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Families of p-adic Galois representations and (q>, T)-modules

Eugen Hellmann*

Abstract. We investigate the relation between p-adic Galois representations and overconvergent
(<p, r)-modules in families. Especially we construct a natural open subspace of a family of
(<p, r)-modules, over which it is induced by a family of Galois-representations.
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1. Introduction

The theory of (<p, r)-modules describes Qy,-valued continuous representations of
the absolute Galois group of a local field in terms of semi-linear algebra objects.
This theory was generalized by Dee [9] to the case of coefficients in a complete
local noetherian Z^-algebra. Finally Berger and Colmez [3] generalize the theory of
overconvergent (<p, Tj-modules to families parametrized by p-adic Banach algebras.
More preceisely their result gives a fully faithful functor from the category of vector
bundles with continuous Galois action on a rigid analytic variety to the category of
families of etale overconvergent (<p, r)-modules. This functor fails to be essentially
surjective. However it was shown by Kedlaya and Liu in [17] that this functor can be

inverted locally around rigid analytic points.
It was already pointed out in our previous paper [12] that the right category to

handle these objects is the category of adic spaces (locally of finite type over Qp) as

introduced by Huber, see [14], Using the language of adic spaces, we show in this

paper that given a family J\f of (<p, r)-modules over the relative Robba ring
on an adic space X locally of finite type over Qp (see below for the construction of
the sheaf Ho), one can construct natural open subspaces Aint resp. 3fadm, where
the family N is etale resp. induced by a family of Galois representations. This
generalizes our paper [12] to the set up of (p, T)-modules. Moreover we show

that the inclusion 2fadm C X is partially proper, i.e. contains all its specializations
inside X, and we further investigate the difference between the open subspaces Aint

*The author was partially supported by the SFB TR 45 of the DFG (German Research Foundation).
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and X*dm: we show that Xadm contains the tube over a point in the special fiber of
some formal model of Aint.

Our main results are as follows. Let K be a finite extension of Qp and write Gk for
its absolute Galois group. Further we fix a cyclotomic extension Koo 1J K(ppn)
of K and write T Gal (/fco/K).

Theorem 1.1. Let X be a reduced adic space locally offinite type over and

let fif be a family of{cp, T)-modules over the relative Robba ring

(i) There is a natural open subspace 2Tint C X such that the restriction of fif
to Xmt is etale, i.e. locally on Xmt there is a family of etale lattices 01 C fif.

(ii) The formation (X, fif) i-> A'"11 is compatible with base change in X, and
X Alnt whenever the family fif is etale.

In the classical theory of overconvergent (tp, r)-modules, the slope filtration
theorem ofKedlaya, [15, Theorem 1.7.1] asserts that a ^-module over the Robba ring
admits an etale lattice if and only if it is pure of slope zero. The latter condition
is a semi-stability condition which only involves the slopes of the Frobenius. The

question whether there is a generalization of this result to p-adic families was first
considered by R. Liu in [18], where he shows that an etale lattice exists locally around

rigid analytic points.

The condition of being etale is a local condition and asks for the existence of a

lattice. As these lattices are only unique up to p-isogeny one can not expect that

they glue together to give an etale lattice globally. Hence it is not easy to define this
kind of structure over a formal model of the given rigid analytic space. However, if
we relax the condition of being locally free and consider classical (<p, r)-modules
in the sense of Fontaine instead of the overconvergent (<p, r)-modules (i.e. consider

modules over fiSx.K instead of modules over in the notations of the body of
the paper) we have the following replacement. Again we refer to the body of the

paper for the precise definitions.

Theorem 1.2. Let X be a reduced adic space of finite type over Qp and let fif
1" "V

be an etale family of (<p, T)-modules over with associated (<p, T)-module fif
over fifx.K- Then there exists a coherent sfx,K~sub (<p, T)-module N C fif that is

etale and generates fif over ffSx. K- Moreover there exists a formal model X of X
such that N admits a model over X.

On the other hand, we construct an admissible subset Aadm C X for a family of
(cp, r)-modules over X. This is the subset over which there exists a family of Galois

representations. It will be obvious that we always have an inclusion Aadm C A'11".
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Theorem 1.3. Let X be a reduced adic space locally offinite type over Qp and Af
be a family of((p, T)-modules over the relative Robba ring

(i) There is a natural open and partially proper subspace Aadm c X and a

family V of Gk-representations on Vadm such that Af\xaim is associated to V
by the construction of Berger—Colmez.

(ii) The formation (X,Af) m>- (Vadm, V) is compatible with base change in X,
and X — Vadm whenever the family Af comes from a family of Galois

representations.

(iii) Assume that X is quasi-compact and Af is etale, i.e. X Xmt. Let X be a

formal model ofX that admits a modelfor an etale submodule N C Af in the

sense of Theorem 1.2. Let Y C X be the tube of a closed point in the special
fiber of X. Then Y C Vadm

In a forthcoming paper we will apply the theory developed in this article to families
of trianguline (<p, r)-modules and the construction of a (conjectural) local Galois-
theoretic theoretic counterpart of eigenvarieties. This should give an alternative
construction of Kisin's finite slope space.

Acknowledgements. It is a pleasure to thank R. Liu, T. Richarz, P. Scholze
and M. Rapoport for helpful conversations and J. Nekovär for pointing out some
references. Further I thank R. Bellovin for pointing out some small mistakes.

2. Sheaves of period rings

In this section we define relative versions of the classical period rings used in the

theory of (cp, r)-modules and in p-adic Hodge-theory. Some of these sheaves were
already defined in [12, 8].

Let K be a finite extension of Qp with ring of integers Ok and residue field k.
Fix an algebraic closure K of K and write Gk Ga\(K/ K) for the absolute Galois

group of A". As usual we choose a compatible system e„ e K of pn-th root of
unity and write 1J K(en). Let Hk C Gk denote the absolute Galois group
of Koo and write T Gal(AToo/A). Finally we denote by W W(k) the ring of
Witt vectors with coefficients in k and by K0 Frac W the maximal unramified
extension of Qp inside K. Moreover we write W' OK'0 for the ring of integers of
the maximal unramified extension K'0 of Qp inside K^.

2.1. The classical period rings. We briefly recall the definitions of the period rings,
as defined in [1] for example, see also [17, 1], Write

E+ fim 0Cp/pOCp.
x\-+xp
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This is a perfect ring of characteristic p which is complete for the valuation valE

given by valE(xo, x\,...) val^lxo). Let

E Frac E+ E+[±],

where e (ei, 2,...) e E+. Further we define

Ä+ W(E+), Ä W(E),

B+=Ä+[l/p], B Ä[l/p].

On all these ring we have an action of the Frobenius morphism <p which is induced by
the p-th power map on E. Let W'((T)) JL'[[T]][1 / T] denote the ring of Laurent
series with coefficient in W'. Further we consider the ring Ak which is the /7-adic

completion of W'{(T)) and denote by B^- A^[l/p] its rational analogue. We

embed these rings into B by mapping T to the lift of a uniformizer of the field of
norms of K. The morphism (p restricts to an endomorphism, again denoted by <p,

on Ak, resp. B^. Further Gk acts on Ak through the quotient Gk T.

