior;

* each annulus Ceg; 4 is the vertical annulus [d4;. %(b“ +agit+2)] x St

 each annulus Cg; 4> is the vertical annulus [%(b‘u + agi+2). Caita] X S1;
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 each annulus Cg;4+3 is the vertical annulus [cgi+2,d4i+2] X S containing
[4i12.bsisn] x St in its interior;

» each annulus Cg;+4 is the vertical annulus [d4;+2, %(b4,-+2 + asi+1))] X si.

» each annulus Cg; +5 is the vertical annulus [%(b4,-+2 +agi+1))s cag+n) xSt O

It remains to prove Proposition 6.13.
Lemma 6.14. Let ¥ and § be two transverse foliations on [0, 1] x S so that:
« {0} x S is a compact leaf of F ;
e {1} x S is a compact leaf of §;
* F and § have no compact leaves in (0,1) x S!;

* there is a neighborhood Uy = [0, g0] x S of {0} x S on which & coincides with
the horizontal foliation and ¥ is transverse to the vertical circles;

e there is a neighborhood Uy = [I — &g, 1] of {1} x S! on which ¥ coincides with
the horizontal foliation and G is transverse to the vertical circles.

Then for any 0 < & < &g the holonomies of ¥ and § from £y, = {e} x S!
to £y = {1 — &} x S are well defined. Consider the lifts ¥ and § of ¥ and § on

the universal cover [0, 1] x R. The holonomies [, and g of;(": and gfrom {e} x R
to {1 — &} x R are well defined. Then for any ¢ > 0 small enough one has:

(fe(x) —x)-(ge(x) —x) <0, foreveryx € R.

Proof. On Ug \ {0} x S, the foliation ¥ is transverse to the horizontal segments
and to the vertical circles. Therefore its leaves are either non-degenerate increasing
or non-degenerate decreasing curves. Let us assume that they are non-degenerate
increasing (the other case is similar).

Notice that, on [gg, 1 — g9] x S!, the foliations ¥ and § are transverse to the
boundary and are transverse to each other. We orient ¥ and § from {go} x S! to
{1—go}xS!. As ¥ isincreasing along {go} x S! and horizontal along {1 —gg} x S1,
and as ¢ is horizontal along {g¢} xS!, one gets that § is decreasing along {1—¢g¢}xS!.
Thus the leaves of ¢ are decreasing curves on U; \ {1} x S1,

Let us denote by

feo i {e} xR — {eo} xR,

Sre :{l —eo} xR — {1 —e} xR,
and geo - {e} xR — {go} x R,

gre:{l—e}xR—>{l—-¢}xR

the holonomies of ¥ and & on the corresponding transversals. We consider them as
diffeomorphisms of R (that is we forget the horizontal coordinate).
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Then g. 0 = f1.¢ are equal to the identity map as they are horizontal foliations in
the corresponding regions.

Thus one gets that

fe= fso © fs,O and g; = g1,¢ © Zeo-
Now Lemma 6.14 follows directly from the following claim:

Claim 6.15. f;o(x) — x and g1,(x) — x converge uniformly to +0o and —o0,
respectively, as ¢ tends to Q.

The claim follows directly from the fact that the leaves of F (resp. §) are non-
degenerate increasing (resp. non-degenerate decreasing) curves asymptotic to the

vertical line {0} xR (resp. {1} xR) according to the negative orientation (resp. positive
orientation). O

One ends the proof of Proposition 6.13 by proving:

Lemma 6.16. Let F and § be two transverse C ! foliations on the annulus [0,1] x S!
which are transverse to the boundary and do not have any compact leaf in the interior.
We denote by ¥ and § the lifts of ¥ and § t0 [0, 1] x R. Under that hypotheses, the
holonomies of ¥ and § from {0} x R to {1} x R are well defined and we denote them

as f and g, respectively (and we consider them as diffeomorphisms of R). Assume
that:

— the foliation '§ (resp. ¥ ) coincides with the horizontal foliation on a neighborhood
of {0} x S! (resp. {1} x S1);

— forevery x € R, one has f(x) > x and g(x) < x.

Then there is a diffeomorphism 0 of [0,1] x S, equal to the identity map on a
neighborhood of the boundary, and isotopic to the identity relative to the boundary,
and so that (denoting by ¥9 and 8y the lifts of 0(F) and 0(§) to [0, 1] x R):

* the leaves of 0(F ) and of 6(§) are transverse to the vertical circles;
* the leaves ¥y are non-degenerate increasing on |0, %] x R and are not decreasing

on [%‘ 1] x R,

* the leaves of §g are not increasing on [0, %] x R and are non-degenerate decreasing
on[3.1] xR.

