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Detecting linear dependence on an abelian variety via
reduction maps

Peter Jossen

Abstract. Let J be a geometrically simple abelian variety over a number field k, let X be a

subgroup of A(k) and let P e A(k) be a rational point. We prove that if P belongs to X modulo
almost all primes of k then P already belongs to X.
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Introduction

Let A be an abelian variety over a number field let X be a subgroup of the Mordell-
Weil group A(£) and let P G d(^) bea rational point. We want to "decide" whether
P belongs to X or not. To do so, we choose a model of A over an open subscheme
C/ of spec where 0£ denotes the ring of integers of Because A is proper, P
and all points in X extend to [/-points. For closed points p e C/ we can consider the
reduction map

redp: 4(t/) —> ^(Kp)

where /Cp := ö^/p denotes the residue field at p. A necessary condition for P
belonging to X is then that for all closed points p G L the reduction of P modulo p
belongs to the reduction of X modulo p. Wojciech Gajda asked in 2002 whether this
condition is also sufficient. This problem was named the problem of detectmg Z/neor

In a joint work with Antonella Perucca ([JP09]) we have shown that the answer
to Gajda's question is negative in general by giving an explicit counterexample (Ba-
naszak and Krasön have found independently such a counterexample). The abelian

variety in our counterexample is a power of an elliptic curve. Our main result in this
note is:

Main Theorem. Lef A Z?e o georae/WcoZZy s/rapZe ofeeZ/on vone/y over o nwmfeer^eZJ
Zef X Z?e o swfegrowp o/ A(£) omZ Zef P E A(£) Z?e o raf/onoZ po/nt 7/AZze sef o/



324 P. Jossen CMH

p o//:/6>r wZz/cZz redp(P) Z^Zongs redp(X) Zzas mz/r/raZ densi/y 1, ^Zzen P
Z^Zongs X.

By saying that A is georae/WcaZZy s/rapZe we mean that A has no other abelian

subvariety other than 0 and itself defined over an algebraic closure A; of A:. The
Statement of the theorem is new even in the case where A is an elliptic curve. However,

many partial results in this direction have already been obtained, let us mention a

few of them. The earliest result on this problem is due to Schinzel ([Sch75]), who
showed the analogue of our Main Theorem for the multiplicative group in place of
an abelian variety. Weston has shown that for an abelian variety with a commutative

endomorphism ring the Statement of our theorem holds up to a torsion ambiguity
([Wes03]), and Kowalski has shown the Statement of our theorem to hold for an

elliptic curve and a cyclic subgroup ([Kow03]). Banaszak, Gajda, Görnisiewicz and

Krason have proven similar Statements under various technical assumptions on the
abelian variety and the subgroup ([BGK05], [GG09], [BK09]), and Perucca has some
similar results for products of tori and abelian varieties ([Per08]).

Here is a quick overview on the main ideas of the proof. Let G be an open
subscheme of specö^, where 0£ is the ring of integers of the number field A:. A
1-motive over G is a morphism of fppf sheaves

M [m : 7 G]

over G where 7 is etale locally constant, locally isomorphic to a finitely generated
free group, and where G is a semiabelian scheme over G. By a semiabelian scheme

over G we understand in this paper an extension over G of an abelian scheme by a

torus. In the case 7 is constant defined by a finitely generated free group which we still
denote by 7, morphisms of fppf-sheaves 7 G are the same as homomorphisms of
groups 7 G(G). Given a semiabelian scheme G over G and a finitely generated
subgroup X of G(G) we can choose a 1-motive [7 G] over G where 7 is a

constant sheaf defined by a finitely generated free group, such that iz(7) X. In
the case X is torsion free one can just take 7 X and for iz the inclusion.

With any 1-motive Af over G and prime number £ invertible on G is associated

a locally constant Gadic sheaf T^M on G, which can also be viewed as a finitely
generated free Z^-module equipped with a continuous action of the absolute Galois

group of A: which is unramified in G. For a set of closed points of G of density 1

we consider the group

//](£/,T>M) :=ker(//i(t/,T£M) -> ]""[
peS

where /Cp 0£;/p denotes the residue field at p. Using Kummer theory we will
show that the vanishing of the groups //^(G, T^M) for all £ is the obstruction for
the local-global principle of the Main Theorem to hold. As observed by Serre and
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Täte it is essentially a consequence of Chebotarev's Density Theorem that the group
T^M) is isomorphic to the group

where denotes the image of the Galois group Gal(A;|/:) in the group of automor-
phisms ofT^M and where the product ranges over all subgroups C of topolog-
ically generated by one element. In the case where G is an abelian variety we will
determine the group up to commensurability, and modulo the Mumford-Tate
conjecture. This will allow us then, in the case where A is geometrically simple, to
gain sufficient control on 77 * (L^, T^M) in order to prove the Main Theorem.

A comment about our use of 1-motives is in order. Classical 1-motives and

Galois-modules attached to them are an effective tool for studying the arithmetic of
semiabelian varieties over number Heids. We will use them only as such a tool. In
principle, everything could be done in terms of appropriately defined Galois modules,
without referring to 1-motives at all.

Acknowledgment. Large parts of this article are taken from my Ph.D. thesis directed

by Tamäs Szamuely. I wish to thank him for his help, encouragement and support
during this work. Many thanks go to Antonella Perucca who considerably helped to
simplify some of the arguments. I am grateful to G. Banaszak and W. Gajda for very
useful correspondence and to G. Banaszak and P. Krason for pointing out a mistake
in an earlier version of this text. I acknowledge financial support provided by the

DFG-Forschergruppe "Algebraische Zykel und L-Funktionen", Regensburg.

1. On 1-motives and Galois representations

In this section I recall what 1-motives are and how to attach Gadic Galois representa-
tions to them. Then I show how these representations are linked with the local-global
problem of detecting linear dependence.

1.1. Let 5 be a noetherian regulär scheme. A l-rao/fve Af over S is ([Del74],
Section 10) a two-term complex of fppf-sheaves over S, concentrated in degrees —1

and 0

where 7 is etale locally isomorphic to a finitely generated free Z-module and where
G is representable by a semiabelian scheme over S. A morp/zAm o/l-mote is a

morphism of complexes of fppf-sheaves. One can view Af as an object of the derived

category of fppf-sheaves on S. Applying the derived global section functor Rr(S, —)

c < L ^

M := [7 —> G]
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and taking homology yields the flat cohomology groups 7/' (*S, M). There is a long
exact sequence relating the cohomology of G and F with that of M starting with

One can also view M as an object of the derived category of etale sheaves and obtain
etale cohomology groups. However, since G and F are both smooth over S, these

are canonically isomorphic.

1.2. Notation. For a commutative group C, a prime number £ and an integer z > 0,

we introduce the following notation: C[f*] denotes the group of elements of C of
order f*, and C [°°] denotes the group of elements of C of order any power of f. We
write

C 0 := limC/f*C and T^C := limC[f*]
z>o z>o

for the f-adic completion and the f-adic Täte module of C. These groups have a

natural Z^-module structure. There is a canonical morphism C ^ C ^ Z| whose
kernel is the intersection of the groups f * C over z > 0. Remark that if C is finitely
generated, we may identify the f-adic completion C (g) Z^ with the tensor product
C 0z Z| via the mentioned canonical morphism.