For r < s Z we define

A[^l j J2anTn
neZ

Ätr j \-x"\pn

t neZ

f'r
I n>0

Bt,r j Pn
' «s>—00

t
0 < valP{anpn^r) —>00, n —>• — 00

@n ^ Aq,
0 < valP(anpn/S) —> 00, n —> 00

Kn G E, 0 < valE(x„) + JL-j- -> 00, n 00

xn e E, val^(xn) + j- -> 00, n -> c>o >.

~ 1' r ~ 1%'*
The rings A ' and B are endowed with the valuation

w, : pk[xk\ 1— inf {valE(x*) +

Using these definitions the perfect period rings (on which the Frobenius <p is bijective)
are defined as follows:

"}* S "" "j" S

Brig Frechet completion of B ' for the valuations uy, s' > s,

Bf Mm. B1' (2.1)

4= 25,
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Further we have the usual imperfect period rings (where the Frobenius is not bijective):

b[m1 A[r'*][l/p\,

Bt>r nBt,r

At>r ak n At,r

Bj^ Frechet completion of B^"5 for the valuations ws',s' > s, (2.2)

B1 lim Bt>r,
—>r

Brig !rBngr'
Af A^nBf.

Note that these definitions equip all rings with a canonical topology. There are

canonical actions of Gk on all of these rings which are continuous for their canonical

topologies. The Hk-invariants of R for any of the rings in (2.1) are given by the

corresponding ring without a tilde R in (2.2), where R is identified with a subring
of R by mapping T to a lift of a uniformizer of the field of norms of K. Hence there

is a natural continuous T-action on all the rings in (2.2).

Remark 2.1. Let us point out that some of the above rings have a geometric
interpretation. We write B for the closed unit disc over K'0 and U C B for the

open unit disc. Then

AW r(B[p-l/rip-l/s],0+

B[r>*] rtBfp-i/^-i/spöa),

where B^/q C B is the subspace of inner radius a and outer radius b and U>„ CÜ
is the subspace of inner radius a.

The ring Bj,'r is known to be identified with the ring of rigid analytic functions
in the variable T that converge on the annulus 0 < vp(T) < 1/r, i.e. we have the

identification
Bj;gr Inn B^ T^-i/,, Ov),

and Bt f is identified with its subring of functions that are bounded in that annulus. We

write A^'°°^ C B^r for the subring1 of power series with coefficients in W' 0K'q.
Note that

A* lim A^'00-)
< S

but that A^'00-* is strictly larger than lim as for example T_1 e A^00*,
<—S

but T~l is not bounded by 1 on any annulus 0 < vp(T) < 1/r.

'This ring is denoted TZml'r in [17],
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The Frobenius endomorhpism (p of B induces a ring homomorphisms

A[r'*] y At/"-,/"]

^[r,oo) ^ ^[pr,oo)

for r,i » 0 and in the limit endomorphisms of the rings

A+.B^B^^.B^.
These homomorphisms will be denoted by q> and commute with the action of T,

resp. Gk-

2.2. Sheafification. Let X be an adic space locally of finite type over Qp in the

sense of Huber [14]. Recall that X comes along with a sheaf 0% c Ox of open and

integrally closed subrings.
Let A+ be a reduced -algebra topologically of finite type. Recall that for i > 0

the completed tensor products

A+®ZpW,(E+) and A+§Z/,1F;(E)

are the completions of the ordinary tensor product for the topology that is given by the

discrete topology on A+/pl A+ and by the natural topology on Wt (E+) resp. W, (E),
see [12, 8.1].

Let A be a reduced adic space locally of finite type over Q^. As in [12, 8.1] we

can define sheaves Sx, s^x an(* ^ demanding

T(Spa(A, A+),#+) A+®ZpE+,

F(Spa(A, A+)JX) A+®ZpE,

T(Spa(A,A+),J+)= Um A+§Z/) (E+),

T(Spa(A,A+),Jx) Um A+®ZpWt(E),

for an affinoid open subset Spa(A, A+) c X. It follows from [12, Lemma 8.1] that
these are well defined sheaves.

We define the sheaf s&x,k to be the p-adic completion of (ö£ ®zp M/)((T)),
that is

^r^(Spa(A, A+)) (A+ ®Zp tF)((T)))A

for some reduced affinoid Tate algebra (A, A+). As /»-adic completion is left exact

it is clear that this rule again defines a sheaf, not just a pre-sheaf. Further we set

&x,k ^x,k\Mp]-
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Let A+ be as above and A A + [\/p]. We define

A+®zDA[r^ and A+®ZpA!,s

to be the completion of the ordinary tensor product for the p-adic topology on A+

and the natural topology on A^' resp. Ä^'4. These completed tensor products can
be viewed as subrings of r(Spa(A, A+), £?spa(A,A+))- F°r a reduced adic space X

locally of finite type over Q^, we define the sheaves ,<Sx's^ and ,s/x's by demanding

r(Spa(A, A+),^r's]) A+®ZpA[r's\

r(Spa(A, A+),Jl's) A+®ZpA?'\

for an open affinoid Spa(/1, A+) c X. In order to show that these rules really
define sheaves, we proceed as follows: The rings is a lattice in a Banach-

~ 1* S

algebra over Qp and so is A ' (it is complete for the valuation ws) and we may
use [17, Definition 3.2, Lemma 3.3] in order to prove the sheaf axiom. The claim of
loc. cit. is formulated for Banach algebras, but the proof works the same for lattices
in Banach algebras.

Similarly we define the sheaf S$x Finally, as in the case above, we can use these

sheaves to define the sheafified versions of (2.1):

lim 3B]f,

-t 7"' -t, (23)
^X,ng— '^V.ng'

where the direct limits are (by definition) direct limits in the category of sheaves

(i.e. sheafification of the direct limit as pre-sheaves).
"" 1" TMoreover we define SBx to be the sheaf associated to

Spa(A, A+) h»

for Spa(A, A+) C X affinoid open. Again it is easy to see that this indeed defines a
* t rsheaf: The ring A<8>qpB is the Frechet completion of

,Bt,r T (Spa(A, A+), 3BXS)

with respect to the family of norms ws>, for s' > s. But as completion is left exact,
for some open covering Spa(/4, A+) [J(. the exact sequence

0 — r(Spa(A, A+), JJr) — Y\ r(Ui,&]f) — Y\ r(ui n
i,j

~ J.

stays exact after completion. We deduce the sheaf property from SBX from the
~ 1' rsheaf property of SBx
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Moreover we have the sheafified versions of the rings (2.2) (by a direct limit we
always mean the direct limit in the category of sheaves, i.e. the sheafification of the

direct limit in the category of presheaves):

af"[l/p],
^X G

,'r — rx/., „ n ra/f'r%K n (2.4)

lim

s^x &^x,K n

Note that all the rational period rings (i.e. those period rings in which p is

inverted) can also be defined on a non-reduced space X by locally embedding the

space into a reduced space Y and restricting the corresponding period sheaf from Y
to X, compare [12, 8.1].

Remark 2.2. As in the absolute case there is a geometric interpretation of some of
these sheaves of period rings:

^XA ~ PTX,* (°JxB[/7_1/r^_1/s])'

Prx,* (Oxxs[p_1/r p_1/S]).

Here pr^ denotes the projection from the product to X.
We may further set

fx,. (Ox.us„_,„).

