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Positively curved manifolds with large spherical rank

Benjamin Schmidt? Krishnan Shankar** and Ralf Spatzier*

Abstract. Rigidity results are obtained for Riemannian d-manifolds with sec > 1 and spherical
rank at least d — 2 > 0. Conjecturally, all such manifolds are locally isometric to a round sphere
or complex projective space with the (symmetric) Fubini—Study metric. This conjecture is
verified in all odd dimensions, for metrics on d-spheres when d # 6, for Riemannian manifolds
satisfying the Raki¢ duality principle, and for Kédhlerian manifolds.
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Keywords. Geometry, differential geometry, positive curvature, higher rank, spherical rank,
rigidity, comparison theory.

1. Introduction

A complete Riemannian d-manifold M has extremal curvature € € {—1,0, 1} if its
sectional curvatures satisfy sec < € or sec = €. For M with extremal curvature e,
the rank of a complete geodesic y : R — M is defined as the maximal number of
linearly independent, orthogonal, and parallel vector fields V (¢) along y(¢) satisfying
sec(y, V)(t) = €. The manifold M has (hyperbolic, Euclidean or spherical according
as € is —1, 0 or 1) rank at least k if all its complete geodesics have rank at least k.

Riemannian manifolds with sec < € and admitting positive rank are known to
be rigid. Finite volume Riemannian manifolds with bounded nonpositive sectional
curvatures and positive Euclidean rank are locally reducible or locally isometric
to symmetric spaces of nonpositive curvature [1,6]. Generalizations include [11]
and [28]. Closed Riemannian manifolds with sec < —1 and positive hyperbolic
rank are locally isometric to negatively curved symmetric spaces [12]; this fails
in infinite volume [8]. Finally, closed Riemannian manifolds with sec < 1 and
positive spherical rank are locally isometric to positively curved, compact, rank one
symmetric spaces [25].

Rank rigidity results are less definitive in the sec = e curvature settings.
Hyperbolic rank rigidity results for manifolds with —1 < sec < O first appeared
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in [9]. Finite volume 3-manifolds with sec = —1 and positive hyperbolic rank are
real hyperbolic [23]. Complete Riemannian 3-manifolds with sec = 0 and positive
Euclidean rank have reducible universal coverings as a special case of [4], while the
higher dimensional sec = 0 examples in [26], [15] illustrate that rank rigidity does
not hold in complete generality.

Our present focus is the curvature setting sec = 1. Conjecturally, manifolds
with sec > 1 and positive spherical rank are locally isometric to positively curved
symmetric spaces. Note that the simply connected, compact, rank one symmetric
spaces, normalized to have minimum sectional curvature 1, have spherical rank:
n—1 = dim(S™) — 1 for the spheres; 2n —2 = dim(CP") — 2 for complex projective
space; 4n —4 = dim(HP") — 4 for quaternionic projective space; 8 = dim(OP?) — 8
for the Cayley projective plane. Our main theorems concern d-manifolds with
spherical rank at least d — 2, spaces that are conjecturally locally isometric to spheres
or complex projective spaces.

Theorem A. An odd dimensional Riemannian d -manifold with d = 3, sec = 1, and
spherical rank at least d — 2 has constant sectional curvatures sec = 1.

Theorem B. Let M be an even dimensional Riemannian d-manifold with d = 4,
sec = 1, and spherical rank at least d — 2. If M does not have constant sectional
curvatures i.e., sec # 1, then M satisfies:

(1) Everyvector v € SM is contained in a 2-plane section o with sec(c) > 1.
(2) The geodesic flow ¢; : SM — SM is periodic with 2w a period.

(3) There exists an almost complex structure J : TM — TM if M is simply
connected.

(4) If M is simply connected and if sec < 9, then every geodesic in M is simple,
closed, and of length w. Moreover, M is homotopy equivalent to CP4/2,

A Riemannian manifold satisfies the Rakic¢ duality principle if for each p € M,
orthonormal vectors v, w € S, M, and ¢ € R, v lies in the c-eigenspace of the Jacobi
operator 7y, if and only if w lies in the c-eigenspace of the Jacobi operator 7. This
property arises naturally in the study of Osserman manifolds [19,20]. See Section 2
for details.

Theorem C. Let M be a Riemannian d -manifold with sec = 1 and spherical rank at
least d — 2. If M satisfies the Raki¢ duality principle, then M is locally symmetric.

Theorem D. A Kihlerian manifold with sec = 1, real dimension d = 4, and
spherical rank at least d — 2 is isometric to a symmetric CP?/? with holomorphic
curvatures equal to 4.

Theorem A implies:

Corollary E. A Riemannian 3-manifold with sec = 1 and positive spherical rank
has constant sectional curvatures.
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Only the two- and six-dimensional spheres admit almost complex structures [5].
Hence, item (3) in Theorem B implies:

Corollary F. A Riemannian sphere S 4 with d # 2,6, sec = 1, and with spherical
rank at least d — 2 has constant sectional curvatures.

It is instructive to compare the sec = 1 case considered here with that of the
sec < 1 case of rank-rigidity resolved in [25]. In both cases, each unit-speed
geodesic ¥ : R — M admits a Jacobi field J(¢) = sin(¢)V(r) where V(¢) is a
normal parallel field along y contributing to its rank . Hence, for each p € M, the
tangent sphere of radius 7 is contained in the singular set for exp, : T,M — M.
In a symmetric space with % < sec < 1, the first conjugate point along a unit-speed
geodesic occurs at time 7, the soonest time allowed by the curvature assumption
sec < 1. Consequently, the rank assumption is an assumption about the locus of
first singularities of exponential maps when sec < 1. In symmetric spaces with
1 < sec < 4, the first and second conjugate points along a unit-speed geodesic
occur at times 7r/2 and 7, respectively. Therefore, when rank-rigidity holds in the
sec = 1 setting, the rank assumption is an assumption about the locus of second
singularities of exponential maps. Concerning first singularities, a simply-connected
Riemannian manifold with sec = 1 in which the first conjugate point along each
unit-speed geodesic occurs at time /2 is globally symmetric [22].

An alternative definition for the spherical rank of a geodesic y in a Riemannian
manifold with sec > 1 is the dimension of the space of normal Jacobi fields along y
that make curvature one with y. This alternative notion of rank is a priori less
restrictive since parallel fields V() give rise to Jacobi fields J(¢) as described above.
The Berger spheres, suitably rescaled, have positive rank when defined in terms of
Jacobi fields [25] but not when defined in terms of parallel fields by Corollary E.
Moreover, there is an infinite dimensional family of Riemannian metrics on S3 with
sec = 1 and positive rank when defined in terms of Jacobi fields [24]. In particular,
there exists examples that are not locally homogeneous. Each such metric admits
a unit length Killing field X with the property that a 2-plane section 0 C TM
with X € o has sec(o) = 1; the restriction of X to a geodesic is a Jacobi field
whose normal component contributes to the rank. There are no known examples
with discrete isometry group.

To describe our methods and the organization of the paper, let Z = {p € M |
sec, = 1} and O = M \ Z denote the subsets of isotropic and nonisotropic points
in M, respectively. The goal is to prove that M is locally isometric to complex
projective space when O # 0.

We start with a pointwise analysis of curvature one planes. Given a vector
v e S, M, let E, denote the span of all vectors w orthogonal to v with sec(v, w) = 1
and let D, denote the subspace of E, spanned by vectors contributing to the rank
of the geodesic y, (7). The assignments v +— E, and v > D, define two (possibly
singular) distributions on each unit tangent sphere S, M, called the eigenspace and
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spherical distributions, respectively (see 2.7 and 3.1). The spherical rank assumption
ensures that d —2 = dim(S,M) — 1 < dim(D,) for each v € S, M so that both
distributions are of codimension at most one on S, M.

The arrangement of curvature one planes at nonisotropic points p encodes what
ought to be a complex structure, a source of rigidity. More precisely, the eigenspace
distribution on S, M is fotally geodesic (see Lemma 2.12) and of codimension at
most one. Subsection 2.3 builds on earlier work of Hangan and Lutz [13] where they
exploited the fundamental theorem of projective geometry to prove that codimension
one totally geodesic distributions on odd dimensional spheres are algebraic: there is
a nonsingular projective class [A] of skew-symmetric linear maps of R”*! with the
property that the distribution is orthogonal to the Killing (line) field on " generated
by [A]. In particular, such distributions are projectively equivalent to the standard
contact hyperplane distribution. Note that when M is complex projective space, with
complex structure J : TM — TM, the codimension one eigenspace distribution
on S, M is orthogonal to the Killing (line) field on S, M generated by [J,].

As the spherical distribution D is invariant under parallel transport along
geodesics (Dy, ) = P;(Dy)), its study leads to more global considerations in
Section 3.1. The sphere of radius 7 in T, M is also equipped with a kernel
distribution, v +— K, := ker(d(exp,),) (see 2.4). As each w € Dy is an
initial condition for an initially vanishing spherical Jacobi field along y,(¢), parallel
translation in 7, M identifies the spherical subspace D, with a subspace of K,
for each v € S, M (see Lemma 3.6). When p € O, the eigenvalue and spherical
distributions on S, M coincide (see Lemma 3.4). As a consequence, the kernel
distribution contains a totally geodesic subdistribution of codimension at most one
on S(0,7). It follows that exp, is constant on S(0, ) (see Corollary 3.7) and
that geodesics passing through nonisotropic points p € O are all closed (see
Lemma 3.8). Moreover, when p € O, each vector v € S, M has rank exactly
d — 2 (see Lemma 3.12), or putting things together, the eigenspace distribution is a
nonsingular codimension one distribution on S, M. As even dimensional spheres
do not admit such distributions, M must have even dimension, proving Theorem A.
More generally, this circle of ideas and a connectivity argument culminate in a proof
that every vector in M has rank d — 2 when the nonisotropic set O # @ (see
Proposition 3.13).

