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Rigidity of pseudo-Anosov flows transverse to R-covered
foliations

Sérgio R. Fenley*

Abstract. A foliation is R-covered if the leaf space of the lifted foliation to the vniversal cover
is homeomorphic to the set of real numbers. We show that, up to topological conjugacy, there
are at most two pseudo-Anosov flows transverse to a fixed IR-covered foliation. If there are two
transverse pseudo-Anosov flows, then the foliation is weakly conjugate to the stable foliation of
an R-covered Anosov flow. The proof uses the universal circle for [E-covered foliations.

Mathematics Subject Classification (2010). Primary 37C15, 37D20, 37C85, 37D50; Sec-
ondary 57M50, 57M60, 57R30.

Keywords. Pscudo-Anosov flows, foliations, leaf spaces.

1. Introduction

Pseudo-Anosov flows are extremely common amongst 3-manifolds [GK1], [Mo2],
[Fe2], [Cal2], [Cal3] and they yield important topological and geometrical informa-
tion about the manifold. For example they imply that the manifold is irreducible
and the universal cover is homeomorphic to R> [Ga-Oe], [Fe-Mo]. There are also
relations with the atoroidal property [Fe3]. Finally there are consequences for the
large scale geomeiry of the universal cover when the manifold is atoroidal: In that
case it follows that the fundamental group is Gromov hyperbolic [GK?2] and in cer-
tain cases the dynamics structure of the flow produces a flow ideal boundary to the
universal cover which is equivariantly homeomorphic to the Gromov boundary and
yields many geomeitric results [Fe7].

As for the existence of pseudo-Anosov flows, it turns out that many classes of
Reebless foliations in atoroidal 3-manifolds admit transverse or almost transverse
pseudo-Anosov flows which are constructed using the structure of the foliation. For
example this occurs for: 1) fibrations over the circle [Th1], 2) finite depth foliations
[Mo2], 3) R-covered foliations [Cal2], [Fe2] and 4) Foliations with one sided branch-
ing [Cal3]. Pseudo-Anosov flows also survive under the majority of Dehn surgeries
on closed orbits [Fr], [GK1], which makes them extremely common. On the other
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hand there are some examples of non existence of pseudo-Anosov flows in certain
specific manifolds: see [Br] for examples in Seifert fibered spaces and [Ca-Du], [Fe5]
for examples in hyperbolic manifolds.

In this article we consider the uniqueness question for such flows: Up to topo-
logical conjugacy, how many pseudo-Anosov flows are there in a closed 3-manifold?
Topological conjugacy means that there is a homeomorphism of the manifold sending
orbits to orbits. The less flows there are, the more rigid these flows are and conse-
quently more likely to give information about the manifold. In this generality the
question is, at this point, very hard to tackle. Here we start the study of this question
and we consider how many pseudo-Anosov flows are there transverse to a given fo-
liation. This is very natural, since as explained above, many pseudo-Anosov flows
are constructed from the foliation and are transverse to it. We will consider a class
of foliations called R-covered: this means that the leaf space of the lifted foliation
to the universal cover is homeomorphic to the set of real numbers [Fel]. This is the
simplest situation with respect to this question. The uniqueness analysis involves a
detailed understanding of the topology and geometry of the foliation and flow in this
case.

There are many examples of R-covered foliations: 1) Fibrations over the circle.
2) Many stable and unstable foliations of Anosov flows, which are then called R-
covered Anosov flows. These include geodesic flows of hyperbolic surfaces and
many examples in hyperbolic 3-manifolds [Fel]; 3) Uniform foliations [Th2]: this
means that given any two leaves of the lifted foliation in the universal cover, they
are a bounded distance from each other. Obviously the bound depends on the pair of
leaves. This is associated with slitherings over the circle [Th2]. 4) Many examples
foliations which are IR-covered but not uniform in hyperbolic 3-manifolds [Call].

We should stress that in this article pseudo-Anosov flows include flows without
singularities, that is (topological) Anosov flows. On the other hand, we do not allow
1-prong singularities. With 1-prongs almost all control is lost, for example 82 x S!
has a pseudo-Anosov flow with 1-prongs and the manifold is not even irreducible.

A flow transverse to a foliation is regulating if an arbitrary orbit in the universal
cover intersects every leaf of the lifted foliation. In particular this implies that the fo-
liation is R-covered. This is strongly connected with the atoroidal property: Given an
R-covered foliation with a transverse, regulating pseudo-Anosov flow, it follows that
either the manifold is atoroidal or it fibers over the circle with fiber a torus and Anosov
monodromy [Fe3]. Conversely if the manifold is atoroidal and acylindrical and the
foliation is transversely orientable, then there is a regulating, pseudo-Anosov flow
transverse to the R-covered foliation [Fe2], [Cal2]. So transverse pseudo-Anosov
flows are as general as possible in this situation and the uniqueness question is a very
natural one in this setting.

There is one case where the uniqueness question for transverse flows is known,
which is the simplest case of foliations: a fibration over the circle. It is easy to see
that any transverse flow is regulating. Any two transverse flows induce homotopic
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and hence isotopic monodromies of the fiber 5. This works even if the flow 1s not
pseudo-Anosov. If the flow is pseudo-Anosov, then the associated monodromy is
a pseudo-Anosov homeomorphism of S [Thl]. In particular the fiber cannot be
the sphere or the projective plane. If the fiber is Euclidean, then the flow has no
singularities and is a topological Anosov flow. In this case it is not hard to prove
that there is at most one transverse pseudo-Anosov flow up to conjugacy. Suppose
then that the fiber is hyperbolic and therefore the monodromy is pseudo-Anosov
with singularities. Itis proved in [FLP], exposé 12, that any two homotopic pseudo-
Anosov homeomorphisms are in fact conjugate. This implies that the corresponding
flows are also topologically conjugate and consequently in this case there is only one
transverse pseudo-Anosov flow up to conjugacy.

This result turns out to be very close to what happens in general for R-covered
foliations:

Main theorem. Let § be an R-covered foliationin M3 closed. Then up to topological
conjugacy there is at most one transverse pseudo-Anosov flow which is regulating for
5. In addition, up to conjugacy, there is also at most one non regulating transverse
pseudo-Anosov flow to §. If there is a transverse pseudo-Anosov flow which is non
regulating for G, then this flow has no singular orbits andis a topological Anosov flow
which is R-covered. In addition in this case, after a blow down of foliated I -bundles
of &, then the resulting foliation §' is conjugate to either the stable or the unstable
foliation of the Anosov flow.

Consequently if & is not a blow up of the stable/unstable foliation of an R-covered
Anosov flow then up to topological conjugacy, there is at most one pseudo-Anosov
flow transverse to ¥. Furthermore there is one such flow if M is atoroidal.

A foliated I -bundle of '§ is an I-bundle VV embedded in M so that V' is a union
of leaves of &, which are transverse to the 7 -fibers in V. In particular the boundary
of V is an union of leaves of . In general the base of the bundle is not a compact
surface. The blow down operation collapses a foliated /-bundle onto a single leaf,
by collapsing /-fibers to points. In the theorem above one may need to do this blow
down operation a countable number of times. With reference to the abstract of this
article, the phrase § is weakly conjugate to a foliation ¥, means that some blow
down &’ of § is topologically conjugate to .

This theorem generalizes the result for fibrations, because as explained above in
that case any transverse flow is regulating.

In order to prove the theorem we split into two cases: the regulating and non
regulating sitvations. The non regulating case was studied in [Fe4] where all of the
statements concerning non regulating flows were proved except for the uniqueness of
the transverse pseudo-Anosov flow. In the last section of this article we use the con-
structions and results of [Fe4] to finish the proof of uniqueness in the non regulating
case. For completeness here is an outline of the proof of the other statements in the
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non regulating case. In the universal cover M of M, the lifted flow has stable and
unstable foliations. Since § is R-covered there is only one transverse direction to the
lift € of the foliation € to M. After a considerable analysis, using the topological
theory of pseudo-Anosov flows [Fe4], [Fe6]., this implies that there is only one trans-
verse direction to the stable and unstable foliations of the flow in the universal cover.
In particular we show that there are no singularities of the flow — it is a (topological)
Anosov flow. In addition we prove that the stable and unstable foliations of the flow
— which now are non singular foliations — are R-covered foliations. Therefore the
flow 1s an R-covered Anosov flow. _

The next step is to show that for each leaf of ¥ there is a well defined stable
(or unstable) leaf in the universal cover associated to it and these two leaves (one
stable/unstable and the other a leaf of ¥) are a bounded Hausdorff distance from
each other. For simplicity assume they are stable leaves. After collapsing foliated
I-bundles of G, this correspondence between leaves of the stable foliation in the
universal coverand leaves of § is abijection. Since the leaf of § and the corresponding
stable leaf are a bounded Hausdorff distance from each other, there is a map between
them which sends a point in one leaf to a point at a bounded distance in the other
leaf. Asboth foliations are R-covered then this map is a quasi-isometry. Since leaves
of the stable foliation are Gromov hyperbolic [P1], [Su] and any leaf of § is quasi-
isometric to a stable leaf, it follows that the leaves of § are also Gromov hyperbolic.
In particular in the non regulating case, there are no parabolic leaves in §. In [Fe4]
the analysis was done under the assumption that leaves of § are Gromov hyperbolic.
The argument above shows that this assumption is not necessary. Using a result of
Candel [Can], we can assume that the leaves of & are hyperbolic leaves.

The next step is to show that for each flow line in a fixed leaf of the stable foliation
in the universal cover there is a unique geodesic in the corresponding leaf of &, so that
they are a bounded Hausdorff distance from each other. These geodesics in leaves of
% jointly produce a flow, which projects to aflow in M whose flow lines are contained
inleaves of ¥. In [Fe4] we show that this new flow is conjugate to the original Anosov
flow and therefore § is topologically conjugate to the stable foliation of the original
Anosov flow. Essentially what is left to prove is the uniqueness of the new flow.

We remark that it is very easy to construct non regulating examples for certain
foliations: let & be the stable foliation of a smooth R-covered Anosov flow W, so that
% is transversely orientable. Perturb the flow W slightly along the unstable leaves, to
produce a new Anosov flow ® which is transverse to ¥ and non regulating for § —
see details in [Fed].