<nS=

By construction all the "perfect" sheaves Six (he- those of the period sheaves with
a tilde) are endowed with a continuous Ox-linear Gk -action and an endomorphism <p

commuting with the Galois action. The "imperfect" sheaves Six 0-e- those period
rings without a tilde) are endowed with a continuous T-action and an endomorphism cp

commuting with the action of T.

Notation. In the following we will use the notation X(Qp) for the set of rigid analytic
points of an adic space X locally of finite type over Q^, i.e.

X(QP) {x e X | k(x)/Qp finite}.
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Proposition 2.3. Let X be a reduced adic space locally offinite type over Qp and
letR be any of the integral period rings (i.e. a period ring in which p is not inverted)
defined above. Let Six be the corresponding sheafofperiod rings on X.

(i) The canonical map

r(x,@x) —»• n_feW+ ®zpR
x&X(qp)

is an injection.

(ii) LetR' C R be another integral period ring with corresponding sheafofperiod
rings Pi'x c P&x and let f G V (X, S#x)- Then f e r(X,M'x) ifand only if

f(x) e k(x)+ <g>Zp R' C k(x)+ <8>z„ R

for all rigid analytic points x e X.

Proof. This is proven along the same lines as [12, Lemma 8.2] and [12, Lemma 8.6].

Corollary 2.4. Let X be an adic space locally offinite type over <Q)p, then

(«L./""1 «U'
(0x)'"d Ox. \)"' ®\.

Proof. If the space is reduced this follows from the above by chasing through the

definitions. Otherwise we can locally on X choose a finite morphism to a reduced

space Y (namely a polydisc) and study the <p- resp. //^-invariants in the fibers over
the rigid analytic points of Y, compare [12, Corollary 8.4, Corollary 8.8]

Notation. Let X be an adic space locally of finite type and be any of the sheaves

of topological rings defined above. If x X is a point then we will sometimes
write for the completion of the fiber PX, <S> k(x) of PX at x with respect to the

canonical induced topology.

3. Coherent O* -modules and lattices

As the notion of being etale is defined by using lattices we make precise what we

mean by (families of) lattices.
Let X be an adic space locally of finite type over Qp. The space X is endowed with

a structure sheaf Ox and a sheaf of open and integrally closed subrings C Ox
consisting of the power bounded sections of Ox Recall that for any ringed space,
there is the notion of a coherent module, see [10, 5.3],
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Definition 3.1. Let X be an adic space (locally of finite type over <Q)p) and let E be

a sheaf of 0%-modules on X.

(i) The module E is called offinite type orfinitely generated, if there exist an

open covering X (J;6/ [/, and for all i I exact sequences

(Pu,)d' —> E\u, — 0.

(ii) The module is called coherent, if it is of finite type and for any open subspace
U C X the kernel of any morphism (Oy)d E\u is of finite type.

(iii) The sheaf E is called quasi-coherent if there is an open covering X 1J f/;
and there exist exact sequences

(0+)®'«-' — (0+)®J2.' — E\Ut — 0.

for some index sets Ji;i-, J2,i-

Let X Spa(T, 4+) be an affinoid adic space. Then any finitely generated
A+-module M defines a coherent sheaf of öJ-modules E by the usual procedure

r(Spa(5, B+), E) — M <8»^+ B +

for an affinoid open subspace Spa(ß, B+) c X.

Remark 3.2. Let X be a reduced adic space locally of finite type over Qp. Then

locally on X the sections Y(X,Ox) as well as F(A,ö%) are noetherian rings:
Indeed, this comes down to the following claim: Let Spa(A, A+) be an affinoid adic

space of finite type over <QP and assume that A is reduced. We claim that A+ is

noetherian. But A+ is identified with the ring of power bounded elements of A (by
definition of being of finite type). By Noether normalization there exists a morphism

B =Qp(Tu...,Tr) ^ A

which makes A into a finite B-module. As the valuation on Qp is discrete it follows
from [4,6.4.1, Corollary 6] that A+ is finite over the ring of power bounded elements
B+ Zp(Ti,..., Tr) of B Qp(Ti,..., Tr). As B+ is noetherian, so is A+.

It follows form this remark that an öJ-module which is locally associated with a

module of finite type is coherent.

Remark 3.3. The same definition of course also applies to the sheaves of period
rings that we defined above. However, as in this case the sections over open affinoids

are (in general) not noetherian, the analogue of Remark 3.2 does not apply.

On the other hand it is not true that all coherent ö\-modules on an affinoid

space arise in that way, as shown by the following example. The reason is that the

cohomology Hl(X, E) of a coherent (7J-sheaf E does not necessarily vanish on
affinoid spaces.
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Example 3.4. Let X Spa(QP(T),ZP(T)) be the closed unit disc. Let

Ui {x £ X \ \x\ < |p|}
U2 {x e X | \p\ < \x\ < 1}.

Define the ö^-sheaf E\ c Ox by glueing and p~lTOy2 over U\ n U2

and E2 C Ox by glueing and pT~lOy2- Then E\ and E2 are coherent

öJ-modules. We have

r(*,Ei) (l.p-'nr^, o+),

T(x, e2) pr(x, o+).

Especially E2 is not generated by global sections. If X U\ U U2 A^. U P]z

is the canonical formal model of X U\ U U2, then E2 is defined by the coherent

Ox-sheaf which is trivial on the formal affine line and which is the twisting sheaf 0(1)
on the formal projective line, while E\ is defined by its dual ö(— 1) on the formal

projective line.

Let X be an adic space of finite type over <QP (especially X is quasi-compact)
and £ be a coherent öJ-module on X. As £ is not necessarily associated to an
A+-module on an affinoid open Spa(A, A+) C A, the sheaf £ does not necessarily
have a model £ over any formal model X of X: The sheaf U i—» T(ZYad, £) does

not define £ in the generic fiber in general. However there is a covering X (J U,

of X by finitely many open affinoids such that E\u, is the sheaf defined by the finitely
generated T(Ut, C^)-module r((7,, £). Hence there is a formal model X of X
such that £ is defined by a coherent ©^-modules £. Namely A' is a formal model

on which one can realize the covering X [J £/,• as a covering by open formal
subschemes.

Remark 3.5. If £ is a coherent öJ-module on an adic space X of finite type over Qp
and if U — Spa(A, A+) C X is an affinoid open, then T(17, £) is a finitely generated
A+-module. In fact there is a formal model U of U that is an admissible blow up
of Spf A+ and such that there is a model £ of E\jj over U. Then the claim follows
from standard finiteness results for coherent sheaves and projective morphisms.

Let £ be a coherent öJ -module on an adic space X and let x e X.
Let m* C Ox,x denote the maximal ideal of function vanishing at x and write
m+ mx n 0\ x, i.e. 0\ k(x)+ is the integral subring of k{x). We write

£ <g> k(x)+ for the fiber of £ at x, that is for the quotient of the O^ ^-module

Ex fim F(U, £)
Usx

by the ideal
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Let X be a formal model of X and £ be a coherent Ox-module defining E in the

generic fiber. Further let Spf k(x)+ X denote the morphism defining x in the

generic fiber. Then £ (g> k(x)+ E ® k(x)+. If we write X for the special fiber
of X and £ for the restriction of £ to X and if x0 e X denotes the specialization
of x, then it follows that

£ <8> k(x0) (£ <S> k(x)+) <8>k(x)+ k(x0) (E <g> k(x)+) <S>kM+ k(x0).