The remainder of the paper is largely based on curvature calculations in radial
coordinates with respect to frames adapted to the spherical distributions that
are introduced in Section 3.2. An argument based on these calculations and
the aforementioned fact that the spherical distributions are contact distributions,
establishes that if the nonisotropic set O # @ , then M = O (see Proposition 3.14).
The proof of Theorem B follows easily and appears in Section 3.3. The proof of
Theorem C appears in Section 3.4. There, the Raki¢ duality hypothesis is applied
to prove that the family of skew-symmetric endomorphisms 4, : T,M — T, M,
p € M, arising from the family of eigenspace distributions on the unit tangent
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spheres S, M, define an almost complex structure on M (see Lemma 3.22). This
fact, combined with additional curvature calculations in adapted framings, allows us
to deduce that M is Einstein, from which the theorem easily follows (see the proof
of Proposition 3.21).

Finally, Sections 4 and 5 contain the proofs of Theorem D in real dimension at
least six and in real dimension four, respectively. The methods are largely classical,
relying on pointwise curvature calculations based on the Kéhler symmetries of the
curvature tensor and on expressions for the curvature tensor when evaluated on
an orthonormal 4-frame due to Berger [2, 17]. Essentially, these calculations yield
formulas that relate the eigenvalues of the endomorphisms A, : T,M — T, M tothe
curvatures of eigenplanes in invariant four dimensional subspaces of 7, M. When the
real dimension is at least six, there are enough invariant four dimensional subspaces
to deduce that M has constant holomorphic curvatures, concluding the proof in that
case. The argument in real dimension four proceeds differently by proving that M
satisfies the Raki¢ duality principle. When this fails, the decomposition of 7'M into
eigenplanes of A : TM — TM is shown to arise from a metric splitting of M,
contradicting the curvature hypothesis sec = 1.

2. Notation and Preliminaries

This section contains preliminary results, mostly well-known, that are used in
subsequent sections. Throughout (M, g) denotes a smooth, connected, and complete
d-dimensional Riemannian manifold, X' (M) the R-module of smooth vector fields
on M, and V the Levi-Civita connection. Let X, Y, Z, W € X' (M) be vector fields.
Christoffel symbols for the connection V are determined by Koszul’s formula

g(VxY.Z) = 3{Xg(Y.Z)+ Yg(Z,X) — Zg(X.Y)}
+ He(X,Y],Z2) —g(Y. Z], X) + g([Z, X]. Y)}. (2.)

The curvature tensor R : X (M)3 — X (M)isdefinedby R(X,Y)Z = [Vx, Vy|Z—
Vix,y1Z and has the following symmetries

R(X,Y,Z,W)=—-R(Y.X,Z,W)=R(Z,W,X,Y) (2.2)

where R(X,Y,Z, W) = g(R(X,Y)Z,W). The sectional curvature of a 2-plane
section o spanned by vectors v and w is defined by sec(o) = sec(v, w) = W
An almost Hermitian structure on M is an almost complex structure J : TM — TM
compatible with the metric: g(X,Y) = g(JX,JY) for all X,Y € X(M). A
Hermitian structure on M consists of an integrable almost Hermitian structure.
The Kihler form is the 2-form @ defined by w(X,Y) = g(JX,Y). A Kdhler

structure on M consists of a Hermitian structure with closed Kéhler form, dow = 0,
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or equivalently, a parallel complex structure, VJ = 0. If M is Kéhlerian, then
VyJX = JVyX forall X,Y € X(M), yielding the additional curvature identities

R(X,Y,Z,W)=R(JX,JY,Z, W)

23
= R(X,Y,JZ,JW)=R(JX,JY,JZ,JW). (23)

These curvature identities are the key properties of a Kédhlerian manifold used in
the proof of Theorem D.

2.1. Jacobi operators and eigenspace distributions.. Let SM denote the unit
sphere bundle of M ; its fiber above a point p € M is the unit sphere S, M in T, M.
For v € S,M define the Jacobi operator 7, : v+ — vt by J,(w) = R(w, v)v.
The symmetries (2.2) imply that 7, is a well-defined self-adjoint linear map of v=.
Its eigenvalues encode the sectional curvatures of 2-plane sections containing the
vector v.

Lemma 2.1. Let v, w € Sy, M be orthonormal vectors and assume that sec, = € for
some € € R. The following are equivalent:

(1) sec(v,w) =€
(2) w is an eigenvector of T, with eigenvalue €.
3) R(w,v)v = ew

Proof. Only (1) = (2) is nontrivial. If {e; f;ll is an orthonormal eigenbasis
of J, with corresponding eigenvalues A;, then A; = € for each index i. Express
w = Y7"] aje; with Y7~} a? = 1. Then e = g(R(w, v)v, w) = g(Jp(w), w) =

;:11 oziz)ti. Conclude that o; = O for indices i with A; > €. Therefore w is an

eigenvector of 7, with eigenvalue e. U

Remark 2.2. An analogous proof works when sec, < e.

Lemma 2.3. Let v,w € S, M be orthonormal vectors. If wt N vt consists of
eigenvectors of Ty, then w is an eigenvector of J,. Consequently, R(v, w,w’,v) =
g(Jy(w), w’) = 0 for any w' € wt Nvt.

Proof. The orthogonal complement to an invariant subspace of a self-adjoint operator
is an invariant subspace. O

2.1.1. Specialization to manifolds with cvc(e).

Definition 2.4. A Riemannian manifold has constant vector curvature €, denoted by
cvc(e), provided that € is an extremal sectional curvature for M (sec < € or sec = €)
and € is an eigenvalue of 7, for each v € SM [23].

For each v € SM, let E, C v+ denote the (nontrivial) e-eigenspace of 7.
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Convention 2.5. For each v € S§,M, parallel translation in 7, M defines an
isomorphism between the subspace vl of TpyM and the subspace T,(S,M)
of T,(Tp,M). This isomorphism is used without mention when contextually
unambiguous.

Convention 2.6. Given a manifold M, an assignment M > p — D, C T,M
of tangent subspaces is a distribution. The rank of the subspaces may vary with
p € M and the assignment is not assumed to have any regularity. The codimension
of a distribution D is defined as the greatest codimension of its subspaces. When a
distribution D is known to have constant rank, it is called a nonsingular distribution.

Definition 2.7. The e-eigenspace distribution on S,M, denoted by E, is the
distribution of tangent subspaces

SpM s v E, CTy(SpM).

Its regular set, denoted by £, is the open subset of S, M consisting of unit vectors v
for which dim(E,) is minimal.

Example 2.8. ¢-eigenspace distributions need not have constant rank. When M
is a Berger sphere suitably rescaled to have cvc(1), the curvature one 2-planes in
SpM are precisely the 2-planes containing the Hopf vector # € S, M. Therefore
dim(Ey) = dim(E_p) = 2, while dim(E,) = 1 for any vectorv € S, M \ {£h}.

Lemma 2.9. For each p € M the restriction of the e-eigenspace distribution on
SpM 1o Ep is smooth.

Proof. The operators 7, —e Id vary smoothly and have constant rank in £ ,. Therefore
the subspaces E, = ker([J, — €1d) vary smoothly with v € £, (see [7, Lemma 1]
for more details). O

Remark 2.10. Let £ C SM denote the collection of unit tangent vectors v € SM
with dim(E,) minimal. The same proof as that of Lemma 2.9 shows that the
assignment v — E, is smooth on £. Note that £ N S, M may not coincide with £,.

A tangent distribution D on a complete Riemannian manifold S is fotally geodesic

if complete geodesics of S that are somewhere tangent to D are everywhere tangent
to D.

Convention 2.11. Henceforth, unit tangent spheres S, M are equipped with the
standard Riemannian metric, denoted by (-, -), induced from the Euclidean metric
gp(-,-) on T, M. Moreover, geodesics in S, M are typically denoted by ¢ while
geodesics in M are typically denoted by y.

Lemma 2.12. Foreach p € M, the e-eigenspace distribution E is a totally geodesic
distribution on S, M .
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Proof. Letv € S, M and w € E,. The geodesic c(f) = cos(t)v + sin(#)w satisfies
¢(0) = vand ¢(0) = w. Calculate 7, ()(¢(?)) = —sin(f) Ty (v) +cos(t) Ty (w). By
assumption, J, (w) = ew. By Lemma 2.1, J,,(v) = ev. Therefore J.)(¢(¢)) =
e(—sin(f)v 4 cos(t)w) = ec¢(¢). Hence ¢(r) € E.(), concluding the proof. O

2.2. Conjugate points and Jacobi fields. Let M denote a smooth, connected, and
complete Riemannian manifold.

Convention 2.13. Henceforth, geodesics are parameterized by arclength. Moreover,
the notation y,(7) is frequently used to denote a complete unit speed geodesic with
initial velocity v = y,(0) € S, ) M.

Letexp, : TpM — M denote the exponential map and r : T, M \ {0} — S, M
the radial retraction r(v) = ﬁ Critical points of exp,, are conjugate vectors. For a
conjugate vector v € T, M, let

K, = ker(d(exp,)y) C Tu(TpM). (2.4)

The multiplicity of v is defined as dim(K,). For ¢t > 0, let S(0, ) denote the sphere
in T, M with center 0 and radius ¢. Gauss’ Lemma asserts K, C 75(S(0, [[v]])).

Let v € TpM be a conjugate vector and y(¢r) = exp,(tr(v)). The point
q = exp,(v) is conjugate to the point p along y at time ¢t = [v|. The point
q = exp,(v) is a first conjugate point to p along y if v is a first conjugate vector,
i.e. tv is not a conjugate vector for any ¢ € (0, 1). Denote the locus of first conjugate
vectors in T, M by FConj(p). The conjugate radius at p, denoted conj(p), is
defined by conj(p) = infyepconj(p)tllv||} when FConj(p) # @ and conj(p) = oo
otherwise; when FConj(p) # @, the infimum is realized as a consequence of
Lemma 2.14 below. The conjugate radius of M, denoted conj(M ), is defined by
conj(M) = inf peas fconj(p)}.