1.3. Following Deligne (Zoe. czY.) we now construct the f-adic Täte module associated

with (or f-adic realisation of) a 1-motive M [rz : F G] over S, where f is any
prime number invertible on S. We shall consider the derived tensor product M <8)^

Z/f*Z, or alternatively (that amounts to the same) the cone of the multiplication-by-
f *

map on the complex M. The homology of M <8)^ Z/f * Z is concentrated in degree
—1 because F is torsion free and G is divisible as a sheaf. The homology group

Fz/*zW := 0^ Z/fZ)
is a finite Hat group scheme over S annihilated by f*, and because we suppose that f is

invertible on S it is locally constant. We have a natural morphism T^/^+i^(M)
induced by the map Z/f* + *Z Z/f*Z for all z >0. The formal limit

with respect to these maps

T^M := lim

is a locally constant f-adic sheaf on S, called £/ze f-odz'c raodz/Ze o/M. This con-
struetion is funetorial in M so we look at T^(—) as being a funetor from the category
of 1-motives over S to the category of f-adic sheaves over S. The cohomology of
T^M over S is then defined accordingly as

:= <g>^ Z/f Z).
z>0
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These cohomology groups have a natural Z^-module structure. There are natural short

exactsequencesasfollows. The exact "Kummer" triangleM Af M(g)^Z/GZ
induces a long exact sequence of cohomology groups from where we can cut out the

piece

0 0^ Z/l'Z)

- ^(5,M)[£'] ->0.

Taking limits over i and observing that the left hand limit System satisfies the Mittag-
Leffler condition, we find a short exact sequence of Z^-modules

0 ® Zf -> 0.

Naturality in Af and is clear from the construction.

1.4. For the rest of this section we fix a number field A; with algebraic closure £ and
absolute Galois group T := Gal(£|A;), a nonempty open subscheme G of spec0£
where 0£ denotes the ring of integers of A;, and a prime number £ invertible on
0. We write for the maximal subextension of £|A; unramified in 0, and set

Fe/ := Gal(A;t/|Ä;). In other words, Tf/ tti(G, w) is the etale fundamental group
of 0 with respect to the base point w spec

1.5. By Grothendieck's theory of the fundamental group (see for example [Sza09],
Theorem 5.4.2), there is an equivalence of categories

locally constant Z-con-l ^^ finitely generated
structible sheaves on 0 J \ discrete r£/-modulesJ

given by the funetor that sends such a sheaf F on 0 to the T^-module F(£). In
particular, to give a locally constant sheaf 7 locally isomorphic to a finitely generated
free group is the same, via this equivalence of categories, as to give a finitely generated
free group 7 together with a continuous action of Tj/. Continuity means that the
stabiliser of 7 in Tf/ is an open subgroup of finite index. As a consequence, a 1-

motive over 0 is given by the following data: A finitely generated free group 7
together with a continuous action of Tj/, a semiabelian scheme G over 1/ and a

morphism of T^-modules w : 7 G (&£/).

1.6. The equivalence of categories given in 1.5 also explains why Gadic sheaves on
G are essentially the same as Gadic representations of A; unramified in G. Indeed,
this equivalence of categories induces an equivalence

locally constant 1-adicj ^^ j finitely generated Z^-modulesl
sheaves on 17 with continuous IV-action J
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given by the functor that sends a locally constant 7adic sheaf on [/, given by a formal
limit System (7/)-^q to the Z^-module lim 7} (P). A quasi inverse to this functor is

can be defined as follows: Given a finitely generated Z^-module 7 with continuous

IV-action, one associates with it the formal limit System (7/)^q where 7} is the

locally constant sheaf on [/ corresponding to the finite T^/-module 7/7 7.

1.7. Using the equivalence of categories introduced in 1.6, we can give an explicit
description of the Täte module of a 1-motive Af [w : 7 G] over [/ in terms of
Galois representations. For all Z > 0 we have finite Galois modules

which are unramified in [/. The limit over Z of these finite Galois modules is then the
Täte module of Af seen as a Galois module. Explicitly, an element x G T^M is given
by a sequence (y;, P;)-^o where the y; 's are elements of 7, the P; 's are elements of
G(P), and where it is required that

w(ji) - A-i M(z,) and j,- - j,-_i f~*z;

for some elements z; e 7. Two sequences (y,, P;)/^o CV/' ^/)/^=o represent
the same element if and only if for each Z > 0, there exists a z; e 7 such that
Pz,- v, - v- and w(z,-) P, - P/.

Proposition 1.8. 7 (7/)^q Z?£ a ZacaZZy constant 7azZZc sZzea/an 1/ carre-
sporn/mg vZa aZwve egwZvaZencre a Z^-raazZwZe can/mwaws Tez-ßc^/on (aZsa

zZ^natezZ Z?y 7). 7ar r 0,1, £Zz£ na/araZ raaps

f/'XiV.r) — //'([/, r)
are ZsaraarpZzZsras, wZzere 77 (Tt/, 7) Zs zZ^/ZnezZ Z?y raeans a/can/mwaws cacycZ^s.

Praa/ From Proposition II.2.9 of [Mil08] we know that if P is a finite locally
constant sheaf of order a power of £ on 7, then we have canonical isomorphisms
77(7, 7) 77 (Tf/, 7) for all r > 0. Cohomology of 7adic sheaves over 7 com-
mutes with limits by definition. It remains to prove that if 7 is a finitely generated
Z^-module with T^-action, then the natural map

/T (IV, P) — lim /T (IV, P/f P)
/>0

is an isomorphism for r 0,1. For r 0 this is trivial, and for r 1 this follows
from the well known fact that continuous 77* commutes with limits of compact
modules (see Proposition 7 of [Ser64]).
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Proposition 1.9. Af [n : L G] Z?£ o l-mö//ve over/:. TTzere Zs o cononZcoZ

Zsoraorp/zZsra (T/M)^ ker(T ^ -> G(X)) (8) Z^.

Proo/ Let C7 be an open subscheme of spec 0£ such that there is a model of Af over
C/, which we still denote by Af. We have a short exact sequence

0^ //"*(£/, M) <g> Z£ -> //"(G, T^M) —> //"(£/, M) —>• 0

as introduced in 1.3. The group //^(D, M) is finitely generated (this follows by
devissage from the Mordell-Weil theorem, Dirichlet's unit theorem and the finiteness
of 7/*(C/, L), see [HSz05], Lemma 3.2) hence T^L?®(C/, Af) is trivial. We remain
with an isomorphism

TfM),

but now observe that #-*(£/, M) ker(7^ G(A and that T^M)
(TfM)V

Definition 1.10. Let D be an G-adic sheaf on [/ and let S be a set of closed points of
C/. For each p G *S let /Cp be the residue field at p and denote still by D the pull-back
of L to spec /Cp. We dehne

j (£/, r) := ker (//' (£/, T) f[ //' (k„, T)).
peS

Alternatively, in terms of Galois cohomology, let Tf/ be the Galois group of the
maximal extension of /: unramihed in [/ and let Dp be a decomposition group of p
in Tc/. For every hnitely generated free Z^-module with continuous T^-action D we
dehne

j(IV, r) := ker (/T (IV, O -> f[ /).
peS

Observe that the choice of decomposition groups Dp is unimportant since all de-

composition groups over p are conjugate, and a cocycle c: D restricts to a

coboundary on Dp if and only if it restricts to a coboundary on some conjugate of Dp.

Proposition 1.11. /: Z?e o nnraZ?er/eZr/, Ze£ G feß seraZofeeZZon sc/zerae over D
one? Ze£ Ifeö snZ?gronp o/G(D). Le£ *S Z?e o se£ o/cZosee? poZnto o/D o/r/ensZ/y i
one? wnYe

I:={Pe G(G) | redp(P) e redp(X)/or o/Z p e 5}.

