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An explicit cycle map for the motivic cohomology
of real varieties

Pedro F. dos Santos* Robert M. Hardt** James D. Lewis and Paulo Lima-Filho

Abstract. We provide a direct construction of a cycle map in the level of representing complexes
from the motivic cohomology of real (or complex) varieties to the appropriate ordinary
cohomology theory. For complex varieties, this is simply integral Betti cohomology, whereas
for real varieties the recipient theory is the bigraded Gal(C /R)-equivariant cohomology [19].
Using the finite analytic correspondences from [7] we provide a sheaf-theoretic approach to
ordinary equivariant RO(G)-graded cohomology for any finite group G. In particular, this
gives a complex of sheaves Z(p)., on a suitable equivariant site of real analytic manifolds-with-
corner whose construction closely parallels that of the Voevodsky’s motivic complexes Z (p) .-
Our cycle map is induced by the change of sites functor that assigns to a real variety X its
analytic space X (C) together with the complex conjugation involution.

Mathematics Subject Classification (2010). 14C15; 55N91, 14P15, 32C30, 49Q15.

Keywords. Ordinary equivariant cohomology, motivic cohomology, cycle map, finite analytic
currents, real varieties.

1. Introduction

The motivic cohomology of a smooth algebraic variety X over a perfect field F,
as defined by V. Voevodsky in [26], is the hypercohomology of certain motivic
complexes Z(p) m|, of Zariski sheaves on X.

In order to construct the motivic complexes, Voevodsky introduces the caregory
of finite correspondences, whose objects are the smooth schemes over F, and the
morphisms between X and Y are certain algebraic cycles in X x ¥ whose components
are finite over X. We give a succinct description of this category and the construction
of the motivic complexes in Section 5. For a thorough account of this theory we refer
the reader to [21].

The aim of this article is to provide a direct construction of a cycle map
from the motivic cohomology of real (or complex) varieties to the appropriate

*The first author was partially supported by FCT/Portugal through Project PTDC/MAT-
GEO/0675/2012.
**The second author was partially supported in by NSF DMS1207702.
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ordinary cohomology theory. In the case of complex varieties, this is simply Betti
(singular) cohomology with Z-coefficients, whereas in the case of real varieties
the natural counterpart is the bigraded Gal(C /R )-equivariant cohomology [8,9,19].
A conceptual explanation from the point of view of A!-homotopy theory for the
naturality of this equivariant cohomology theory as the target of the cycle map is
found in [6]. This article provides an alternative and direct explanation from a
sheaf-theoretic point of view.

Following an approach parallel to Voevodsky’s we introduced in [7] the category
of finite analytic correspondences, whose objects are real analytic manifolds-with-
corner and whose morphisms are described in terms of certain subanalytic chains
in the product of two such manifolds. The benefit of using real analytic manifolds
and subanalytic currents lies in the existence of a suitable intersection and slicing
theory, developed in this context in [13] and [14]. These constructions are recalled
in Section 2 below.

In Section 3.2 we recall the definition and basic properties of RO(G)-graded
ordinary equivariant cohomology, introduced in [19]. This is a cohomology theory
indexed by the ring of orthogonal representations of the group G, which plays a similar
role in equivariant topology to the one played by singular cohomology in the non-
equivariant context. In particular, these theories coincide when the group is trivial.
Denoting by 1 the trivial irreducible representation, one gets a natural inclusion
Z = 7Z-1 C RO(G), and the groups that are indexed by trivial representations
coincide with the classical Bredon cohomology, introduced in [3] and [4].

We are mainly interested in the case where G = G := Gal(C/R). Here one has
RO(S) = Z-1®Z-§&, where £ is the sign representation of Gal(C /R). In this case
we adopt the motivic notation Hg)* (M :Z) := H((;"—p)l"'p'S (M ;Z) and denote the
complex Z(V)g associated to V' = p - & simply by Z(p),. This notation matches
Voevodsky’s notation for motivic cohomology and these equivariant cohomology
groups give additional information about the 2-torsion component of the motivic
cohomology of real varieties. The bigraded equivariant ring structure for smooth
proper curves is computed in [9] and for smooth projective quadrics in [8]. The
results are quite close to calculations of motivic cohomology in [22] and [27].

For a fixed finite group G our approach is the following. Given an orthogonal
representation V' of G, we use finite analytic correspondences to construct in
Section 3.2 a complex of abelian sheaves Z (V') on a suitable equivariant site of real
analytic manifolds-with-corner.

Our first main result is the following.

Theorem 3.9. Let X be an oriented real analytic G-manifold. Then, for any finite
dimensional G -representation V', with dim V' = v, one has natural isomorphisms

H" (Xeq. Z(V)@lx) = Hg ™" (X: D),

between the hypercohomology of X with coefficients in Z(V)&|x and the
G -equivariant cohomology of X with Z coefficients, in the direction of V.
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In Section 5, we take advantage of the fact that the construction of the complexes
Z(V)§ closely resembles Voevodsky’s constructions to provide a very natural
description of the cycle map at the level of representing complexes. In a nutshell,
given a finite correspondence I' € Cor(X,Y), where X and Y are smooth real
varieties, the corresponding complex algebraic cycle I'(C) — with the analytic
topology — gives a real analytic current I'(C) which becomes a finite analytic
correspondence in 42 (X(C), Y(C ))S. This natural construction yields our next
main result.

Theorem 5.7. Given a smooth real variety X, one has a map of complexes of Zariski
sheaves cx : Z(p)m|x —> Rm+Z(p)gr x(c) induced by w : X(C)eq = Xzar (5.2)
and natural in X. This map induces natural bigraded ring homomorphisms

cx : Hy (X, Z(e)) — Hy*(X:Z),

from motivic cohomology to ordinary RO(S)-graded equivariant cohomology.

We must point out that all the constructions done here, in the case of the trivial
group G = {e} yield a complex of sheaves Z(p)p calculating singular cohomology
with coefficients in Z(p) = (2xi)?Z C C. The same construction provides a cycle
map from the motivic cohomology to the singular cohomology of complex varieties,
satisfying the properties described in the theorem above.

Using this approach to equivariant ordinary cohomology, we present two basic
examples. In Section 3.4 we directly construct the well-known isomorphism

Hy?P (L) 2 2° ®z - Qz L™ = 7%,

—

p-times

for all p > 1. Later, in Section 5.3 we use this example to provide a natural ring
homomorphism p : KM (F) :—> @p>0HLP(F:2) = @psoHEYT (X(C); 2),
from the Milnor K-theory ring of a number field F to the “diagonal” part of ordinary
equivariant cohomology of X(C), where X := Spec (F ®g R). This map descends
to an isomorphism between KM (F)/2KM (F) and @ ;50 HE? (F: Z). Tt is worth
mentioning that the Milnor K-theory ring of a field F is precisely the diagonal part of
the motivic cohomology of Spec(F), that is, KM (F) =~ Dp>0 Hf; (Spec(F), Z(p)).
In order to prove the main results, particularly Theorem 3.9, we need to endeavor
in sheaf-theoretic considerations of independent interest, similar to the discussions
in [21] related to complexes of sheaves with homotopy-invariant cohomology
presheaves. The main steps to prove Theorem 3.9 are summarized as follows.

(i) The sheaf a associated to a homotopy-invariant presheaf  is also homotopy-
invariant.

(ii) The previous step along with standard spectral sequences arguments imply
that for all r € Z the presheaf X +— H”" (Xeq;aﬂ’]}) is homotopy-invariant,
when #* is a complex of presheaves with homotopy-invariant cohomology
presheaves.



432 P. F. dos Santos, R. M. Hardt, J. D. Lewis and P. Lima-Filho CMH

(iii) We show that Cech hypercohomology on G-Man, coincides with sheaf
hypercohomology, and prove a Grothendieck-like theorem establishing an
isomorphism between the Cech hypercohomology of an equivariant good cover
and the usual hypercohomology groups.

In order to keep the exposition as self-contained as possible, we provide the proofs
of these technical results in an appendix, where we briefly discuss G-Man,, as a
site with enough points and the resulting canonical Godement resolutions of abelian
sheaves on G-Man,,.

Acknowledgements. The authors would like to thank the referee for the valuable
suggestions and corrections.

2. Finite analytic correspondences

In this section we review the main properties of the category of finite analytic
correspondences Mang1 introduced in [7]. The constructions take place in the
category Man,, of oriented real-analytic manifolds and real-analytic maps.

2.1. The category of finite analytic correspondences. Let J}(OC(M ) be the group
of k-dimensional locally integral currents on an m-dimensional oriented smooth
manifold M [11, 4.1.24] and, for k > 1, let 8 : 4;°(M) — 42 (M) denote the
boundary map, adjoint to the exterior derivative of differential forms. For k = 0, a
(locally) integral O-current is simply a (locally) finite sum of point masses.

If X is an oriented real analytic manifold, a k-dimensional locally integral cur-
rent 7 in X is called a k-dimensional subanalytic chain if spt(T') is contained in some
k-dimensional subanalytic set and spt(d7") is contained in some (k — 1)-dimensional
subanalytic set in case k > 1.

[t follows that T is a locally finite sum of chains corresponding to integration over
certain k-dimensional oriented subanalytic strata of some subanalytic stratification
of X and, for k > 1, 9T similarly comes from (k — 1)-dimensional strata of this
stratification; see [14, p. 64].

Notation 2.1. If X is a real analytic manifold, we denote by 47’ (X) C J}(OC(X) the
group of k-dimensional subanalytic chains on X.

Definition 2.2. A finite analytic correspondence T between oriented real analytic
manifolds X and Y, of dimensions m and n, respectively, isacurrent 7" € J;, (X xY')
satisfying the following conditions:

(rac.1) T is aclosed current (i.e. 07 = 0).

(rac.2) If mx : X X Y — X denotes the natural projection, its restriction x| (1)
to the support of 7" is a proper map.
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(rac.3) There is d > 0 so that for each x € X, one has #{rr;(l (x)Nspt(T)} < d.