Equivalently, conjugate vectors and points are described in terms of Jacobi fields
along y. A normal Jacobi field along y(¢) is a vector field J(¢), perpendicular to y ()
and satisfying Jacobi’s second order ode: J” + R(J,y)y = 0. Initial conditions
J(t), J'(t) € y()* uniquely determine a normal Jacobi field. Let p = y(0),
v = y(0) € S,M, and w € vt. The geodesic variation (s, 1) = exp,(t(v + sw))
of y(t) = «(0,t) has variational field J(¢) = %a(s, t)|s=0, a normal Jacobi field
along y with initial conditions J(0) = 0 and J'(0) = w given by

J(1) = d(exp,)e (tw). (2.5)

If J(a) = 0, then (2.5) implies that aw € K. In this case av is a conjugate vector
and y(a) is a conjugate point to p = y(0) along y. All initially vanishing normal
Jacobi fields along y arise in this fashion, furnishing the characterization: y(a) is
conjugate to y(0) along y if and only if there exists a nonzero normal Jacobi field
J(t) along y with J(0) = J(a) = 0.
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For y(t) a geodesic and 7y > 0, let Vf,” denote the vector space of piecewise
differentiable normal vector fields X(¢) along y(¢) with X(0) = X(¢9) = 0. The
index form 1,° : V}° x V}t,o — R is the bilinear symmetric map defined by

to

oY) = e ¥) - RO Y dr.

The null space of I,ﬂo consists of normal Jacobi fields J(z) along y(z) with
J(0) = J(tp) = 0. By the Morse Index Theorem [10, Chapter 11], there exists
X € Vf,o such that / f,o (X, X) < 0if and only if there exists 0 < s < #o such that y(s)
is conjugate to y(0) at time s. In particular, the property of being a first conjugate
point along a geodesic segment is a symmetric property.

Lemma 2.14. FConj(p) is a closed subset of Ty M.

Proof. Assume that v; € FConj(p) convergetov € Tp M. Lett; = |lv;|l. = ||v|,
and w; = r(v;),w = r(v) € S,M. Asv; is a conjugate vector, there exists a
normal Jacobi field J; (¢) along yy, (t) with J;(0) = J;(#;) = Oand || J/(0)|| = 1. A
subsequence of the Jacobi fields J;(z) converges to a nonzero Jacobi field J(z)
along Yy (t) with J(0) = J(f) = 0. Therefore v is a conjugate vector. If
v ¢ FConj(p), there exists 0 < 5 < 1 such that sv is a conjugate vector. Therefore
there exists X € V;, with I] (X, X) <0.

An orthonormal framing {e;,...,e,—1} of a neighborhood B of w in §,M
induces parallel orthonormal framings {E£1(¢),..., E,—1(¢)} along geodesics with
initial tangent vectors in B, yielding isomorphisms between V}’,b >~ V)’,w for each

be B and t > 0. Under these isomorphisms, I,Zul_ (X,X) —» I;w(X, X) by

continuity; therefore, I;’;Ui (X,X) < 0 for all i sufficiently large, contradicting
v; € FConj(p). L

2.3. Codimension one totally geodesic distributions on spheres.. Given a non-
zero skew-symmetric linear map 4 : R¢ — R? and v € §971, parallel translation
in R? identifies v and T,S9~!. As A is skew-symmetric and non-zero, the
assignment S9! 3 v > Av € T,59! defines a Killing field on S¢~1. Let
E, = span{v, Av}t denote the subspace of 7,S%~! orthogonal to Av. Then
S4-1 3y E, C T,S% ! defines a codimension one totally geodesic distribution
on S¢~! with singular set X := {x € S¢7 ! | E, = T S9!} = ker(4) N S%! as
a consequence of the following well-known lemma.

Lemma 2.15. Let X be a Killing field on a complete Riemannian manifold (S, g). If
a geodesic c(t) satisfies g(¢, X )(0) = 0, then g(¢, X)(t) = 0.

The skew-symmetric linear map A and each nonzero real multiple rA yield the
same codimension one totally geodesic distribution £ on S”. In [13], Hangan and
Lutz apply the fundamental theorem of projective geometry to establish the following:
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Theorem 2.16 (Hangan and Lutz). Let E be a nonsingular codimension one totally
geodesic distribution on a unit sphere S~ C RY. Then d — 1 is odd and there exists
a nonsingular projective class [A] € PGL(R?) of skew-symmetric linear maps such
that for each x € §971, E, = span{x, Ax}= .

The elegance of their approach lies in the fact that no a priori regularity assumption
is made, while a posteriori the distribution is algebraic. The following corollary is
immediate (see [13]).

Corollary 2.17. A nonsingular codimension one totally geodesic distribution on an
odd dimensional unit sphere is real-analytic and contact.

Corollary 2.18. Let E be a nonsingular codimension one totally geodesic distribution
on an odd dimensional unit sphere S®~'. The line field L on S%~' defined
by L = E* is totally geodesic if and only if [A%?] = [—1d], where [A] is as in
Theorem 2.16 above.

Proof. Assume that [4%2] = [—1Id]. Choose a representative A € [A] with unit-
modulus eigenvalues. Then ||4Av|| = 1 and A%v = —v foreach v € S4-1 The
geodesic ¢(¢) = cos(t)v + sin(¢) Av satisfies ¢(0) € L,. Then ¢(¢) € L) since
¢(t) = —sin(t)v + cos(t)Av = Ac(t), concluding the proof that L is totally
geodesic.

Conversely, assume that L is totally geodesic. Let v € S¢~! and choose a
representative A € [A] satisfying ||Av|| = 1. The geodesic c(t) = cos(t)v +
sin(¢)Av satisfies ¢(t) € L) for each t € R. Set 1 = 7 and conclude that
the 2-plane spanned by v and Av is invariant under A. As ||[Av| = 1 and A is
skew-symmetric, A>v = —v, concluding the proof. O

Let X = {x € S| Ey = TxS%} denote the singular set for a codimension
one totally geodesic distribution E on S¢~!. Givenasubset U C S d=1 et =(U) =
span{U }N S~ denote the smallest totally geodesic subsphere of S 4=1 containing U .

Lemma 2.19. The singular set X satisfies £(X) = X.

Proof. There is nothing to prove if X = @. If x € &, then —x € A& since each
great circle through —x also passes through x. It remains to prove that for linearly
independent x;, x, € &, the great circle C; := Sp({x1,x2}) C &.

If x3 € C; \ {%x1, £x3}, then the line L := Ty, C; is a subspace of Ey, since
x; € X. Let L, be any other line in Ty, S 4-1 and let C, denote the great circle
containing x3 with tangent line L.

Let p € C \ {£x3}. As x1,x2 € X are linearly independent, the tangent lines
at p to the great circles in the totally geodesic 2-sphere X(C; U C) that join x;
to p and x, to p are transverse subspaces of E, N T,X(C; U C,). Therefore
T,Z(Cy UCy) C E). In particular, the tangent line to C; at p is a subspace of E,
whence the line L, is a subspace of E;, as required. O
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Corollary 2.20. The singular set X of a codimension one totally geodesic distribution
on §¢~1 does not contain a basis of R%.

The following simple lemma is applied to Riemannian exponential maps in
subsequent sections.

Lemma 2.21. Let E be a codimension one totally geodesic distribution on S -1y
aset,and [ : SV — X afunction. If f is constant on curves everywhere tangent
to E, then f is constant.

Proof. Let x € S%~!. The assumption implies that f is constant on the union
of geodesics with initial velocity in E,, a totally geodesic subsphere of S4~1 of
codimension at most one. Any two such subspheres intersect. 0

3. Proofs of Theorems A, B, and C

Throughout this section M denotes a complete d -dimensional Riemannian manifold
with sec = 1 and spherical rank at least d — 2. Then M is closed and has cvc(1).
In particular, for each v € SM, the 1-eigenspace E, of the Jacobi operator 7, (see
Definition 2.7) is a nonempty subspace of v-=.

Recall that a point p € M is isotropic if sec(o) is independent of the 2-plane
section 0 C T, M and nonisotropic otherwise. Hence, p is an isotropic point if and
only if £, = vt foreachv € S pM. Let T and O denote the subsets of isotropic
and nonisotropic points in M, respectively. Note that Z is closed in M and that O is
openin M.

3.1. Preliminary structure and Proof of Theorem A. This subsection discusses
a number of preliminary structural results that culminate in a proof of Theorem A.

Forpe M andv € S, M, let P, : TyM — T, )M denote parallel translation
along the geodesic y, (t). Define the subspace D, C v+ by

D, = span{w € v | sec(y(t), Pbw) =1 VieR} 3.1)
= span{w € v | Pw € Eyp VteR} .

Note that Dy, is a subspace of E;, for each v € S, M. The spherical rank assumption
implies dim(D,) = d — 2. In particular, the 1-eigenspace distribution E is a
codimension one totally geodesic (by Lemma 2.12) distribution on S, M when
peO.

Lemma 3.1. Foreachv € S,M
(I) Dy = Dy
(2) If w € Dy, then sec(Yy(t), Prw) = 1 forallt € R.
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Proof. (1) is immediate from the definition of D,. For (2), let {u,...,ur} be a
maximal collection of linearly independent vectors in

{w e vt | Piw € E)',(t) vVt € R}

and express w = ZLI a;u;. As Ej() is a subspace, Prw = Z':-;l ai Prui € Epp)
for each ¢ € R, concluding the proof. O

The rank of a vector v € S, M is defined as dim(D,). The rank of a one
dimensional linear subspace L < T, M is defined as the rank of a unit vector tangent
to L. The rank of a geodesic is the common rank of unit tangent vectors to the
geodesic.