Le£ M [w : F G] Z?e o 1-rao/fve over D w/zere L Zs conston^ one? snc/z n (T)
Zs egnoZ to X. For every prZrae nnrafeer £ Znver/ZZ?Ze on C7 ^Zzere evZsfa o cononZcoZ,

Z^-ZZneor Znjec/Zon (X/X) (8) Z^ //^(Tf/, T^Af).
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Prao/ We have chosen a 1-motive Af [n: 7 G] over G with constant 7,
such that the image of 7 G(G) is X. The image of 7 G(/Cp) is then Xp, the
reduction of X modulo p. So, if p is any element of *S, then every point P e X maps
to zero in //^(/Cp, Af) in the following diagram with exact rows:

G(£/)- M) —^ 0 i/^F)

G(/Cp) 0 #^,7).
Denote by [P] the class of P e X in 7/®(G, Af) G(G)/X. We have seen that

[P] (8) 1 belongs to the kernet of the map in the diagram

o- f/°(G, M) 0 Z* 7/i(VT^M) 0

0- n^°(Kp,M)0z<—- —- nT^H«p. 0.

The rows are those introduced in 1.3 and the products ränge over p G *S. The Gadic
completions are here just ordinary tensor products because the involved groups are
all finitely generated ([HSz05], Lemma 3.2). We have natural injections

(V/7) ® Z£ c keraf c ker^ //](£/, T/M)

hence the claim.

Remark 1.12. The injection whose existence we claim in Proposition 1.11 is ex-

plicitly given as follows. Let P be an element of_X, and denote by [P] its class in

X/X. Choose a sequence of points (P/)^q ^ such that Po P and such that

P/ + i P; for all / > 0. The image of [P] 0 1 in //^(r^T^M) via the injection
under consideration is the class of the cocycle cp : Tj/ T^M given by

c/>: <r I—> (crP; - P;)~o

This makes sense since indeed each crP; — P; is a point in G(X) of order G, and

together these points form a compatible System representing an element of the Täte

module T^G, which is a submodule of T^M.

Remark 1.13. Let G be any semiabelian variety over let X be a^mteZy generated
subgroup of G(X) and let £ be any prime number. It is always possible to find an

open subscheme G of spec 0£ such that G has a model over G, such that all points
in X extend to G-points, and such that £ is invertible on G. Also observe that

G(G) is finitely generated, as a direct consequence of the Mordell-Weil theorem and

Dirichlet's unit theorem.
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1.14. For a 1-motive Af over [/ we may regard the Z-adic sheaf T|M as a finitely
generated free Z^-module with continuous rc/-action, as we have explained,
being the Galois group of the maximal extension of Z unramified in [/. The following
definition goes back to an idea of Täte and Serre: For a Hausdorff topological group
T and a continuous T-module F we write

i(r, r) := ker(//i(r, T) ]~[//*(C, 7"))
c<r

the product running over monogenous subgroups C of T, cohomology being defined

by means of continuous cochains. A subgroup of a topological group is called mono-

geneons if it is topologically generated by one element, that is, if it is the closure
of a subgroup generated by one element. The following two propositions ([Ser64],
Proposition 8 and Proposition 6) explain why the group TZ * (T£/, T^M) is interesting.

Proposition 1.15. F Z?£ generali Z^-morMe o con^mnon^ Tc/-
ac/Fm onJ Zef Z?£ o sef o/cZo^^rZpo/n^ o/ 1/ o/rZ^n^Z/y 1. FZze snfegronps Z/J, (Tf/, F)
omZ ZZj (Tf/, F) o/ // * (Tf/, F) are egwaZ.

Proo/ It is enough to show that the proposition holds for finite Galois modules of
order a power of Z. Indeed, F can be written as a limit of such and the general case
follows then because //* commutes with limits of finite modules, and formation of
limits is left exact and commutes with products.

So let F be a finite Tc/ module of order a power of Z. Let c: Tp ^ F be a

continuous cocycle representing an element of //^(Tc/, F) and let er be an element

ofTc/. We have to show that the restriction of c to the monogeneous subgroup of Tj/
generated by er is a coboundary, that is, we have to show that there exists an element

x £ F such that c(cr) =ax-i.
Because F is finite there exists an open subgroup A of Tj/ on which c is zero. We

may suppose that A is normal and acts trivially on F. Denote by cr/v the class of er in
Tcz/A. By Chebotarev's density theorem (see for example [Neu99] Theorem 13.4),
there exists a valuation u of Z corresponding to an element p e S and an extension u;

of u to Zt/ such that decomposition group of u; in Tj/ /A equals the group generated by
cr/v- Since the restriction of c to the decomposition group Z)^ c Tj/ is a coboundary,
there exists a x £ F such that

c(r) rx — x for all r £ Z)^.

As A acts trivially on F, the same holds for all r £ Z)^ A, and in particular for
r er. This shows that ZZ^(rc/, F) is contained in ZZj(rc/, F). That ZZ* (Tt/, F)
is contained in ZZ<l(r£/, F) is clear, since every decomposition group in corre-
sponding to a place in S is monogenous, topologically generated by the Frobenius
element.
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Proposition 1.16. Let T Z?e a //awsdo^fop^ögZcaZ growp amZ Zet L Z?e a con/mwows
r-raodwZe. Let ZV Z?e a norraaZ cZosed swZ?growp o/ T ac/mg tnvZaZZy on L. LLe

Zn/ZatZon map tfi(F/ZV, L) -> //*(T, L) ZmZwces an ZsoraorpZzZsra 77* (T/ZV, L)
#i(r, r).

Proa/ This is straightforward to check, see [Ser64], Proposition 6.

1.17. This has the following interesting consequence: Let us denote by L^ be the

image of IV in GLfT^M). Together, Propositions 1.15 and 1.16 yield a canonical

isomorphism

Since IV is compact this image L^ is a closed subgroup of GL(T^M), hence has the
structure of an £-adic Lie group ([Bou72], Ch.III, §2, no.2, theoreme 2). We therefore

can apply the machinery of f-adic Lie theory, and if we have sufficient knowledge of
this Lie group and its Lie algebra, there might be a chance of effectively Computing
77* (L^, T^M), hence 77* (IV, T/M). In the next section we will determine L^ as

far as we need.

2. The image of Galois

Let L be a number field contained in C, denote by L the algebraic closure of L in C,
and let M [7 G] be a 1-motive over L ToM and every prime number £ we
have associated a finitely generated free Z^-module with a continuous Galois action

T^M. We dehne

V^M := T>M ®z^, <Q>£

so \/M is a hnite dimensional Q^-vector space, and we have a continuous group
homomorphism

: Gal(jk|jk) GL(V*M).

We have already noted that the image L^ of the map is a compact £-adic Lie
subgroup ofGL(\/M). Wewritel^ c End(\/M) for the corresponding Lie algebra.
The aim of this section is to say something halfway useful about the Lie algebra
We restrict ourselves to 1-motives of the form M [7 ^4] where ^4 is an abelian

variety (rather than a semiabelian variety).

Definition 2.1. Let M [7 ^4] be a 1-motive over L where ^4 is an abelian

variety. We write T^(M) for the pull-back of 7 and Lie^4(C) over ^4(C) (in the

category of commutative groups) explicitly given by

Tz(M) := {(v,y) g Lie^4(C) x 7 | exp(x) n(y)}

and dehne VoM := T^(M) 0 Q.
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2.2. The kernel of the exponential map exp: Lie ^4(C) ^4(C) is a finitely gener-
ated free group of rank twice the dimension of A We have a commutative diagram

0 >- ker(exp) s- Tz(M) >- 7 0

0 > ker(exp) >- Lie ^4(C) ^4(C) > 0

showing that (M) is a finitely generated free group of rank 2 dim ^4 + rank 7. The

Q-vector space VoM has therefore finite dimension 2 dim ^4 + rank 7. The C -vector

space VoM ® C carries a Hodge decomposition of type (0,0), (0,1), (1,0) ([Del74],
Lemme 10.1.3.2), hence VoM is a rational mixed Hodge structure. It is called the
rarföfttfZ reaZ/sa/fon of M. By construction we have a short exact sequence

0 Vov4 VoM 7 0 Q 0

and there is a canonical lift t]: ker w (8) Q VoM of the inclusion of ker w (8) Q c
7 <g) Q. The next proposition is Deligne's construction 10.1.6 of Zoc.aY.