The bulk of this article concerns the regulating situation, whose analysis is com-
pletely different from the non regulating case: in that case the proof was internal
to M — we only used the topology of the pseudo-Anosov flow and showed that sta-
ble/unstable leaves in M and leaves of § are basically parallel to each other. Clearly
this cannot happen in the regulating situation. In the regulating case we use the
asymptotics of the foliation, contracting directions between leaves, the universal cir-
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cle for foliations and relations of these with the flow. We show that the universal
circle of the foliation can be thought of as an ideal boundary for the orbit space of
a regulating pseudo-Anosov flow and this can be used to completely determine the
flow from outside in — from the universal circle ideal boundary to the universal cover
of the manifold in an equivariant way.

The proof of the theorem goes as follows. Let ® be a transverse flow which is
regulating for the foliation . Suppose first that there is a parabolic leaf in %. Then
we show that there has to be a compact leaf which is parabolic. Hence the manifold
fibers over the circle with fiber this leaf and the flow is topologically conjugate to
a suspension Anosov flow. In this case there is at most one pseudo-Anosov flow
transverse to &, since there cannot be a non regulating transverse pseudo-Anosov
flow. This is done in Section 2.

In the case that all leaves are Gromov hyperbolic, we use Candel’s theorem [Can]
and assume the leaves are hyperbolic. The orbit space of a pseudo-Anosov flow is the
space of orbits in the universal cover. Itis always homeomorphic to the plane [Fe-Mo]
and the fundamental group of the manifold acts naturally on this orbit space. Given
two regulating pseudo-Anosov flows transverse to § we produce a homeomorphism
between the corresponding orbit spaces, which is group equivariant. This is the main
step here. Using the foliation ¥ which is transverse to each lifted flow, this produces
a homeomorphism of the universal cover of the manifold, which takes orbits of one
flow to orbits of the other flow and is group equivariant. This produces the conjugacy.

In order to produce the homeomorphism between the orbit spaces, we use in
an essential way the universal circle for foliations as introduced by Thurston [Th2],
[Th3], [Th4]. For R-covered foliations, the universal circle is canonically identified
to the circle at infinity of any leaf of ¥ [Fe2], [Cal2]. Notice that the universal circle
depends only on the foliation and not on the particular the transverse pseudo-Anosov
flow. We first consider only one pseudo-Anosov flow transverse to . We show
that the orbit space of the flow in M can be compactified with the universal circle
of the foliation to produce a closed disk. This is canonically identified with the
standard compactification of any hyperbolic leat of ¥. Here one has to show that the
topology of the orbit space of the flow in M union the universal circle of the foliation
is compatible with the topology of the compactification of the leaves of € and also
that this topology is independent of the particular leaf of §. To prove this fact, one
has to distinguish between uniform and non uniform foliations. Recall that uniform
means that any two leaves of § are a finite Hausdorff distance from each other — for
example fibrations over the circle. The uniform case is simple. The non uniform case
requires arguments involving the denseness of contracting directions between leaves,
after a possible blow down of foliated /-bundles. Using the same ideas we analyse
how stable/unstable leaves in the universal cover intersect leaves of &, particularly
with relation to the universal circle. We proved in [Fe6] that for any pseudo-Anosov
flow transverse to a foliation with hyperbolic leaves the following happens: given
any ray in the intersection of a stable/unstable leaf (in the universal cover) with a leaf
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of €, then this ray limits to a single point in the circle at infinity of this leaf of g
In this article we show if § is R-covered then given a fixed stable (or unstable) leaf
and varying the leaves of &, then the ideal points of these intersections in different
leaves of € follow the identifications prescribed by the universal circle. So clearly
the universal circle is intrinsically connected with any regulating, transverse pseudo-
Anosov flow. This is done in Section 4. These two results are the key tools used in
the analysis of the theorem.

The next step is to analyse how an element of the fundamental group acts on the
universal circle. If an element of the fundamental group is associated with a closed
orbit of the flow, then we show that some power of it acts on the universal circle with
a finite even number > 4 of fixed points and vice versa. This key result depends on
the analysis in Section 4 and on further properties of the intersections of leaves of ¥
and stable/unstable leaves, which is done in Section 5.

Finally in Section 6 we consider two pseudo-Anosov flows transverse and regu-
lating for . We first prove that for each lift of a periodic orbit of the first flow, there
is a unique periodic orbit of the second flow associated to it. This depends essentially
on the study of group actions in Section 5. This produces a map between the orbit
spaces of the two flows restricted to lifts of closed orbits. The final step is to show
that this can be extended to an equivariant homeomorphism between the orbit spaces.
This finishes the proof of the main theorem.

At the end of the article we also study the following two questions: 1) Given
®, ¥ pseudo-Anosov flows transverse to a foliation ¥ which is R-covered, when is
there a topological conjugacy between @ and W which also preserves direction along
flowlines? Given the analysis of the main theorem, if this happens, then either both
® and W are regulating or they are both non regulating. By the main theorem again,
this question reduces to asking whether there is a topological conjugacy between @
and its inverse ®~! which preserves the direction along flow lines. Here @~ is the
same flow ® traversed in the opposite direction. We show that all possibilities can
occur. 2) The other question we analyse is whether the conjugating homeomorphism
can be chosen to be isotopic to the identity. We show that this 1s always the case.

We thank the reviewer for several useful suggestions, in particular the simplifica-
tion of the proof of Theorem 2.1 and also the implied suggestion of the isotopy result.
We also thank L.ee Mosher who asked the same isotopy question and also helped with
conjugacy issues in the mapping class group of surfaces, which was useful to address
question 1) above.

2. The case of parabolic leaves

Leaves of the foliation § are conformally either spherical, Euclidean or hyperbolic.
In this section we quickly rule out the first option and prove the main theorem in the
second option. We say that a leal is parabolic if it is conformally Euclidean.
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The stable and unstable foliations of ® induce 1-dimensional perhaps singular
foliations in any leaf of ¥. There are no 1-prongs in the stable foliation and no
centers, so Buler characteristic arguments disallow the existence of spherical leaves.

Theorem 2.1. Let § be an R-covered foliation transverse to a pseudo-Anosov flow
®. If § has a parabolic ledaf, then there is a compact leaf C which is parabolic and
M fibers over the circle with fiber C. In this case the flow is an Anosov flow and is
conjugate to a suspension flow with fiber C. Therefore if an R-covered foliation § has
a parabolic leaf, then up to topological conjugacy, there is at most one pseudo-Anosov
flow transverse to '§.

Proof. 1f the pseudo-Anosov flow @ is not regulating for ¥ then as explained in the
introduction, the leaves of & are Gromov hyperbolic and therefore not conformally
Euclidean. Therefore ® has to be regulating.

We assume first that M is orientable.

Let 1. be a parabolic leaf of §.

Suppose first that § has a compact leaf. Since ¥ is R-covered, it was shown by
Goodman and Shields [Go-Sh] that any compact leaf is a fiber of M over the circle.
We show that there is a compact leaf which is parabolic. This is not true in general,
but it holds for R-covered foliations. We may assume that L is not compact. Using
the R-covered hypothesis we show that L limits on a compact leaf. Consider the
component of the complement of the compact leaves which contains L and let O be
the closure of this component. Then O is homeomorphic to C % [0, 1] and in addition
we can assume that ¥ is transverse to the /-fibration in O (see [Fe2]). Identify C
with the lower boundary of Q. Look at the points that L hits in a fixed [ -fiber J.
Let x be the infimum of these points. If x is in the boundary of O we are done. The
foliation in O is determined by its holonomy which is a homomorphism from 7, (C)
into the group of orientation preserving homeomorphisms of J. This holonomy has
to fix x for otherwise some element would bring x closer to C and hence 1. would
have a point in J lower than x. Since the holonomy fixes x then the leaf through x
is compact, contrary to assumption that there are no compact leaves in the interior
of 0.

We conclude that 1. limits on a compact leaf C and since L. is parabolic, then
so is C. The flow ® is regulating for § and so every orbit through C intersects C
again, in other words ¢ is conjugate to a suspension flow and the cross section is an
Euclidean surface. In particular ® is an Anosov flow. Any two pseudo-Anosov flows
transverse to ¥ will generate suspension flows in M transverse to C. As explained
in the introduction, any two such flows are topologically conjugate. This finishes the
analysis (in the orientable case) when there is a compact leaf.

Suppose now that there is no compact leaf. Our goal is to show that this cannot
happen. As proved in Proposition 2.6 of [Fe2] there is a unique minimal set Z in
%. Since L must limit on leaves in a minimal set, then there are parabolic leaves in
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the minimal set, and hence all leaves in the minimal set are parabolic. There are at
most countably many components in M — Z each of which has a closure which is
an /-bundle over a non compact surface. In addition the flow can be taken to be the
I -fibration in this closure [Fe2]. Therefore these I-bundles can be blown down to
single leaves and this yields a foliation which is still transverse to ¢ and now is a
minimal foliation. Clearly this happens for any pseudo-Anosov flow transverse to §.
Hence if there are no compact leaves, we may assume that % is minimal.

Let now L be an arbitrary leaf of &, which is parabolic. Since L has polynomial
growth, then Plante [Pl] showed that there is a holonomy invariant transverse measure
supported in the closure of .. Since L is dense, this shows that the support of the
measure is all of M.

The lift of this transverse measure to M identifies the leaf space of § to R in a way
that covering translations preserve the measure, that is, act by translations. Therefore
there is a single subgroup G of 7{(M) which is the stabilizer of any leaf £ of §.
In particular all leaves of ¥ are homeomorphic. This group G is the kernel of the
holonomy homomorphism 7y (M) — Hom(R) and therefore it is a normal subgroup
of m1(M). In addition G is the fundamental group of a parabolic leat L, which is not
compact and which is orientable, hence & is either trivial or isomorphic to Z.

If G = 1 then all leaves of & are planes. In this case Rosenberg [Ros] proved
that M is homeomorphic to the 3-torus and hence 1 (M) has polynomial growth of
degree 3. On the other hand a manifold with a pseudo-Anosov flow has fundamental
group with exponential growth [Pl-Th]. Therefore this case cannot happen.