Definition 3.2. The spherical distribution on S, M, denoted by D, is the tangent
distribution defined by

S,M 5 v > Dy C Ty(S,M).

Let D, denote the subset of S, M consisting of rank d — 2 vectors and let
D = Upem D) denote the collection of all rank d — 2 unit vectors in SM.

As parallel translations along geodesics and sectional curvatures are continuous,
the rank of vectors cannot decrease under taking limits. This implies the following:

Lemma 3.3. For each p € M, the regular set D, is open and the spherical
distribution D on S, M is continuous on its regular set D .

Lemma 3.4. If p is a nonisotropic point, i.e. p € Q, then the spherical distribution D
and eigenspace distribution E coincide on S, M.

Proof. If not, then there exists a rank d — 2 vector v € D, with the property
that £, = T,(S,M). Consider the codimension one totally geodesic subsphere
S C SpM containing v and determined by 7,S = Dy, namely S = exp, (Dy).
Given x € S, M \ § sufficiently close to v, let C(v, x) denote the great circle
through v and x. Lemma 3.3 implies that the tangent line 7, C(v, x) is transverse
to the subspace D,. As E is totally geodesic and E, = T,(S,M), it follows
that 7, C(v,x) C Ex. Conclude that £, = Tx(S,M). Lemma 2.20 implies that
E = T(S,M), a contradiction since p € O. O

Convention 3.5. Parallel translation in 7, M identifies the spherical distribution D
on S, M with a distribution defined on the tangent sphere S(0,7) C T,M. The
latter is also denoted by D when unambiguous.

Lemma 3.6. Letv € S,M. If w € Dy, then J(t) = sin(t) P;w is a Jacobi field
along y,(t). In particular, Dy C Kyy, where Ky = ker(d(expp),w) (see (2.4)).
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Proof. Lemma 2.1 and Lemma 3.1(2) imply
J"(t) + R(J, y)pu (@) = sin() (= Prw + R(Prw, 7)1 (1)) = 0
forallt € R. As J(r) = 0, w € K5y by (2.5). L1

Corollary 3.7. If p € O, then the restriction of exp,, to the tangent sphere S(0, )
Is a point map.

Proof. The map exp,, is constant on curves tangent to the kernel distribution defined
by S(0,7) 3 nv = Kyy C Ty (S(0,)). The distributions £ and D coincide on
SpM by Lemma 3.4. Lemma 3.6 implies that exp , is constant on curves tangent to
the distribution £. Lemma 2.21 implies the corollary. O

Let¢, : SM — SM,t € R, denote the geodesic flow. For 7" > 0, let
Fixy = {v e SM|¢7v = v}.
Lemma 3.8. If p € O, then S, M C Fixa,.

Proof. Corollary 3.7 implies exp,(S(0, 7)) = {p'} for some p’ € M. The lemma
is a consequence of the following claim.

Claim. Forv € S, M, the geodesics y,(t) and y—_,(t) satisfy yy() = —y_p (7).

There exists a positive € < inj(M) such that y,(¢) € O since O is open in M.
Let w = yy(€). Corollary 3.7 implies that ¢’ := y, () = y—u (1) = y—u (7 — €).
The geodesic segments y,, ([r — €, 7]) and y_, ([7 — €, ]) each have length € and
meet at the points p’ and ¢’. As € < inj(M), these segments coincide, implying the
claim. O

Lemma 3.9. Let v € S, M have rank d — 2 and let w be a unit vector in vt N Dvl.
The initially vanishing normal Jacobi field J(t) along y,(t) with J(0) = 0 and
J'(0) = w has the form J(t) = f(t)P;w where f(t) is the solution to the ODE
f" + sec(Pyw, yy) f = 0 with initial conditions f(0) = 0and f'(0) = 1.

Proof. The initial conditions f(0) = 0 and f'(0) = 1 imply the initial conditions
J(0) = 0 and J'(0) = w. The hypotheses and Lemma 2.3 imply that P;w is an
eigenvector of 7, () with eigenvalue sec(P;w, y»)(r). Consequently,

J"(t) + R(J, 70)yu (1) = [f"(1) + sec(Prw, Yo (1)) f ()] Prw = 0
concluding the proof. O

Corollary 3.10. A vector v € S, M has rank d — 1 if and only if v € FConj(p).

Proof. 1f v has rank d — 1, then Lemma 3.6 implies that zv € FConj(p). If v has
rank d — 2 then there is an initially vanishing Jacobi field of the form described by
Lemma 3.9. The function f(¢) vanishes strictly before 7 by the equality case of the
Rauch Comparison Theorem [10, Chapter 11]. O
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Recall that FConj(p) denotes the locus of first conjugate vectors in 7, M.

Corollary 3.11. If there exists p € M with FConj(p) = S(0,7), then M = 1,
i.e. M has constant curvatures equal to one.

Proof. Let U, = M \ Cut(p). By Corollary 3.10, all vectors in S, M have rank
d — 1. By Cartan’s theorem on determination of the metric [10, Theorem 2.1, p. 157],
U, C I. Therefore, M = closure(U,) C 1. O

Lemma 3.12. Ifv € S, M has rank d — 1 and the restriction of exp, to S(0, ) is
a point map, then M = 1.

Proof. It suffices to prove FConj(p) = S(0,m) by Corollary 3.11. Let X =
FConj(p) N S(0, ). The vector rv € X by Corollary 3.10; therefore X is a
nonempty subset of S(0, 7). The subset X is closed in S(0, ) by Lemma 2.14. It
remains to demonstrate that X is an open subset of S(0, 7).

This fails only if there exists x € X and a sequence x; € S(0, ) \ X converging
to x. As exp, is a point map on S(0,7) each x; is a conjugate vector. As
x; ¢ FConj(p) there exists s; € (0, 1) such that s;x; € FConj(p). By Lemma 3.9,
there exist Jacobi field J;(1) = fi(1)P;w; along the geodesics yp(x,)(f) with
fi(0) = fi(si) = fi(;w) = Oforeachindex i. Note that min{s;, = —s; } > inj(M)/2.
Therefore, s; x; converge to a conjugate vector sx with) < s < 1, acontradiction. []

Proposition 3.13. SM =D orM = 1.

Proof. Assume that Z is a proper subset of M, or equivalently, that O # 0.
Corollary 3.7 and Lemma 3.12 imply D, = S, M for each p € O. Therefore
D # @. As D is an open subset of the connected S M, it remains to prove that D is
a closed subset of SM.

This fails only if there exists a sequence of rank d — 2 vectors v; € D with v;
converging to a vector v € SM of rank d — 1. Lemma 3.8 implies each of the
geodesics yy, is closed and has 27 as a period; therefore, y, is a closed geodesic
having 2 as a period. Let p; € M denote the footpoint of each v; and p € M the
footpoint of v. As the rank of v; is d — 2, the geodesic y,, enters O at some time ;.
Replace v; with w; = yy, (¢;). After possibly passing to a subsequence, the sequence
of rank n — 2 vectors w; with footpoints ¢; € O converge to a rank d — 1 vector w
with footpoint g.

Continuity of exp : TM — M and Lemma 3.7 imply that exp, restricts to a
point map on the tangent sphere S(0,7) C T,M. Lemma 3.12 implies M =7, a
contradiction. O

Proof of Theorem A. Seeking a contradiction, assume that M # Z. Then SM =D
by Proposition 3.13. For p € M, the spherical distribution D is a nonsingular
codimension one tangent distribution on S, M , an even dimensional sphere since M is
odd dimensional. This distribution is continuous by Lemma 3.3, a contradiction. [l
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3.2. Adapted Frames. This subsection consists of preliminary results that will
culminate in the proof of Theorem B in the next subsection. If M does not have
constant curvatures equal to one, then Theorem A implies d = dim(M ) is even and
Proposition 3.13 implies every tangent vector has rank d — 2 (SM = D). These
are standing assumptions on M throughout this subsection. The main result is the
following proposition; its proof appears at the end of this subsection.

Proposition 3.14. If M does not have constant curvatures equal to one, then M has
no isotropic points (M = Q).

Lemma 3.15. For each p € M, the spherical distribution D is a smooth tangent
distribution on S, M.

Proof. 1t suffices to prove smoothness of D on a metric ball B contained in the
tangent sphere S, M. As the center by of B is a rank d — 2 vector, there exists
a unit vector w € b(J,- and a 7o > 0 such that sec(yp,(¢o), P;,w) > 1. Therefore
Ybo (f0) € O, and since O is open, y,(tp) € O for all b € B after possibly reducing
the radius of B.

Lemma 3.4 implies Dj, ) = Ej, @) for each b € B. The unit tangent
vectors yp(fp) vary smoothly with b € B. Remark 2.10 implies D, ) varies
smoothly with b € B. The lemma follows since Dy, is obtained by parallel translating
along yp for time 7o the subspace Dy, (1) to Tp(Sp, M). O

The proof of Proposition 3.14 is based on a curvature calculation in special
framings along geodesics. To introduce these framings, let p € M, v € S, M, and
let {e1,....eq—1} C T,(SpM) be an orthonormal basis with eq,...,ez_» € D,,.
Define Eo(t) = Piv = py(t) fort > 0 and E;(t) = Pee; fori € {1,...,d — 1}
andt > 0.

Definition 3.16. The parallel orthonormal framing {F¢(?),..., E4—1(¢)} along the
ray yy : [0, 00) — M is an adapted framing.

The following describes curvature calculations in polar coordinates using adapted
framings.