Proposition 2.3. Lbr every pnme Zs a canomcaZ rznrZ ratfwraZ womor-
pA/sm ö/Q^-vecfor VoM (8) Qr V^M.

Proo/ We show that there is even a natural isomorphism of Z^-modules T^(M) (8)

Z^ ^ T^M. To do so, we must show that there are natural and compatible isomor-
phisms of finite groups

r<Tz(M)/Tz(M) -= 7^z(M)(k).

Indeed, elements of T^(M) are pairs (y,x) G 7 x Lie^4(C) such that w(y)
exp(x). Hence elements of £~*T^(M) are pairs (y,x) G £~*_7 xLie^4(C) suchthat

'w(y) exp(x). Using the expression for T^/£,-^(M)(Ä) introduced in 1.7, we
must show that there are natural isomorphisms

{(y,x) G £~*7 x Lie^4(C) | £'w(y) exp(x)}

{(y,x) G 7 x Lie^4(C) | w(y) exp(x)}

S {(y, J>) e 7 X A(fc) | w(y) £'>}
{(^,«W)|yeFW}

The isomorphisms we are looking for are given by (y, x) i-> (7*y, exp(x)). Com-

patibility is straightforward to check and naturality is clear from the construction.
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2.4. Let Af [7 A] be a 1-motive over where A is an abelian variety. There

are obvious morphisms of 1-motives

/4[0] M 7[1]

where ^4[0] denotes the 1-motive [0 A] and 7[1] denotes the 1-motive [7 0].
These morphisms induce a short exact sequence of Galois representations as well as

a short exact sequence of rational Hodge structures

0 V^M r ® 0 and 0 VqM F ® Q -> 0.

These exact sequences are compatible in the sense that the underlying exact sequence
of Q^-vector spaces of the £-adic realisations is canonically isomorphic to the un-
derlying exact sequence of Q-vector spaces of the Hodge realisation tensored with
(Q^. This follows from Proposition 2.3. Observe that is the usual £-adic Ga-

lois representation associated with A, obtained by tensoring the £-adic Täte module

limA(A;)[T*] withQ^, and thatVoA is canonically isomorphic to the Singular homol-

ogy group //i 04 (C), Q), which also is a rational Hodge structure of pure weight 1.

2.5. Let Af [7 A] be a 1-motive over where A is an abelian variety and

set T := Gal(A;|/:). We write and for the image of T in the group of
-linear automorphisms of V^M and respectively, and we denote by the

stabiliser of in We have thus a short exact sequence of £-adic Lie groups
0 1 and associated with it is a short exact sequence of
Lie algebras

o -»• o.

The Lie algebra Lj* acts trivially on 7 (g) and on A. Hence it is commutative and

may be identified with a -linear subspace of Hom(7 0 Q^, V^A). To determine
amounts to determine the Lie algebras and and to determine how is an

extension of by L^. We can now formulate the main results of this section.

Definition 2.6. For every a 1-motive Af [w: 7 —A], where A is an abelian

variety, we write ^ for the Q-linear subspace of Hom(7 (g) Q, Lo^4) consisting
of those homomorphisms / such that Vt/Ot) + ••• + lAw/CVw) 0 whenever

G End^ A and y; G 7 are such that + • • • + 0-

Theorem 2.7. Af [w : 7 —> ^4] ör l-rao/fve over /: wZzere A A an <zZ?eZz<zn

v<zne/y. ^gwßZZ/y f)^ (g) ZzoZJs/or ßZZ nwmZ?£rs L 7n pßr/fcwZßr

The result is not really new, it essentially is a reformulation of a theorem of Ribet
[Rib76] (see also [Hin88], Appendix 2). While the inclusion ^ (g) d is

elementary to show, the inclusion in the other direction uses Faltings's theorem on
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homomorphisms of abelian varieties over number fields ([Fal83]) as well as Bogo-
molov's theorem on the image of the Galois group in the automorphisms of the Täte

module of an abelian variety ([Bog81]).

2.8. We will moreover construct a Lie subalgebra^ of End(VoM) with the follow-
ing properties. The Lie algebra ^ leaves Vo A invariant and acts trivially on 7 ® Q.
The stabiliser of VoA in ^ is the Lie algebra ^ defined in 2.6. So there is a short
exact sequence

where ^ is the image of ^ in the endomorphisms of VoA. The Lie algebra ^ is

chosen in such a way that ^ (8) is contained in 1^, and in the case where the

equality 1)^ (8) Qr holds, the equality ^ (8) Qr holds as well. We would
of course like to take for 1)^ a Lie algebra such that for every prime number £ the

equality

^0Q< V
holds. The Mumford-Tate conjecture states that such a Lie algebra exists and that it
is the Lie algebra associated with the Mumford-Tate group of A. We do not want to
assume this conjecture here.

2.9. Notation. For a nontrivial abelian variety A over A; and every prime number
£ we let ^ denote any Lie subalgebra of End (VoA) having the following
properties.

(1) As an I^-module VoA is semisimple.

(2) The Lie algebra ^ is contained in the commutator of End^(A) in End (VoA).

(3) The identity endomorphism of VoA belongs to

(4) The Lie algebra ^ (8) Qr-

Such a Lie algebra indeed exists, we could just take ^ to be the commutative 1-

dimensional Lie algebra Q acting as scalar multiplication on VoA, independently
of L A theorem of Bogomolov ([Bog81], Theorem 3) asserts that the Lie algebra

contains the scalars. Bogomolov's Theorem even assures that we can take ^
such that the equality ^ ® holds, but then ^ might depend on f. If the
Mumford-Tate conjecture holds for A we can take ^ to be the Lie algebra of the
Mumford-Tate group of A.

2.10. We now come to the proof of Theorem 2.7, which we split up in several lemmas.
We Start with three preliminary remarks.

(a) In proving Theorem 2.7 we can without loss of generality replace A: by a finite
extension of A:. Indeed, if we do so the group gets replaced by a subgroup of
finite index, which has then the same Lie algebra as L^. In particular, we can and
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will assume from now on that 7 is constant and that all endomorphisms of d are
defined over

(b) The fppf-sheaf Jfora(7, d) on spec/: is representable by a power of d. The

morphism w: 7 d is a Z:-rational point on Jfora(7, d), and we denote by i? the
connected component of the smallest algebraic subgroup of Jfora(7, d) containing
w. In proving Theorem 2.7 we can without loss of generality suppose that w belongs
to 2?. Indeed, the smallest algebraic subgroup of Jfora(7, d) containing w has only
finitely many connected components because Jfora(7, d) is proper, hence for some

m > 0 the point belongs to 2?. The morphism of 1-motives

rv " raw
[7 —> d] > [7 > d]

induces isomorphisms under the realisation functors Vr(—) and Vo(—), so we may
replace wby wm.