If G = 7Z then since § is transversely orientable and M is orientable, the leaves
of & are orientable and hence all annuli. We show that M is a nilmanifold. Start
with a simple closed curve y in L which is not null homeotopic in L and let B a small
closed annulus transverse to ¥ and with one boundary y. Since there is no holonomy
in & the foliation induced by ¢ in B is a foliation by circles near y and we may
assume the other boundary g is also a closed curve in 1. as L is dense. Then g is not
null hometopic in L, for otherwise y would be null homotopic in M contradicting
Novikov’s theorem [No]. Hence y and § bound an annulus 4 in £ and the union
A U B can be perturbed to a surface § transverse to '§ and foliated by circles (again
by the no holonomy condition). In addition it is easy to see that ' is transverse to the
flow, hence double sided and therefore has to be a torus as M is orientable.

Cut M along § to produce a manifold M7 with aninduced 2-dimensional foliation
%1 transverse to dMy. If a leaf ¥, is non compact then there is a leaf of § not
intersecting .S, contradiction. Hence every leat of & is compact and as every leaf of
% is an annulus, it now follows that every leaf of ¥ is a compact annulus. We deduce
that My is § x [0, 1] and M is obtained from M by a glueing which preserves circle
foliations. Hence M is a nilpotent 3-manifold. It follows that 771 (M ) has polynomial
growth, again contradicting the fact that r; (M) has exponential growth [PI-Th]. So
again we conclude that this cannot happen.
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We conclude that if M is orientable, then & has to have a compact leaf C, which
is a fiber of a fibration of M over §! and ® is topologically conjugate to a suspension.
The result is proved in this case.

If M is non orientable then it is doubly covered by an orientable manifold and
the result applies to the double cover. The fiber C’ in the double cover projects to a
leaf C of § in M which intersects every orbit of the flow. Hence C is a fiber in M
and has to be a torus as there are no pseudo-Anosov homeomorphisms of the Klein
bottle. The rest of the proof is the same. This finishes the proof the theorem. ([

3. General facts about R -covered foliations

Remark. Unless otherwise stated, from now on we assume that § has only Gromov
hyperbolic leaves.

A theorem of Candel [Can] then shows that there is ametricin M so thatleavesof §
are hyperbolic surfaces. We assume this is the metric we are using. Let : M- M
bee the universal covering space of M. The following facts concerning R-covered
foliations are proved in [Fe2], [Cal2]. There are two possibilities for §:

* G is uniform. Given any two leaves L, F of g, then they are a finite Hausdorff
distance from each other. This was defined by Thurston [Th2]. If a is the
Hausdorff distance between the leaves L., £ (which depends on the pair L, E),
then for any x in L choose f(x) in E so that d(x, f(x)) < a. Note that f in
general may not even be continuous. However, given the R-covered hypothesis,
then f is boundedly well defined: any two choices of f(x) are a bounded
distance from each other. The bound depends on the pair of leaves. The map
f is a quasi-isometry between L and £ and hence induces a homeomorphism
between the corresponding circles at infinity still denoted by f: docl — 90 E.
Clearly these identifications between circles at infinity are group equivariant
under the action by 71 (M). In addition they satisfy a cocycle property: given 3
leaves 1., E, § of g, then the identifications between d, 1. and d,, £ composed
with those between dao £ and d0.5, induce the direct identifications between
dool and 3,,S. Hence all circles at infinity are identified to a single circle,
which is called the universal circle of § or § and is denoted by U. By the
equivariance property, 71(M) acts on U. The fact to remember here is that
given x in doo L and ¢ in 34 F, then x, g are associated to the same point of U
if and only if a geodesic ray 7 in L defining x is a finite Hausdorff distance in
M from a geodesic ray r’ in £ defining ¢.

* §isnotuniform. If ¥ is nota minimal foliation, then it has up to countably many
foliated /-bundles. One can collapse the /-bundles to produce a foliation which
is minimal (notice this does not work in the uniform case, for instance when §
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is a fibration). If a pseudo-Anosov flow is transverse to ¥, then one can do the
blow down so that the flow is still transverse to the blow down foliation [Fe2].
Sometimes we will assume in this case that § is minimal. If § is minimal then
the following important fact is proved in [Fe2], [Cal2]: forany L, E leavesof §,
then there is a dense set of contracting directions between them. A contracting
direction is given by a geodesic r in L so that the distance between r and
converges to 0 as one escapes in 7. Notice this only depends on the ideal point
of r in doo L as all such rays are asymptotic because L is the hyperbolic plane.
Any such direction produces a marker m. This is an embedding

m:[0,00) x[0,1] > M

so that for each s in [0, 1] there is a leaf F; of £ so that

m([0,00) x {s}) C F;

is a parametrized geodesic ray in F;. In addition, m({¢} x 7) is a transversal to
G foreach f in [0, +o0), and for all 51,5, € 1,

d(m(t,s1),m(t,s2)) -0 ast — oo.

Hence these geodesics of I, Fy, are asymptotic in M. The contracting direc-
tions between L, E induce an identification between dense sets in doo L., 900 £
which preserves the circular ordering. This extends to a homemorphism be-
tween doo L and doo £. These homeomorphisms are clearly 71 (M) equivariant
and in addition they satisfy the cocycle property as in the uniform case. Hence
as before each circle at infinity is canonically identified to a fixed circle U, the
universal circle of ¥ or §. Finally 7y (M) acts on U.

We now explain what happens if ¥ is not uniform and not minimal. This was
not discussed in [Fe2] but it is a simple consequence of the analysis of the minimal
case as follows: Let Z be the unique minimal set of § [Fe2]. Blow down & to a
minimal foliation §’. The analysis above produces the universal circle U’ for §”. Let
§: M — M be the blow down map sending leaves of § to leaves of ¥ and homotopic
to the identity. Lift the homotopy to produce a lift § of §, which is a homeomorphism
of M. For any A, B leaves of ﬁi, there are F, F leaves in Z so that A, B are between
F,E. Let F' = §(F), E' = §(E). Then in € there is a dense set of contracting
directions between F’ and E’. For any such there is aray ' in " asymptotic to a ray
/" in E’. Under the blow up map, this produces corresponding rays in F, E: a ray
r in I which is a bounded distance from aray / in £. By the R-covered property,
the ideal point of the ray / is the unique direction for which there is a ray a bounded
distance from 7 in M. This provides an identification between dense sets in doo £ and
dooE. This is equivariant and satisfies the cocycle property. This can be extended
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to a group equivariant homeomorphism between do, F and 3, £. This produces the
universal circle in this case.

Calegari [Call] produced many examples of R-covered, non uniform foliations
in closed, hyperbolic 3-manifolds.

4. Intersections between leaves of § and pseudo-Anosov foliations

The main goal of this section is to show that a pseudo-Anosov flow transverse to an
R-covered foliation interacts very well with the universal circle. We show that leaves
of A are essentially vertical products with respect to the universal circle. Let @
be a pseudo-Anosov flow in M? closed. Background on pseudo-Anosov flows can
be found in [Mol], [Fe6]. We stress that pseudo-Anosov flows do not have 1-prong
singular orbits. Let A%, A¥ be the stable/unstable foliations of ® and d, A%, A" the
lifts to the universal cover of ®, A*, A¥ respectively. Given z in M let Ws(z) be
the stable leaf containing z and similarly define W*(z). Our assumption is that & is
transverse to the foliation & and is regulating for . Therelore given any leal L of
g, the foliations As, A" are transverse to L and they induce 1-dimensional singular
foliations A ; A}i in L. We are in the case that leaves of € are isometric to the

hyperbolic plane. The orbit space of Pis® =M J ® with the quotient topology and
it is homeomorphic to R? [Fe-Mo]. The foliations Ks, A induce 1-dim foliations
O%, 0" in O. If x isin O, then O°(x) is the leaf of @ through x and similarly for
O,

One fundamental fact used here is that we proved in [Fe6] that each ray of a leaf
of Ki or /~\}’i accumulates in a single point of d,,L. This works even if ¥ is not
R-covered.

A convention that will be used throughout the article is the following: the group
71(M ) acts on several objects: the universal cover M, the orbit space (9, the universal
circle U, the foliations A%, A%, O%, O¥, etc. If g is an element of 71 (M) we still use
the same g to denote the induced actions on all these spaces M, 0, U, A5, A¥, O,
O%, et

Lemma 4.1. Suppose that a pseudo-Anosov flow ® is regulating for an R-covered
foliation G. Then the stable and unstable foliations A®, A¥ have Hausdorff leaf
space. It follows that for any leaf L of §, the leaves of the one dimensional foliations
Ki, KE are uniform quasigeodesics in L.

Proof. This is stronger than the fact that rays in these leaves limit to single points
in doo L. If we suppose on the contrary that (say) A* does not have Hausdorff leaf
space, then there are closed orbits o, § of ® (maybe with multiplicity), so that they
are freely homotopic to the inverse of each other, see [Fe6]. Lift them coherently to
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orbits &, 3 of ®. Since ® is regulating for €, then both & and 3 intersect every leaf
of §.

Let g in 7w{(M) non trivial with g leaving & invariant and sending points in &
forward (in terms of the flow parameter). Therefore g acts in an increasing way in
the leaf space of 7 By the free homotopy, g also leaves f invariant and g acts
decreasingly in B hence also in the leal space of . This is a contradiction.

Hence the leaf spaces of A®, A¥ are Hausdorff. As proved in Proposition 6.11
of [Fe6] this implies that for any 1. in g, then all leaves of AS 3 A” are uniform
quasigeodesics in L. The bounds are independent of the leaf of A, A“ in L and

also of the leaf L of €. For non singular leaves, this implies that any such leaf is a
bounded distance (in the hyperbolic metric of 1.) from a minimal geodesic in I.. For
singular p-prong leaves of A3, /H{E the same is true for any properly embedded copy
of R in such leaves. U

In this section we want to show that the asymptotic behavior of leaves of A3, KE
is coherent with the identifications prescribed by the universal circle.

Let # be the leaf space of £, which is homeomorphic to the set of real numbers.