Denote the abelian group of such correspondences between X and Y by 42 (X.Y).
Example 2.3. (i) Let f : X — Y be areal analytic map and let Iy C X x Y
denote its graph, oriented so that the projection on X is an orientation-preserving
diffeomorphism. The current [I]] € 41¢(X x Y) represented by integration over I’y

is a finite analytic correspondence.

(ii) Let X(C) and Y(C) be the complex analytic spaces associated to smooth
complex algebraic varieties X and Y, oriented by a choice of +/—I, and
let ' C X xY be a finite correspondence from X to Y in the sense of [21], and
assume that X is irreducible. It follows from [2, Exposé XII, Props. 2.4 and 3.2]
that I'(C) C X(C) x Y(C) is a closed irreducible analytic subvariety which is finite
and surjective over X(C). In particular, I'(C) represents an element [I'(C)] in
J2(X(C). Y(C)). See [16, Thm. 3.1.1].

We need a slightly extended version of the notions introduced above to include
oriented real analytic manifolds-with-corner [15]. Given two such manifolds X
and Y, we let J2(X,Y) be the group consisting of those T € J1*(X x Y) for
which one can find embeddings X C X and Y C Y as closed submanifolds-with-
corner of oriented real-analytic manifolds XandY satisfying dim X = dim X and
dimY = dim ?, together with F e Jf‘l.‘;()?, ?) whose restriction ?\.(X xY)to XxY
(see [11, 4.1.7]) is equal to 7. Note that if T € J{ (X, Y) with X and ¥ manifolds-
with-corner, then 7" is not necessarily closed. From now on, the objects of Man,,
will include all oriented real analytic manifolds-with-corner, and the morphisms are
analytic maps.

Itis useful to think of the elements in ¢ (X, Y') as multivalued maps from X to Y.
Actually, one can associate to a finite analytic current 7 € 4 (X, Y') a continuous
map from X into the group of integral O-currents in Y, using the slicing techniques
introduced in [10]. In general terms, given a smooth map f : M — N between
smooth manifolds and a current 7' of dimension k on M, the slicing of currents —
under appropriate conditions — produces for almost all y € N a current (7, f, y) of

dimension k — dim(/N ) on M called the slice of T over y.
Proposition 2.4 ([7, Prop. 2.5]). Let X,Y € Man, have dimensions m and n,
respectively. Denote by Jo(Y) the group of integral O-currents in Y with the flat
norm topology. Given T € J¢ (X.,Y) the following holds:

(i) Theslice (T, mx, x) existsforall x € X and is a O-dimensional integral current
inX xY.

(ii) The function fr : X — Jo(Y) sending x € X to nyy((T,mx,x)) is
continuous (where my 4 denotes the push-forward of currents, i.e. adjoint to the
pull-back of forms).

Let X, Y, and Z be oriented real analytic manifolds-with-corner of dimen-
sions m, n, and k, and use [X] to denote the current defined by integration on X
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(with the given orientation). Here, for sets or chains in the product space X x Y x Z,
it will be convenient to abuse notation by identifying a corresponding chain or set
under the standard identifications of X x ¥ x Z with the (X x Y) x Z or with
X x (Y x Z). For example, if T is a correspondence from Y to Z, we will use,
in X x Y x Z, the notation [X] x T as an abbreviation for the chain 14([X] x T),
where 1(x,(y,2)) = (x,y,2) for (x,(y,2)) € X x (Y x Z).

Proposition 2.5. Forany analytic correspondences S € i (X,Y)andT € d2(Y, Z),
the following statements hold:

(1) The intersection current (S x [Z]) N ([X] x T) existsin X x Y x X.

(2) Let p = pxz : X xY x Z — X x Z be the projection . Then the restriction
of p to the support of (S x [Z]) N ([X] x T) is proper.

(3) Thecurrent T oS := py[(Sx[Z]) N ([X] x T)] liesin (X, Z), and is called
the composition of T and S.

Proof. First we need an easy remark about dimensions of subanalytic sets.

If f : M — N is an analytic map and A is a nonempty subanalytic subset of M
such that AN f~Yy} is finite for all y € f(A), then dim A = dim f(A).

In fact, A admits a locally finite partition M into analytic strata S so that f|g
is an immersion and dimS = dim f(S). Hence, dimA = maxgesy dimS =
maxgepn dim f(S) = dim f(A).

For the finite correspondences S from X to Y and 7" from Y to Z, we see that,
for each x € X, there are only finitely many y € Y with (x, y) € spt(T") and, for
each y € Y, only finitely many z € Z with (y, z) € spt(S). Thus, for each x € X,
there are only finitely many points (x, y,z) € (spt(X) x Z) N (X x spt(T)). We
may now apply the above remark to the projection onto X to see that

dim [(spt(X) x Z) N (X x spt(T))] = dim X = m.

Note that S x[[Z] is an (m+k )-dimensional subanalytic chain with spt(Sx[Z]) =
spt(S)xZ and (S x[Z]) = (3S)%[Z]+ (—1)"Sxd[Z] = 0+Oand that [X|x T
is an (m + n)-dimensional subanalytic chain with spt([X] x 7)) = X x spt(T') and
A([X]xT)=0.

Thus the two chains S x [Z] and [ X ] x T have supports intersecting in the correct
dimension (m + k) + (m +n) — (m + n + k) = m, which establishes the existence
of the intersection current in conclusion (1); see [14, §4.5].

For the properness in conclusion (2), assume that K is a compact subset of X x Z
and denote by gy : X xZ — X,qy:YxZ—>Y,px : X xY — X, and
py : X x Y — Y the evident projections. It follows that gx (K) is a compact subset
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of X and, since § € J{(X,Y) is a finite correspondence the intersection A :=
p}l (gx (K)) N spt(S) is a compact subset of X x Y. Therefore, py (A) is a compact
subset of Y and the previous argument shows that B := q;l(py (A)) N sptT is a
compact subset of Y x Z. It is clear that spt(S x [Z]) Nspt([X] x T) N p~1(K) is
a closed subset of (A x Z) N (gx(K) x B) C gx(K) x B and the latter is compact.

For conclusion (3) we now readily see that the push-forward current p[(S x [Z])
N([X] x T)] is a subanalytic chain with zero boundary because dps = pyd. Itis a
finite analytic correspondence from X to Z because, as we saw above, the projection
of its support onto X is a finite to one map. O
Proposition 2.6. With manifolds X, Y, Z and currents Se I (X, Y )and Te (Y. Z)
as in Proposition 2.5, suppose that W is an {-dimensional oriented real analytic
manifold-with-corner, and R € 42 (W, X). Then

fin
To(SoR)=(ToS)oR.

Proof. We use the formula [13, Th. 5.8(11)] to “lift” and apply the associativity of
the intersection product of chains that intersect suitably, as in [13, Th. 5.8(7)].
Specifically for the projection pwxz of W x X xY x Z onto W x X x Z and
any subanalytic cycle Q in W x X x Y x Z that intersects R x [Y] x [Z] suitably,
pwxz,Q intersects R x [Z] suitably, and [13, Th. 5.8(11)] gives the formula

(R X HZ]]) N pwxz,0 = PWXZ#[(R X HY]] X [[Z]]) N Q]

Using the projections pwy : WxX xZ - WxXand pyxz : X XY xZ - X xZ
and this formula, we now derive that

(ToS)oR
= pwx,[(Rx [Z]) N ([W] = (T = 5))]
= pwx.[(R < [Z]) N ([W] x pxz,[(S x [Z]) n ([X] x T)])]
= pwx,[(R x [Z]) N pwxz, ([W] x [(S x [Z]) n ([X] x T)])]
= pwx,[(R x [Z]) N pwxz, (W] x $ x [2]) N ([W] = [X] x T))]
= pwx,pwxz,[(R x [Y] x [Z]) n ((IW] x § x [Z]) n ([W] x [X] x T))]
= pwx, [((Rx[Y]x[Z])n (W] x S x [Z]) n (W] x [X] x T))], (%)

where pwy, is the projection W x X x Y x Zto W x X.
By a similar argument we derive the formula

To(SoR)
= pwz,[(Rx [Y] x [Z]) n (W] x S x [Z])) n (W] x [X] x T)]. (%)
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Arguing as in the proof of Proposition 2.5, we see that for each w € W, there are
only finitely many points (w, x,y,z) € W x X x Y x Z so that (w, x) € spt(R),
(x,y) €spt(S), and (v, z) € spt(T). Thus,

dim [(spt(R) x ¥ x Z) N (W x spt(S) x Z) N (W x X x spt(T))] = ¢,
which is the correct intersection dimension
CE+n+hk)+l+m+k)+Ul+m+n)—2(6+m+n—+k).

Thus the three chains R x [Y] x [Z], [W] x S x [Z], and [W] x [X] x T intersect
suitably, and the associative law [13, Th. 5.8(7)] implies that (x) = (x%), and the
proposition follows. O

Definition 2.7. Let Man" be the category with oriented real analytic manifolds-with-
corner as objects and ¢ (X, Y') as the morphisms between X and Y.
It follows from Propositions 2.5 and 2.6 that one has a faithful embedding
jin : Man,, < Man!", (2.1
which is the identity on objects and sends an analytic map f : X — Y to the current
defined by its graph [I¥] € 42(X,Y).

2.2, The category of equivariant analytic correspondences. We now work in the
equivariant category G-Man, whose objects are oriented real analytic manifolds-
with-corner with a finite group G acting by analytic automorphisms (not necessarily
orientation-preserving), and whose morphisms are the equivariant analytic maps.
There is an induced action of G on J£ (X, Y') which, as in the non-equivariant case,
leads to the definition of the category of equivariant finite analytic correspondences
G-Man™ having analytic G-manifolds-with-corner as objects and J& (X, Y)¢ as

morphisms between X and Y [7, Definition 4.2].

Remark 2.8. It is easy to check that the assignment J{ (X,Y) — Map(X, Jo(Y))
described in Proposition 2.4(ii) is equivariant. In particular, if 7 € 42 (X, Y )
then fr is an equivariant map, that is f7 € Map(X, Jo(¥))€.