(c) Let us write £ := End^ A ® Q and denote by R the Q-linear subspace of
(8) 7 generated by the elements (8) Ji 4 h V« ® ^ End^ ^ ® ^ such that

+ • • • + 0 in d(/:). The subspace R of £" (8) 7 is obviously an
Zi-submodule. We have a canonical pairing

: (£ 0 F) xHom(r <8>Q,Vo^) ^ Vo^

defined by (8) y, /) V^/OO- By definition ^ is the annihilator of R in this

pairing.

Lemma 2.11. TTzere zs a cancmcaZ natoraZ Z^omorpZz/^m <9/Zi-mc^z/Zcs

VoJfom(T, X) s Hom(T 0 Q,Vo4).

t/rnZcr £Zz/s Z^omorpZz/^m VoZ? c VoJfora(7, d) ^ c Hom(7 (8) Q, Vod) cor-
respomZ to cocZz rtfZzer

Proo/ We choose a Z-basis yi,..., jv of 7 so that we can identify 7 with Z'* and

hence the abelian varieties Jfora(7, d) and AZ This identification is natural in d,
and the point w of Jfora(7, d) corresponds to the point (w(yi),..., w(jr)) of AZ We

get isomorphisms of Zi-modules

VoJfom(7, ,4) =* VoC^O =* (Vo^)' =* Hom(Y 0 Q, V<>j4)

whose composition is independent of the choice of the basis of 7. An dement x
of Vo(A^) c Lied^(C) belongs to VoZ? if and only if the one parameter subgroup
exp(Rx) of yE(C) is contained in Z?(C). It follows from Poincare's Reducibility
Theorem ([Mum70] IV. 19, Theorem 1) that a connected subgroup of A**(C) is con-
tained in Z? if and only if it is contained in ker t/t for every morphism t/t : A** A
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such that i/r(P) 0. By minimality of P wehave ^(2?) Oif andonlyif 0,
hence we find

x G VqP <<=> i/r(exp(Rx)) 0 for all ^ G Hom(^4^, ^4) such that t/t(w) 0.

But now observe that ^(exp(Rx)) exp(R^x) and that to say that exp(R^x) 0

is the same as to say that i/rx 0. If we denote by ^ the components of
^ G Horn(77, ^4), we therefore have

x G Vq5 <<=> ^x 0 for all G End ^4

with + • • • + V^r^(jr) 0.

If we now look atx G Vo(^) as being a homomorphism 7 (g) Q Vo^4 via the

isomorphism we have introduced, the condition that ^x 0 for all ^ means that x
belongs to

Lemma 2.12. Af [7 —> ^4] ^ l-rao/fve /: wZzere ^4 Zs an <zZ?e//<zn vane/y,
anrZ Z^ £ Z?£ ß pnme nwraZ?£?: TTze L/e aZgefera Pj* Zs conta/nerZ m 1)^ (8) Qr-

Proo/ Let r ® yi + • • • + V« ® y« be an element of P and let us show that

we have (r, x) 0 for every x G Pj*. Replacing r by some multiple of r we may
suppose that the i//y are actual endomorphisms of A We must show that for every
er g we have (r, log er) 0. We have log er er — 1, so what we have to show is

that for all er g Gal(A;|/:) acting trivially on we have (r, er — 1) =0. For every

y;, let be an element of T^M mapping to y; (8) 1 in 7 (8) Using our explicit
description of the Täte module T^M given in 1.7 we may write these preimages as

sequences (P;y, Ji)yio where the P;y G ^4(A;) are points such that P;o w(y/)
andP,yy+i P/y for all y > 0. Nowwecompute

(r, er - 1} ^ 1/7 (erv,- - 17) ^ 1/7 (^7 ~ A/)y*U
/ 1 / 1

^ )ylo AyOylo-
/ 1

By definition of P we have Pro 4 b V« 0 hence Piy H b V«

is an element of order Z7 in ^4(A;). But by hypothesis er acts trivially on T^, hence

on all Z7 -torsion points of ^4(P). Therefore, the right hand side of the above equality
is zero.

Lemma 2.13. Af [7 ^4] Z?£ a l-mö//ve /: wZz^r^ ^4 Zs an <zZ?e/Z<zn vane/y,
anrZ Z^ £ Z?£ a yrime nwraZ?£?: PZ^re Zs a canomcaZ Z^omorpZz/^m V^)
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Proo/ The Hochschild-Serre spectral sequence furnishes an exact sequence in low
degrees

0

(*)

By Bogomolov's theorem ([Bog81] Theorem 3) there exists an element in which
acts as multiplication by a scalar ^ 1 on Thus, by Sah's Lemma the first
and last term in the above exact sequence vanish, and so the map labelled (*) is an

isomorphism. Since acts trivially on A by definition, we have

,V^)) Hom^(Ly,V^).

Lemma 2.14. zs a canomcaZ, m/ecrive Z^-Zm^ar map

Hom^(ß,y4) ®Z< —

Proo/ Let us write for the field extension of /: whose Galois group is the quotient
of T Gal(A;|/:). By our explicit description of the Täte module of Af (1.7), this
is the smallest field extension of /: such that for all y G 7 all £-division points

of w(y) are defined over In other words, is the smallest extension of /: such

that all elements of w(7) become £-divisible in Any point P G A(P) which
is an End^ ^4-linear combination of points in w(T) becomes then divisible in
as well. We consider now the following diagram:

Hom^(P, ^4) (8) Z^

(i)

Ä''

(4)

A(£) (8) Z^ -

(5)

(2)

(3)

' (8) z^

(6)

Let me explain the maps. First, the map (1) is induced by the map Hom^(P, A)
A(£) sending a homomorphism </9 to the rational point ^(w). The maps (2) and (3)
are induced by the inclusion of fields /: c We use here that A(P) is finitely
generated, so A(P) (8) Z^ is the same as A(P) § Z^. The vertical maps (5) and (6)
are the maps in the Kummer sequences introduced in 1.3 (for Z 1), so they are both

injective. We define K to be the kernel of (2). From the Hochschild-Serre spectral

sequence we see that the kernel of (3) is 7/*(L^,T^A). The map (4) is then the

restriction of (5) so that the diagram commutes. Since (5) is injective, (4) is injective
as well.
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Having this diagram, all that remains to show is that the dashed arrow exists and

that it is injective. In other words, we have to show that (1) is injective and that
the composition of (1) and (2) is zero. The map (1) is injective because Z^ is a flat
Z-module and because already the map Hom£(P, A) A(£) is injective. Indeed,
let </9: P A be a morphism of abelian varieties such that i^(m) 0 e 4(i). The
kernel of </9 is then an algebraic subgroup of P containing w, hence equal to P by
minimality of P, and so </9 is zero. The composition of (1) and (2) is zero. Indeed, for
every homomorphism </9: P A the point ^(w) is an End^ A-linear combination of
points in w(Y), hence ^(w) is £-divisible in A(pAf), and hence the class of ^(w) in

§ Z^ is trivial.

Remark 2.15. Explicitly, the map whose existence we claim in the lemma is the

following. Given a homomorphism <^9: Ä —> yl, it sends </9 (g) 1 to the class of the

cocycle
; a i— (aP,- - P,-)£o e

where (P;)?^o ^ ^ sequence of points in A(P) such that Po ^(w) and £P; + i P;.
As we shall see in a moment, this map has a finite cokernel. It is then not hard to
see that the points of P e A(P) which become divisible in A(Pm) are precisely
those points such that for some integer m > 0 the point mP is an End^ A-linear
combination of points in w (Y). This relates Theorem 2.7 with Ribet's Main Theorem
in [Rib76] on dividing points on abelian varieties.