Let A be a leaf of A* (or /~\”) We will show that each half leaf of A has a single
point of the universal circle associated to it. In order to do that choose an arbitrary
leaf L of € to start with and let r be a ray of A N L — this is aray of AS Let now
E be an arbitrary leaf of g or an element of J. Since @ is regulating, then r(q)
intersects /7 for any g in r. The intersection of dr (r) and £ is a ray of AS — again
because of the regulating condition. This ray also defines an unique 1deal point in
doo F. Since doo £ is canonically identified with the universal circle U this defines a
map

fr ¥ — U,

fr(E) ={equivalence class in Y of the ideal
point in 3 E of the ray (&SR (r)N E)}.
The set ®p (r) is a half leaf of A. Clearly the map f, only depends on the

equivalence class of half leaves of A, where two half leaves are equivalent if they
both contain a half leaf of A4.

Proposition 4.2. Any leaf A of ASor A% isa product with respect to the universal
circle, that is, the ideal points of A N L for L leaves of § are constant in the uni-
versal circle. Movre spectfically given a ray v of A N L, where L is in g, then the
corresponding map f,: H — U defined above is a constant map.

Proof. The proof depends on whether ¥ is uniform or not.

Case 1. ‘& is uniform.
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Claim. If G is uniform and @ is transverse and regulating for §, then for any S,
E leaves of §, there is a bound on the length of flow lines from S to E. The bound
depends on the pair S, E.

Otherwise we find p; in S with &)Ii (pi)in E and {; converging to (say) infinity.
Up to subsequence assume that 77 (p;) converges to a point p in M. Take covering
translations g; in 71 (M) with g;(p;) converging to pg. For each i take ¢; in g; (F)
withd(g;, gi(p:)) < aforfixeda. Thisuses the uniform property. Up to subsequence
assume that ¢; converges and hence g;(E) converges to a leal Eg. The orbit of o
through py intersects Fy, since the flow is regulating. Hence there is 7y with o 10 (Po)
in Ey. By continuity of flow lines of P, then for any z in M near po and G leaf of
€ near Eo, then there is 7 near 7o so that &, (z)isin . But q)l.; (gi(pi))isin g (E),
which is a leaf near £y and #; converges to infinity, contradiction. This proves the
claim. Notice that it is not necessary for ® to be pseudo-Anosov in this claim, just
that it is regulating.

Since r is a quasigeodesic in L, let / be the geodesic ray in L with starting point
p and a finite Hausdorff distance (in L) from r. By the above QJR (r) intersects £
in a ray r’ of As which is a bounded distance from r in M. The ray »’ is also a
uniform quamgeodesw ray in E, hence r’ is a bounded distance in £ from a geodesic
ray /’. Then /,/’ are a finite distance from each other in M. The definition of the
universal circle in the uniform case implies that 7, 7’ define the same pointin U. This
establishes this case.

Case 2. & is not uniform.

In this case, first assume that % is minimal. Therefore between any two leaves of §,
there is a dense set of contracting directions. The proof essentially uses that flow lines
cannot cross these contracting directions. The proof will be done by contradiction.
Let r be aray of a leaf of As for some L in € with initial point p. Let a be the ideal

point of r in doo L. Suppose that for some F leaf of €, then

r’ = ®p(r) N E defines a distinct point in U.

Let b be the point in d L identified to the ideal point of 7" in doc £, by the universal
circle identification. Hence a, b are different. By density of contracting directions
between I. and E, there are points ¢, d in do, 1. which separate a from b in d 1. and
so that ¢, d correspond to contracting directions between 1. and E. Let my, m; be
markers between L and £ associated to the contracting directions ¢, d respectively.
Let B; = Image(m;) and let C be the union of the points in M contained in leaves
intersecting the markers m, 5. Removing initial pieces if necessary we may assume
that By, B, are disjoint. Since m; ({1} x I) is a very small transverse arc if 7 is big
enough, we can also assume the following: if z is in By or B; then <H13R(2) will
intersect any leaf S in C near z, producing a small transversal from L to £ passing
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through z. For each leaf § of g intersected by the markers, let

rs = geodesic arc in S joining the endpoints

of Image(r1) N S and Image(my) N S.

Let A be the union of the rg for such S. This is topologically a rectangle with the
bottom in L the top in £ and the sides transversals from L. to . Then A U By U B,
separates C into 2 components Cy, C,. Since {a, b} is disjoint from {c, d} the ray
r does not accumulate on ¢ or d in d L. Hence starting with a smaller ray r if
necessary we may assume also that r, v’ are disjoint from B; and far away from it.
In particular the flow line through any point of » will not intersect B;, since points in
B; are in very short transversals from L to F.

By renaming Cy, C, we may assume that 7 is contained in Cy and 7’ is contained
in C,. Foreach z in 7 itis in Cy, then the flow line through z intersects £ in #" which
is in C,. Therefore this flow line has to intersect A U By U B,. The above remarks
imply that this flow line cannot intersect either By or B,. Hence this flow line must
intersect A. Since A is compact we can choose z; in 7 escaping in 7 so that Pr (zi)
intersects 4 in N

gi = $y,(z;) and g — g€ A.

Since z; escapes in r, it follows that #; converges to infinity. By the regulating property
of @, the orbit through g intersects L. Hence nearby orbits intersect L in bounded
time, contradicting that #; converges to infinity.

This contradiction shows that r’ has to define the same point in U that r does.
This finishes the proof when § is minimal.

If € is not minimal, then first blow down § to a minimal foliation . We can
assume that @ is still transverse to §’. Now use the proof for §” as above. The walls
AU By UB, for & pull back to walls for £. Because the foliation § is a blow up
of §" and @ is transverse to both of them, it follows that flowlines of & cannot cross
the two ends of the pullback walls and if necessary can only cross the compact part
of these walls. Therefore the same arguments as above prove the result in this case.
This finishes the proof of Proposition 4.2. (]

A leaf F of € is isometric to the hyperbolic plane, so we consider the canonical
compactification F U 3o F with a circle at infinity. Given any two leaves F, E
in &, then using the universal circle analysis there is a homeomorphism between
doo I’ and doc £. In addition if a flow & is regulating for & then there is also a
homeomorphism between ¥, £ by moving along flow lines. We next show that these
two homeomorphisms are compatible:

Proposition 4.3. Given F, E in € consider the map g from F U 3o F to EU 3 E
defined by: if x is in F then move along the flow line of © through x until it hits E.
The intersection point is {(x). If x isin 0o F, let {(x) be the point in 0 E associated
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to x by the universal circle identification. Then { is a homeomorphism. In addition
these homeomorphisms are group equivariant and satisfy the cocycle condition.

Proof. The map { is a bijection. We only need to show that it is continuous, since the
inverse is a map of the same type. The equivariance and cocycle properties follow
immediately from the same properties for flowlines and identifications induced by
the universal circle.

We now prove continuity of {: This is very similar to the previous proposition and
we will use the setup of that proposition. The first possibility is that ¥ is uniform.
The claim in Proposition 4.2 shows that the map {: ¥ — £ is a quasi-isometry and
it induces a homeomorphism {* from F U 0y, F to £ U 9o E. The image of an ideal
point p in do IF is determined by the ideal point of {(r) where 7 is a geodesic ray in
F with ideal point p. But {(r) is a bounded distance from 7 in M and this is exactly
the identification associated with the universal circle.

Suppose now that § is not uniform. Assume first that § is minimal. We know
that ¢ restricted to both F and do £ are homeomorphisms. Since F is open in
F U d, F all we need to do is to show that  is continuous in do F. Let @ in 0o F
and (a;) converging to @ in F U 04, I, so we may assume that ¢; is in I". Suppose
by way of contradiction that {(a;) converges to {(b) where b is not a. Choose ¢, d
in doo F which separate a, b in do F. Then construct the wall A U B; U B, as in
Proposition4.2. The flow lines from a; to g(a; ) have to intersect this wall in a compact
set, contradiction as in Proposition 4.2. This finishes the proof if & is minimal.

If & is not minimal, then use the same arguments as in the end of the previous
proposition to deal with this case. (|

Topology in @ U U. Proposition 4.3 allows us to put a topology in @ U U as follows:
Consider any leaf 1. of ¥. There are homeomorphisms between . and & and 9, L
and U. The combined map induces a topology in @ U U from the topology in
L U L. Proposition 4.3 shows that this topology is independent of the leat L we
start with. In addition covering translations induce homeomorphisms of @ UU — this
is because if L isin & and f in 71 (M) then f is a homeomorphism from L U 01
to (f(L)Udy f(1)), both of which are homeomorphic to @ U U. We think of this
as an action on @ U U. Given f in 71 (M), then the notation f will also denote the
induced map in @ U U. The analysis above makes it clear that f in 74 (M) acts as
an orientation preserving way on () if and only if it acts as an orientation preserving
way on U.

5. Action of elements of 7, (M}

The main purpose of this section is to analyse how elements of 7 (M) act on U for
an [R-covered foliation &, particularly with respect to a transverse pseudo-Anosov
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flow. We first need a couple of auxiliary results. Let
®: M — O bethe projection map.

A point x in O is called periodic if there is g # id in 71 (M) with g(x) = x and an
orbit « of @ is periodic if @(oa) 1s periodic. A line leaf of A 1s a properly embedded

copy / of R in a leaf of Ai of a leaf L of § so that: if / isin a singular leaf r of
Ki, then r does not have prongs on both sides of / in L. A singular leat with a
p-prong singularity has p lines leaves. Consecutive line leaves intersect in a ray of
A3 . Non singular leaves are line leaves themselves. Similarly one defines line leaves
for K}f, O, O, /~\S A (the last two are pullbacks to M of line leaves of ©* ,O%).

Given z in M let WS(Z) be the stable leaf containing z. The sectors of WS(Z) are
the connected components of M-—W* (z).

Lemma 5.1. Let ® be a pseudo-Anosov regulating for a foliation G which is R-
covered with hyperbolic leaves. Let I; be line leaves of Asi where L; are leaves of

g Suppose that there are x; in l; so that x; converges in M to a point x in aleaf L
ofﬁ IfWS(x) is singular assume that all x; are in the closure of a sector ost (x).
Then there is a line leaf | of As with x in | and Il; converging to I in the geometric
topology of M. In addition if s; are the geodesics in L; a bounded distance from I;
in L; and s is the geodesic a bounded distance from | in L then s; converges to s in
the geometric topology of M.