2.3. Homology of finite analytic chains. The topological simplex
n
Al = {(zo....,z,,) eR™ Yt =lands; 2 0,i = 0,...,n} 2.2)
i=0

is an oriented analytic manifold-with-corner that we endow with the trivial G-action,
for any finite group G. This gives a canonical cosimplicial object A* = {&" | n > 0}
in the categories Man,,, Mangf, G-Man,, and G-Mang‘.
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Any X € Man!" yields a simplicial object 4 (4%, X) whose resulting chain
complex (with differentials given by the alternating sum of the simplicial face
maps) is denoted J2 (4%, X). It follows from Proposition 2.4 that one obtains
a map of complexes s : 4 (&%, X) — Sing,(Jo(X)), where Sing,(do(X)) =
Homr,, (4", Jo(X)). This map will be used to compare the resulting homology
theories. Furthermore, the equivariance of the slicing map implies that in the
equivariant context s is a map of complexes of G-modules. In particular, for each
subgroup H C G, it maps 42 (4*, X)# into Sing, (do(X)).

fin

Theorem 2.9. Let X be a compact oriented analytic manifold. The map
s P (&, X) = Sing, (Jo(X))

is a quasi-isomorphism, i.e. it gives an isomorphism in homology. More generally,
if G is a finite group acting on X by analytic automorphisms and acting trivially
on &*, then for each subgroup K C G the map s : & (&*, X)X — Sing, (Jo(X)X)
is a quasi-isomorphism.

Proof. The proof follows from the same arguments found in [7, Th. 3.1]. O

Remark 2.10. For each subgroup K C G, standard arguments yield an isomorphism
between the homology groups H,(Sing,(do(X)X)) and the homotopy groups
7e(do(X)X).  The equivariant version of the Dold-Thom theorem in [18]
and Theorem 2.9 yield a natural isomorphism between Ho(J2 (4%, X)%) and
the G-equivariant Bredon homology HC (X;Z) with coefficients in the Mackey
functor Z.

3. Equivariant analytic presheaves with transfer and ordinary cohomology

For a fixed finite group G we introduce the notion of G-analytic presheaves with
transfers on G-Man,. When G is the trivial group this specializes to the analytic
presheaves with transfers. Our constructions run in parallel with the development
of motivic cohomology in [21]. In particular, we define complexes of sheaves on
G -Man,, that are the topological counterpart to Voevodsky’s motivic complexes.

3.1. Equivariant analytic presheaves with transfers.

Definition 3.1 ([7]). Anequivariant analytic presheaf with transfers is a contravariant
functor ¥ : (G-Man!")® — Ab. We denote by G-PST® the category of equivariant
analytic presheaves with transfers and natural transformations.
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Example 3.2. Any object X € G-Man,,, represents an equivariant analytic presheaf
with transfers Z{ X € G-PST® given by

Z®X : (G-Man["P —s Ab
U—s 42U, X)®.

Given a pointed object (X, x) in G-Man,,, consising of X € G-Man,, and x € X,
define Z (X, x) € G-PST® as the cokernel of the map Z = Z¥x — Z¥ X. Since

r

the map x — X splits, there is a natural splitting Z X = Z & Z (X, x).

Example 3.3. Consider X € G-Man,,. The G-topological group 4¢(X ) described in
Proposition 2.4 naturally represents an abelian presheaf ngX on G-Top defined by
U +— G-Top(U, Jo(X)). If x € XC we set Jo(X,x) = JoX/do(x) and ZE (X.x) :
U~ G-Top(U,do(X,x)). In [7, Lem. 4.6] it is shown that these presheaves on
G-Top extend to presheaves with transfers Z§*X and Z$* (X, x) on G-PST®.

Given an arbitrary equivariant presheaf with transfers ¥ € G-PST®, let
A, ¥ € G-PST® (3.1)

denote the functor that sends U € G-Mang1 to &,F (U) := F (U x &"). Using the
functoriality of ¥ one can easily verify that the collection & ,F := {4, F | n > 0}
becomes a simplicial equivariant analytic presheaf with transfers, and we denote
by 4 . ¥ the associated chain complex whose differentials d,, are the alternating sum
of the face maps. Denote by &% the complex of G-PST“’s (negatively graded)
associated to & F . In other words, &"F = A _, F with the differential

d": A"F — A"t ¥ defined by d"(a) = (=1)"d_,,. (3.2)

Definition 3.4. Endow the category G-Man, with the Grothendieck topology
generated by the pre-topology where an equivariant covering family of U € G-Man,,
is a collection {f; : U; — U}ier of open embeddings in G-Man, satisfying
U = ;e fi(Ui). Denote by Cov(U) the set of coverings of U and recall that
the following holds:

(T1) For {U; — U} in Cov(U), and a morphism V' — U in G-Man,,, all fiber
products U; xy V exist and {U; xy V — V}isin Cov(V).

(T2) Given {U; — U} in Cov(U), and a family {V;; — U;} € Cov(U;), for all
i € I, the family {V;; — U} obtained by composition also belongs to Cov(U).

(T3) If ¢ : U" — U is an isomorphism in G-Man,, then {¢ : U’ — U} is in
Cov(U).



Vol. 92 (2017) Cycle map for the motivic cohomology of real varieties 439

Let (G-Many,),, denote the equivariant analytic site, consisting of the category
G-Man,, endowed with this topology.

(a) Given X € G-Man,, denote by X., the small equivariant site of X where the
objects are the G-invariant open subsets of X and the coverings are as above.

(b) Given areal linear representation V' of G of dimension v, let its representation
sphere SV be the one-point compactification V U {oc}. Using Examples 3.2 and 3.3,
define two complexes in G-PST®:

ZWV)S = (A*Z3*(SV 00)) [-v] and Z(V)E := (A*Z&(S”, 00)) [-v].
By definition,
ZOV)8T (U) := {&* 22 (Y. 00)} T (U) = Z8(S", 00) (U x 4" /)
and the differential
dj : 2V (U) > Z(M)ET T (U)

is dC{; (@) = (=1)7Y(=1)""/dy—; = (=1)/d,—; by definition of shifted complexes
and (3.2), where

dy_j : Z2(S".00)(U x A7) — Z2(SY.00)(U x &’/ 1)

is the simplicial differential. These complexes should respectively be seen as
topological and differential-geometric G-equivariant analogues of Voevodsky’s vth
motivic complex in the category of smooth schemes over C.

(c) For X in G-Man,, denote by Z(V)tgpb( and Z(V)&|x the complexes
of abelian sheaves on X, obtained as the sheafification of Z(V)gs" and Z(V),
respectively, restricted to the small equivariant site of X .

Notation 3.5. Given a site €, denote by € and € the categories of presheaves and
sheaves of Sets on €, respectively. Similarly, denote by € g and € g the categories
of presheaves and sheaves of R-modules on €, for a given ring R.

Definition 3.6. An equivariant analytic presheaf with transfer ¥ is homotopy
invariant if for each U € G-Man,, the projection 7 : U x [ — U, where I = [0, 1]
is the unit interval induces an isomorphism 7* : ¥ (U) — F (U x I).

Proposition 3.7. If ¥ is an equivariant analytic presheaf with transfers then the

complex A*F has homotopy-invariant cohomology presheaves. In other words,
givenn > 0 let J~" (A" F) be the G-PST?

kerd : F(U x &") — F(U x 4" 1)

H(AF) U : .
Imd : F(U x A"t = F(U x a")

Then J¢~" (A&* F) is homotopy invariant, for all n > 0.
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Proof. This follows exactly as in [21, Lect. 2]: define 6; : A"t! — A" x Al by
sending the vertex v; to v; x {0}, for j < i, and to v;j_; x {1} otherwise. Then
sn = Y_; F(ly x 6;) is a chain homotopy from i to i, where iy : X — X x A!
is the inclusion x — (x,). By [21, Lemma 2.16] it follows that J " (&% %) is
homotopy invariant. b

The notions of homotopy-invariant presheaves with transfer and complexes of
presheaves with transfer having homotopy-invariant cohomology sheaves play an
important role in the development of motivic cohomology. As we shall see in the
following self-contained discussion, this is an equally relevant notion in our context.

Asin [21, Lect. 2], one can introduce arbitrary colimits and limits (objectwise) in
G-PST®. Forexample, define the smash product of pointed real analytic G-manifolds
(X1.x1)...., (Xn,xn) by

Zg (X1 AN Xp)

—Coker{EBZ (X1 X - X {x;} X oo X Xp) > ZO (X1 X --- X Xp)b. (3.3)

In particular, given p > 1, define ZZ (AP X) := ZP(X A+ A X).

Remark 3.8. In some cases the topological space X; A--- A X, admits a real analytic
G-manifold structure, such as the case of representation spheres in Definition 3.4. To
avoid confusion we do not use X; A --- A X, to denote a real analytic G-manifold.

3.2. Ordinary equivariant cohomology and Z(V)¢. The paper [19] introduces
a generalization of Bredon’s G-equivariant cohomology groups, called ordinary
RO(G)-graded equivariant cohomology. As explained in [19] the appropriate
coefficients for this theory are Mackey functors over G. For our purposes the
Mackey functor that plays the role of the integers in singular cohomology is the
Mackey functor constant with value Z, denoted Z (see for example [7]). For a based
G-space X the reduced ordinary RO(G)-graded cohomology with Z coefficients
assigns to each orthogonal G-representation V' an abelian group H V(X Z) together
with suspension isomorphisms in the direction of arbitrary representations:

o¥ : HE(X:Z) — BEYY (SY A X3 2),

where SW = W U {oo} is the representation sphere of W. As usual, there is an
unreduced theory defined by HV(X Z) = HG(X+ Z), with X4 := X U {+}.
The functors X — H V(X Z) are contravariant in X and satisfy expected
properties such as invariance under equivariant homotopy equivalences, existence
of long exact sequences for pairs and sending wedges to products. They also
satisfy natural compatibility relations involving the suspension isomorphisms, the
morphisms of representations and the direct sum operation (see [20]). Using these
properties it is possible to extend the cohomology theory on virtual representations
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by setting H 5" (X:Z) := HY(SW A X:Z), yielding an RO(G)-graded theory
with a multiplication pairing that sends I~1°C’,. (X:2)® ﬁg(X;Z) into I?‘éJr‘B (X:2),
where o + B denotes addition in the representation ring.