Definition 3.6. Let £ be a vector bundle of rank d on an adic space X, locally of
finite type over Q^. A lattice in £ is a coherent öj-submodule E+ C E which
is locally on X free of rank d over Ox and which generates E, i.e. the inclusion
induces an isomorphism

E+ <g> + Ox E.
x

Let us assume for simplicity that the space X is reduced and let A be a formal
model of A. In a similar way as above we can define coherent sheaves of s4x,k or

^x '^-modules. Moreover we can define the sheaf of ö^-algebras a£x,K on X by

r<y,fi/x,K) r(uaä,^x,K).

If X Spf A+ is affine and if OL is a finitely generate A+<S>zpAk T(X, £?x,k)-
module, then we can associate to Vt a coherent j^^-module by

Spf B+ ÜI8U+ B+ m ®A+®ZpxK (B+®ZpAk),

for Spf B+ c Spf A+ open affine.

Similarly we associate to 9T a coherent six,k-module by

Spa(5, B+) ^ m®A+B+ 01 ®A+QXpAK (B+®zpAK),

for Spa(5, B+) C Spa(A, A+) open affinoid.
Given again an arbitrary adic space of finite type over Qp and a formal model X

of X. Let A be a coherent .ß/^ ^-module on X. As a coherent .c/^- ^-module is of
finite type it follows that there is an affine cover X U,e£/ Spf d(+ such thatOf |Spf ^+
is associated to a module 01, as above2. Then we can associate to A a coherent

s#x,K-module Aad on X by defining Aad^SpM+^d to be the sheaf associated to 01,.

If a coherent six,K-module is of the form Aad for some coherent j^^-module A,
then we say that this module admits a model over X, or that A is a model for Aad.

Finally let TV be a locally free £§x,k-module. We say that a coherent

.{/y ^-submodule A C TV is a lattice in TV if A is locally on X free as an

•^./sr-module and if A k ^x,k TV[j] TV.

Similar remarks and constructions apply to as well.

2Note that we do not claim that if X is affine then every coherent sfx.K-module is associated to a

module over T(X, $4x,k)-
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4. (cp, T)-modules over the relative Robba ring

In this section we define certain families of (^-modules that will appear in the context
of families of Galois representations later on. Some results of this section are already
contained in [12, 6],

Definition 4.1. Let X be an adic space and Si e {sSx,k, -^x )-

An etale ^-module over Si is a coherent ^-module N together with an

isomorphism
<3> : <p*N —> N

Definition 4.2. Let X e Adi? and
Vlp

Write Si+ C S% for the corresponding integral subring3.

(i) A ^-module over Si is an ^-module N which is locally on X free over Si
together with an isomorphism d> : <p*N —> N.

(ii) A ip-module over Si is called etale if it is locally on X induced from an etale

^-module that is free over Si^.

Remark 4.3. Although our main interest is in objects that are (locally on some X)
free, we need more flexibility in the case of Definition 4.1. Especially, given an etale

^»-module on some affinoid space, we want to be able to treat its global sections as

an etale ^-module.

Recall that Koq is a fixed cyclotomic extension of K and T GaRA^/ K)
denotes the Galois group of Koo over K.

Definition 4.4. Let X e Adl.^ and SX be any of the sheaves of rings defined above.

(i) A (<p, r)-module over Si is a ^-module over Si together with a continuous
semi-linear action of T commuting with the semi-linear endomorphism <I>.

(ii) A (tp, r)-module over Si is called etale if its underlying ^-module is etale.

4.1. The etale locus. If X is an adic space (locally of finite type over Qp) and

x e X is any point, we will write ix : x —»• X for the inclusion of x. If Si is any of
the sheaf of topological rings above and if M is a sheaf of Six -modules on X, we
write

l*XN hi1M Six

for the pullback of M to the point x. The following result is a generalization
of [17, Theorem 7.4] to the category of adic spaces.

3The integral subring of fiß\
ng

is
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Theorem 4.5. Let X be an adic space locally offinite type over Qp and M be a

family of (<p, T)-modules over rfg.

(i) The set

Xmt {x e X | i*xfif is etale} C *
is open.

(ii) There exists a covering X'"1 1J [/, and locally free etale -modules

Nj C M| u, which are stable under <t> such that

N> &u,jg =^k.
i.e. J\f\x,m is etale.

Proof. If X is reduced this is [12, Corollary 6.11]. In loc. cit. we use a different
Frobenius (p. However the proof works verbatim in the case considered here. For

non reduced spaces we follow the same proof using [11, Theorem 6.5] instead of [12,
Theorem 6.9]4.

Remark 4.6. If we are interested in integral models it is in fact enough to work
with locally free -modules J\f instead of modules over that are locally

over X free: A locally free 38^^-module (which is obtained by restricting a locally
free -module) is locally on X free over &X'SK Hence [12, Theorem 6.9]

resp. [11, Theorem 6.5] still apply and the assumptions of [12, Proposition 6.5] are
satisfied.

Theorem 4.7. Let f : X —> Y be a morphism of adic spaces locally offinite type

over Qp. Let Ny be a family of (<p, T)-modules over LXy
rig

and write Nx for its

pullback over ng.
Then /-1(Fint) Alnt.

Proof. This is [12, Proposition 6.14], Again the same proof applies with the

Frobenius considered here.

4.2. Existence ofetale submodules. For later applications to Galois representations
the existence of an etale lattice locally on X will not be sufficient. We cannot hope
that the etale lattices glue together to a global etale lattice on the space X. However

we have a replacement which will be sufficient for applications.

Convention. Let X be a reduced adic space locally of finite type over Qp and

let (TV, <1>) be an etale <p-module over and (Af, <J>) be an (etale) <p-module

4There is a mistake in [12]. The proof of Theorem 6.9 only applies to reduced spaces. However, this
is enough for the purposes of [12]. This mistake is fixed in [11].
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over S§x,K- We say that (Af, <1>) is induced from (Af, <t>) if there exists a covering

X (JU1 and etale lattices N, c Af \ u, such that

(Af, 6)1^ ((M, 4>)A)[i] (#„<&)

Note that 3§x,k is not a sheaf of ng-modules and hence we can only base change

after passing to an etale lattice. Further note the every etale (^-module over

gives rise to a unique (^-module over ff$x,K, as an etale -lattice is unique up to

/7-isogeny, compare [17, Prop. 6.5],

Proposition 4.8. Let X be a reduced adic space of finite type and (Af, 6) be a

(p-module over fi$x,K which is inducedfrom an etale (p-module (Af, <f>) over

Then there exists an etale cp-submodule N C Af over sfx,K such that the inclusion
induces an isomorphism after inverting p. Moreover there exists an formal model X
of X such that N has a model over X.

Remark 4.9. Note that in this proposition we do not claim that N is locally free.

Proposition 4.10. Let X be an reduced adic space offinite type over Qp. Let Af be

an etale (p-module over f&xng t^len there exists a quasi-coherent -submodule

N C Af which (locally on X) contains a basis ofAf. Moreover, if X UH=i U, is

a finite covering such that Af\ut admits a free etale lattice N,, then we can choose N
such that N\u, C N,.