Proof. We first prove the statement about /; and /. Geometric convergence means
that if z is in / then there are z; in /; with the sequence (z;) converging to z and in
addition if z;, is in/;, and (z;, ) converges to w in M then w is in /.

Since the flow & is regulating for &, then /; flows into line leaves r; of Ki The
points x; flow to g; in L and clearly ¢; converges to x. Hence there is a line leaf /
of /H{JSL through x, so that any point z in / is the limit of a sequence (z) with z; in
i IEWS (x) is singular, this uses the fact that the x; are all in the closure of a sector
of W3 (x). Otherwise it could casily be that different subsequences of r; converge to
distinct line leaves of AS Letz; = @R (z]) N/;. Then z; converges to z. This shows
that any z in/ is the hrmt of a sequence in /;.

Now suppose that (z;, ) is a sequence converging to z with z;, in L; . Here x;,
isin L;, and x isin L and hence L;, converges to L in the leaf space J of £. Since
H is Hausdorff then no sequence of points in L;, converges to a point in another leaf
of €. I follows that z is in L. Let

Vi = ﬁ/s(x,-k), V = Ws(x).

Then Vj converges to V. By Lemma 4.1 the leaf space of A® is also Hausdorff. It
follows that z isin V. Hence zisin L NV =1. It was also proved in [Fe6] that
L NV is connected and hence 7 is exactly the leaf of Aj containing x.
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If 7 is non singular this finishes the proof of the first statement. Suppose then that
W (x) is singular. Since the x; are in the closure of a sector of Ws(x) then so are
the /;, and hence the z;, . Consequently the same is true of z. The boundary of this
sector is a line leaf of W*(x) and so z is in the corresponding line leaf of AS , which
is /. This finishes the proof of the first statement of Lemma 5.1.

We now consider the second part of Lemma 5.1. By Lemma 4.1 the leaves of KTE

are uniform quasigeodesics in £ for any I leaf of §. Letthen b > 0 so that any
line leaf of A% is < b from the corresponding geodesic in £ and likewise for arcs
in such leaves. Let /; be line leaves of Kii , { its limit in a leaf 1. of € as in the first
part of the lemma. Let s; be the geodesics in L; corresponding to /; and let s be the
geodesic in L corresponding to /.

For any € > 0 there is fixed u(e) > 0 so that if two geodesic segments in the
hyperbolic plane have length bigger than 31.(¢) and the corresponding endpoints are
less than 25 + 2 from each other, then except for segments of length p.(€) adjacent
to the endpoints, then the rest of the segments are less than ¢/3 from each other.

Let then z ins. Given € > 0, find w’, 4’ in s which are exactly (3u(¢) +2b + 1)
distant from z. There are w, u in [ with

di(w,w) < b+ %, di(u,u’)y <b+ %
Let t be the segment of / between w, u. There is a corresponding segment of z; of
/; between points w;, u; so that the Hausdorff distance in M from 7 to 7 1s << 1.
The corresponding geodesic segment m; from w; to u; in L; is less than & from t;
and by choice of w’, ' then the midpoint of #1; is less than €/3 from a point v; in
s;. Hence v; is less than € from z. By adjusting the € to converge to (} and the i to
increase, one finds v; in s; with v; converging (o z.

Suppose now that z;, are iE s;, with s; contained in L; . Suppose that the
sequence z;, converges to z in M. The proof is very similar to the above: Fix e > 0.
Choose big segments in s;, centered in z;, . The length is fixed and depends on €.
There are geodesic arcs of L;, with endpoints in the leaves /;, whose midpoints are
very close to z;, . Very close depends on € and the length above. There are arcs in /;
with these endpoints so that the above arcs converge up to a subsequence to a segment
in / by the first part of the lemma. The geodesic arcs above converge to a geodesic
arc with endpoints in /. Up to subsequence the midpoints of the geodesic arcs (which
are € close to the z; ) converge to a point (this point is z) which is close to a point
in s, closeness depending on €. Now make € converge to ( and prove that z is in s.
This finishes the proof of Lemma 5.1. (]

At this point it is convenient to do the following: for the remainder of this section
we fix a leat L of §. The bijection L U dpol. — @ U U is a homeomorphism.
Therefore the action of 71 (M) on @ U U induces an action by homeomorphisms on
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L U 8., L under this identification. This action leaves invariant the foliations /~\i,
A%, because @O, 0" are 71 (M) invariant and @°, O* are identified with A; , A} by
the bijection above.

We need one more auxiliary fact. This is a technical result concerning ideal points
of leaves of Aj, AY.

Lemma 5.2. Let E be a leafofg and 11, 1, distinct leaves ofx% or T\l}tf Then Iy,

1> do not share an ideal point in doc E.

Proof. Roughly the proof goes like this: rays in /ﬂ{% with same ideal points are a
bounded distance from each other. Zoom in to the ideal point and use covering
translations to bring it back to a compact region and produce line leaves of say Ki
(for appropriate 1.) with both ideal points identified. Then use the transitive property,
pseudo-Anosov dynamics and the regulating property to derive a contradiction. Here
are the details:

Suppose first by way of contradiction that there are /1, /5 rays in leaves of K%
for some E in § with the same ideal point @ in do F and so that /4, /; do not share
a subray. We can assume that /1, /> do not have singularities. Let u;, j = 1,2 be
the starting points of /;. Letr;, j = 1,2 be a line leaf of /H{SE containing /;. Choose
points x; in /; escaping in /;. As explained before the leaves of KTE are uniform
quasigeodesics in £ and hence they are at a bounded distance in £ from geodesics
in E. This implies that there are g; in /, so that ¢; are a bounded distance from x; in
E. Up to taking a subsequence we may assume that 7 (x; ) converges in M . Let then
g; in my (M) with g;(x;) converging to xy. For simplicity of explanation we assume
that the leaf of § containing xg is the fixed leaf 1. as above. Let vy be the line leaf
of Ki containing xo and which is the limit of the g;(r;) as proved in the previous
lemma. If W (xp) is singular then, up to taking a subsequence, we may assume that
the g;(x;), gi(r;) satisfy the requirements of the previous lemma.

Since the distance in g; (£) from g;(x;) to g;(g;) is bounded we may assume up
to subsequence that g;(g;) also converges and let gp be its limit. It follows that gg is
alsoin L. and let v, be the line leaf of Ki containing gy which is the limit of g;(r;).
Here the rays

gi(l1), gi(l2) in E have the same ideal point g; (@) in doo(gi (£)).

The line leaves r; are uniform quasigeodesics in £ and a bounded distance from a
geodesic s; in E. Hence the geodesics g; (s1). g (s2) share anideal pointin da0 g (£).
By the second part of the previous lemma g; (s; ) converges to a geodesic #; in L with
same ideal points as v; for both j = 1, 2. By continuity of geodesics in leaves of g,
it follows that #; and /, share an ideal point. Therefore vy, v, share an ideal point
in doo L.
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We claim that vy, v, also share the other ideal point. The line leaves g;(71), g;(72)
have big segments from

gi(uy) o gi(xx) and g;(uz) to gi(qgr)

which are boundedly close to each other. Here & > i and so g;(x;) is in these
segments. Also g;(x;) converges to xy. The corresponding geodesic arcs between
the points above have endpoints which are boundedly close to each other. As explained
in the proof of the previous lemma they have middle thirds which are arbitrarily close
to each other. The limits of the geodesic arcs are contained in #; and 7. This shows
that /1 and 7, have infinitely many points in common and therefore are the same
geodesic.

Suppose first that vy, vy are distinct. The two line leaves vy, vy of /~\fL have the
same two ideal points, which we denote by a1, a,. The line leaves

v1, U2 bound a region Rin L.

For any stable leaf / of /~\jL in R then / has ideal points which can only be aq, a;.
But/ is a quasigeodesic in .. Therefore this leaf is non singular and has ideal points
exactly @y, a,. Now consider a periodic orbit « of P intersecting L in R very close to
v1 so that the unstable leaf W¥ (o) intersects vy. Notice that the set of periodic orbits
of ® is dense in M when @ is transitive as proved by Mosher [Mol]. In addition
if M 1is atoroidal then @ is transitive [Mol]. In the situation here, @ is regulating
and & has hyperbolic leaves, which implies that M is atoroidal as mentioned in the
introduction.

We now use that I. U 94, L is identified with @ U U. Let g in 771 (M) non trivial
so that g(w) = « and in addition g leaves invariant all components of WS () — .
Under the identifications above then

g fixes ay and a5 in do 1.

Notice thatay, a are the ideal points of WS (o)L in do L. Assume that g” (I:IZS (v1))
moves away from W? («) when n converges to infinity. Since vy (line leaf of Aj ) has

ideal points a1, a», it follows that the same happens for all leaves g” (W3 (v1)) N L.
These line leaves are nested in 1. and they are uniform quasigeodesics in L, so they
cannot escape compact sets in L. Hence they have tolimitinalineleaf v of A 7 . Since
the leaf space of Ki is Hausdorff, the limit is unique, which implies that g(v) = v.
The leaf z of O° corresponding to v is also invariant under g. This produces a point
y of @ in z which is invariant under g. Let 8 be the orbit of ® with ®() = y.
But g also leaves invariant the point w = ®(«). This shows that there are 2 fixed
points in () under g. Then 7 («), w(B) are closed orbits of $ which up to powers
are freely homotopic to the inverse of each other. Since & is regulating, this is
impossible: notice that g is associated to the negative flow direction in o — as it acts
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as an expansion in the set of orbits of W*(«). The regulating property applied to &
implies that g acts freely and in an decreasing fashion on the leat space J¢ of §. The
property that 7(f) is freely homotopic to the inverse of 7 (o) implies that g would
have to act in an increasing way on #, contradiction. Notice that the last argument is
about the leaf space of € and not of AS. This contradiction shows that / 1, {2 cannot
have the same ideal point in £. This finishes the analysis if vy, v, are distinct.