The main result in this section is a first indication that Z(V){ is indeed the
analogue of the vth motivic complex in the category of real analytic G-manifolds.

Theorem 3.9. Let X be an oriented real analytic G-manifold. Then, for a finite
dimensional G-representation V one has natural isomorphisms

H"(Xeq, Z(V)8|x) = HET™V(X;2),

between the hypercohomology of X with coefficients in Z(V)§|x and the
G -equivariant cohomology of X with Z coefficients, in the direction of V.

Proof. In Theorem 3.11 below we show that Z(V)tép computes Bredon cohomology
in the direction of V, i.e. that the hypercohomology of the complex Z(V)tgp| x is
naturaly isomorphic to the Bredon cohomology groups of X in the direction of
the representation V', with the appropriate index shift. The theorem follows as a
consequence of Theorem 3.11 and the following lemma. O

Lemma 3.10. Let V be a finite dimensional G-representation. The slicing maps
s : G-Man'"(U, SYY — G-Top(U, 4o(SV)) described in Proposition 2.4 induce a

to

quasi-isomorphism Sy : Z(V)‘(‘}’]X — Z(V)Gfx,for all X € G-Man,,.

Proof. Let xo € X. Consider a neighbourhood basis {U, },en of the orbit G - x¢
such that U, = G XGy, D, where each D, is a Gy,-equivariantly contractible
analytic open set, as described in Appendix A.l. The homotopy invariance
property in Proposition 3.7 applied to the cohomology presheaves of Z(V)8| x and

Z(V)tgp‘x in these neighbourhoods shows that their stalks (J¢*(Z(V)% LX))G-xo and
(Jf* (Z(V)Téplx))G_xo are given, respectively, by the homology of the complexes

Z:2(S%.00) (A" x G/Gy,) and  ZG*(SY, 00) (4" x G/ Gp),
shifted by v; see Example 3.3. It is easy to check the commutativity of the diagram

Sa*xG/Gx,

J2 (A* x G/Gy,,S")C » G-Top(A* x G/ Gy, do(SY))

| S |

J@ (4%, §V)0x0 i s GrsTop(4*, do(SV)),

where the vertical maps are given by intersection with &* x eGy, x SV = &* %
G/Gx, X S V' on the left and by the usual adjunction on the right. The result now
follows from Theorem 2.9 and Remark 2.10. C
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The key ingredient to prove Theorem 3.9 is the following.

Theorem 3.11. Let V be an orthogonal representation of G with dimV = v and
let X be an oriented analytic manifold. Then there is a natural isomorphism

H" (Xeq: Z(V)gx) = Hg ™" "(X: ).

First, we need to introduce basic terminology.
Definition 3.12. Let X be an analytic manifold and U = {Uy}ser € Cov(X), and

let J be an arbitrary abelian presheaf on G-Man,,. Denote by & x (resp., a/P|x) the
associated presheaf (resp., sheaf) on Xq.

(a) The Cech nerve of U is a simplicial G-space over X denoted N(U)e — X.

It is obtained from the successive fibered product of f : U — X, where U :=
Llyes Us- In other words,

&(U)k = Uxy:---xxy U= ]_[ U(}.

TN "GIH+1
(k+1)-times 7

where Us denotes Uy, N -+ N Uy,. The realization of N(U). is a G-space [N(U)a|,
which is G-homotoy equivalent to X if / is countable [23].

(b) The nerve of U is the simplicial set N(U)4 defined by
Ni = {(00,...,00) € "M | Uyy N -+ N Uy, # @}

Hence we can write N(U); = Hsenew, Us-

(¢) Let mx : N(U)x — X be the projection and denote é}‘, = mpatty (Px).
This gives the usual cosimplicial presheaf éﬁ(?) on X., with associated Cech
complex of presheaves k‘:’{‘l (P).

(d) Given a complex of abelian presheaves P* on G-Man,, the naturality of the
Cech construction gives a double complex €% o (P*) and we have

F(X, € (@) = [] 29Us,).
GpeNU) p

The Cech hypercohomology H* (U; £*) of the cover U with coefficients in the
complex of presheaves #* is defined as the cohomology of the complex of abelian
groups Tot(T" (X, 'l‘:’;,u(!l’*))).

(e) The cover U is called an equivariant good cover if all intersections Ug, N
-+- N Uy, are equivariantly analytically diffeomorphic to a G-manifold of the form
G x gy D where H is a subgroup of G and D is the intersection of an open disc in an
orthogonal representation of H with an H -invariant “corner” of the type R’, x R"™".
The existence of such covers for an analytic G-manifold is given in [7, Cor. A.7] and
the same arguments apply to manifolds-with-corner.
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Notation 3.13. Given a double complex (C.,d,§), with d : CP9 — CP49T1 and
§ : CP4 — CPTL4 there are two natural spectral sequences converging to the
total cohomology H *(C). We refer to the spectral sequence whose E;-term is H d
and E,-term is H® H? as the first sequence. By the second sequence we mean the
spectral sequence with £, = H 8 and E, = HYHS.

The following “steps” to prove Theorem 3.11 have an interest of their own. The
first one is the topological counterpart of [21, Thm. 22.1]. Its motivic version is more
subtle and plays a fundamental role in the development of motivic cohomology.

Proposition 3.14. Let P be a homotopy invariant abelian presheaf on G-Man,,.
Then the associated sheaf a P is homotopy invariant.

Proof. See Appendix A.3. O

A consequence of this result is the next step.

Theorem 3.15. Ler P* be a complex of abelian presheaves on G-Man,, with
homotopy-invariant cohomology presheaves. Then the presheaves

X - H’(Xeq:a?‘}})
are homotopy-invariant.
Proof. See Appendix A.3. a

We now come to the final step.

Proposition 3.16. Let U be an equivariant good cover of X and let P* be a
complex with homotopy invariant cohomology presheaves on G-Man,,. Then the
Cech hypercohomology ]FH'(‘L(; P*) of the cover with coefficients on the complex of
presheaves P* computes the hypercohomology H® (X ; a 3’&) of Xeq with coefficients
in the complex of sheaves aP.

Proof. See Appendix A.3. O
Using the steps above we can prove the desired result.

Proof of Theorem 3.11. The proof follows the steps in [28] where a closely related
complex is used to represent ordinary equivariant cohomology.
Consider the invariant h* defined on pairs of G-spaces by

h" (X, A) = Hg+r-v(x, A;Z)

It satisfies the usual axioms for a generalized equivariant cohomology theory: long
exact sequence for pairs, G-homotopy invariance and excision. We will construct a
suitable filtration on X and follow the arguments in [23] to obtain a spectral sequence
converging to h*(X). To obtain the desired filtration we replace X by the realization
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of the Cech nerve N(U)., for an equivariant good U of X (see Definition 3.12), and
consider its skeletal filtration

Sko [N(U)e| C Sk [N(U)e| C -+ C Sky IN(U)e| C -+ C [N(Wal,

where

]_[ A XN — [ | & x N(U

[(1]—[k k<n
k, 1<n

Sk, [N(U)e| = coeq

In this case, [23, Prop. 5.1] yields a spectral sequence converging to h* (|N(U)a|) =
h*(X) with £, term

9 = hPFa( Sk, [N(U)a|. Skp—1 [N(U)s|)
> hPTI (AP x N(‘U)p. AP x I(l(‘ll)ﬁ U AP x N(u)p)
= 57 (N(U), N(WG) = 0/ (NW),Y) = Hg "™ (Usencuye Us Z)

=[] HeT"7"(G/Js:2).
o',eN(:u)nd

where the superscripts d and nd represent the degenerate and non-degenerate parts
of the corresponding simplicial object and we use the hypothesis that U is good to
write Uy = G xj, D, with D being Js-equivariantly contractible.

The E, termis computed as in [23] by considering the cochain complex associated
to the simplicial space N(U). and b:

K? =17 (N(U),) = Hg+q_v(L[&eN(U)p Us:Z) = [] HE 77 (G/ U5 2).
geN(U)p

Its differential is defined as Zi(—l)ihq(d ), where d; denotes the ith face map

of N(U)e. There is an obvious map EP? — K[, which by [23, Prop. 5.1] is

compatible with the differentials and induces an isomorphism £; > o2 HP(K).
Now, by Proposition 3.16 the Cech hypercohomology H*(U; Z(V)Gl y) computes

H*(X; Z(V)ETX). The first spectral sequence gives

EPIUZEy) =[] HU(T(Us,: Z(V)gix))
geN(UW)p

= [1 #(2)gx)(Us,)

FeEN(U) p
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where we have used the homotopy invariance of J4 (Z (V)t(g'[’I x ), Proposition 2.9 and

Spanier—Whitehead duality:

”q(Z(V)thX)(Uc?) = JH1 (Z(V)E’TX)(G/J;,) = ﬁ(—;q+v(SV A G/Jg,+)

=~ HO,_,.,(G/Js,) = H. 7" (G/J5).

It is important to note that, under this sequence of natural isomorphisms, the map
H4 (Z(V)ETX)(U(;) — H9 (Z(V)E?X)(U;) induced by an inclusion Uy < Uy is just
the map induced on cohomology by the corresponding map of orbits G/ J; — G/ J;.
We conclude that the map £ f 4 K(‘; yields a map of spectral sequences
E?9 — "E{? that induces an isomorphism of the E>-terms. O

Corollary 3.17. Let V. W be real G-representations of dimensions v and w. Then
the complexes Z(V & W) and &°*Z (SYV A SW)[—(v 4+ w)] are quasi-isomorphic.