Suppose that B C S, M is a metric ball of radius less than 7. Then T'B is trivial
and the restriction of the spherical distribution D to B istrivial. By Lemma 3.15, there
are smooth unit length vector fields e;,...,egs—, on B tangent to D. An orientation
on S, M determines a positively oriented orthonormal framing {ey,...,e;_1} of B.
Foreach b € B, let {Ey(t),..., E4—1(t)} be the associated adapted framing along
the ray yp.

Now fix v € B. For T' > 0 such that 7'v is not a conjugate vector, exp,, carries
a neighborhood U of Tv in T, M diffeomorphically onto a neighborhood V' of
exp,(T'v) in M. After possibly reducing the radius of B, the radial retraction of U
to the unit sphere r(U ) coincides with B. The collection of adapted framings along
geodesic rays with initial tangent vectors in B restrict to an orthonormal framing



234 B. Schmidt, K. Shankar and R. Spatzier CMH

{Eo, ..., Eq_1} of the open set V' in M. To calculate the Christoffel symbols in this
framing, first define af.‘j : B —> Rby

d—1
lei.e;] = Zaf‘}ek. (3.2)
k=1

As T'v is not a conjugate vector, the geodesic spheres S( p, t) with center p and radius ¢
close to T intersect the neighborhood V' in smooth codimension one submanifolds.
The vector fields Ey(t),..., E4—1(¢) are tangent to the distance sphere S(p,t)
in V' and have outward pointing unit normal vector field Eo(f). In what follows,
g’ := Ey(g) denotes the radial derivative of a function g.

For each unit speed geodesic y(¢) with initial velocity vector in B, let J;(t)
denote the Jacobi field along y with initial conditions J;(0) = 0 and J/(0) = ¢; €
T50)(SpM). Lemmas 3.6 and 3.9 imply

Ji(t) =sin(®)E;(t), ie{l,...,d -2},
Ja-1(t) = f()Eqa-1(2),

where f(¢) is the solution of the ODE

(3.3)

f" +sec(Eg, Eq—1) f =0, with f(0) =0, f'(0) = 1.

For ¢ close to T, define F; : B — M by F;(b) = exp,(¢b). The chain rule and (2.5)
imply
dF;(er) = Ji(t) (3.4)

fori € {1,2,...,d — 1}. Use (3.2), (3.4), and the fact that the Jacobi fields J; are
invariant under the radial (geodesic) flow generated by E¢ to deduce

d—1
Ui Jj1=) akJe,  LEyJi =[Eo.Ji] =0. (3.5)
k=1

Use (3.3) and (3.5) to calculate that for i, j € {1,...,d —2}:

[Eo, Ei] = —cot Ej
[Eo, Eq—1] = _Tf,Ed—l

= a’.f. ad,_lf
[Ei, Ejl = ) Bk + 5~ Eay (3.6)
k=1

d-—2
d—1
a id—1

k
id— i E;
[Ei, Eq1] =Y =L Ey + (Y=t — EU)E,
k=1
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Lemma 3.17. Leti, j € {1,...,d —2}. The orthonormal framing {Ey, ..., Ez_1}
has Christoffel symbols given by Vg, Ey = 0 for each k € {0, ...,d — 2} and:

VE,' Ey = cot E;

d-2 .k i J
. a. —a., +a.

k
Vg Ej = —cotd] Eo + Y - L :

=t 2 sin
: 'y
_1 ald-—l+aljd—1 +a_]l lf E
2 b sin? d=1
SRR YR 2
Ve Ea-1 = 2 i sin? =
k=1
!
Ve, 1Eo=—FEq
d—1 f
d— i k d—1 d—
v E:fl Qg1 ~%aa 9 B+ E;j(f) 45 B
Ea—177 =2 f sin2 k f sin g
d-2 , d—1
/! ra—y  Ex(f)
\Y Ej 1=—-=E - E
E; 1L£d-1 f 0 +kz=; i f k
where f(t) is the solution of the ODE
" +sec(Eg, Eg_1)f =0, with f(0)=0, f'(0)=1.
Proof. Calculate using (2.1) and (3.6). ]
Use Lemma 3.17 to derive the curvature components: Fori, j € {1,...,d — 2},
—(a%71 f cscy
R(E;,Ej,Ep,Eq_;) = & = (3.7)
(@93t fese—E ()
R(Eq-1.Eo. Ej, Eq_y) = —L= 7 : (3.8)

Proof of Proposition 3.14. The goal is to prove Z = M or Z = (. The set of
isotropic points 7 is closed in M and M is connected. It suffices to prove that 7 is
openin M. Let p € Zand v € S, M. As v has rank d — 2, there exists a positive
s < 7 such that g := y,(s) is the first conjugate point to p along the geodesic yy(1).

Claim. 7 contains an open neighborhood of q in M.

Assuming the claim holds, Z contains an open neighborhood of the point p in M
since the property of being a first conjugate point along a geodesic is symmetric.
Hence 7 is open in M.
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Proof of the claim. Let w = —y,(s) and note that p = Y, (s). Let B be a small
metric ball in S, M containing w and trivialize the tangent bundle of B with
orthonormal vector fields {e;,...,e;—1} with e;(b) € D} for each b € B and
i €{l,...,d — 2}. Consider the induced adapted framings {Ey, ..., E4—;} along
geodesics with initial velocity vectors in B.

If g is not contained in an open neighborhood of isotropic points, then there exists
a sequence ¢; € O converging to g. As all vectors have rank d — 2 the spherical
distributions on Sy, M converge to the spherical distribution on S, M .

As g; € O, Lemma 3.4 implies that the spherical distribution on each S, M
is totally geodesic. Therefore, the limiting spherical distribution on S;M is
totally geodesic. By Corollary 2.17, the limiting distribution on S;M is a contact
distribution. In particular, the function

0‘112—1 = ([e1,e2]. eq—1)

is nonzero on B. Use (3.7) to calculate

ads 1 (w)

R(E1,Ez, Eg, Eq_1)(t) =
(Er, B2, o Eq)(0) = "5 5

(cos(t) f(z) —sin(t) f'(1))  (3.9)
fort € (0, s) along y,, (¢).

As p € Z, the curvature tensor vanishes on orthonormal 4-frames at the point p.
Therefore as ¢ converges to s, the left hand side of (3.9) converges to zero. As a‘liz‘ 1
is nonzero on B, (cos f —sin f') - Oast — s.

Only the Jacobi field J;_;(¢) can vanish before time 7. As p is conjugate to ¢,
f(t) > 0ast — 5. Ass < m, sin(s) # 0. Conclude that f(s) = f'(s) =0, a
contradiction since J;7_1(t) = fE4z_1(t) is a nonzero Jacobi field along yy, (¢). [

3.3. Proof of Theorem B.

Proof of (1). Letv € §, M. Since every tangent vector has rank d — 2, dim(D,) =
dim(vt) — 1. Proposition 3.14 and Lemma 3.4 imply D, = E,. Lemma 2.1
concludes the proof. O

Proof of (2). Proposition 3.14 and Lemma 3.8 imply that SM C Fixp,. U

Proof of (3). As in the proof of (1), D, = E, and dim(D,) = dim(vt) — 1 =
d —2 for all v € SM. Lemma 2.12 implies that for each p € M, the
eigenspace distribution £ on S, M is a nonsingular codimension one totally geodesic
distribution. Theorem 2.16 yields a nonsingular projective class [4,] € PGL(T,M)
for each p € M, varying smoothly with p € M by Remark 2.10. Foreach p € M
there are precisely two representatives of the projective class [A4 ;] having determinant
one. As M is simply connected there exists a smooth section p = A, € [A4,].
Item (3) is therefore a consequence of the polar decomposition of A,, see [3,
Lemma 2.32, p. 64] for details. O
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The proof of item (4) of Theorem B requires some preliminary lemmas.

Corollary 3.7 and Proposition 3.14 imply that the restriction of exp , to the tangent
sphere S(0, ) C Tp M is apoint map foreach p € M. Definethemap F : M — M
by F(p) = exp,(S(0, 7)). Then F? = 1d by item (2) of Theorem B.

Lemma 3.18. F is an isometry of M.

Proof. The map F sends each complete geodesic in M into itself while preserving
the lengths of subsegments. O

Lemma 3.19. If F has a fixed point, then F = 1Id.

Proof. By Lemma 3.18, it suffices to prove if F(p) = p, then the derivative map
dF, = Id. The eigenvalues of the derivative map dF}, are square roots of unity
since F2 = Id. If v € T, M is a unit length eigenvector of eigenvalue —1, then
dF,(v) = py(r) = —v. Therefore, y, (7 +t) = yy(—t) for all £. By the chain rule,
Yo(m +1t) = —py(—t) for all 1. When t = —7 this implies y,(5) = —pu(5), a
contradiction. d

Lemma 3.20. Ifsec < 9, then F has a fixed point.

Proof. If F hasno fixed points, then the displacement function of F, x — d(x, F(x)),
obtains a positive minimum value at some p € M as M is compact. A minimizing
geodesic segment y that joints p to F(p) has length L < diam(M) < m by
Toponogov’s diameter rigidity theorem [27] (see also [21, Remark 3.6, pg. 157]).
Let m denote the midpoint of the segment y. The union y U F(y) forms a smoothly
closed geodesic of length 2L since otherwise d(m, F(m)) < L = d(p, F(p). By
item (2) and since F has no fixed points, 2L € {27 /(2k + 1) |k = 1}. Therefore,
inj(M) < L < /3. As M is simply connected, even dimensional, and positively
curved, inj(M) = conj(M). The Rauch comparison theorem and the assumption
sec < 9 imply that conj(M) > /3, a contradiction. OJ

Proof of (4). Lemmas 3.19 and 3.20 imply that F = Id. It follows that each geodesic
in M is a closed geodesic having m as a period. If a closed geodesic of length 7 is
not simple, then there exists a geodesic loop in M of length at most 77 /2. In this case,
inj(M) < m/4, contradicting inj(M) = conj(M) > 7 /3. Therefore, each geodesic
in M is simple, closed, and of length .