If v; = vy, then for i big enough we may assume that x; is very closed to g;.
Then one can choose « periodic with W (o) intersecting both /; and /5. It follows
that W*(«) N L has one endpoint . Then one applies the same arguments as in
the case vy, v, distinct to produce a contradiction. This finishes the first part of the
lemma.

We now prove that if /1 is a ray in a leaf of Ki and /; is ray in a leaf of K}”J then
they cannot share an ideal point in d.c L. Suppose this is not the case. Apply the same
limiting procedure as above to produce a stable line leaf s; in /~\jL and an unstable
line leaf s> in /ﬂiz which share two ideal points. Clearly in this case they cannot be
the same leaf and they bound a region R in L with ideal points a1, a». Consider a
non singular stable leaf / intersecting s». Then it enters R and cannot intersect the
boundary of R (in 1) again. Therefore it has to limit in either @; or a, and share an
ideal point with a ray of s;. This is disallowed by the first part of the proof. U

Given these facts the following happens: For any L in € and leaf / in /~\i if [ is
non singular let /* be the geodesic in L with same ideal points as /. If / is a p-prong
leaf, let 81, ..., 8, be the line leaves of / and let §7 be the corresponding geodesics.
In this case let /* be the union of the §7, which is a p-sided ideal polygon in L. Let

IS be the union of such /* for/ in AS and similarly define éﬂ”

Lemma 5.1 implies that in, i‘f}’i are closed subsets of L and so are geodesic
laminations in /.. Lemma 5.1 also implies that the complementary regions of fi
are exactly those associated to p-prong leaves of K‘ and so these complementary
regions are finite sided ideal polygons. As leaves of AS are uniform quasigeodesics
(Lemma 4.1), then 93‘ varies continuously if L varies in . This produces a lamina-
tion in M which intersects leaves of § in geodesw laminations. As A‘ A" have no

rays which share an ideal point, it follows that i‘f is transverse (o i‘f” It now follows
that for any y in do, L, then y has a ne1ghb0rh00d system in L U 8 L defined by
a sequence of leaves in either IS or £7 . Therefore the same holds for Ai, A” as
these are uniform quamgeodesws

We are now ready to analyse the properties of the action of w1 (M) on U.

Proposition 5.3. Let'§ be anR-covered foliation with atransverse regulating pseudo-
Anosov flow ®. Let g in m1(M) be a non trivial element. Then one of the following
options must happen:
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L. If g fixes 3 or move points in U, then g does not act freely on O and has a
unique fixed point x in ). Here g is associated to a closed orbit of ®. In addition g
acts by an orientation preserving homeomorphism of O and g leaves invariant each
prong of O°(x), O*(x) when acting on O. Hence g fixes the ideal points of O°(x),
O (x) in U which are even in number. These are the only fixed points of g in U and
they are alternatively repelling and attracting;

II. g fixes exactly two points in U. Then, either 1) g acts freely on O and there
is one attracting and one repelling fixed point in U; or 2) g fixes a point x in ¢
and leaves invariant exactly two prongs of (say) ©O°(x) but not those of O%(x) or
any other possible prongs of O°(x) (or vice versa). Here g reverses orientation in
0. The orbit associated to x may be non singular in which case all prongs of O°(x)
are left invariant and there are 4 fixed points in U under the square of g. The orbit
associated 1o X may be singular. Then the square of g has more than 4 fixed points
in U.

1. g has no fixed point in U. Then g fixes a single point x in O and a power of
g fixes an even number > 4 of points in U.

Consequently, g always fixes a finite even number of points in U (it may be zero).

Proof. Since g acts on ¢ and leaves invariant the foliation ©°, then it acts on the leaf
space Jf° of (°. This is the same as the leaf space of /ﬂii (under the identification of
@ with L), and is also the same as the leaf space of A*. Recall that in our situation
the leaf space of (9° is Hausdorff. Therefore the leaf space #° of ©° (same as the
leaf space of A%)is a topological tree [Fe3]. The same happens for the leaf space
of O%.

Given any g in 71 (M) it induces a homeomorphism of this topological tree #°.
Z: actions on such trees are well understood [Ba3], [Fe3], [Ro-St]. There are two
options:

— g acts freely and has an axis v. Elements in the axis are those z in J€* for which
g(z) separates z from g2?(z), or

— g fixes a point in F°.

Suppose first that g acts freely on #®. Then g has an axis v for its action on
J¢° and consequently an axis for its action on the leaf space of /H{J‘L Because J€° is
Hausdortt it follows that the axis v is properly embedded in J#° [Fe3]. Let/ be a
leaf of Ki in the axis and we may assume that / is non singular again because #° is
Hausdorff [Fe3]. By the axis properties it follows that the leaves

"), nel}

are nested in 1. and they are uniform quasigeodesics. Since they escape when viewed
in the leaf space of AS, the same is true in L. As they are uniform quasigeodesics
and nested, then there are unique points y, z in d L so that g"(/) converges to y
if n converges to infinity and to z if # converges to minus infinity. Hence under the
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identification of U with d, L, then y, z are the unique fixed points of (any power of)
g in U, where y is attracting and z repelling. In this case the action of g in ¢ could
be orientation preserving or not. This is case 11, 1).

From now on in the proof we assume that g has a fixed point in J°, so thereis a
leat C of #° with g(C) = C. Then the leaf

®(C) of O° contains unique x in @ with g(x) = x.

If g has no fixed points in U then it acts as an orientation preserving homeomorphism
on U and hence the same happens for the action on ©.

There is a smallest positive integer ig so that 2 = g’° leaves invariant all prongs
of O°(x), O%(x). If there are 2n such prongs, each generates an ideal point of L and
also a point of U. By Lemma 5.2 any two distinct prongs have different ideal points
in U. Hence # has at least 2# fixed points in U. Let « be the flow line of d with
®(a) = x. Without loss of generality assume that the prongs above are circularly
ordered with corresponding ideal points

al,blz---:an:bn inu
where
00%°(x) = {aq,a;,...,a,}, and 380%(x) = {by,bs,...,b,}.

Suppose that g is associated to the positive flow direction in «. Fix a prong 7 of
©*(x) and let I be the maximal interval of U — d@*(x) containing the ideal point
of . Let now p be an arbitrary unstable leaf of ©* intersecting r. Then as p gets
closer to prongs of @¥(x), the ideal points of w approach the endpoints of 7. The
action of 4 on 7 is as follows: / fixes x and for a leaf p as above then / takes it to
a leaf farther away from x. This is because in M the flow lines along stable leaves
move closer in forward time. It follows that /4 acts as an expansion in r with a single
fixed point in x. Given y as above then 2" (i) N t escapes in T as n converges to
infinity. These also form a nested collection of leaves. If the sequence 2" (1) does
not escape compact sets in (), then it limits in a collection

W= {W, iel}

of leaves of @, where J is an interval in 7 either finite or all of Z [Fe6]. In addition
h leaves invariant ‘W. If ‘W is not finite, then in particular it is not a single point and
then the leaf space of @* is not Hausdortf, contrary to our situation. If on the other
hand W is a single leat W, then 2(W) = W and there is a single periodic point z in
W with h(z) = z. Then A fixes x and z and this is also impossible as seen previously.

It follows that A" (1) escapes compact sets in ¢ and as seen in the free action
case, they can only limit in a single point of U, which corresponds to the ideal point
¢ of z. This shows that /1 acts as a contraction in / with fixed point /. Hence the
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points @;, | <i < n are attracting fixed points of 4 in U. Using ~~! one shows that
the b;, 1 <i < n are repelling fixed points and these are the only fixed points of 4 in
U. Hence A fixes exactly 2n points in U, where n > 2.

We now return to g. If g is orientation reversing on U, then so is the action on
. 1In this case there are exactly 2 fixed points of g in U. The square of g is now
orientation preserving on U and it has fixed points. In particular any fixed point of
g?! is a fixed point of g2. It follows that / is equal to g2 and this is case II, 2).

Suppose finally that g is orientation preserving on U. Since 7 = g'© has fixed
points in U, then either g has no fixed points in U or g has exactly the same fixed
points in U as A does. In the second case /4 is equal to g and g has exactly 2n fixed
points in U, which are alternatively attracting and contracting. This is case I). In the
first case g acts essentially as a rotation in U and . This is case III).

This finishes the proof of Proposition 5.3. L

Notice that cases I, II and III are mutually exclusive.

6. Construction of the conjugacy

We are now ready to prove the main theorem. Let then @, ¥ be two pseudo-Anosov
flows transverse to the R-covered foliation ¢ and both regulating for §. Fix a trans-
verse orientation to ¥ and we assume that both &, ¥ are positively transverse to .
We may assume that because as we defined conjugation, the identity is a topological
conjugacy between a flow and its inverse. We want to show that ® and W are topo-
logically conjugate. Let @ be the orbit space of ® and T be the orbit space of 7
The first and main step is to construct a 71 (M )-equivariant homeomorphism from ¢
to 7. Let

@1:]\Z—>(9 and @2:ﬂ—>‘]'

be the corresponding orbit space projection maps. Let &%, ®* be the projections of
the stable and unstable foliations of ® to ¢ and 7%, T the corresponding objects
for ¥. Recall that 7 : M — M is the universal covering map.

The main property to note here is that the universal circle U depends only on §
and not on ® or W. The same is true for the action of 71 (M) on U. This will allow
us to go from @ to U and then back to W, using Proposition 5.3. Before we prove
the theorem, we first construct an identification between closed orbits of @ and W.

Lemma 6.1. Let o be an orbit of & so that 7(w) is a closed orbit of ®. Let g be the
element of m (M) associated to the closed orbit w(w). Then there is a unique orbit
B of T so that 7(B) is a closed orbit of ¥ and associatedto g, that is, w(B) is freely
homotopic to (o).
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Proof. Letx = Oy(a) and g nontrivialin 7 (M) with g(x) = x and indivisible with
respect to this property, hence g is associated with «. Suppose that g is associated to
the forward flow direction of (). Let 2 be the smallest power of g so that i leaves
invariant all prongs of @°(x), O*(x). Proposition 5.3, Case I shows that /& has 2n
fixed points in U, with n > 2. Now apply this proposition to 7 and ¥. Since / has
2n fixed points in U and n > 2, Proposition 5.3 implies that there is aunique y in 7
with 2(y) = y. Let

B be the orbit of T with ©,(8) = y, so h(f) = B.