Proof. Given the pointed G-spaces S¥ and S¥ one can define the abelian sheaf
Z8=(SYV A SW) on G-Top exactly as in (3.3):

ngp(sV % SW)(U)
Im {(Z§>(SV x 00) ® Z§>({o0} x S¥))(U) — Z& (SV x SW)(U)}
(3.4)
Note that, even though the quotient SV x SW /SV v §W = VW exists in G-Top,
this is not the same as abelian sheaf represented by SY®W . But the equivariant
Dold—Thom theorem proved in [18] implies that the projection SV x W — SV&W
induces a quasi-isomorphism &°Zg*(SYV A SW) - A°ZS=(SVEW),
To conclude the proof one uses the fact that the map A°Z®(SY A S "y -
A°75>(SY A SY), induced by slicing is a quasi-isomorphism by Lemma 3.10. O

Ur—

Remark 3.18. Given a subgroup H < G, one has a forgetful functor ¢ : G-Man,, —
H -Man,, that determines a morphism of sites ¢°? : H-Man, — G-Man,, inducing
a morphism of topoi ¢ = (¢*, ¢4) : H-Man; — G-Marn,. It is easy to see that the
left adjoint ¢* : G-Man, — H-Mariy sends Z (V)2 to Z (Res% (V))¥. In particular,
if X € G-Man,,, one obtains the natural change of group functor

QD* : Hg—f—nmv(X;Z) .y HE+n_U(X;Z)s

where ¥V denotes Resg (V). In the case where H = {e} is the trivial subgroup, this
gives the forgetful map into singular cohomology

o*  HYY"V(X;Z) —» H (X:1Z).

sing



446 P. F. dos Santos, R. M. Hardt, J. D. Lewis and P. Lima-Filho CMH

3.3. The case of Gal(C /]R). Now we specialize to the Galois group & =
Gal((C /R) and explore its conjugation action on complex points of real varieties.

Let £,1 = R denote, respectively, the alternating and trivial one-dimensional
representations of &. Any orthogonal representation of & is isomorphic to
R™? :=1""1 @ &9, for some n > g > 0, and we denote by S™? € Q‘-”J-Manz;1
its one-point compactification. From now on, we use the motivic notation

HYYX:D) = HE ™ (X: D). (3.5)

Note that S! C C endowed with the complex conjugation action is isomorphic
to S -1 (with oo mapped to 1) and the inclusion S *! © C* is an equivariant homotopy
equivalence. This can be used to find a convenient expression of the smash product
§PP ;= SL1 A ... A ST in the appropriate derived category of sheaves.

Definition 3.19. Define Z(p), := &*Z&(N\?C*)[-p].
Lemma 3.20. The complex Z(p)y is quasi-isomorphic to
ZRPP)S = AT (SPP)[-p].
Proof. As in the proof of Corollary 3.17 we note that slicing induces a map
AT (NPT¥) > A ZE=(APC)
which by Lemma 3.10 is a quasi-isomorphism. Since (S#7,00) is a strong

deformation retract of /\?(C*, 1), the result follows. O

3.4. A basic example. We use the complex Z(p),, to directly compute the cohom-
ology groups Hp'?(x;Z), where * = {pt}. For brevity, given a pointed object
(X.x,) in G-Man!" we denote

SolX X --- % X)®
Y F (X X x {xp} X+ x X)E

ZP(X) 1= Z2 (AP X) (%) = (3.6)

It is clear that the assignment (X, x,) +— Z?(X) is functorial on (X, x,).
As described in Remark 2.8, one associates to 7' € J,‘i‘;(Al, X x++x X)® amap
fr: &' - Jo(X x---x X)®, which induces a continuous map

fr: A > Z7(X) 3.7)
for the quotient topology on Z7(X). Note that if [T'] denotes the class of T in

J,‘{;(AI,X X eee X X)G
Zf=11ff,’1(Al.X X «os X {Xp} X o+ X X)6

A'Z2 (NP X) (%) =

then fr depends only on [T']. Furthermore, the simplicial boundary map

dy: A'Z2 (AP X) (%) — Z2(APX)(x) = ZP(X) (3.8)
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is defined by d,[T] = fr(1) — fr(0), when one identifies A' with the unit
interval [0,1]. Denote the image of d; by BP(X) C ZP(X). In the particular
case where (X, x,) = (C*, 1) one has a short exact sequence

0 > BP(CX) — ZP(C*) L HPP(x;Z) — 0, (3.9)
since Z(p)2*! = 0.
Proposition 3.21. There is a canonical isomorphism
p:HEP (L) —> 2" ®z -+ @z L~

Proof. Denote an element in the p-fold cartesian product C*? := C>* x---x C* by
z=(z1,...,2p) and let §, € Jo(C*?) denote the O-current represented by z.
We start recalling a standard exact sequence of topological groups

0 = 6 % 4o(C*P) > (C*P)® 5 Jo(R*P) ® Z/2 — 0, (3.10)

where & x Jo(C*?) denotes the closed subgroup generated by Galois sums of the
form 8, + 8z € Jo(C*?). This sequence appears as the top row of the diagram below,
which summarizes the arguments that follow.

S x Jo(C*P)C > Jo(C*P)S T » do(R*?) Q@ Z/2
$
kerp::::::::::Bp(Cx) ¢.2
fr p T v

Mo
q ¥
ZP(Z) ® Z)2

u

¥

HYP(#; )¢ ————————— == - - —— = — ——— — +Z* Qg Qz L*
(3.11)
In this diagram:
(1) The vertical arrows ¢; and ¢, are the natural quotient homomorphisms (3.6).

(2) The homomorphism p« is induced by p : R* — Z*, p:x+> =

x|
(3) The vertical arrow u is induced by the universal homomorphism Z{Z*?} =
do(Z*P) - Z* ®z---®z 7>, and all vertical arrows are continuous surjections.



448 P. F. dos Santos, R. M. Hardt, J. D. Lewis and P. Lima-Filho CMH

(4) It is clear that  descends to the quotients inducing 77, and we define

0=t x0T, (3.12)

(5) The diagonal sequences are short exact sequences, by definition.

It is easy to see that an element 8 € Jo(C*”)® can be uniquely written as
B=A+R"+ R ,where A =3 ;n(8,x+8:3), R" =3 mdy,and R~ =
>, 7;8ys, where z* € C*P —R*?,y, € (R<o)?, forall j,andx* € R*? — (Ro)?
for all 1.

A diagram chase shows that p(f) = ( >, r,){—l, ...,—1}, where {—1,...,—1}
is the generator of Z* ®z --- ®z Z*. It follows that

B=A+R"+ R ckerp ifand only if deg R~ := Zr} is even. (3.13)
J

Ifzisin C*? —R*?, assume without loss of generality that the first coordinate z1 is
in C*—RX, and consider the map g, : &' — C* defined by g, (1) = t z; +(1—1).
Let [I,] € 42 (4", C*?) denote the current associated to the graph of

gt € A (gz,(0), 22, ..., zp) € C*7,

as in Example 2.3(i). It follows that T := [I}] + o«[[z] € J2(al,C*?)S,
where o is the action on currents induced by complex conjugation, and that

di(T™) = 6, + 85— 8 — &y, (3.14)

where 2/ = (1,22:% 4. Zp)s

Now, for a € R* define h, : 4! — R* by ha(t) = ta + (1 — t)|—2-|. Given
a=(a,..., ap) € R*? define h, : &' - R*P by 1 > (ha, (1), ..., ha, (1)), and
let [W,] € 42 (4!, R*?) denote its graph. It is clear that

fin

d1[Wa] = 8a — ,u(a). Where pu(a) = (—Cia—l) (3.15)
|ay| lay|

Given B = A + R* + R~ as above, define Wg = I'y + Wr+ + Wg—, where
Ta = 2, nma[C8] Wee = 35, m[Wy]. and Wr- = 3, r,[Wy/]. Tt follows
from (3.14) and (3.15) that one has

di(Wp) = di(Wa) + di(Wg+) + d1(Wg-)

= (A-A)+ R -R)+ (R‘ = Zr,)&;p
J

=p— A +R) = (Xr)b,.

J
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where A’, R’ are sums of elements of the form 8, ... ,) Where €, = 1, for some

.....

k =1,....,p,and £, = (—1,...,—1) € R*?. In other words, the class of f8
in Z7(C*) can be written as
B=(2"r)se, +di(Wp). (3.16)

J

Now, let y : 4! — C* denote an analytic parametrization of the upper half of the
unit circle centered at the origin in C*, oriented from 1 to —1. Define y, : Al > C*?

by y,(t) = (y(t),—1,...,—1) and let [[,] € 42 (4!, C*?) denote its graph. It
follows that @, := [T,] + 0« [T,] lies in J2 (4, C*?)S and that
d1(®p) = 28¢, —26(1,—1,...,—1)- (3.17)
Hence, the class of §;,, in Z#(C™) satisfies
d1(0,) = 25, (3.18)
since §(1,—1,..,—1) = 0 € ZP(RX).

By (3.13), if B € Ker(pp) then Z] r; = 2k, for some integer k, and using (3.16)
and (3.18) one concludes that f = (3, ,)8¢, + d1(Wp) = dy (k©,, + Wp) . This
shows that

kerp C B?(CX). (3.19)

Now, by definition, if 8 € B?(C*) one can find T € J2 (&', C*?)® satisfying
B = fr(1) — fr(0). The resulting fr : Al — ZP?(C>) is continuous and hence
p o fr is a constant map, since 4! is connected. See (3.7) and (3.11). It follows
that p(B) = p(fr(1) = fr(0)) = po fr(1) —po fr(0) = {1,...,1}, and hence
B € ker(p). This shows that B (C*) C ker(p), which together with (3.19) proves
the proposition. (Il

Remark 3.22. Lete € HBlr’l(*; Z) denote the generator, i.e. p(¢) = {—1}. Using the
description of the cup product in (5.3), one sees that e? :=egU-.-Ueg € Hé’r’p(*; Z)
is the generator, i.e. p(e”) = {—1,...,—1}. This gives a proof of the well-known

fact that the graded ring @ p>0 Ha'? (*; Z) is isomorphic to Z[e] = Z[x]/(2x).