Sketch of proof. We just need to choose a pair of transverse C ! foliations F and &y
so that, denoting by ¥y and § their lifts on [0, 1] x R, one has:

* Fo and & are transverse to the vertical foliation;

* Fp and G coincide with # and & in a neighborhood of the boundary;

« the holonomies of % and %o from {0} x Rto {1} x R are f and g, respectively;
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* the leaves % are non-degenerate increasing on [0, %] x R and are not decreasing
on [% 1] x R;

* the leaves of & are not increasing on [0, %] x R and are non-degenerate decreasing
on[3,1] x R.

The fact that we can choose such a pair of foliations is similar to the proof of
Proposition 5.4.

Then the pair (¥, %) is conjugated to (Fp, o) by a unique diffeomorphism equal
to the identity map in a neighborhood of the boundary. The lift 6 on [0,1] x R of
the announced diffeomorphism 6 is built as follows: consider a point p € [0, 1] x R
and let g (p) and gg (p) be the intersections with {0} x R of the leaves ¥, and §,
through p. The transversality of F and § implies that g, (p) is below qg (p) and
f(g-(p))isover g(q.(p)). As 570 and ﬁo have the same holonomies as % and &,
one gets that the leaves of 3’70 and of ‘90 through ¢, (p) and g, (p) have a unique
intersection point that we denote by 9( p). O

7. Dehn twists, transverse foliations and partially hyperbolic diffeomorphisms

The aim of this section is to give the proof of Proposition 1.8 and of Theorem B.

7.1. Transverse foliations on 3-manifolds and the proof of Proposition 1.8. Let M
be a closed 3-manifold and ¥ and § be transverse codimension one foliations of
class C! on M. Thus ¥ and § intersect each other along a C! foliation & of
dimension 1. We assume that there is a torus 7" embedded in M such that & is
transverse to 7', and we denote by #7 and &7 the 1-dimensional C I foliations on T
obtained by intersecting 7" with ¥ and &, respectively.

There is a collar neighborhood U of 7 and an orientation preserving
diffeomorphism 6 : U — T x [0, 1] inducing the identity map from 7 to 7" x {0},
so that (&) is the trivial foliation {{p} x [0, 1]} per. Then 6(F) and 6(¥) are the
product foliations of F7 x [0, 1] and ¥7 x [0, 1], respectively (meaning that their
leaves are the product by [0, 1] of the leaves of 7 and g7, respectively).

Let u be an element of Gg,. g, C m(T). By definition of G, g,, there is a
loop {¢r}ref0,1] of C! diffeomorphisms of 7" so that g9 = ¢, is the identity map,
@ (Fr) is transverse to §7 and for any p € T, the loop {¢;(p)}e[0,1) belongs to the
homotopy class of u.

We consider the diffeomorphism @ on 7" x [0, 1] defined by (p. 1) = (@a()(P). 1),
where « : [0, 1] — [0, 1] is a smooth function equal to 0 in a neighborhood of 0 and
to 1 in a neighborhood of 1. Then @ is a Dehn twist directed by u and ® is the
identity map in a neighborhood of the boundary of 7" x [0, 1].
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Consider ®(Fr x [0, 1]). It is a foliation transverse to any torus 7' x {t} and it
induces @y ) (F7) on T x {t}. Therefore it is transverse to §7.

This proves that ®(F7 x [0, 1]) is transverse to the foliation §7 x [0, 1].

Now the announced Dehn twist on M directed by u is the diffeomorphism ¥ with
support in U and whose restriction to U is 87! o @ o §. By construction, ¥ (F) is
transverse to &, ending the proof.

7.2. Anosov flows, Dehn twists and partially hyperbolic diffeomorphisms. Let X
be a non-transitive Anosov vector field of class at least C? on a closed 3-manifold M
and we denote by X; the flow generated by X. According to Proposition 1.9, any
family of transverse tori on which X has no return, are contained in a regular level
of a smooth Lyapunov function.

Let L(x) : M — R be a smooth Lyapunov function of the flow X;, and let ¢ be a
regular value of L. Thus each connected component of L~!(c) is a torus transverse
to X.

LetTy,.... Ti be the disjoint transverse tori such that

Uk T = L7(c).

Considertheset M™ = L™ !(c, +o0)and M4 = L~ (—o0,c). Then M” and M*
are two disjoint open subsets of M and share the same boundary Uf;l T;. Since L(x)
is strictly decreasing along the positive orbits of the points in the wandering domain,
one gets that M and M are attracting and repelling regions of the vector field X .
We denote by » and R, respectively, the maximal invariant sets of X in M¢ and M".
Thus A is a hyperbolic (not necessarily transitive) attractor and R is a hyperbolic
(not necessarily transitive) repeller for X.

By [15, Corollary 4], the center stable foliation ¥§° and center unstable
foliation ¥ ¢ of the Anosov flow X, are C! foliations. Foreachi = 1,....k, we
denote by F;* and F the C! foliation induced by #5* and F$* on T; respectively.