If g acts freely on 7 then the analysis of Proposition 5.3 shows that # can have only
2 fixed points in U, impossible (this is case II.1 of Proposition 5.3). It follows that
g cannot act freely on 7 and therefore the only fixed pointof gin 7 is y — as itis
fixed by a power of g. This implies that g(f) = § and consequently 7 (w) is freely
homotopic to a power of (). Reversing the roles of @ and § implies that 7 ()
and 7 (f) are freely homotopic to each other or their inverses. The action of # on U
shows that the first option 1s the one that happens — this is because they both have
attracting fixed points in U in the same points. This finishes the proof of the lemma.

O

This defines a map from the periodic points of @ to the periodic points of 7.
Notice that in the lemma above 3(9°(x) = a7 *(y) as points in U and similarly for
O%(x), T*(y). This is the key property which will characterize the map between
orbit spaces as shown in the next result.

Theorem 6.2. et ®, W be pseudo-Anosov flows, which are transverse and regulating
for an R-covered foliation §. Then ®, ¥ are topologically conjugate.

Proof. Given a transversal orientation to ¥ we may suppose that both @, ¥ are
positively transverse to §. Fix a leaf L. of §. We first define a map n from & to T
which extends the correspondence between periodic points obtained previously. The
map 7 will assign to any point in the orbit space ) a corresponding point in 7 so that
corresponding stable and unstable leaves in @ and 7 have the same ideal points in
U. More specifically, given x in @, we will let y be the unique point of 7 with

AT (y) = 307 (x), 9T*(y) = 90%(x). (1)

If x is periodic the previous lemma shows that there is an unique such a y.

Now consider x not periodic and let x,, in (9 which are periodic and converging
to x. We want to show that the y, associated to x, converge to a single point y. We
may assume that no x,, is singular since the singular orbits form a discrete subset of ¢.
We can also assume that ((9°(x,)) forms a nested sequence, and so does (% (x,)).
Let z,,, g, points in U with

d0°%(x,) = {z4.gnt and let {z,q} = 3O°(x).
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Then up to renaming we can assume that z,, converges to z in U and ¢,, converges to
g in U. Let y, in T periodic with 37°(y,) = {z,,¢n}. Notice thatthe /, = T°(y,)
are leaves of 77, which are nested in 7 because their ideal points are nested in U. By
the identification of L with @, then the /, are associated to uniform quasigeodesics
in L which have ideal points which converge to distinct points in d., L (associated to
z, g in U). Therefore these quasigeodesics converge to a single quasigeodesic in 1
and consequently
T%(yn) converges to aleaf / of 7°.

Similarly 7% (y,,) converges to a leaf s of 7. For all n, the pairs d9°(x,), 00%(x,)
link each other in U, so the same happens for 97 °(y,), 3T *(y,). It follows that
the ideal points of /, s link each other in U, for otherwise we would have a leaf of
7% sharing an ideal point with a leaf of 7% — which is disallowed by Lemma 5.2.
Therefore

Yu =T () N T*(yn)

converges to a point y in . Clearly 97 °(y) contains d(9°(x) and similarly 97 *(y)
contains d@*(x). If y is a singular orbit, one could apply the inverse process to
produce x’ in @, x’ singular so that 39*(x") contains 37 °(y). But then 3O9°*(x")
contains d&*(x) and x is non singular. This is disallowed by Lemma 5.1. Therefore
v is non singular and hence equation (1) holds for y and x. In addition y is well
defined, that is, given x in @ there is a unique y in ¥ satistying equation (1): If
vy and yp satisfy (1), then 057 °(yy) = 97 °(y,) and 0T %(y1) = 07%(y2). By
Lemma 5.2 the first fact implies that 7°(y1) = 7*(y2) and the second fact implies
that 7*(y1) = T*(y2). Therefore their intersection is y1 = y».

This defines amap 5: @ — T, given by n(x) = v, if x, y satisfy equation (1).
The same argument as above that shows that 7 is well defined, also shows that 7 is
injective — when one applies the argument to the domain rather than to the range. In
addition, the map n clearly has an inverse by applying the same procedure from W to
®. Therefore 7 is a bijection.

We claim that 7 is continuous and by symmetry, then the inverse will also be
continuous. Let then x in @ and (x,) a sequence in & converging to x. Assume first
that x is non singular. Then

O’ (x,) converges to ©®°(x) in @ and dO°(x,) converges to 3dO0°(x) in U.

Hence 35 °(n(x,)) = d0°(x,) converges to 7 °(n(x)) = 30°*(x) and similarly for
dT ¥ (n(xy)). This shows that n(x,) converges to n(x) in 7.

Suppose finally that x is singular. Up to subsequence we may assume that (x,)
are all in a sector of °(x) bounded by the line leaf / (contained in (#*(x)). Then
O*(x,) converges to [ and d09°(x,) converges to 9/ in U. It follows that

a7 5(n(x,)) converges to d/ —a subset of U
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which is contained in d7%(n(x)). The same happens if x,, are in O¢(x), that is, if
a7 *(n(xy)) is contained in 97 °(n(x)). This shows that 07 °(n(x,)) only accumu-
lates in a7 %(n(x)). The same is true for 7% (n(x,)), which only accumulates in
a7 *(n(x)). Then
1) = T ((xn)) 0 TH((xn))
only accumulates in
n(x) = T°((x)) N T*(nx))

This shows that (x,) has to converge to n(x). This shows that 7 is a homeomor-
phism from @ to T

In addition 7 is 7; (M) equivariant, and in fact it commutes with the action of
71(M) on O. Again this is because of property (1) above. Here is a detailed expla-
nation: If g isin 71 (M) and x is in @, then the stable and unstable leaves

g(O%(x)) = 0°(g(x)), g(O"(x)) = O%(g(x))
have ideal points in U
30°(g(x)) and 90¥(g(x))

respectively. Hence these are also the ideal points of

Trn(g(x)).  TH(n(g(x))).

In addition

T (n(x)) = 30%(x) and I(g(T*(n(x)))) = IT(g((x))).

Hence they are the same as 97 °(n(g(x)). Since this is also true for the unstable
foliations, it follows that

n(g(x)) = g(n(x)), commutation with 571 (M) action (2).

In other words, equation (1) says that 7 is defined by having the same ideal points
in the universal circle U. Since the action of 71(M) on U is independent from the
flow, then one expects the commuting relation above.

We now finish the proof of topological conjugacy between ® and W. We define a
map h: M — M as follows. Given z in M, then z is in a leaf L of €. Define

h(z) = Tp(n(©:1(2))) N L,

here ®1(z) isin @ and 5{(®(z)) isin 7. Essentially we look at the orbit o = 5R(z)
of the flow & through z and consider the corresponding orbit of 7 under the map #:
that is the orbit lIJR(n(QDl (2))) of J. Then we intersect this orbit of @ with L. This
map h preserves the leaves of g — not just the foliation £, but the leaves themselves.
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In addition 7 sends orbits of & to orbits of P. By the first part of the proof the
map h is clearly continuous and hence defines a homeomorphism of M. From the
commuting property (2) of 7 the same follows for £, that is, for any g and z in M,
then 2(g(z)) = g(h(z)). Therefore i induces a homeomorphism of M, which sends
orbits of ® to orbits of W. Hence ® and W are topologically conjugate. This finishes
the proof of Theorem 6.2. (]

We now improve this result and prove that the conjugating homeomorphism is
actually isotopic to the identity. Here we also must consider the case with parabolic
leaves.

Proposition 6.3. Let ® and WV be pseudo-Anosov flows transverse to an R-covered
foliation § and assume they are both regulating for '§ and both (say) positively
transverse to '§. Then there is a topological conjugacy h between @ and W which is
a homeomorphism isotopic to the identity.

Proof. Suppose first that ¥ has parabolic leaves. In the proof of Theorem 2.1 we
showed the following facts: 1) ¥ has a compact leaf C, 2) Any two pseudo-Anosov
flows @ and W transverse to § are Anosov flows and their monodromies are maps of
C which are homotopic. Homotopic homeomorphisms of surfaces are isotopic, and
this implies that the conjugating homemorphism between ® and W is isotopic to the
identity.

From now on assume that the leaves of ¥ are hyperbolic. We start with the
topological conjugacy / defined in Theorem 6.2 and we let /2 be the lift to M asin the
proof of Theorem 6.2. For every z in M then z and k(z) are in the same leaf L which
is isometric to the hyperbolic plane. Hence there is an unique geodesic y; in L from
z to h(z), parametrized with constant speed passing through z at time 0 and through
h(z) at time 1. Define f;(z) to the y;(¢). The map # is continuous and geodesics
in leaves of € vary continuously, because the hyperbolic metrics in leaves of § vary
continuously [Can]. It now follows that h: isa homotopy in M, preserving leaves
of §. Clearly the homotopy h (O <t < 1is m1(M) equivariant and so induces a
homotopy h,,0 < < 1 in M between the identity and A.

Since & is a regulating pseudo-Anosov flow for § and the leaves of § are hyper-
bolic, then the flow @ has singularities [Fe2], [Cal2]. Blowing up the singularities
produces an essential lamination [Ga-Oe], which is genuine, that is, the complemen-
tary regions are not all 7-bundles. In addition since there is a regulating pseudo-
Anosov flow for ¥ and ¥ does not have parabolic leaves, then M is atoroidal [Fe2],
[Fe3]. Given these conditions Gabai and Kazez [GK3] proved that if a homemor-
phism 2 of M is homotopic to the identity, then / is in fact isotopic to the identity.
This finishes the proof of Proposition 6.3. L

Remarks (The question of preserving the flow direction). 1) Notice again that by
definition the conjugating homeomorphism # is not required to preserve flow direction
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along flowlines. In particular the identity is a topological conjugacy between a flow
® and its inverse ®~!.