4. A de Rham realization of Z(p),

Let Hs’i*ng(X 1 Z(p)) = HS’i‘ng(X . Z) ® Z(p) denote the singular cohomology groups
with coefficients in Z(p) = 2n+/—1)P?7Z C C. We have a commutative diagram

Hy? (X:2) —— Hl (X Z(p))® ———— HI (X:Z(p))  (4.1)

/| |

H" (X;C)® = H1(X)® —— H" (X)

sing R
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where the first row gives the “change of groups functor” described in Remark 3.18
for the subgroup {e} C &, and vertical arrows are change of coefficients functors for
singular cohomology, along with deRham’s theorem. The group Hg,, (X Z(p))®
consists of the invariants of the simultaneous action of & on X and Z(p), and
H™ (X)® are the invariants induced by the action 6 +> o*8 on differential forms.

Our goal is to describe a direct realization of the map Hy'* (X;Z) - H (X)®
on the level of complexes of sheaves on manifold X. This description is relevant for
a subsequent study of regulator maps for real varieties.

Given X € &-Man,, with dim X = m, it follows from Definition 3.19 and (3.3)
that

Z(p)i(X) =
o (X x AP~ (C)P)°®

Im{@j;l J‘“(X XAP—j.CXX"'X{I}x--.x(CX)G 4o

fin fin

JC!)

(X x &P~ (C*)P®)}
Let
71 X x AP x (CH? — X,
w31 X x &P x (C*)P — (C¥)?,
and T12: X X AP~/ x (C*)P — X x AP~/
denote the projections. By definition, an element o € Z( p)c{, (X) is represented by

a subanalytic current 7 € 4% (X x 4”7~/ x (C*)?)® such that, among other

m=+p—j
properties, 12|, r, is proper. In particular, 7y, -, is also a proper map.

We now consider the form w, = “;—ZIL A A %ﬁ € QP({C*}?) which has the
following properties:

(a) 0*wp = wp and c*w, = w, where o is the action of & on the ambient

manifold.

(b) If T? C C*” is the compact torus T? := S' x --- x S! then @ppr =
(-1)”? Wp|TP -

(c) If

S € Im{@7_, J{ (X x AP~ {C*x- - x{1}x:--xC*}) — I3 (X x 4777, (C*)P)}

then S L 7jwp, =0and S L m5w, = 0.

It follows that if @ = [T] as above, then
oL By =T LB, € D (X x &P~ x (C*)P)®

is a well-defined deRham current of dimension m — j, which is invariant under the
Galois group action, and so is

(@) := (=)0 (o L nim,) €D (X)C. 4.2)



Vol. 92 (2017) Cycle map for the motivic cohomology of real varieties 451

Proposition 4.1. The assignment o € Z(p)i(X) — (@) € 'D7(X)S defines a
map of complexes T : Z(p);")| x — ' i)l}e'. In the level of hypercohomology, this
map realizes the composition j' o ¢ : Hy'P(X:Z) — H(X)® displayed in (4.1).

Proof. Given T € J2 (X x &P~/ (C*)?)®, by definition one can find an open
subset 477/ ¢ U < AP7/(R) and a (closed) current T € 2 (X x U, (C*)P)®

fin
such that T = T N [X x &4”7/]. Hence, using the boundary formula for the
intersection [13, Th. 5.8(9)], we obtain
T = 3(T N[X x 4P~/])
= (=1)??OT)N[X x &)+ T NI[X x &*7/] =T na([X] x [4"~7])

p—J

= (=D)"T N ([X] x (&~ ]) = (=)™ 3 T 0 (IX] x 1u[ 47~ 7"])
s=0

= (=1)"dp—;(T) = (=1)"(=1)/dJ(T) = (-1)" T/ dJ(T),

where dp—; is the simplicial differential and dJ is the differential in the complex
Z(p)w- See Definition 3.4(b).
Therefore,

dl’([T]) = (—1)j+13r([T]) o (_1)j+1(_l)j(m+p+1)an,1#(T . 71;51,)
— (_1)j+1("—l)j(m+p+1)ﬂ'1#(a{T L 71';51,})
— (—])j+1(_1)f(m+p+l)(___I)Pnl#({aT} L JI;EP)
= (=1 TN I )P (1) (12 (T)) - 73 ))
= ()P, (1) L niay)

= 7(d}[T]). 0

5. The cycle map from motivic cohomology

5.1. Motivic cohomology. We start with a brief introduction to Voevodsky’s motivic
complexes Z(p)u in the category of smooth varieties over a field F, closely
following [21]. The similarities between these constructions and the approach taken
with analytic currents in the previous sections will become evident.

Definition 5.1. Let X = | [, X; and Y be smooth algebraic varieties over a field F,
with X; irreducible. For each i define Cor(X;,Y) as the free abelian group on the
irreducible W C X; x Y that are finite and surjective onto X;. Define Cor(X,Y) :=
@;Cor(X;, Y ). The finiteness and surjectivity condition guarantee thatif W C X xY
and V C Y x Z areirreducible finite correspondences, then W x Z and X x V intersect
properly. One defines VoW as p13« (W xZ)N(X xV)), where (W xZ)N(X x V)
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is the intersection of algebraic cycles [12], and py13 : X XY x Z — X x Z is the
projection. As shown in [21, Lecture 1], this induces an associative composition
pairing

o:Cor(X,Y) x Cor(Y,Z)— Cor(X, Z).

(a) The additive category Corp of finite correspondences has smooth varieties
over F as objects and Cor(X, Y) as the morphisms from X to Y, with the empty
variety ) as the zero object and disjoint union as coproduct. Compare with
Propositions 2.5 and 2.6, and Definition 2.7.

(b) A presheafwith transfers is a (contravariant) additive functor ¥ : Cor(}f — Ab.
We denote by PST(F) the functor category with presheaves with transfers as objects
and natural transformations as morphisms. This is an abelian category with enough
injectives and projectives; see [21, Lecture 2].

Example 5.2. Let X be a smooth variety over F.

(a) The presheaf with transfers represented by X is denoted by Z(X). In other
words, Z(X) : U — Z(X)(U) := Cor(U, X).

(b) We use Gy, to denote the pointed multiplicative algebraic group (G, 1)
defined by G, (R) = R, where R is the group of units of the F-algebra R. In the
context of G-analytic spaces, the realization of G, is G,,(C) = C* with the analytic
topology and endowed with the action of & given by complex conjugation.

(c) Given pointed varieties (X1, x1), ..., (Xn,xn) onedefines Zy(X; A---AXy)
in the same fashion as in the analytic case (3.3). In other words,

Zi(Xy Aceo N Xp)

= Coker{@ Zy(X1 % oo x{xj} x oo X Xp) = Zi(Xy x---xX,,)}.
J=1

In particular, given p > 1, define Zy(A?X) := Zu(X A -+ A X).

The standard algebraic n-simplex over F is the affine variety
A" = Spec Fxo,....xn] /{x0 + -+ xn — 1).

In particular, given any extension K of F the K-valued points A”(K) corresponds
to the hyperplane in K"*! given by the equation xo + --- + x, = 1. The collection
of these algebraic simplices forms the standard cosimplicial variety A®.

Given a presheaf with transfers ¥ define a simplicial presheaf with transfers
AdF by Ap¥ : U — F (U x A™). Denote the corresponding (chain) complex of
presheaves with transfers by A.% and let A*¥ denote the associated (negatively
graded) complex with A"F = A_, F.
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Definition 5.3. The motivic complex or weight p is the complex of presheaves with
transfers defined as Z(p)y, := A*Zy(A\?Gm)[—p]. In particular, given a smooth
algebraic variety U over F and —oo < j < p, one has

Z(p)j(U)
= Zu(/\PGn) (U x AP7T)
B Cor(AP~/ x U,GH)
Im (@®7_, Cor(AP~) x U, Gy x -+ x {1} x ++- x Gp) = Cor(AP~J x U, GR))’
Compare with Definitions 3.4 and 3.19.

Remark 5.4. It is shown in [21, Cor. 3.3] that, given any smooth variety X over F
the restriction Z(p)j{| x Of Z(p)y, to the (small) Zariski site Xz, of X is indeed a
complex of sheaves in the Zariski topology of X.

Our approach to ordinary equivariant conomology expressed in Theorem 3.9 was
designed to provide a topological perspective on the following definition.
Definition 5.5 ([21]). Given a smooth variety over the field F, the motivic

cohomology groups H (X, Z(p)) of X are defined as the hypercohomology groups
Hy (X.Z(p)) := H" (Xzar: Z(P)y x)-

5.2. Real varieties and cycle maps. In this section we present the desired cycle
map, utilizing the terminology introduced in Definition 3.4.

Lemma 5.6. The assignment X — (X(C), o) of the analytic space X(C) together
with the complex conjugation involution o : X(C) — X(C) induces a morphism of
sites

T (G-Manw)eq — (Smg),,,. (5.1)
Given X € Smg, we also denote by
7 X(Cleg = Xzar (5.2)

the induced morphism between the corresponding small sites.

Proof. Letu : Smr — G-Man,, denote the functor that sends X to (X(C), o), and
f:X—=>Yto fc:X(C)—Y().

Let X = |J;; Ui be a Zariski open cover of X, which we denote by {U; — X}.
It is clear that {U(C); — X(C)} is an open cover of X(C) in the analytic topology
by G-invariant open subsets, since each U; is a real open subvariety of X. In other
words, the functor u sends covering families in Smp to covering families in G-Man,,.

Given {U; — U} in Cov(Smg) and a morphism f : V — U in Smg, then
Ui xy V = f~Y(U;) is a Zariski open subset of V. It follows from [2, Exposé XII,
§1.2] that u(U; xy V) = (Ui xy V)(C) = f~YU)(C) = f'(Ui(C)) =
Ui (C) xyc) V(C) = u(Ui) xy@u) u(V).

This shows that u induces the desired morphism of sites. See [25, Def. 1.2.2]
and [24, Tag 00X0]. O
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We now present our final result, where the cycle map from motivic cohomology
is realized in the level of complexes.

Theorem 5.7. Given a smooth real variety X, one has map of complexes of Zariski
sheaves cx : Z(p)mx —> RA+Z(p)w|x(c) induced by w : X(C)eq = Xzar (5.2)
and natural on X. This map induces natural bigraded ring homomorphisms

cx : Hy(X.Z(e)) — Hp*(X; Z),
from motivic cohomology to ordinary RO (S)-graded equivariant cohomology.