Proof Let X [J^lj U, be a finite covering such that Af\u, is free and admits an

etale lattice N, cAf\ur Write V, \JlJ=1Uj.
Let Mj — N] on U\. We claim that we can inductively extend M, on V, to Ml+i

on Vl+\ such that

pc>+iNj C Ml+i\U] C pc'+*Nj (4.1)

for j 1+ 1 for some constants C, +1 and C[+,. The proposition then follows
after rescaling Mn by p~c".

The claim is obvious for i 1 and for the induction step it is sufficient to extend

Mt\v,r\u,+i to L,+ i such that this extension satisfies (4.1). By Lemma 4.11 below
it is sufficient to check that there are C,+1 and C/+1 such that

pC,+l Nl + i\v,nul+l C MI|v,nt/,+1 C pC'+1 NI+i\Vlnul+l-

However this may be checked on the open covering U} C\Ul + \ for j e {1, •••,'} of
V, fl f/,+1 and hence by induction hypothesis it is enough to show that

pC'+iNl+i\Ujnu,+i C pCJ Nj\Ujfiul+i
C pCj Nj\UjCiUi+l c pC,+1 Nl+i\ujDUl+i-
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But by [17, Prop 6.5] an etale lattice in M\u, nu} is unique up to p-isogeny and hence
the required constants C/+1 and C/+1 do exist.

Lemma 4.11. Let X Spa(/I, A+) be a reduced affinoid adic space and U G X an

quasi-compact open subset. Let Mx (^xng)d and let Nu be a finitely generated

js/jj'00)-submodule ofMu Mx\u-
Let N', N" C Mx be -lattices such that

N"\u CNVC N'\u

Then there exists a quasi-coherent -module Nx such that Nx\u Nu and

N" CNX C N'.

Proof. After localizing we may assume that N' is free. Denote by j : U c-> X the

open embedding of U. We define Nx by

NX ker(iV' — MN^/Nu))

and claim that Nx is a coherent -module containing (locally on A) a basis

of Mx-
It is obvious that N" C Nx C N' and hence Nx contains a basis of Mx- It

remains to check that this sheaf is quasi-coherent. Let U [J Ux be a finite covering

by open affinoids such that Nu is associated to a finitely generated
module. Choose a covering X (J V} by open affinoids such that V} n U C Utj
for some index i}. Then Nx is associated to the T{Vj, .i/^r'°°')-module

ker (T(Vj, N') — T(Utj, N^/Nu) ®r(U T{V} n U, M^)).
J ' x

Especially Nx is quasi-coherent.

ProofofProposition 4.8. As A is quasi-compact, we can choose a locally free model

(Mr, <l>r) of (M, 4>) over for some r » 0. After enlarging r if necessary,

we can assume that there exists a finite covering X |J Ut and etale lattices

M, C Mr | u, Using Proposition 4.10 we find that there exist a quasi-coherent

-module N0 C M such that

TVolt/, C Ml

and such that No generates M as a -module. As No is quasi-coherent, we may
assume (after eventually refining the covering) that Ux is affine and that No\ut is

associated to a module over T ([/,-,



Vol. 91 (2016) Families of p-adic Galois representations 737

Let Afr, denote the restriction of Afr to ,^'rr'|g, where we write r, p'r. Then

we inductively define quasi-coherent -modules N, C Afr, by setting

Nl+1=N, ® rri.oo) *4r,+I,00) + WW»)-

By assumption, we always have

Nj\u, C Mi ® ,[r,oo)
Ul

We define an .eVj-submodule N c Af, by setting

where the direct limit again is the direct limit in the category of sheaves. Further we
define N to be the image of the canonical morphism

N ^X'K —*

where Af is the 3&x,k-module associated to Af. We claim that N is coherent. This
is a local claim and may be checked on affinoid open subsets U Spa(A, A+) C X
such that U C f/, for some i and such that Vo|t/ is associated to a T(f/,
module. It follows from the construction that N\u is the sheaf associated to the

r(U,MXyK) (A+ ®zp M/,)((T)))A-module

T((/, N) C T(C7, M, ® t fi*x,K). (4.2)

We point out that the ring (A+ (&ip W'){(T))A is noetherian. Indeed, the ring A+ is
the ring of power bounded elements in a reduced Tate-algebra and hence noetherian,

compare Remark 3.2. The ring (A+ <8>zp W){{T)) is a localization of the noetherian

ring (A+ W') [[T]] (the power-series ring over a noetherian ring is noetherian) and

hence itself noetherian. Finally the p-adic completion of the noetherian Z^-algebra
(A+ ®zp W')({T)) is still noetherian.

As the right hand side of (4.2)is finitely generated, so is the left hand side and it
follows that N is coherent.

Moreover N can be defined over a formal model X of A: indeed we may take a

formal model such that there is an open covering of X realizing a covering of X by

open subsets of the form U as above. This formal model clearly does the job.
Further the construction implies that

4>(^*A) c N,

N K 3§x,K TV".
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It is left to show that <b(<p*N) -> N is an isomorphism. In order to do so, we may
work locally on X and hence assume that X is affinoid and A is contained in an

etale sfx.K-lattice M C J\. Moreover we may assume that A is the coherent sheaf
associated to its global sections (that we also denote by A by abuse of notation) and

that these global sections are finitely generated over r(A', £&x,k)-
Given a maximal ideal m C A+ we denote by km — A+/m the residue field

of m. By Nakayama's lemma we are reduced to show that for all maximal ideals

m C A+ the canonical map of finite free (km 8fp k')((r))-modules (here k' denotes

the residue field of Or')
o

<f> : cp*N 8,4+ km —> A 8^+ km, (4.3)

is an isomorphism. As both, source and target, have the same dimension as km((T))-
vector spaces (one is just a "twist" of the other) it is enough to show that the map is

surjective.
For a rigid analytic point relwe write mx C A for the maximal ideal defining x

and m+ n A+ C A+. Then x specializes to m e Spec A+/pA+ if and only
if m+ C m.

Given x, the fiber A 8 k(x)+ is a finitely generated module over the ring
#fx,K 8 k(x)+ which is (a product of) complete discrete valuation rings. Write

(A 8 A:(x)+)tors~free C A 8 k(x)+

for the submodule which is wx-torsion free. This submodule has to be free and

(A8k(x)+)tors-free[I] (A8fc(x)+)[i]

(M 8 £(*)+)[}] TV" 8 k(x).

It follows from Lemma 4.12 below that (TV 8 k(x)+)'°rs
free

is an etale (^-module,

i.e. <1> is surjective.
Now we consider the morphism (4.3) and assume / e N 8,4+ km. As N

is p-torsion free, there exists some x e X such that x is in the tube of m and

/ £ (A 8 k(x)+)tors
free

such that f f mod mx, where mx is a uniformizer

of k(x)+, i.e. m/m+ (mx) as ideals in A+/m+ —k(x)+. As (A 8k(x)+)tors
free

is etale, there exists an f e <p*(N 8 k(x)+)tors
free

such that <t>(/') /. Reducing
modulo wx it follows that (/' mod mx) maps to /. We have shown that (4.3) is

surjective as claimed.

Lemma 4.12. Let F be a finite extension ofQp and (A, <t>) be a free etale <p-module

over xAp,K- Let N\ C A be a finitely generated submodule such that Ai[l/p]
N[\/p] and <${cp*N\) C N\. Then (N\, "J) is an etale cp-module, i.e.