2) If in addition one requires the conjugating homeomorphism to preserve flow
direction along orbits, then there may be two transverse regulating flows for &, that
is, ® and its inverse ®~!. For example if § is a fibration, the question of whether
® 1s direction preserving conjugate to its inverse boils down to a question about the
holonomy g of the fibration &. In particular it depends on whether g is conjugate to
its inverse in the mapping class group of the fiber. This question has been analysed by
Mosher and others. In the case of torus fiber this question has a well known and fairly
simple characterization [Mo3]: Given a matrix representative A of g, the conjugacy
invariant has two parts: A cyclic word W in the letters R (for right) and L (for left)
and the sign of the trace. First find an element in the conjugacy class in SL(2, Z) of
the form M - (£7), where M is a positive matrix, that is, all entries of M are positive.
This 1s possible if and only if the conjugacy class is Anosov. The sign of the trace is
the £ signin this expression. Then one factors the positive matrix M as a product of

matrices
1 1 1 0
R:[Ol]’ L:[11]

The word W obtained in R’s and L’s is unique up to cyclic permutation [Mo3].
The cyclic word for the inverse conjugacy class is obtained from W by writing it
backwards and replacing each R with an L and each L with an R. The sign of the
trace is invariant under inverse. Using this characterization it is easy to see that both
possibilities occur. For example given representative matrices for g below

2 1 2 3
=l oeelie]
Then the conjugacy class of A has cyclic word W = RL and the inverse A~! has the
same cyclic word. In this case the corresponding suspension flow @ is conjugate to
®~! by a conjugacy which preserves direction along orbits. As for B, its conjugacy
class has cyclic word W = RLR and the one for B~!is W/ = LLR. This shows
that the associated monodromies g and g~! are not in the same conjugacy class. In
this case the resulting suspension Anosov flow is not direction preserving conjugate

to its inverse. We remark that the higher genus case is much more unclear because
the conjugacy invariants in the higher genus case are much more complicated [Mo3].

7. The non regulating case

In order to finish the analysis of the non regulating case we first need some information
about the structure of R-covered Anosov flows. Let ¥ be an R-covered foliation and
let ® a pseudo-Anosov flow transverse to § and non regulating. We also need to
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understand the projection of leaves of € to the orbit space & of d. Since the flow is
not regulating, this projection is not the whole orbit space, in particular the boundary
of this projection is relevant to us here. Recall that ©: M = O is the projection
map to the orbit space (9. Details of the results here are in [Fel], [Fe4]. As proved
in [Fe4] the non regulating hypothesis implies that ® is an R-covered Anosov flow.
Therefore there are 2 options for the flow ®. In both cases we describe the structure
of the foliations in the orbit space ¢.

» Skewed type. The orbit space is homeomorphic to the strip U in the plane
bounded by x = 0 and x = 1. Stable leaves are horizontal segments and
unstable leaves are segments making oriented angle 7 /4 with the positive x
axis. A stable leaf and an unstable leaf which have a common “ideal point" z
in 0U are said to form a perfect fit [Fe3], [Fe4]. They do not intersect, but just
barely.

In this case given a leaf L. of 4, then its projection ® (1) to the orbit space is an
open subset whose boundary 1s an union of exactly two leaves: one stable leal
E and another unstable leaf S and the leaves E, S form a perfect fit. The leaf £
is denoted by 7,( 1) and if the foliation ¥ is minimal then the map 5 : K — H°
is a homeomorphism [Fe4]. Similarly I. — § defines z,,: # — #*, another
homeomorphism.

* Product type. Here the orbit space is also homeomorphic to U as above. Stable
leaves are horizontal segments and unstable leaves are vertical lines. Notice
that any stable leal intersects every unstable leaf and vice versa. This does not
occur in the skewed case. In this case the flow is topologically conjugate to a
suspension Anosov flow [Bal].

In this case given aleaf L of g its projection ®(L) is an open subset of the orbit
space ), whose boundary is a single leaf which is either stable or unstable.

Theorem 7.1. Let § be an R-covered foliation.

1) If there is a pseudo-Anosov flow ® transverse to G, but non regulating for §
then ® is an R-covered Anosov flow and '§ is weakly conjugate to either the stable
or the unstable foliation of ®. In addition,

2) up to topological conjugacy there is at most one such flow ®. If O has skewed
type then there is only one such flow up to direction preserving conjugacy, whereas
if ® is product there may be two such flows, that is, ® and its inverse.

Proof. Part 1) of the theorem was proved in [Fe4] and most of part 2) as well. As
explained in the introduction one can blow down § to a minimal foliation, still
transverse to ®. Also the leaves of § can be assumed to be hyperbolic.

Suppose first that @ has skewed type. As described above we proved in [Fed]
that for each leaf L of € there is a unique leaf £ = 73(L) of A® associated to it,
producing a homeomorphism between the leal spaces of £ and A°. This uses the
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skewed hypothesis. The leat £ projects to the stable boundary of ®(L). In addition
the orbits of ® in £ are in one to one correspondence with a pencil of geodesics of L
with ideal point ¢ in do 1. and also each orbit of & in E is a fixed bounded distance
(in M) from a single geodesic with ideal point cg in L. One constructs a flow 3
in M where the flowlines are tangent to the pencil of geodesics in L with forward
ideal point cg. This induces a flow @’ in M by geodesics in leaves of §. The above
describes a homeomorphism between the orbit spaces of $ and &',

Unlike in the regulating case this does not easily produce a homeomorphism to M

sending orbits of & to orbits of &' Still using the homeomorphism between the orbit
spaces one can produce ahomotopy equivalence of M which sends orbits of @ to orbits
of @' but may not be injective along orbits [Gh], [Ba2]. Using averaging techniques
along orbits of @, @, this homotopy can be deformed into a homeomorphism 2 which
sends orbits of @ to those of @ [Gh], [Ba2]. The topological conjugacy # preserves
the flow direction along orbits [Fe4].

Claim. There is only one flow @' no matter what flow ® we start with.

Clearly the flow @' is completely determined by the ideal points ¢g in leaves 1
of €. We claim that these points depend only on L. and not on ® or . It was proved
in [Fe4] that the flow @’ in M which is by geodesics in leaves of ¥, is an Anosov
flow. For every point ¢ in d4,L which is not cg then ¢ is the endpoint of a geodesic
[ of L. with g as the negative ideal point of the associated flow line of d’. Since

[ is contained in an unstable leaf of the flow &' then this direction is a contracting
direction for the foliation ¥. Therefore there is a single non contracting direction in
L., which must be ¢g. Hence cg is uniquely determined by 1. and so is the flow &’

This shows that any non regulating flow & is topologically conjugate to &’ by a
conjugacy preserving the flow direction. This finishes the proof of 2) in the skewed
case. In particular this shows that ® is direction preserving conjugate to its inverse
®~!, unlike the situation in the regulating case.

Now consider the case that ® is product. The difference here is that the corre-
sponding projection ®(L) has boundary which is a single leaf and can be either a
stable or unstable leaf. In [Fe4] the analysis was done assuming that the boundary of
®(1.) is a stable leaf. If now this boundary is an unstable leaf, then the analysis in
[Fe4] would consider ®~! instead of ® — which then produces stable boundary for
®(L). Once this is done, the analysis proceeds as above. Therefore the same argu-
ments as in the skewed case above show that either ® or ®~! is direction preserving
conjugate to @ and this proves 2) in the product case. However as explained in the
previous section there are examples where @ is not direction preserving conjugate
to @~ ! in this case. In particular there are such examples when @ is a suspension
Anosov flow. This finishes the proof of Theorem 7.1. (]

Finally we again consider the question as to whether the conjugacy between the
flows 1is 1sotopic to the identity, now in the non regulating situation.
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Proposition 7.2. Suppose that ®, V are non regulating pseudo-Anosov flows trans-
verse to an R-covered foliation '§, which are direction preserving conjugated by a
homeomorphism h'. Then h' is isotopic to the identity.

Proof. Let @ be the flow by geodesics in leaves of & constructed in [Fe4] and
described above. Let 2 be the conjugacy between ® and &' described in the previous
theorem. First we need some additional information about A: by its definition, the
homeomorphism 7; between the leaf spaces # of & and J° of A is group equivariant:
g(ts(L)) = 1,(g(L)) for any L in § and any g in (M ). Notice that here we are
assuming that ®(1.) has stable boundary — but exactly the same proof works when
®(1.) has only unstable boundary. Given L in € the identification between orbits of
® in 7 (L) and a fixed pencil of geodesics in L is by bounded distance, so this is
also group equivariant. Therefore the homeomorphism between the orbit spaces of P

and & commutes with the action of m1(M). By doing the averaging steps carefully
it follows that the lift of the conjugacy # also commutes with the action of 73 (M)
[Gh], [Ba2], [Fe4].

Under appropriate identifications of 7y (M) with 71 (M, y) and 71 (M, h(y)) for
a given y in M, this implies that s induces the identity in the fundamental group
level. Because M has a pseudo-Anosov flow it follows that M is a K(m, 1) and this
implies that /2 is homotopic to the identity.

It M is toroidal then Waldhausen’s theorem shows that / is isotopic to the identity
[He]. If M is atoroidal, then since & has hyperbolic leaves it was proved in [Fe2],
[Cal2] that & has a transverse pseudo-Anosov flow A which is regulating for §.
Notice that A is completely different from the non regulating transverse flows &, W.
In particular this pseudo-Anosov flow A has singularities [Fe2], [Cal2]. Then exactly
as proved in Proposition 7.2, the result of Gabai and Kazez [GK3] implies that /4 is
isotopic to the identity. In the same way there is another homeomorphism /., isotopic
to the identity, so that /4, conjugates @' to W preserving flow direction. This finishes
the proof of the proposition. (]

Remark. In some cases it is very easy to see that the conjugating homeomorphism
between ® and @~ is isotopic to the identity. For example let @ be the geodesic flow
in the unit tangent bundle M of a closed, orientable hyperbolic surface §. We first
construct the isotopy: let 2; be the homeomorphism in M that corresponds to turning
each vector in S by an angle /7. This uses the fact that S is orientable. Then /4, is an
isotopy in M. Projecting to S, the homeomorphism /, sends geodesics to the same
geodesics, but with the opposite direction. However they are going backwards, and
hence they are going forwards for the inverse flow ®~!. In this case /; is a conjugacy
between ® and ®~! which preserves direction along flow lines and £ is isotopic to
the identity.
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