Proof. Let U € Smg be a smooth real variety and let ' C U x A?77 x (G,)? be
a finite correspondence representing an element in Z( p)jl(U ). It suffices to assume
that I" is irreducible.

Let I'(C) be the complex analytic subvariety of U(C) x AP~/(C) x C*?
associated to I'. As explained in Example 2.3(ii)), I'(C) represents an element
[T(C)] € 42 (U(C) x AP~J(C),C*?) invariant under the action of the Galois
group G.

The inclusion ¢ : U(C) x &P~/ — U(C) x A?~/(C) induces a pull-back map

* - 42 (U(C) x A"™P(T),C*P) — J&(U(C) x A"=P,C*P),

and we denote I := *(I'(C)). Hence Iy lies in &-Man}(U(C) x 4P~ C*7)
and represents an element in Z(p)3 (U(C)).

Furthermore, using the naturality and compatibility of inclusions of faces

An~p——l( An—p

Lo

APP~H(C)—— A"P(C)
one shows that the assignment I" — I’y gives a map of complexes

cu : Z(ply(U) — Z(p)5(U(C)) = ma(Z(p)5) (V)

natural on U. Taking an injective resolution 0 — Z(p);r|X — I'* gives the desired
morphism of complexes.

To end the proof we first recall that the functor U — U(C) is compatible with
(fibered) products, as explained in the proof of Lemma 5.6. Now, one can simply
repeat the simplicial arguments used in [21, Construction 3.11] to obtain a product
Z(P)o ®Z(q)w —> Z(p + q), that gives the multiplicative structure in equivariant
cohomology. The same argument is used to give the multiplication in motivic
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cohomology, and this yields a commutative diagram

Z(ply ®L(q)y — Z(p + q)y (5.3)

| |

RvZ(P)w ®Y RT4Z(9) —— RTZ(P + §)ow.

The result follows. O

5.3. Example: Number fields and Milnor K -theory. Given anumber field F, let g
and I'c denote the sets of real and complex embeddings of F, respectively. Since the
complex embeddings come in conjugate pairs, one can think of I'c as a finite G-set
G-isomorphic to I‘g x &, where I g contains one chosen embedding from each pair
of conjugate embeddings in I¢.

Consider the real variety X := Spec(F ®g R). The space X(C) is isomorphic
to I'r [ [ Tc as &-spaces. Denoting Hy'? (F; Z) := Hy” (X(C); Z) one has:

HYP(FiZ) = HYP (Tr: Z) x HYP (Tei Z) = HYP (% 2)TR x HYP (6:Z)TE
=~ HyP (x:2)° x Hy? (6:2)'
= HyP (%:2)° x Hjo(%: Z)", (5.4)

where I'r = {¢1,..., @s } and F('C" = {n1....,n:}, and the last isomorphism follows

G
from the general isomorphism Hg(X xG/K,Z) = H;es" (V)(X;Z) for RO(G)-

graded ordinary cohomology, along with the fact that ordinary equivariant
cohomology is singular cohomology with the group is trivial. In particular,

Hy'(%:2) = (Z9)® = (2%)°. (5.5)

See Proposition 3.21.

. .. ev % . .
Consider the composition F* x 'g — R* — Z*, where ev is the evaluation

map ev(x, @) = ¢(x) and p(x) = ﬁ Taking adjoints one gets a homomorphism

c: F* = Hj/(Spec F,Z(1)) — HY'(F;Z) = (Z¥)'® (5.6)

r

which is precisely the cycle map given in Theorem 5.7 Since @ p>o H'? (F;Z) is a
graded commutative ring this map induces a homomorphism of graded rings

¢:T(F*) —> D HEP(F: D). (5.7)
p=0

where T (F*) is the tensor algebra of F*.
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Using the cup product one gets

F*® F* 25 HYY(F:2) ® Hp'(F: Z) —2— HEX*(F: Z)

| !

(ZX)TR ® (ZX)FR - (Zx Rz ZX)FR,

where the right vertical equality comes from Proposition 3.21. Now, note that for
1 # x € R* either x or 1 — x is positive and this implies that for ¢ € F* one has
Uog{a ® (1 —a)} = 0. It follows that o descends to a homomorphism

0: KM (F) = @psoHy(Spec F.Z(p)) — @psoHy " (FiZ),  (5.8)

from the Milnor K -theory ring of F to the “diagonal” subring of the ordinary bigraded
equivariant cohomology of F.

Remark 5.8. Bass and Tate have shown that
KYR)/2KZ (R) = Z[e] = @20 HE (R; D),

and their isomorphism is realized by the cycle map described above.

A. Points, sheaves and hypercohomology on G -Man,,

A.1. Points on G-Man,,. Denote by G-Man,, and G-Man_,, respectively, the cate-
gory of presheaves and sheaves of sets on the site G-Man,,, as in Definition 3.4. Fix
a complete G-universe U, which can be an orthogonal representation isomorphic to
a countably infinite direct sum of the regular representation of G.

For each subgroup H < G, each H-subrepresentation V' C Resg (U) and
0 <k < v =dimV, consider the collection

Sy (V.k) :={G xg D/ (V.k) | r € N}

of objects in G-Man,,, where Dy, (V,k) C V is the intersection of an open disk of
radius 1/r centered around the origin with an H -invariant “corner” isomorphic to
R’_‘,_ x RV, The collection @ (V, k) induces a functor

pa(V.k)* : G-Man,, — Sets; P coliNm P(G xg Dyyr(V,k)).
re
The functor pg (V, k)* preserves finite projective limits and arbitrary inductive limits
of sheaves. It follows that pg (V,k)* admits a right-adjoint p# (V, k), : Sets —
G-Man,, (see [1, IV, Cor. 1.7]) and the pair of adjoint functors defines a morphism
of topoi pg (V. k) : Sets — G-Man,, i.e. a point of the topos G-Man,, .
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The following fact is easy to verify.

Lemma A.1. The set ® := {pyg(V.k) | H <G,V CU,0<k <n e N}formsa
conservative set of points in the topos G-Man,, .

In this case, the site is said to have enough points, in other words, the collection
{pu (V. k)*} detects isomorphisms. The existence of a conservative family of points
yields a canonical Godement resolution of abelian sheaves or sheaves of modules
over aring R. A succinct account of the construction can be found in [17, IV-§2] and
the results we need are summarized in the following statement, where we also use
G-Man; to denote the category of abelian sheaves on G-Man,,.

Corollary A.2. There is a canonical functor
G := G; : G-Man,, +—> C*(G-Man)),

where C*(G-Man?)) denotes the category of bounded below complex of abelian
sheaves on the site G-Man,,. This comes with a natural augmentation functor
F — G(F) that gives a resolution of ¥ by flabby sheaves. (The canonical Godement
resolution for a site with enough points.)

Remark A.3. Given a complex of abelian sheaves #* in G-Man,, we obtain a
double complex by applying the Godement resolution to each sheaf in the complex
and use the same notation G(F *) to denote the total complex associated to this double
complex. The resulting map ¥* — G(F ™) is a quasi-isomorphism of complexes
of sheaves and, since G(F *) is a complex of flabby sheaves, one can calculate the
hypercohomology of any X € G-Man,, with values in #* as

H"(Xeq; F*) = H*(T(X, G(F))). (A1)

A.2. Cechhypercohomology. Given X € G-Man,,, the set of coverings of X forms
a directed set Cov(X) under the partial order given by refinements of coverings.
The rth Cech hypercohomology of X with coefficients in a complex of abelian
presheaves #* on G-Man,, is defined as the colimit

H" (Xeq; P*) := colim H" (U: P*), (A.2)
UeCov(X)

where H’ (U: %) is defined as the cohomology of the complex of abelian groups
Tot(I" (X, ‘6;,,.,|X,u)); see Definition 3.12(d).

Proposition A.4. Let P* and X be as above. The natural map
¥ H (Xeq: P*) — H (Xeqi a )
is an isomorphism.

Proof. The proof is essentially the same as in the non-equivariant case; see [5].
Since manifolds are paracompact, one can formulate a suitable notion of equivariant
paracompactness (for coverings in Cov(U)), and the usual arguments apply. O
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A.3. On complexes of presheaves with homotopy invariant cohomology. The
main purpose of this final section is to provide detailed proofs of the key steps in the
proof of Theorem 3.11, namely, Propositions 3.14 and 3.16, and Theorem 3.15.

We first introduce a family of coverings of the interval I = [0, 1] C R, as follows.
Foreachn € Nandi = 1,...,n, define J/' := (51 —e(n), L + e(n)) N I, where
e(n) = 1go= (or any sufficiently small £(n)). Define g" := {J* | i = 1....,n}
and verify that g"*! refines ¢” for all n € N. Using Lebesgue’s number lemma,
one sees that the directed family {§” | n € N} forms a cofinal family of coverings
of /.

Given any covering U = {U; | 0 € A} € Cov(X), denote

(W) :={Us; x J' |o € A, andi =1,...,n}, (A.3)
and observe that the collection of coverings of the form ¢” (U) forms a cofinal family
in Cov(X x 7). When U := {X}, simply denote $"(X) := £"(U).

Lemma A.5. Given a homotopy invariant abelian presheaf P on G-Man, and
X € G-Man,, then for n > 0 the Cech cohomology of the cover $" (X)) is given by

) ) R qg >0,
HY(3"(X): P) = PX x1)=P(X), ¢=0.

Proof. This follows from a routine calculation. O

As a consequence, we obtains the following fube lemma.

Corollary A.6. Let aP be the abelian sheaf on G-Man,, associated to a separated
homotopy invariant abelian presheaf . Given an element s € aP(X x I) and
Xo € X, one can find an open G -invariant neighborhood U of xo and 6 € (U x I')
such that 1(6) = p(8), where 1 and p are the natural homomorphisms

PU x [)——aPU x ) +2—aP (X x I).
Proof. Foreacht € I one can find a G-invariant neighborhood U; x N; of (x¢.1) €
X x I, together with s, € #(U; x N;) such that, under the induced maps
PU; x N ——aP U, x N;) +2—aP (X x I)

one has1(s;) = p;(S). One can find n > 0 sufficiently large so that the finite cover g
refines the cover {N,},c; of the interval. Foreachi = 1,...,n find t; € I such
that J* C N,, and define U := (i, Uy,. Finally, denote by 0; € (U x J") the
restriction of s;, to U x J/".