Ai.



Vol. 91 (2016) Families of p-adic Galois representations 739

Proof. As p/f,k is (a product of) discrete valuation rings, it is clear that Ni is free

on d generators, where d is the s^f.k-rank of N. Let b\,...,bd be a basis of N
and e\,...,ed be a basis of N\. Let A denote the change of basis matrix from b

to e and denote by Matfc(<J>) resp. Mat£(3>) the matrix of <t> in the basis b resp. e of
TV[ 1 //?] N\[l/p]. Then our assumptions imply that

Mat£(3>) e Matdxd(^F,K)-

On the other hand
Mat£(4>) A_1Mat^(6)^(/l)

and hence det (Mat£(<3>)) e K> as N is etale, and

val^(detA) val^(det<p(A)).

5. Families of p-adic Galois representations

In this section we study the relation between Galois representations and (<p, T)-
modules in families. This problem was first considered by Dee in [9] for families
parametrized by a complete local noetherian -algebra. Later the problem was
considered by Berger and Colmez in [3] and Kedlaya and Liu in [17], where they
define a functor from p-adic families of Gk-representations to p-adic families of
overconvergent (<p, T)-modules.

Definition 5.1. Let G a topological group and X an adic space locally of finite type
over Qp. A family of G -representations over Visa vector bundle V over X endowed

with a continuous G-action.

We write Rep^ G for the category of families of G -representations over X. Recall
that we write Gk Galf/f /K) for the absolute Galois group of a fixed local field K.
In this case Berger and Colmez define the functor

Df : Rep^G/f — {etale (<p, T)-modules over },

which maps a family V of Gk-representations on X to the etale (q>, T)-module

Df(V) (V ®0x

More precisely they construct this functor ifX is a reduced afhnoid adic space of finite

type. As the functor D+ is fully faithful in this case and maps V to a free .S^-module
it follows that we can consider on the full category Rep^Gjr, whenever X is

reduced.

In [17] Kedlaya and Liu consider the variant

D:S:V^ (V ®0, »L«)"* D,(V) «L«



740 E. Hellmann CMH

which we will also consider here. Note that for an adic space X of finite type over Qp,
the (<p, r)-module D^(V) is always defined over some C 3ß\, for 0.

Especially an etale lattice can be defined over for s 0.

5.1. The admissible locus. In this section we will always assume that our adic

spaces are reduced.

It is known that the functors D+ and D„g are not essentially surjective. In [17],
Kedlaya and Liu construct a local inverse to this functor. More precisely, they show

that if fif is a family of (<p, r)-modules over then every rigid analytic point at

which M is etale has an affinoid neighborhood on which the family M is the image of
a family of Gk-representations. However, we need to extend this result to the setup
of adic spaces in order to define a natural subspace over which such a family J\f is

induced by a family of Gj^-representations.

Theorem 5.2. Let X be a reduced adic space locally offinite type over Qp and let A/*

be a family of(cp, T)-modules of rank d over

(i) The subset

dim^KA'
^

^,ng) ® k(x))*~ld d

and this k(x)-vector space generates

^ k{%)

is open.

(ii) There exists a family of Gk-representations V on Aadm such that there is a
canonical andfunctorial isomorphism

Dtg(V) ss N\x«*.

(iii) Let V be a family GK-representations on X such that Z)t (V) Af. Then
Aadm X.

Remark 5.3. Note that (iii) is not contained in [12] (in the context of a different
semi-linear operator): there the claim is only made if we assume A'nt X.

Let A be a complete topological Q^-algebra and let A+ c A be a ring of

integral elements. Assume that the completed tensor products A+(g>Ä^ and A(g)Bng
are defined5. In this case the following approximation Lemma of Kedlaya and Liu
applies.

5The examples we consider here, are F{X,Ox) for an affinoid adic space of finite type and the

completions of k(x) for a point X 6 X In the latter case the completed tensor product is the completion
of the fiber of s.A resp. 8$\t at the point x.
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Lemma 5.4. Let fif be a free (<p, T)-module over T<g>i?Jlg such that there exists a

basis on which <I> acts via id + B with

B pMdL\.dxd{A+®Ai).

Then 7Vr$=ld is free of rank d as an A-module. Moreover, an A-module basis of
is an A®B*ng-module basis offif.

Proof This is [17, Theorem 5.2].

Corollary 5.5. Let X be an adic space locally offinite type over Qp and fif be a

family of (<p, T)-modules over f$x Let x in X, then

dimitw^-^L=ld d dim*M
ng

^,rig) ® d-

Proof The proof is the same as the proof of [12, Proposition 8.20 (i)].

Proofof Theorem 5.2. Let x e Vadm and denote by Z the Zariski-closure of x, that

is, the subspace defined by the ideal of all functions vanishing at x. This is an reduced
adic space locally of finite type and we have k(x) öz,x-, as the ideal of functions
on Z that vanish at x is trivial by definition. Then

rIg
(Mz

rg
^z,ng) ® *(*))

hm T(U,fif\z ^z,ng)-
xeUcZ z,ng

By this identification we may choose an affinoid neighborhood U C Z of x in Z
such that a basis of the O-invariants extends to U and forms a basis of fif\u- Then

Vu (A/"|z ®^Z
rig

is free of rank d over Ou and

Vu ®Ou ^,„g =N\z-

On Vu we have the diagonal Gk-action given by the natural action on 38y rjg
and the

T-action on Af. It is a direct consequence of the construction that

D+g(Vt,)=A/V

Especially it follows that fif is etale at x. It follows that we already have Vadm c A"nt.

Replacing X by Xml we may assume that Af is etale everywhere.
Now let x e Aadm and let U denote a neighborhood of x to which we can lift a

basis of «^-invariants. As Af is known to be etale, we can shrink U such that we are
in the situation of Lemma 5.4.
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It follows that Aadm is open and that

gives a vector bundle V on Xadm. Again, we have the diagonal action of Gk- As
above we find that

D„g(V) J\f\x^nxm A/]xddm-

Finally (iii) is obvious by the construction of [3].

Theorem 5.6. Let f : X —> Y be a morphism of adic spaces locally of finite
type over Qp with Y reduced. Further let My be a family of (<p, T)-modules

over
r|g

and write j\rx for the pullback ofMy to X. Then /-1 (yddm) xadm

and f*VY =VX on Aadm.

Proof Using the discussion above, the proof is the same as the proof of [12,

Proposition 8.22].

Proposition 5.7. Let X be a reduced adic space locally offinite type over and

let M be a family of((p, Y)-modules over Then the inclusion

f : Aadm —> X

is open and partially proper.

Proof. We have already shown that / is open. Especially it is quasi-separated and

hence we may apply the valuative criterion for partial properness, see [14, 1.3].
Let (x, A) be a valuation ring of X with x Xadm and let y e X be a center
of (A, x). We need to show that y e XaAm. As y is a specialization of x, the

inclusion i : k(y) ^ k(x) identifies k(y) with a dense subfield of k(x). Especially

My := M ®^k{y)
ni

^l(y),ng — AA ®*t(jc)ing JJw>ng =: Nx

is dense. Let e\,..., be a basis of J\fx on which 4> acts as the identity. We may
approximate this basis by a basis of J\fy. Thus we can choose a basis of J\fy on
which 4> acts by id +A with

A e Matdxd(^^y^ns)

sufficently small. For example we can choose

A e p Matdxd(^(y)).