Protf/tf/rAec>rem 2.7. By Faltings's theorem on homomorphisms of abelian varieties

over number Heids, and because we suppose that all endomorphisms of A are defined

over P, we have a canonical isomorphism

Hom^(P, A) (g) ^ Hom^V^P, V^A).

By Lemma 2.13 we have a canonical isomorphism

Together with Lemma 2.14 this yields an injection

Hom^(V<5,V<i4) Hom^(ß,y4) <g>

We have seen in Lemma 2.12 that the inclusion P^ c ^ <g) VoP ® Q V^P
holds. Let us then consider the restriction map

Hom^ (V* Ä,V< A) — Hom^ (I^,V< A).

Because V^A, V^P and Pj* are all semisimple I^-modules by Faltings's results, this

map is surjective and it is injective if and only if the equality Pj* V^P holds. This
is indeed the case, for dimension reasons.
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2.16. We now come to the construction of the Lie algebra ^ c End(VoM) which
will be an extension of ^ by ^ as announced in 2.8. Let M [w : 7 d] be a

l-motive over where d is an abelian variety, and consider the l-motive

M+ [w+ : End^ 4^)7 —d]

given by w + (^ (8) y) V^(y)- There is a canonical morphism of l-motives M
M+ inducing a diagram

0 > Vo^ —=->- VoM £ ä- r <g> Q ä- 0
p p

Y ^

0 ^Vo/4 ^VoM+—PEnd^^ ® r ® Q

ker 0 Q

Because the map is a map of End^ d-modules, the maps in the lower exact

sequence as well as the canonical lift t] (cf. 2.2) are maps of £ := End^ d ® Q-
modules. Because £ is a semisimple Q-algebra ([Mum70], IV. 19 Theorem 1) we
can choose an ii-module section s+ of /?+ extending t|. Denote by s the restriction
of s+ to 7 (8) Q. This s takes values in VoM and is therefore a section of /?. We now
give the definition of ^ and proceed then with checking that this definition makes

sense.

Definition 2.17. Let s be a section of the canonical projection VoM 7 (g) Q
such as constructed in 2.16. We dehne ^ to be the Lie subalgebra of End(VoM)
consisting of those endomorphisms which are of the form

(e, /)j: u + s(y) i—> + /(y) for all u e Vod c VoM, y e 7 (g) Q

for some e e ^ and some / e ^ c Hom(7 (g) Q, Vod).

Proposition 2.18. 77z£ 1)^ 0/ VqM zn 2.17 zs zndeed

ß L/e ö/ End (VoM). Moreovez; 1)^ on c/zo/ce o/T/ze

SeC/ZOZZ

Proo/ The set ^ is a linear subspace of End (VoM). In order to show that ^ is a

Lie subalgebra we must show that ^ is closed under taking commutators. Indeed,
theformula [(e, /)^, (d, /Os] ([e,e'],e° /' — e'° /)s holds, andeo — do/is
again an dement of^ because the composition of / e ^ with any endomorphism
ofVod again belongs to^ by definition of^. We now show that^ is independent
of Consider again the diagram of 2.16, let s+ and t+ be ii-module sections of /?+
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extending t] and write s and £ for their restrictions to 7 ® Q. We claim that the

difference <Z := s — Z: 7 ® Q Vo^4 belongs to Indeed, observe that the

objects introduced in 2.10.C reappear in the diagram of 2.16, namely

End^ ^4(8)7 (8) Q £ ® 7 and ker w + (8) Q Z?.

We have (<Z, r) 0 for all r e Z? because and Z+ are Zi-module maps that coincide
on Z?, and that means by definition that <Z belongs to ^. From this we can deduce that
the Lie algebras constructed as in the definition 2.17 from s and from £ respectively
are the same. Indeed, the equalities

(c,/)j (e,/-eod), and (e,/)[ (e,/ + co</)s

hold for all £ e f)^ and all / e ^ c Hom(7 (8) Q, Vo^4). We have seen that <Z

belongs to ^ hence so do / — £ o <Z and / + eo That does it.

Corollary 2.19 (to Theorem 2.7). LeZ Af [w: 7 ^4] a 1-moZzve A;

w/zere ^4 zs an <zZ?eZz<zn van^Zy Z^Z £ Z?£ a pnme 77ze L/e a/gefera
conZa/ns 1)^ (8) Qr, ßnrZ Z/ze egwaZ/Zy 1)^ (8) Q /zo/rAs z/anrZ on/y z/z/ze egwaZ/Zy

^ ^ 0

ZVoo/ Define M+ and choose s+ as in 2.16, and construct the Lie algebra ^ as in
Definition 2.17 from this data. We still denote by s+ and by s the Q^-linear extensions
of s+ and 5, so we have a split short exact sequence of Q^-vector spaces

0 0Q< >• 0.

The I^-module Pj* can be identified with a submodule of Hom(7 (8) Qr, Ve^4) ~
Since is a semisimpleI^-moduleby Faltings'sresults, P^ is isomorphic as

an I^-module to a direct factor of a power of A Bogomolov's Theorem ([Bog81],
Theorem 3) and Sah's Lemma imply that

tf'(pfv^) 0, f/'(r*,Hom(r 0Q*,V^4)) 0 and tf'(Vjjf) 0

for all Z > 0. The vanishing of Z/^(I^, P^) implies that the Lie algebra extension

given in 2.5 is split ([Wei94], theorem 7.6.3), we can therefore choose a Splitting er

of the projection map tt as indicated.

CT

o > Pf —-—> 1^ 1^1 0.

Using the Splittings s and er we fabricate a map c: > Hom(7 (8) Q,Ve^4) by
setting

c(x)(T) <r(x)s(T) for all x e P*, u e 7 (8) Qr.
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This map is a cocycle, hence a coboundary because //i(I^,Hom(7 (g) Q£,V£^4))
vanishes. So, there exists a Q^-linear map / : 7 (g) such that

<r(e)s(ü) e./(y) for all e G 7*, y G 7 (g) (Q^.

We claim that this / belongs to In order to check this it suffices by Theorem 2.7 to
show that for all yi,..., y„ G 7 and all t/t,..., Vw ^ End^ ^ such that +
• • • + 0 we have t/t/(yi) + • • • + V^/Cy«) 0- Indeed, we have

^V'i/Oi) <7(XM+(X^' ® ^)-
/ 1 / 1 / 1

Here we have used that the commute with elements of and End^ ^4-linearity of

s+. By hypothesis s+ sends elements of ker (g) to (V^M)^, hence the right
handsideoftheaboveequationiszero. The map givenbyx i-> cr(x) —x./
is therefore another section of tt Let us replace er by this new section. By construction
we have now cr(e)s(y) 0 for all c G and all y G 7 (g) Q^, hence

(cr(e) + /).(T+s(y)) + /(y) for all e G / Glj^y G V^, y G 7(g)Q^.

Since contains ^ (g) and Tj* is equal to ^ (g) Q^, this shows that contains

^ (g) Q^, and that the equality ^ (g) Q holds if and only if the equality
® Qf holds.

Remark 2.20. We have left two important things undiscussed. First, we have only
worked with l-motives whose semiabelian part is an abelian variety. The benefit we
had from this was Poincare's Reducibility Theorem and semisimplicity of various

objects associated with the abelian variety. It would of course be desirable to have a

Statement as Corollary 2.19 for general l-motives. Secondly, we have given the Lie
algebra ^ by an ad hoc construction. This construction should be compared with
the Mumford-Tate group associated with the mixed Hodge strueture VoM, which
one may dehne directly in terms of Tannakian formalism.

3. Some linear algebra

The l-motives we are working with in this section are of the form Af [7 ^4]

where ^4 is a geometrically simple abelian variety over A:. I recall that this means
that ^4 has no abelian subvariety dehned over A; other than 0 and itself. Our goal is to

prove the following technical result.