Each unit speed geodesic starting at a point p € M of length = has equal
index k = 1,3,7, or dim(M) — 1 in the pointed loop space Q(p, p) by the Bott—
Samelson Theorem [3, Theorem 7.23]. The multiplicity of each conjugate point
to p in the interior of these geodesics is one since the spherical Jacobi fields defined
in Lemma 3.6 do not vanish before time m. If k& > 3, the Jacobi field given by
Lemma 3.9 has a pair of consecutive vanishing times 0 < #; < f, < 7 satisfying
tp —t1 < w/k < m/3. This contradicts conj(M) > /3 as sec < 9. Conclude that
k = 1 and that M has the homotopy type of CPP?/2 by [3, Theorem 7.23]. O



238 B. Schmidt, K. Shankar and R. Spatzier CMH

3.4. Proof of Theorem C. Recall that a Riemannian manifold satisfies the Rakic¢
duality principle if for each p € M, orthonormal vectors v, w € S, M, and A € R,
v is a A-eigenvector of the Jacobi operator 7, if and only if w is a A-eigenvector of
the Jacobi operator 7,,. This subsection contains the proof of Theorem C, an easy
consequence of the next proposition.

Proposition 3.21. Let M be a complete and simply connected Riemannian d-
manifold with d = 4 even, sec = 1, spherical rank at least d — 2, and no isotropic
points. If M satisfies the Rakié¢ duality principle, then M is isometric to CP4/2
endowed with the symmetric metric having constant holomorphic curvatures equal
to 4.

The proof of this proposition appears at the end of the subsection. As a preliminary
step, observe that the proof of item (3) of Theorem B shows that there exists a
smooth section p +— A, € SL(T,M) where each A, is skew-symmetric and
satisfies D, = span{v, A,v}* for each v € S,M. Define A : SM — R by
A(v) = sec(v, Apv) where p denotes the footpoint of the vector v € SM.

Lemma 3.22. Af, = —Id for each p € M.

Proof. The proof of item (1) of Theorem B shows that A,v is orthogonal to the
1-eigenspace D, of the Jacobi operator J,. Therefore A(v) > 1 and A v/||Apv||
is a unit vector in the A(v)-eigenspace of J,. Similarly, A(A,v/||Apv]]) > 1 and
A%v/ | A%v || is a unit vector in the A(A ,v /|| A pv||)-eigenspace of the Jacobi operator
J4,v/l14,v]- The Raki¢ duality property implies that v is a unit vector in the A(v)-
eigenspace of the Jacobi operator J4,v/|14,v|- The Jacobi operator J4,v/|4,v]
has two eigenspaces, the 1-eigenspace D 4,v/)4,v| of dimension d — 2 and its one
dimensional orthogonal complement, the A(A,v/||Apv||) eigenspace. Conclude
that for each v € S, M, A(v) = A(Apv/||Apv]) and by skew-symmetry of A,
that v = —AZv/||AZv||. As A5v is a multiple of v for each v € S, M and A, is
skew-symmetric of determinant one, A% = —Id. L

Fix p € M and ametric ball B in the tangent sphere S, M . Let {eq, ..., eq—1y be
a smooth framing of B with {e;, ..., e _»} tangent to the spherical distribution D.

Lemma 3.23. The field e;_, satisfies Ve, ,eq—1 = 0 on B with respect to the round
metric on S, M. Equivalently, af;l_l = 0foreach j € {1,...,d —2}.

Proof. The first assertion is a consequence of Corollary 2.18 and Lemma 3.22. The
second is derived from (2.1)

2(Ved_1€d-1s€j) = ([ed-l,ed—llsej) - ([ed—l,ej],ed—l) + ([ej,ed—l],ed—l)

_ d—1
= 2aj i
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Consider the adapted framing {Eo(t), ..., E4_1(t)} along geodesics with initial
velocity in B induced by the framing {e;,...,es—1} of B. Let € < inj(M) and let
J(b,t) = f(b,t)E z_1(t) be the Jacobi field along y;(¢) defined by Lemma 3.9.
Then f > 0on B x (0,€).

Proposition 3.24. The function f : B x (0,€) — Ris radial: E;(f) = 0 for each
j €{l,...,d — 1}, or equivalently, f(b,t) does not depend on b € B.

Proof. Lemma 3.23 and (3.8) imply R(Eq_1, Eo. Ej, Eq—1) = ‘Efff ) for each
jefl,...,n—2}. Foreachbh € Bandt € (0,¢), Eg_1(b,?) is an eigenvector
of eigenvalue A(Eo(b, t)) for the Jacobi operator Jg,,). The symmetry property
implies that Eo(b, ) is an eigenvector of the Jacobi operator Jg, (). Conclude
Ej(f) =0foreach j € {l,...,d —2}. Use (3.6) to calculate

0=E;(f)
= EoE;(f)
= [Eo, Ej](f) + Ej Eo(f)
=—cotE;(f)+ E;(f")
= E;j(f" —cot f).

Let g = f’—cot f. Corollary 2.17 and the fact that the time #-map of the radial
flow generated by E carries the spherical distribution D to the distribution spanned
by {E1(2), ..., Eq—2(t)} onexp,(tB) C S(p,t) imply that the latter distribution is
contact. Conclude that E;_;(g) = 0 and that g is a radial function.

Therefore j
ho— & _ f'sin—cos f [ f
" osin sin? ~ \sin

is a radial function. Let k = £ and consider the restriction k(¢) to a geodesic y(¢)

with b € B. By I’Hopital’s rule and the initial condition f'(0) = 1, lim;—¢ k() =
cJ:Ts% = 1. By the fundamental theorem of calculus, k(t) = 1 + fc': h(s)ds is a

radial function. Therefore f = k sin is a radial function. O

Proof of Proposition 3.21. 1t suffices to prove that A : SM — R is constant by [7,
Theorem 2, p. 193]. Fix p € M and a metric ball B C S, M as in Proposition 3.24.
Proposition 3.24 implies that A is constant on B since by the Jacobi equation, A(b) =
lim; ¢ lj:i(b,r) for each b € B. As S,M is connected, A : S,M — R has
a constant value A(p). Each point p € M is an Einstein point with Ric, =
(A(p) + d — 2)gp. The adaptation of Schur’s Theorem for Ricci curvatures [18,
Note 3, Theorem 1, p. 292] implies that M is globally Einstein. Therefore A(p) is
independent of p € M. O

Proof of Theorem C. Apply Theorem A, Proposition 3.14, and Proposition 3.21. [
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4. Proof of Theorem D in real dimension at least six

Throughout this section, M is Kéhlerian with complex structure J : TM — TM,
real even dimension d = 4, sec = 1, and spherical rank at least d — 2. This section
contains preliminary results, culminating in the proof of Theorem D when d = 6.

As M is orientable (complex), even-dimensional, and positively curved, M is
simply connected by Synge’s theorem. As M is Kihlerian, its second betti number
ba(M) # 0, whence M is not homeomorphic to a sphere. Therefore M does not
have constant sectional curvatures.

Proposition 3.14 now implies that M has no isotropic points (M = O).
Proposition 3.13 implies that every vector in M has rank d — 2. Lemmas 2.12
and 3.4 imply that that the eigenspace distribution is a nonsingular codimension one
distribution on each unit tangent sphere in M. By Theorem 2.16, there exists a

nonsingular projective class [4,] € PGL(T, M) of skew-symmetric maps such that
D, =E, ={v,Apv}t foreach p e M andv € S, M.

4.1. Relating the complex structure and the eigenspace distribution. Fix p € M
and choose a representative A, € [A,]. Assume that V' = 01 @ 03 is an orthogonal
direct sum of two A p-invariant 2-plane sections. There exist scalars 0 < p; and

0 < w2 such that |[A,v;|| = w; for each unit vector v; € o;. There is no loss in
generality in assuming u; < w, and if equality ;1 = w holds, then A; < A,.
For a unit vector v € S,M, let A(v) = sec(v,Apv). Then Apv is an

eigenvector of the Jacobi operator 7, with eigenvalue A(v) > 1. Note that A(v)
is the maximal curvature of a 2-plane section containing the vector v. Therefore,
A(Apv/||Apv|]) = A(v) with equality only if Af,v and v are linearly dependent. For
a vector v; € oy, let b; = A(v;)/u;. With this notation, v; = —v;.

Lemma 4.1. Assume that {u,v,w} C V are orthonormal vectors withu,v € o; and
weo; withi # j € {1,2}. Then R(u,v,w,u) = 0and R(u,w,w,u) = 1.

Proof. Asu € 0;, an Ap-invariant 2-plane, the orthogonal 2-plane o; is contained
in E,. In particular, w € E,,, implying the lemma. 0

Lemmad4.2. Letv; € 0;,i = 1,2, be unit-vectors. If v = avy + bv, is a unit-vector,
then A(v) = 61211 + bzlz.

Proof. Observe that A(v)||4,v]?> = R(v, Apv, Apv, ) or equivalently
A()(@*pi +b*u3) = R(avy +bva, ap1 91 +buabz, ap1 1 + buata, avy +buy).
Expanding the above, using Lemma 4.1, and simplifying yields

A)(@*pi +b2u3) = a*uirs + @b (ui 4+ p3) + b s + @ (4)
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where
® = 2a%b?pu1pus[R(vy, By, U2, v2) + R(v1, Tz, U1, v2)]. (4.2)

The vector w := bu,v; — apu1v, is orthogonal to both v and A,v so that
1 = sec(v, w). Equivalently

(@®ut + b*u3) = R(avy + bvy, bjuavs — aprV2, bpa ¥y — ajiy vz, avy + bvs).