By Lemma 5.4 and Corollary 5.5 it follows that y Aadm.
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5.2. Existence of Galois representations. In this section we link deformations of
Galois representations and deformations of etale ^-modules.

In the following (R, m) will denote a complete local noetherian ring, topologically
of finite type over Zp. Again we have a notion of an etale «^-module over

R®zpXK ^ {(R/m") <S>zp A*).

By this we mean an fl^^AA-module D of finite type together with an

isomorphism $> : cp* D —> D. Note that D is not required to be locally free.

A Galois representation with coefficients in R (or a family of Galois representations

on Spf R) is a continuous representation

G —> GLd(R),

where G is the absolute Galois group of some field L. The relation between
Galois representations and etale (^-modules with coefficients in local rings was first
considered by Dee, see [9, 2].

Theorem 5.8. Let X be a reduced adic space offinite type over Qp and let (Af, ffi)
be a family of etale tp-modules over Then there exists a formal model X ofX
and an etale &Yx,k-module N C Af generating Af that admits a model over X. Let

xq X be a closed point in the special fiber of Xof X and let Y C X denote the

tube over Xo- Then (Af, ffi)! v is associated to a family of Hg-representations on the

open subspace Y.

Proof Let us write Af for the 33x,k-module associated to Af. It follows from
/s y. *

Proposition 4.8 that there exist an etale ^-module N over sfx,K such that N C Af
as «^-modules and such that N contains a basis of Af. Moreover there is some formal
model X of X such that N is defined over X. Choose a formal affine neighborhood
U Spf(4 + of xq and write U for its generic fiber. We write m c A+ for the

maximal ideal defining *o and write R for the m-adic completion of A +. Then Y is

the generic fiber of Spf R in the sense of Berthelot. Write 91 T(f/, N). This is a

T((7, sYx,k)-module on which 4> induces a semi-linear isomorphism.
It follows that 01 01(^,4+ R is a finitely generated etale ^-module over

T(T, .<Xx,k) R®zpXk- Hence, by [9], there is a finitely generated /^-module E
with continuous Hk action associated with 01. Then

Y D V ^ E®rT(V,Ox)

defines the desired family of Galois representations6 on Y

6Note that we do not claim that locally on Y the integral representation E is associated with an etale
lattice in (Af, <t>). This is only true up to p-isogeny.
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Corollary 5.9. Let X be a reduced adic space locally offinite type over Qp and N
be a family ofetale (<p, T)-modules on X. Then there exists a formal model X of X

A. A

and an etale .s/x,K-module N C fit generating J\f which admits a model over X
Let Xo X be a closed point in the special fiber X of X and let Y C X denote the

tube of Xo. Then M\y is associated to a family of GK-representations on the open
subspace Y.

Proof By the above theorem it follows that Y Tadm. The claim follows from
Theorem 5.2.

Conjecture 5.10. The claim of the theorem {and the corollary) also holds true ifwe

replace xq by a (locally) closed subscheme of the specialfiber over which there exists

a Galois representation that is associated with the reduction of the etale submodule.

5.3. Local constancy of the reduction modulo p. Let L be a finite extension

of with ring of integers Öl, uniformizer tul and residue field kp- Let V be a

d-dimensional L-vector space with a continuous action of a compact group G. We

choose a G-stable Öl-lattice A C V and write A A/zülA for the reduction
modulo the maximal ideal of Öl Then A is a (continuous) representation of G on
a d -dimensional kp Öl /tulÖl-vector space. The representation A depends

on the choice of a G-stable lattice A C V, however it is well known that its

semisimplification Äss(i.e. the direct sum of its Jordan-Holder constituents) is

independent of A and hence only depends on the representation V. In the following
we will write V for this representation and refer to it as the reduction modulo vjl of
the representation V.

The aim of this section is to show that the reduction modulo vjl is locally
constant in a family7 of p-adic representations of G. In the context of families
of Galois representations this was shown by Berger for families of 2-dimensional

crystalline representations of Gal(Qp/Qp) in a weaker sense: Berger showed that

every rigid analytic point has a neighborhood on which the reduction is constant,
see [2],

Let X be an adic space locally of finite type over Qp and E a vector bundle on X
endowed with a continuous G-action. If x e X, then we write

(E <g> k{x)) (E ® k(x))ss

for the semisimplification of the G-representation in the special fiber

k(x) k(x)+/(mx)

of k{x).

7This seems to be a well known fact, at least in the context of pseudo-characters. As we do not want
to assume p > d here, we give a different proof.



Vol. 91 (2016) Families of p-adic Galois representations 745

Proposition 5.11. Let X be an adic space locally offinite type and let E be a vector
bundle on X endowed with a continuous action of a compact group G. Then the

semi-simplification of the reduction E <8> k(x) is locally constant.

Proof. As the claim remains the same once we replace X by its reduced underlying
subspace, we may assume that X is reduced. Moreover, we may assume that X
Spa(d, A+) is affinoid. For g e G we consider the map

fg : x i—> charpoly^l-E" <g> k(x))

Let us write fg,i(x) for the z-th coefficient of fgix). As E <g> k(x) admits an

k(x)+-lattice stable under the action of G, we find that fg,t{x) e k(x)+, and

hence fg<l defines a map

f :G—>T(X,0+) A+.

By construction this map is continuous and hence so is the induced map

f,:G —> Ä A+/A++,

where A++ C A denotes the ideal of topologically nilpotent elements. However,
as Ä is endowed with the discrete topology this morphism has to be constant. On the

other hand /g;1 (x) is the z-th coefficient of the characteristic polynomial of g acting
on ExlmxEx, where £x c E <8» k(x) is a G-stable k(x)+-lattice and zux e k(x)+ is

a uniformizer. Now [8, Theorem 30.16] implies the claim8.

6. An example

In this section we give an example in order to show how the condition on the reduction
modulo p to be locally constant obstructs the existence of a global etlale lattice.

For this section we use different notations. Let K be a totally ramified quadratic
extension of Qp. Fix a uniformizer n Ok and a compatible system itn K of
pn-\h roots of jr. Let us write (J K{nn) and G= Gal(K/) for this
section. Further let E(u) Zp[u\ denote the minimal polynomial of n. Finally we
adapt the notation from [12] and write

"^Ir.ng an(l ^

Prx> CA-xu-

We consider the following family (D, <J>, T%) of filtered 99-modules on

X Pjf x rlK.

8After this paper was written, we noticed that the idea to consider all coefficients of the characteristic
polynonial is used in [7] to generalize pseudo-characters
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Let D ö\ öxe\ ® Oxe2 and <E> diag(zz7i, nr2), where m\ and nr2 are the

zeros of E(u). We consider a filtration J7' of Dx D <%>qp K such that J70 — Dx
and }72 0. Fix an isomorphism D ®qp K s ö2x © Ox and let the filtration
step J71 be the universal subspace on X. This is a family of filtered ^-modules in the

sense of [12], One easily computes that

Xwa A\{(0,0),(oo,oo)},

where Awa C X is the weakly admissible locus defined in [12, 4.2], Generalizing a

construction of Kisin [16] the family (D, <t>, J7*) defines a family (A4, <f>) consisting
of a vector bundle on Awa x U and an injection 4> : <p*A4 -» A4 such that

E(u) coker <J> 0 (see [12, Theorem 5.4]).
We define the family (Af, 4>) over <^wa as

(M, 4>) (At, <D) ® ».I) (6.1)
A"wa

This is obviously a family of (^-modules over the Robba ring which is etale at all rigid
analytic points. We can cover the weakly admissible set Awa X\ U X2 U X3 U X4,
where

((P^oo}) x (P1\{oo}))\{(0,0)} st A2\{0},

A2 (P^oo}) x (P>\{0})SA2,
X3 (F1 \{0}) x (P^oo}) ss A2,

A4 ((Fl\{0}) x (P1\{0}))\{(oo, 00)} Sä A2\{0}.