Proposition 3.1. Let Af [7 —> ^4] zz l-rao/fve over A: wZzere ^4 As a georae/WcaZZy

s/rapZe <z&eZ/<zn v<zne/y, amZ Z^ £ Z?£ a pnrae TTze Zraage o/TAe M/near map

: (V^M)* (V^M)*
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g/ven Ay x) TT O X cons/sfaprec/seZy q/TA<9S£ Z/n^nr/Arms on V^M wA/cA nre

z^ro on ^Ae snAspnce kern (8) Qr o/V^M. /npnr/ZcnZnr, ^Ae Zrange zs o Z/nenr

snAspnce o/(V^M)*.

3.2. Here is the setup for this section. We fix a finite dimensional division algebra
£ over Q, a nontrivial Zi-module Fi of finite rank and a Q-vector space of finite
dimension Fo. There is a canonical pairing

(-, -) : (£ 0 Fo) x Hom(Fo, Fi) — Vi

given by /) V/OO- Furthermore, we fix an Zi-submodule Z? of £ (8) Fo

anddefinel)/? c Hom(Fo, Fi) tobe the annihilator of Z? in this pairing. Thefollowing
proposition remains valid if one replaces £ by a finite product of division algebras
over Q - the price to pay are more indices.

Proposition 3.3. /n ^Ae szYnoAon o/3.2, Z^ tt Ae n nonz^ro ZZn^or/orm on Fi onrZ Z^
i; Ae on eZeraen^ o/Fo. TAe egnoZzYy tt(/(i?)) 0 AoZrZ^/or oZZ / G ^ z/onrZ onZy z/
1# (8) v A^Zongs to ZL

Proo/ If 1# (8) v belongs to Z? then /(i>) 0 for all / e ^ by definition, so the z/

part is obvious. To prove the converse, let us fix an element u e Fo such that

7r/(v) 0 for all / £ f)/?.

We must show that 1^ (8) v belongs to ZL Let us choose a Q-basis of Fo as follows.
We begin by choosing elements yi,...,)V g Fo such that 1^ (8) yi,..., 1# <8) }V
form an Zi-basis of (Zi (8) Fo)/Z?. These elements are Q-linearly independent, hence

we can choose elements zi,..., of Fo completing yi,...,jv to basis of Fo. There
exist unique elements i/r/y of Z? such that for all i <; < j

ry := l£ ® zy - (VO'I ® Ji H h V> ® >v)

belongs to ZL We claim that a homomorphism / : Fo Fi belongs to ^ if and

only if the relations

/(v) VO-i/Cvi) + • • • + V*)>/0v) for all 1 < / < \

hold. In other words we claim that / belongs to ^ if and only if (zy, /) 0 holds
for 1 <y <^. Indeed, since ry G every / e ^ must satisfy (/, ry) 0 by
definition. On the other hand, we must show that if (ry, /) 0 holds for 1 < y < s,
then we have (r, /) 0 for all r e ZL This is the case because Z? is Zi-linearly
generated by ri,..., r?. Indeed, we can write every r e Z? as r i//yy ® yi H h

® Jr + ® H b ® z^. After subtracting ^iri H b (/^r? from r we
remain with an element r' e Z? of the form F t/tJ • (8) yi + • • • + i/Fy (8) JV- But
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this element can only be zero because the 1# ® yi,..., 1# ® Jr are an Zi-basis of
(£ ® 7o)/Ä.

In summary, if we want to give an element / e I) c Hom(Fo, Fi), we may
freely choose the values /(yi),..., /Ov) ^ Fi, and must then follow the rules

/(zy) /(yi) H h Vry /(yr) to determine the value of / on the remaining
basis elements zi,..., z^.

Let us write v aqyi + • • • + avyr + + • • • + for scalars and

jßy g Q, and dehne elements pi,..., p,. of by

Pz := a^z 1# + /3i T/T + • • • +

for 1 < Z < r. Using these dehnitions, the relation tt(/(i>)) 0 becomes

r 5

o 7r(y>/oo + y>/(z,))
/=1 7=1
r r 5

/ 1 / 17 1

r

/ 1

Foreveryl < Z < randeveryx e Fi thereexistsan / g ^ suchthat /(y?) xand
/(y^) 0 for /: 7^ Z. The above relation shows thus in particular that tt(p* (x)) 0

for all x G Fi, that is, jt o p^ =0. Since tt is nonzero, this means that p* is not
invertible, and since £ is a division algebra, we find p* 0. Thus, the equality

0 a,l£ ® j, + ® H 1- ® j,
holds in £" 0 Fo for all 1 < Z < r. Summing over all Z yields then

r 5 r
o a, is 0 j, + jßy ® ^

/=1 7=1 /=1
r 5 5

y]a,l£ ® j, +5Z&1*
1 1 7 1 7 1

l^®u

Hence 1^ <g) i> ßin + • • • + belongs to Z?, and that is what we wanted to
show.

Proposition 3.4. Le£ AZ [w : K —> ^4] zz l-rao/Zve over /: wZzere ^4 Zs o sZrapZe

ofeeZZon vone/y. TZze Zraoge q/TZze MZneor raop

ao: (VoM)* (VoM)*
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g/ven fry ao(yr, v) TT o X cons/sfa preczseZy q/TZzose Z/n^ar/orras on VoM HMCZZ are

z^ro on ker n (8) Q 0/ VoM. /n por/^ZcnZor, £Zz£ zm<zge 0/cq> w n ZZn^or

o/ (VoM)*.

Proo/ Letus fix alinear section(F (g)Q) ^ VoM such as in theconstruction of
1)^, so that every dement of ^ is of the form

(e, /)s: u + s(y) i—> + /(y) for all u g V)d, y G 7 (g) Q

for some e G ^ and some / G Using this section, every linear form tt on VoM
can be uniquely written as tt (tt^, jry), where is a form on Vod and TTy is a

form on 7 <g) Q. With this notation, the map c^o in the proposition becomes

For every linear form (7r,4,7ry) on VoM, every dement (e, /)^ of ^ and every
y G ker n (g) Q we have (tt^ o e, 7^4 o /)^(0, s(y)) /(y) 0 by definition of
so all forms in the image of c^o annihilate ker w ® Q. On the other hand, let y/y)
be a linear form on VoM such that 777 (y) 0 for all y G ker n. Let us define

In order to make use of Proposition 3.3, we specialise the objects introduced in 3.2

as follows. We take £ to be the Q-algebra End^(d) (g) Q, which is a division algebra
according to [Mum70], IV. 19 Corollary 2 to Theorem 1. Then Li := Vod is an

ii-module of finite rank, and we specialise Lo := 7 (g) Q. Finally we let i? be the
ii-submodule of £ (g) (7 <g) Q) introduced in 2.10.C, so that according to Definition
2.6 we have ^ Proposition 3.3 states that the image of the Z/near map

^ (7 <g) Q)* given by / i-> o / is equal to the annihilator of the subspace
kerw (g) Q of 7 (g) Q. In particular there exists an dement / G ^ such that

tt^o / 777. With this choice of / we have

3.5. It follows from Theorem 2.7 (or rather its Corollary 2.19) that the Q^-bilinear
map in Proposition 3.1 is obtained from the Q-bilinear map of Proposition 3.4 by
extension of scalars. However, it is not clear whether or not the property of a bilinear

map to be surjective is invariant under scalar extension. Let be an extension
of fields. Given finite dimensional ^f-vector spaces Z7, L, IL and a ^f-bilinear map
iß/v: Z7 x L IL, denote by the L-bilinear map obtained from /3^. Which of

ao: ((^, Jfr), 0> /)*) i— ° /)

ao((^.7rr)> («>/)«) o /) (^,
in both cases, 77^ 0 and 77^ 7^ 0. This proves the proposition.
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the following implications is true (for a fixed field extension L|Zf and all Zf-bilinear

maps between finite dimensional Zf-vector spaces)

a) b)
is surjective <<= => is surjective

We were unable to find a satisfying answer to this general problem. Our next propo-
sition shows that the implication b) holds for the extension Qr |Q, and that is all we
need.