The collection ¢ = (o;) belongs to (v?o(g("(U);JP). Note that the Cech

differential C°(g"(U); P) A CH(g"(U): P) sends & to 86 = (yij) where

Ry - P n n
Vij = aJ|Ux(J;'mJJ’?) J"Uxug'm}’) e P(Ux(J'N J; ))-
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Now,

1(80) =

l(o'lex(Ji"ﬂJ;?)) - l(a”Ux(Ji" nJ;'))

Since P is a separated presheaf, 1 is injective and one concludes that §6 = O.
Therefore, & represents a class & in I;'O({,("(U); P)=P(UxI) = P(U),according
to Lemma A.5, with the property that 6\yxy» = o, foralli = 1,...,n. As a
consequence, one has l

L) wxgp = 1(0i) = p(8) = Syxyn-

for all i. Since g"(U) = {U x J['} is a cover of U x I and aP is a sheaf, one
concludes that 1 (&) = p(8). O

Lemma A.7. Let 8§ be a homotopy invariant abelian sheaf on G-Man,. Given
X € G-Many, let t : X x I — X denote the projection. Then for all ¢ > 0 one has

Rq.’f[* (’8|XXI) = 0.

Proof. Given x € X denote H := G, and let N(x) denote the set of equivariant
open neighborhoods U of x isomorphic to G xg B, where B is H -equivariantly
analytically contractible to a point. In particular, the orbit of x is an equivariant
strong deformation retract of U'.

The stalk of R, (8xx7) at x is given by

— : q s
- 52{}{?) HI(U x I; 8uxi).
where the last isomorphism follows from Proposition A.4.

Given U € N(x) and a € ﬁq(U x I;8juxr), one can find a locally finite
covering Vof U,n € N,and a € ﬁq(gl" (V); &) that represents a. In other words,
the natural map p : ﬁq(gl"('\));S) — ]:Iq(U x I;8) sends ato a.

Let W € N(x) be a neighborhood of x that is contained in the intersection of all

(finitely many) elements of V containing x, and consider the covering W = {W}
of W. One gets a commutative diagram

HI(g"(V): 8) —2— HI(U x I;8) ~ HI(U x I; 8)

| |

HY(g"(W);8) —— HI(W x I:8) = HI(W x I 8).
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If ¢ > 0, the group on the lower left corner is zero, by Lemma A.5. Hence, for
an arbitrary x € X the stalk of R9m, (5| X x 1) at x is zero and this concludes the
proof. L]

Corollary A.8. If 8 is a homotopy invariant abelian sheaf on G-Man,, then for all
n > 0 the presheaf X — H"(X;8|x) is homotopy-invariant.

Proof. The E,-term of the Leray spectral sequence associatedtothe map 7 : Xx I— X
is given by E3? = HP(X:RImu(8xx1)) = HP9(X x I;8xx;). The
previous lemma shows that EJ*? = 0 if ¢ > 0. Hence H? (X x I;8xx;) =
H?(X: 7«8 xxr). Finally, the homotopy invariance of § gives m« 8 xx; = 8|x. O

Lemma A.9. Let P* be an abelian presheaf on G-Man,, and let H}’,* denote its qth
cohomology presheaf. Then the natural map of complexes P* — aP™* induces an
isomorphism aH%, = aH;’J,*.

Proof. This can be directly verified on stalks, using the fact that in the category of
abelian groups homology commutes with filtered colimits. 4

We now have all the ingredients to prove

Proposition 3.14. Let P be a homotopy invariant abelian presheaf on G-Man,,.
Then the associated sheaf aP is homotopy invariant.

Proof. Let Py denote the subpresheaf of # defined by

Po(X) := colim ker {P(X PU
b(X) = colim ker |2 HB\ (U}

and let P := P /Po denote the quotient presheaf. This is the separated presheaf
associated to #. The following facts are standard:

(i) The quotient map & — P induces an isomorphism a.P — aP, between their
respective associated sheaves
(ii) The natural map of presheaves Ps — aJ is injective.

We next need to show that the presheaf #% is homotopy invariant. Given X € G-Man,,,
consider the commutative diagram with exact rows

00— Po(X) — 22— P(X) —— P(X) —— 0

(e, ok |

0—— Po(X x I) =25 P(X x I) — Py(X x I) — 0.
Since 7w oiy = ly, it follows that the maps i are surjective. The equality aij = ijh
then shows that the leftmost i is injective, as well. It follows from the five-lemma
that the rightmost arrow is an isomorphism and hence #; is homotopy invariant.
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Using the isomorphism af = a$, it suffices to assume that P is a separated
homotopy invariant presheaf from now on.

Given a G-invariant open subset U of X one gets a commutative diagram

PUx—saPUxI)«L—aP(X x1I)

i(’;’lg ié‘[ ié“Jr
P(

U)Y—L—aPU) —F—aP(X).

Now, suppose that§ € ker{iy : a (X xI) — aP(X)}. Given a point xo € X it
follows from Corollary A.6 that one can find U as above, along witha € P (U x I)
satisfying 1(6) = p(8). Chasing the diagram one obtains

J 03 (@) = iy 01(6) = if (p@®) = T 0 ig §) = 0.

Since 2 is separated, ; is injective and hence ij(6) = 0. From the homotopy
invariance of & one knows that the leftmost vertical arrow is an isomorphism, thus
showing that @ = 0. Hence, §jyx; = p(8) =1(6) = 0.

It follows that one can find a cover U = {Uy}xex € Cov(X) such that for each
x € X one has §y, x; = 0. One concludes that § = 0 since a P is a sheaf.

This shows that iy, the rightmost vertical arrow in the diagram is injective, hence
an isomorphism since the identity m o ip = 1x shows that i is surjective. O

As a direct consequence we get

Theorem 3.15. Let P* be a complex of abelian presheaves on G-Man, with
homotopy-invariant cohomology presheaves. Then the presheaves

X =5 H’(Xeq;aJP&)
are homotopy-invariant.

Proof. Let #9 := aHp. denote the cohomology sheaf associated to the complex
of sheaves aP*. Using Lemma A.9 one concludes that #7 =~ aHg,*, and hence it
follows from Proposition 3.14 that 9 is a homotopy invariant abelian sheaf since,
by hypothesis, Hf;,,., is homotopy invariant.
Now, we can use Corollary A.8 to see that for each X € G-Man, the
corresponding map of hypercohomology spectral sequences
n*  EPN(X) = HP (X Hy) — E39(X x I) = HP (X x I Hy ;) (A4)
is an isomorphism. Therefore, the projectionx : X x/ — X induces an isomorphism
between the abutments of these spectral sequences, thus proving the theorem. O
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Corollary A.10. Ifi : A — U is a strong deformation retract in the category
G-Man,, and P* is a complex of abelian presheaves on G-Man,, with homotopy
invariant cohomology presheaves then one has an isomorphism

* T H (Uegia®Ply) — H* (Aeq: aPpy).

Remark A.11. The key example here are the “neighborhoods™ described in A.1,
where we have an inclusion G/H — G x g D, sending gH to (gH,0), where 0 is
the center of disc containing D.

We conclude with the proof of

Proposition 3.16. Let U be an equivariant good cover of X and let P* be a
complex with homotopy invariant cohomology presheaves on G-Man,,. Then the
Cech hypercohomology H'(‘u P*) of the cover with coefficients on the complex of
presheaves P*, computes the h)percohomology H* (X aﬁ”" ) of Xeq with coefficients
in the complex of sheaves aJ t Y-

Proof. Let p: aﬂ’l} — G(aP")|x be the Godement quasi-isomorphism described
in Remark A.3. The functoriality of this construction guarantees that if U C X is an
open G-invariant subset then

[(U,G@a®P*)x) = T(U,G@a®P*)y). (A.5)

Standard arguments with flabby sheaves and Cech functors show that if F is a
flabby abelian sheaf on X4 and U € Cov(X), one has an acyclic complex

0— [D(X;F) = T(X;€5 4).

It follows that the second spectral sequence of the double complex I‘(X Gq @), .
1x)

has the form
"EP (UG () =

and, as a consequence,
H"(U; G(aP)) = H (Xeg; aP)- (A.6)

Now, by naturality, the Godement resolution p : aﬂ’!’;( - G(aﬂ’&) gives maps

of first spectral sequences
EV(U.Py) — 'ET(WaP) — 'EV(U.G(aP)).
as explained in Notation 3.13. This composition is a product of terms of the form
HY(T(Us,: #*)) - HY(T(Us,: G(aPy))) = Hq(Uap;afl’{,ép). (A7)

where the isomorphism follows from (A.5) and (A.1).
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Using the equivariant isomorphisms Uz, = G X Hys, D™, one sees that the
natural projection Uy, — mo(Us,) = G/Hj, is an equivariant (analytic) homotopy
equivalence that induces the vertical maps in the following commutative diagram,
whose horizontal maps are defined in (A.7):

HY(T (Us,; #*)) —— H9(Us,; aP*)

| T

HY(T(G/Hs,: P*)) — H(G/H;,: aP*).

Since #* has homotopy invariant cohomology presheaves, the left vertical arrow is
an isomorphism, and Proposition 3.15 shows that the right vertical arrow is also an
isomorphism. Finally, the bottom horizontal arrow is an isomorphism since G/H,
is zero-dimensional and sheaf cohomology coincides with Cech cohomology, as
shown in Proposition A.4. It follows that the top horizontal arrow is an isomorphism,
and by (3.13) one sees that the map 'ET*4 (U, Px) — 'ETI(U,G(aP)) gives
an isomoprhism of ' £ -terms, showing that the spectral sequences converge to the
same groups. By definition, the former spectral sequence converges to ]I:H°(‘u; Py
and the latter converges to H®(Xeg; aﬂ’&), by (A.6). This concludes the proof. [
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