Expanding the above, using Lemma 4.1, and simplifying yields

® = a’b*(udA1 + uids) + a*ui(@® — 1) + b2 us(b* —1). 4.3)
Substituting (4.3) into (4.1) and simplifying using a® 4+ b? = 1 yields the desired
formula for A(v). O

Corollary 4.3. If 11 < [t2, then A1 < As.

Proof. In the notation of Lemma 4.2, choose the vector v so thata = b = +/2/2.
As i1 <, the vectors v = avy +bv; and A%v = —(apivy + bujvs) are linearly
independent. Therefore

A(v) = sec(v, Apv) < sec(Apv,Af,v) = A(Apv/||Apv|)-
By Lemma 4.2,

1 1 -
A =y < LA _*__‘“2_12,

1
2027 pidpy o pitps

1 2 = 1
or equivalently, (— — —'LEI—)M s (—MZ— - —)Az.

2 pitud pitus o 2
1 = 2 1
If A, < A4, it follows that — — 2M1 7 & 2'% 5 — = acontradiction. O
N RN S e b
Given unit vectors ¢; € o0, i = 1,2, consider the following components
of the curvature tensor: « = R(ej,e1,e3,82), b = R(éy,ez,e1,e3), and

y = R(ez, e1,¢€1,e2). By the Bianchi identity,
a+pB+y=0. (4.4)

Lemma 4.4. In the notation above, § =y > 0, « = =2y <0, and u3(Ay — 1) +
uz(Ay — 1) = 61 u2y. Moreover, (A1 — 1)(A2 — 1) < 9y2.

Proof. Setvy =e;,vp =ez,anda =b = % and use (4.2) and (4.3) to deduce

12 —1) + p2(h — 1) = 2u1pa(B — @). 4.5)

after simplification.
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Similarly, set vy = ey, v = é3,anda = b = g and use (4.2) and (4.3) to
deduce
iz — 1)+ p3(h — 1) = 2u1p2(y —a). (4.6)
As i > 0and A; > 1, (5.3) and (4.6) imply that 8 = y. By (4.4) @ = —2y which
upon substitution into (4.6) yields
pi(Aa = 1) + 5k — 1) = 6p1 2y

from which the remaining inequalities are easily deduced. O

Lemma 4.5. In the notation above, A1 < 3y + 1 < A,. Equality holds in either case
onlyif Ay = A =3y + land ;11 = u».

Proof. If A1 = 3y 4+ 1, then 9y2 < (A1 — 1)®> < (A1 — 1)(A2 — 1) < 9y2, implying
that Ay = A, = 3y + 1 (and u; = u, by Corollary 4.3). Lemma 4.4 and the
derivation of Berger’s curvature inequality [2, 17] imply

2y = —a = R(&y,e1,€2,22)
- é[sec(él + e2,e1 + e2) + sec(e; + 2, €1 — e3)]
+ é[sec(él —ep,e1 —e3) + sece; — ez, €1 + ez)]
_ é[sec(él —é&3,e1 + e3) + sec(e; — é2,€1 — €2)]

1 _ _
— g[sec(el + e3,e1 —ep) + sec(e; + ez, e1 + e32)].

If o CV = o1 @ o0y is a 2-plane section and v € o is a unit vector, then
sec(d) < A(v) < A, where the last inequality is a consequence of Lemma 4.2.
Hence 1 < sec < A, on V. These inequalities and the above formula for 2y yields
the inequality A, = 3y + 1 where equality holds only if sec(e; + €2, e; +€2) = Az.
Hence, equality holds only if A, = sec(é; + &2,e1 + €2) < A((e; + 2)/+/2) =
%()Ll + A3) < Ay, or equivalently if A1 = A, (and 1 = s by Corollary 4.3). [

Lemma 4.6. For each nonzero vector v € T, M, there exists c(v) € R\ {0} such
that ApJpv = c(v)JpApv.

Proof. Let v € T, M \ {0}. Lemma 2.1 and (2.3) imply that J,(Ey) = Ej,y.
Therefore

span{J v, Ej,v} = span{Jpv, Jp(Ey)} = Jp(span{v, Ey,})
= Jp((ApU)J_) = Jp(ApU)J'a

where the last equality uses the fact that J, acts orthogonally.
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Conclude that both the vectors J,A,v and A,J,v are perpendicular to the
codimension one subspace span{./,v, E;,,}, concluding the proof. U

Proof. Asboth A,J, and J, A, are non-degenerate, Lemma 4.6 implies that there
is a nonzero constant ¢ € R such that A,J, = ¢JpA)p. Taking the determinant
yields c¢ = 1, whence ¢ = =+1 since d is even. O

Proposition4.8. A,J, = J,A).

Proof. Let o1 be an Ap-invariant 2-plane section. If o is Jp-invariant, then the
restriction of A, and J, to oy differ by a scalar, hence commute, concluding the
proof in this case by Lemma 4.7.

Hence, if the proposition fails, then A,J, = —J,A, and o7 is not invariant
under J,. The following derives a contradiction.

Let {e1, e} be an orthonormal basis of ¢;. There exists a nonzero constant p
such that A,e; = e, and Ape; = —puer. Rescale A, and replace e; with —es, if
necessary, so that 4 = 1. If A7 denotes the adjoint of A, then A}, = —A) on the
subspace o07.

As Jp is orthogonal, {e3 = Jpe1,e4 = Jpep} is an orthonormal basis of
02 = Jp(o1). The following calculations will demonstrate that {eq, e>, €3, e4} form
an orthonormal 4-frame. As gp(er1,e3) = gpler,Jpe1) = 0 = gplea, Jper) =
gp(ez, e4), it remains to verify the equalities g, (e, e4) = 0 = gp(e2, e3). Calculate

gplei,es) = gpler, Jpex) = gpler, JpAper)
= gpler,—ApJper) = gp(—Ajer, Jper)
= gp(Aper, Jper) = gplez, Jper)
= gp(Jpez,—e1) = —gples, er)
to conclude that g,(e1, e4) = 0. Finally,
gp(e2,e3) = gp(Jpea, Jpes) = gples, —e1) =0

concluding the proof that {ey, e, e3, e4} are orthonormal. Let A = sec(o) and note
that

A = R(e1,e2,e2,e1) = R(Jpe1, Jpea, Jpea, Jpe1) = R(es, es, €4, €3) = sec(02).

As Ap(oy) = ApJp(o1) = —JpAp(01) = —Jp(01) = 02, the 2-plane o, is
A p-invariant. Lemma 4.2 implies that A is the maximum sectional curvature on the
subspace V = o1 @0>. By Berger’s curvature inequality ([2,17]), R(e1, ez, e4,€3) <
%()L — 1). Consequently,

2
A = R(ey,ez2,e3,e1) = R(ey,e2,Jpez, Jpe1) = R(ey,e2,e4,€3) < 5(7& -1),

or equivalently, A < —2, a contradiction. g
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Lemma 4.9. Assume that V = o1 @ 02 is an orthogonal sum of A p-invariant and
Jp-invariant 2-plane sections. Let v; € 0; be unit vectors and v; = Apvi/pi. If
Jpv1 = vy, then Jpvy = V. If Jpvy = —0y, then Jpvy = —V,. In both cases
y = R(va,v1,01,02) = L

Proof. The assumptions imply that there are constants c¢;,c; € {—1, 1} such that
Jpvi = ¢;v; fori = 1,2. The first assertion in the lemma is the equality ¢; = ¢; as
will now be demonstrated. Note that

¥ = R(v2,v1,01,02) = R(Jpv2, Jpv1, V1, U2) = R(c202, €101, V1, V2) = €162

where Lemma 4.1 is used in the last equality. By Lemma 4.4, y > 0 whence ¢; = ¢;
and y = 1. O

Corollary 4.10. If 0 C Ty, M is a 2-plane section satisfying Ap(0) = o, then
Jp(o) = 0.

Proof. After possibly rescaling A, there exists an orthonormal basis {e;, ez} of o
satisfying Ape; = e> and Apes = —ey. If Jp(0) # o then J,(0) No = {0}.
Letting es = Jpe; and eq4 = Jpea, the vectors {ey, €2, €3, €4} span a 4-dimensional
subspace of T, M .

By Proposition 4.8, A,e3 = e4 and A e4 = —ej3 since

and Apey = ApJper = JpApes = —Jpe; = —es.

— e1teq — e1—eq 5. — €2—¢€3
Let v; = 5 and v, = and use the above to calculate v, " and
Uy = % Verify that 0, = span{v;, v;} and 0, = span{v,, v} are orthogonal
A p-invariant and Jp-invariant 2-planes and that J,v; = —v; and J,v, = v;. This
contradicts Lemma 4.9. Ll

4.2. Proof of Theorem D when d = dimp (M) = 6.

Lemma 4.11. For p € M, A, has at most two distinct eigenvalues.

Proof. 1f not, then there exist three orthogonal A ,-invariant 2-planes 0;,i = 1,2,3
and constants 0 < @1 < p < 3 such that ||[A(w;)|| = w; for each unit vector
w; € g;. Let A; = sec(0;). As ;1 < ja, Corollary 4.3 implies that Ay < A,. By
Lemmas 4.5 and 4.9, A, > 4. As u» < w3, Corollary 4.3 implies that A, < A3. By
Lemmas 4.5 and 4.9, A, < 4, a contradiction. O

Lemma 4.12. [f d = dimgr(M) = 6, then A, has a single eigenvalue for each
peEM.
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Proof. If not, Lemma 4.11 implies that there exist constants 0 < pu; < 2
and Ap-eigenspaces E; and E; such that T,M is the orthogonal direct sum
TpoM = E; @ E; and ||[A,(v;)|| = p; for each unit vector v; € E;, i = 1,2.
As dimg (M) = 6, one of the two eigenspaces E; or E; has real dimension at least
four.