Now the space Awa contains A-valued points x\,x3 and x3 such that

(JU,®)®^.)-^,^ ro-£+W))

The semi-simplifications of the reduction modulo tt of the obvious 4>-stable W[[u]]-
lattices in these ^-modules are

(911, O) <g> WÄ) s (fp[[u]}2,

(9Jl,4>) ® s (Fp[[M]]2,

(911, <F) ® WT) Sä (F„[M]2, _°m)) •
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Using Caruso's classification [6, Corollary 8] of those p-modules we find that they
are all non-isomorphic and in fact even stay non-ismomorphic after inverting u. After
inverting u these <p-modules correspond (up to twist) under Fontaine's equivalence
of categories to the restriction to Gk^ of the reduction modulo n of the constructed
Galois representations £ ® k(xx). By [5, Theorem 3.4.3] this restriction is fully
faithful and hence we find that

£ (8> k(xt) £ £ <8> k(xj)

as Gk-representations for i j.
As (A4, <f>) is admissible in a neighborhood of each of the x,, we can find some yx

such that
£ ® k{xi) s £ <g> k(y,)

for i 1,2,3 and such that in addition yt e X2 for all i for example. Let us fix
a covering X2 A2 (J U, by an increasing sequence of closed discs around the

origin and let V, c Ut be the corresponding open disc.

Assume that there exists an etale .«Zj-lattice in (A/", <£>) over all the Ut

defined above. Then it follows from Corollary 5.9 that there exists a family of
G/f-representations associated to (A4, O) on all the Vx.

By the construction in [12] this family is naturally contained in

D ®Ovl (.Ov, ®Bcns)

and in fact identified with

Fil°{D ®OVi (Ov,®Bcns)f=id.

However, if this assumption is true for all i, we easily can find some i such

that yi, y2, j3 Ui map to the origin in the special fiber, i.e. y\, y2, j3 e Vt. By
Proposition 5.11, we know that the reduction modulo p of the Gk-representation on
the fibers of the family £ has to be constant, contradicting the choice of the yx.

Hence we see that a formal model of Ut over which we have an integral etale

structure as in Proposition 4.8 must be a blow up that separates the specializations of
the points y\, y2 and ^3.

References

[1] L. Berger, Representations p-adiques et equations differentielles, Inv. Math.,
148 (2002), 219-284. Zbl 1113.14016 MR 1906150

[2] L. Berger, Local constancy for the reduction mod p of 2-dimensional
crystalline representations, Bull. Lond. Math. Soc., 44 (2012), no. 3, 451-459.
Zbl 1279.11046 MR 2966990



748 E. Hellmann CMH

[3] L. Berger and P. Colmez, Families de representations de de Rham et monodromie

p-adique, Asterisque, 319 (2008), 303-337. Zbl 1168.11020 MR 2493221

[4] S. Bosch, U. Giintzer and R. Remmert, Non-Archimedean analysis, Grundlehren
der Mathematischen Wissenschaften, 261, Springer-Verlag, Berlin, 1984.

Zbl 0539.14017 MR 0746961

[5] C. Breuil, Integral p-adic Hodge theory, in Algebraic geometry 2000, Azumino
(Hotaka), 51-80, Adv. Stud. Pure Math., 36, Math. Soc. Japan, Tokyo, 2002.

Zbl 1046.11085 MR 1971512

[6] X. Caruso, Sur la classification de quelques ^-modules simples, Moscow Math.
J., 9 (2009), no. 3, 562-568. Zbl 1202.14043 MR 2562793

[7] G. Chenevier, The p-adic analytic space of pseudo-characters of a profinite
group and pseudo-representations over arbitrary rings, in Diamond, Fred (ed.)
et al., Automorphic forms and Galois representations. Proceedings of the 94th
London Mathematical Society (LMS) - EPSRC Durham symposium, (Durham,
UK, July 18-28, 2011). Volume 1, 221-285, London Mathematical Society
Lecture Note Series, 414, Cambridge, Cambridge University Press, 2014.

Zbl 06589914

[8] C. W. Curtis and I. Reiner, Representation Theory of Finite Groups and
Associative Algebras, reprint of the 1962 original, Wiley Classics Libary, A
Wiley-Interscience Publication. John Wiley & Sons, Inc., New York, 1988.

Zbl 0634.20001 MR 1013113

[9] J. Dee, q>-T-modules for families of Galois representations, Journal ofAlgebra,
235 (2001), 636-664. Zbl 0984.11062 MR 1805474

[10] A. Grothendieck and J. Dieudonne, Elements de geometrie algeebrique, I. The

language of schemes, Publ. Math. IHES, 4 (1960), 1-228. Zbl 0118.36206
MR 217083

[11] U. Hartl and E. Hellmann, The universal family of semi-stable p-adic Galois
representations, preprint, 2013.

[12] E. Hellmann, On arithmetic families of filtered <p-modules and crystalline
representations, J. Inst. Math. Jussieu, 12 (2013), no. 4,677-726. Zbl 06213998
MR 3103130

[13] E. Hellmann, On families of weakly admissible filtered (^-modules and

the adjoint quotient of GLj, Documenta Math., 16 (2011), 969-991.
Zbl 1293.11072 MR 2880674

[14] R. Huber, Etale Cohomology ofrigid analytic varieties and adic spaces, Aspects
of Math., 30, Viehweg & Sohn, 1996. Zbl 0868.14010 MR 1734903

[15] K. Kedlaya, Slope filtrations for relative Frobemius. Representations /j-adiques
I: representations galoisiennes et (<p, r)-modules, Asterisque, 319 (2008), 259-
301. Zbl 1168.11053 MR 2493220



Vol. 91 (2016) Families of p-adic Galois representations 749

[16] M. Kisin, Crystalline representations and F-crystals, in Algebraic geometry
and number theory, 459-496, Prog, in Math., 253, Birkhäuser, 2006.

Zbl 1184.11052 MR 2263197

[17] K. Kedlaya and R. Liu, On families of (<p, r)-modules, Algebra & Number

Theory, 4 (2010), no. 7, 943-967. Zbl 1278.11060 MR 2776879

[18] R. Liu, Slope filtrations in families, J. Inst. Math. Jussieu, 12 (2013), no. 2,

249-296. Zbl 1285.14023 MR 3028787

Received October 9, 2014; revised October 9, 2015

E. Hellmann, Mathematisches Institut der Universität Bonn, Endenicher Allee 60,
53115 Bonn, Germany

E-mail: hellmann@math.uni-bonn.de




	Families of p-adic Galois representations and (φ,Γ)-modules