As X hasnoreturnon | J; 7;, the sets { X;(71) }rer. - . . . {X: (Tk) }ser are pairwise
disjoint embeddings of 7; x R into M. As a consequence, for any integer N, the
sets {X:(T1)}iefo,N]: - - -+ A X1 (Tk) }tefo,nv) are pairwise disjoint and diffeomorphic
to T2 x [0, N].

For each i, we define the diffeomorphism

Vi, N X (Ti)}eeo,n) = Ti x [0, 1]

by (X¢(p)) = (p.t/N),forany p € T; and t € [0, N]. Thus Dy; y(X) = %a% is
tangent to the vertical segment {p} x [0, 1], for any p € T;.

We fix a smooth function «(s) : [0, 1] = [0, 1] such that «(s) is a non-decreasing
function on [0, 1], equals to 0 in a small neighborhood of 0 and equals to 1 in a
small neighborhood of 1. For each i, the group G; = Gy‘is’yiu is the subgroup

of 1 (T?) associated to the pair of transverse foliations (¥, F*) by Definition 1.5.
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Given an element u; € G;, let {g, };¢[0,1] be the loop in Diff! (T;) associated to u; by
Theorem A.
Consider the map ®; : 7; x [0, 1] + T; x [0, 1] defined as

(x,5) = (@y ) (X).5).

Hence, the map ¥; y = wiTJ}J o ®; o Y; y is a Dehn twist directed by u;. Notice
that W; y can be C!-smoothly extended on the whole manifold M to be the identity
map outside X, (7;).

The main part of Theorem B is directly implied by the following theorem:
Theorem 7.1. With the notations above, when N is chosen large enough, the
diffeomorphism Wy y o ---o Wy y o Xy is absolute partially hyperbolic.

Proof. We denote
Uy =Yg no--oWN.

Then Wy o Xy coincides with Xy on the attracting region M4, Thus 4
is the maximal invariant set of Wy o Xy in M? and is an absolute partially
hyperbolic attractor. Furthermore the center stable bundle and the strong stable
bundle on A admit unique continuous and (W o Xy )-invariant extensions Ej,f
and E?,, respectively, on M“ which coincide with the tangent bundles of the center
stable and strong stable foliations F¢* and ¥y of the vector field X.

In the same way, (¥x o Xx)~! coincides with X_y on the repelling region M".
Thus R is still an absolute partially hyperbolic repeller of Wy o Xy and its center
unstable and strong unstable bundles admit unique continuous and (Wy o Xpy)-
invariant extensions E'CR“ and Eg{ on M" which coincide with, respectively, the
tangent bundles of F¢" and .

Notice that the center unstable and strong unstable bundles E% and E%, of the
repeller R for ¥ o X extend in a unique way on M \ A, just by pushing by the
dynamics of Wy o Xy .

Thus the bundles EZ', E%, EY and E¥ coincide with the tangent bundles of
the foliations Wy (Fg"), Wy (F¥), F§', and Fy respectively, on the fundamental
domain _J; Xjo,n1(T})-

One can easily check the following classical result:

Lemma 7.2. Wy o Xy is absolute partially hyperbolic if and only if
Uy (Fy) M Fy* and YN (Fx") h Fy.

Notice that {X;(T1)}ier,....{X:(Tx)}:er are pairwise disjoint, the same
argument of Lemma 6.2 in [4] gives the following:

Lemma 7.3. With the notation above, we have that for eachi = 1,... ,k,

Jim V() = {F (s} and  lim Yy (FR) = {F} x ds)

uniformly in the C'-topology.
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As a consequence of Lemma 7.3, when N is chosen large, foreachi = 1,...,k,
we have that

; (YN (Fx) M FF x [0,1] and @ (yin (Fx')) h F x [0, 1].
Now Theorem 7.1 follows directly from Lemma 7.2. O

Now, we end the proof of Theorem B by proving that the (absolute) partially
hyperbolic diffeomorphism f = Wy o Xy is robustly dynamically coherent and
plaque expansive. We denote by E ;» the center bundle of f.

Recall that f coincides with X on the repelling region X_n(M") and on the
attracting region M “. Just as Lemma 9.1 in [4], we have that:

Lemma 7.4. There exists a constant C > 1 such that for any unit vector v € E<, we
have the following:

1
C <||Df"(v)| <C, foranyintegern € Z.

As a consequence of Lemma 7.4, we have that f is Lyapunov stable and Lyapunov
unstable in the directions Ej,s and E?“ respectively.

To show the dynamically coherent and plaque expansive properties, we follow the
same argument in [4, Theorem 9.4]:

— According to [17, Theorem 7.5], f is dynamically coherent, and center stable
foliation 'WJC,S and center unstable foliation"W}“ are plaque expansive;

— By [16], the center stable foliation "W;‘" and center unstable foliation "W}“ are
structurally stable, proving that f is robustly dynamically coherent.
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