Case I. dimg(E;) = 4 Choose orthogonal A ,-invariant 2-planes 01,0, C E; and
03 C Ep. Let A; = sec(o;) foreachi = 1,2,3. As pu; < 2, Corollary 4.3 implies
that A; < A3 and A, < A3. Apply Lemmas 4.5 and 4.9 to the four dimensional
subspaces 01 @ 03 and 02 @ 03 to deduce A; < 4 and A, < 4. Apply Lemmas 4.4
and 4.9 to the four dimensional subspace o; & 0, to deduce A; + A, = 8§, a
contradiction.

Case II. dimg(E2) = 4 Choose orthogonal A ,-invariant 2-planes oy C E; and
02,03 C E;. Let A; = sec(o;) foreachi = 1,2,3. As u; < pa, Corollary 4.3
impliesthat Ay < ApandA; < A3. Apply Lemmas 4.5 and 4.9 to the four dimensional
subspaces 01 @ 0, and 01 @ 03 to deduce A, > 4 and A3 > 4. Applying Lemmas 4.4
and 4.9 to the four dimensional subspace o, @ o3 to deduce A, + A3 = 8, a
contradiction. Il

Remark 4.13. When dimg (M) = 6, Theorem D is easily derived from Lemma 4.12
and Theorem C. This approach is taken when dimg = 4 in the next section.

In the remainder of this section, a more elementary proof is presented for the
case when dimgp(M) = 6. This alternative proof is based on the well-known
classification [14, 16] of simply-connected Kihlerian manifolds having constant
holomorphic curvatures.

Corollary 4.14. A 2-plane o C T, M is holomorphic if and only if Ap(0) = 0.

Proof. Fix p € M andleto C T, M be a 2-plane. If A,(0) = o then J,(0) =0
by Corollary 4.10. Conversely, assume that J,(0c) = o and let v € o be a
nonzero vector. The 2-plane 6 = span{v, A,v} is A,-invariant by Lemma 4.12.
By Corollary 4.10, 6 is Jp-invariant. As v lies in a unique holomorphic 2-plane,
0 = 0, so that o is A ,-invariant. 0

Corollary 4.15. Ifd = dimgp(M) = 6, then A(v) = 4 for every unit vectorv € SM.

Proof. Given v € S,M, the 2-plane 0y = span{v, A,v} is Ap-invariant by
Lemma 4.12. As dimgr(M) = 6, there exist orthogonal A ,-invariant 2-planes
02,03 C crll. Let A; = sec(o;) fori = 1,2, 3 and note that A(v) = A;.

Applying Lemmas 4.4 and 4.9 to the three four dimensional subspaces o; & o,
i,j €{l,2,3} distinct, yields the linear system

MAA2=A1+A3 =1+ A3 =8,

whose solution A; = A, = A3 = 4 is unique. O



246 B. Schmidt, K. Shankar and R. Spatzier CMH

Theorem 4.16. A Kdhlerian manifold with sec = 1, real dimension d = 6, and
spherical rank at least d — 2 is isometric to a globally symmetric CP?/2 with
holomorphic curvatures equal to 4.

Proof. Itsuffices to prove that all holomorphic 2-planes in M have sectional curvature
equal to four by [14,16]. Let p € M and let 0 C T, M be a holomorphic 2-plane.
Let v € o be a nonzero vector. By Corollary 4.14, o is Ap-invariant, so that
sec(o) = sec(v, Apv) = A(v). By Corollary 4.15, A(v) = 4. O

5. Proof of Theorem D in real dimension four

This final section completes the proof of Theorem D, establishing its veracity when
d = dimg(M) = 4. The approach, alluded to in Remark 4.13, is to appeal to
Theorem C. The main step in proving that M satisfies the Raki¢ duality principle is
to establish the analogue of Lemma 4.12 when d = 4. The following lemma, likely
well-known, is used for this purpose.

Lemma 5.1. Let B be an open connected subset of a Riemannian manifold (M, g)
admitting a pair of orthogonal and totally geodesic foliations F; and F,. Then B is
locally isometric to the product F1 X JF>.

Proof. If H = TJF, and V = T F,, then the tangent bundle splits orthogonally
TB = H @& V. By de Rham’s splitting theorem, it suffices to prove that the
distribution H is parallel on B. Let &, h denote vector fields tangentto H andletv, v
denote vector fields tangent to V.

As H is integrable, 0 = g([h, h], v), implying g(Vyh, v) = g(Vph,v). As H is
totally geodesic, g(Vih, v) = —g(V3h,v). Conclude that

g(Vih,v) = 0. (5.1)

Similarly, the fact that V' is integrable and totally geodesic implies that
g(Vyv,h) = 0. As H and V are orthogonal, this implies

g(Vyh,v) =0. (5.2)
By (5.1) and (5.2), H is parallel on B, concluding the proof. O

Recall from the proof of item (3) of Theorem B that there exists a smooth section
P>3Mw— Ay, e SL(T,M).

Proposition 5.2. Assume that d = dimg(M ) = 4. Then for each p € M, A, has a
single eigenvalue.
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Proof. If not, then there exists a metric ball B in M with the property that for each
b € B, Ap has two distinct eigenvalues. For each b € B, there exist constants
0 < p1(b) < pa(b) and orthogonal eigenplanes o7 (b) and 0, (b) of A, satisfying
|Ap(vi)|| = wi(b) for each unit vector v; € aj(h). As the Ap vary smoothly with
b € B, the functions p; : B — R and the orthogonal splitting 7B = o, & 0, are
both smooth. Define A; : B — R by A;(b) = sec(oj(b)) fori = 1,2.

After possibly reducing the radius of B, there exist smooth unit vector fields v,
and v, on B tangent to o7 and o, respectively. By Corollary 4.10, the two 2-plane
fields o7 and 0, are J-invariant. Therefore, letting v; = J v;, the smooth orthonormal
framing {vy, V1, v2, U2} of TB satisfies 0; = span{v;, v;} for i = 1,2. Define
Yy : B - Rbyy = R(va,v1,01,02). Again by Corollary 4.10, the Ap-invariant
2-planes o; (b) are Jp-invariant and by Lemma 4.9, y = 1 on B.

Corollary 4.3, implies that A1(b) < A,(b) and Lemma 4.5 implies

A1(b) < 4 < Aa(b) (5.3)

for each b € B.
The goal of the following calculations is to show that the orthogonal distribu-
tions 0; and o, are integrable and totally geodesic. As J is parallel,

g(VxJY, Z)=g(JVxY,Z)=—g(VxY,JZ) (5.4)
for all smooth vector fields X, Y, Z.
Use (5.4) to conclude
g(Vy,v2,01) = —g(Vy, U2, v1). (5.5)

Use the differential Bianchi identity,
O = (szR)(Ul, 1_)1’ Ul, UZ) + (Vvl R)(ﬁl’ U2, vls UZ) + (VI_J] R)(”Zs Ul’ vla UZ)
to derive

(Al — l)g(szvz, l_)l) 4+ 3g(VU2‘52, Ul) = 0. (5.6)
Use (5.3), (5.5), and (5.6) to conclude

g(Vy,v2,01) = g(Vy,v2,v1) = 0. (5.7)

Set wy := v; and w; := Jw; = —v;. Repeating the above calculations with w;
and w; in place of v; and vy, respectively, yields the following analogue of (5.7)

g(vvzv2a ‘J)l) = g(V‘U262a wl) = O’ (58)

or equivalently,
g(Vy,v2,v1) = g(Vy,02,01) = 0. (5.9)
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Set wp 1= v and w, := Jw,; = —v,. Repeating the above calculations with w,
and w; in place of v, and v,, respectively, yields the following analogues of (5.7)
and (5.9)

g(Vu, w2, v1) = g(Vu,w2,v1) =0, (5.10)
and g(Vu,wa,v1) = g(Vy,wa,v1) =0, (5.11)
or equivalently,

g(Vi,02,01) = g(V,v2,v1) = 0, (3.12)
and g(Vf,zﬁg, U]) = g(V{;zUz, I_)l) == ). (513)

The 2-plane field o7 is integrable and totally geodesic by (5.7), (5.9), (5.12),
and (5.13).

Switching the roles of the indices 1 and 2 in the differential Bianchi calculation
above, yields the following analogue of (5.6)

(Az — l)g(Vvl V1, 132) + 3g(Vul ?71, Uz) =, (5.14)

Now, arguing as in the case of the 2-plane field o5, the 2-plane field o, is also
integrable and totally geodesic. As the tangent 2-plane fields o and o, are orthogonal,
integrable, and totally geodesic, B is locally isometric to a Riemannian product by
Lemma 5.1. This contradicts the curvature assumption sec = 1. O

Theorem 5.3. A Kdhlerian manifold with sec = 1, real dimension d = 4, and
spherical rank at least 2 is isometric to a globally symmetric CP? with holomorphic
curvatures equal to 4.

Proof. It suffices to prove that M satisfies the Raki¢ duality principle by Theorem C.
Let p € M and let v,w € S, M be a pair of orthonormal vectors. The Jacobi
operator 7/, has two eigenspaces, namely the two-dimensional 1-eigenspace E, and
the one-dimensional A(v)-eigenspace spanned by the vector A,v. Similarly, the
Jacobi operator 7y, has a two-dimensional 1-eigenspace E,, and a one-dimensional
A(w)-eigenspace spanned by A ,w.
Ifw e E,, thenv € E, by Lemma 2.1. If w lies in the A(v)-eigenspace of 7y,

then w is a multiple of A,v. By Proposition 5.2 the 2-plane o := span{v, w} is
A p-invariant, whence A(w) = sec(c) = A(v) and v lies in the A(w)-eigenspace
of Fus O

Together, Theorems 4.16 and 5.3 complete the proof of Theorem D.
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