Aside 3.6. There exist Q-bilinear maps /3 : [/ x F JF which are not surjective,
but which become surjective after base change to any completion of Q. For instance
the bilinear map /FQ^xQ^^Qp given by

j0((Wl,W2,«3), Ol, ^2, ^3)) (MlUl,M2V2,M3V3, Ol + «2 + «3)0l + «2 + V3))

has this property. This example is due to Björn Poonen.

Proposition 3.7. F, F' and JF Z?£ Q-vecfor spaces and of: F x F' JF Z?e a
MZnear map. Le£ Zf Z?e eZ^Zzer ^Zze^ZeZd c/reaZ m/m/jers er ^Zze^ZeZd c/T-a<ZZc m/m/jers

/or sorae prZrae nwrafeer F Z/TZze Zraage c/a Zs a ZZnear swfespace <?/JF, ^Zzen ^Zze Zraage

c/TZze ZraZwced Zf-MZnear map

Zs a ZZnear swfespace <9/ JF ® Zf, ßnJ ^Zze egwaZZ/y im i m a (8) Zf ZzoZds.

Proa/ To ease notation let us define F^ := F (8) Zf and analogously F^ and JF^.
The image of is certainly contained in the Zf-linear subspace ima 0 ZP We may
thus, replacing JF by imof, suppose without loss of generality that a is surjective.
We have to show that is surjective as well. We consider the projective spaces

PF := (K\{0})/Q* and PF* := (K* \ {0})/*:*.

Because Q is dense in Zf, the subset PF is dense in PF^, and again the same goes
for F' and JF in place of F. The map a induces well defined maps

ä:PKxPK'—»PW and ä*: PK* x PV£ — PW*.

Considering PFxPF'asa subset of P F^ x P F^, the map ä extends to hence in
particular the image of ä contains the dense subset P JF of P JF^. On the other hand,
the topological spaces P F^ and P F^ are compact, hence so is their product, and the

map is continuous. Thus, the image of must be compact, hence closed, and

therefore consist of all of PJF^. But then, surjectivity of immediately follows
from surjectivity of
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Proö/ö/PropöxZ/Ytfn 3.1. On one hand, let tt be a linear form on V^M and let x be

an element of 1^. For every u e ker w (8) Qr c V|M we have x.u 0 and hence

tt(x.v) 0. On the other hand, let 77 be a linear form on V^M which is trivial on
kerw (8) Q^. By Corollary 2.19 the Lie algebra contains ^ (8) Qr, hence it is

enough to show that the image of the bilinear map

(V<M)* X 0 Qn — (V<M)*

contains all linear forms on V^M VoM (8) Qr which are trivial on kerw (8) Qr-
Indeed, that follows from Proposition 3.4 and Proposition 3.7.

4. Proof of the Main Theorem

For this section we prove our main theorem as announced in the introduction. Our

strategy is as follows: Given a geometrically simple abelian variety A over the number
field ä; and a subgroup X of Ä:, we consider the group

I:={P6 A(fc) | redp(P) e redp(X) for all peS}
where is any fixed set of places of ä; of density 1 where A has good reduction. The
main theorem states that for all X and all S the equality X X holds. A simple
argument will show that in order to prove this equality, it suffices to prove that the

quotient group X/X is torsion free. Since X/X is finitely generated, it is enough
to show that for all primes £ the group (X/X) (8) Z^ is torsion free. But then, using
Propositions 1.11 and 1.16 this amounts to show that the group //^(L^/T^M) is

torsion free for a suitable 1-motive Af. Our program consists now of establishing a

general condition ensuring that //* (P, P) is torsion free for an £-adic Lie group L
acting on a finitely generated free Z^-module P, and then to show that acting on

T^M meets this condition.

Key Lemma 4.1. P k 0 /ZmteZy generali /ree Z^-raodwZe, Z^ L a LZe

xwfegrowp o/GL(P) vwYA LZe aZgefera I and sef L := P (8) Qr- Snppaxe

(1) dze 5^ {TT o x | x G I, TT G L*} Zx a ZZnear xnfexpace o/L*,
(2) dze egnaZZ/y ZzaZdx.

PZzen dze gronp //^ (L, P) Zx torxZ<9n/r££.

4.2. The proof needs some preparation. Let us introduce the following ambulant

terminology: Given a finitely generated free Z^-module P and a Lie subgroup L c
GL(P) as in the lemma, we say that L acts dgZz/Ty if the equality

p) (r + k*) r + K*-
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holds, where K := 7 The inclusion d always trivially holds. More generally,
if F2 is another Q^-vector space we say that a family of linear maps O c Hom(F, F2)
is Z/gZzZ if the equality

P| (r + ker <p) 7 + P| ker <p (*)
<pe<$> <pe3>

holds. Again the inclusion d is trivial. So, L acts tightly on F if and only if for
F2 F the family {(g — 1 j/) | g G L} is tight. The following lemma shows how this
is related with the torsion of //* (L, T).

Lemma 4.3. LcZ T Z?c n^n/ZcZy gcncraZcc?/rcc Z^-racxinZc, ZcZ L fca L/c snfegronp

o/GL(r) w/zZz L/c nZgcfera I nnc? scZ F := L (8) Qr- /jf L ncZs Z/gMy on F Z/zcn z/zc

gronp 7/^ (L. L) A Zccs/cn/rcc.

Proo/ Let c: L -> L be a cocycle representing an element of //* (L, L)[7], and let
us show that c is a coboundary. As 7c is a coboundary, c is a coboundary in // * (L, F)
and there exists an element c G F such that c(g) gc — c for all g G L. To say
that the cohomology class of c belongs to the subgroup 7/J (L, L) of //*(L, L) is to

say that for all g G L, there exists a Zg G L such that c(g) gZg — Zg. We find that

(g - 10^ (g - 1f)v for all g e L,

or, in other words, c — Zg G ker(g — 1k), that is to say c G L + F^. This is true for
all g G L and since L acts tightly this implies that c Z + Co for some Z G 7 and

some Co £ F^. Hence c(g) gZ — Z is a coboundary as needed.

Lemma 4.4. LcZ F onc? F2 Z?c Q^-vccZor spaccs w/Z/z Z/ncnr dnn/s F* onc? F2* ZcZ O
Z?c <2 Zmcnr snfepncc o/Hom(F, F2). //"z/zc scZ := {tt o ^9 | </9 G O, tt g F2*} A <2

Zmcnr snfepncc o/F*, Z/zcn O A Z/g/zZ.

Proo/ In (*), the inclusion d holds trivially, we have to show that the inclusion c
holds as well. We have

P| (r + ker c P| (r + ker i/f) and P| ker <p P| ker i/f.

<pe<£

Hence, it is enough to show that the lemma holds in the case where F2 Qr and
O Write IF for the intersection of the kernels ker </9, so that

IF {c G F | (/9(c) 0 for all </9 G O}

and

0 {(peF*| ^(w) 0 for all u; e VF}.
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Here we use that O is a linear subspace of F*. Because 7/(7 fl IF) is

torsion free the submodule IF H L is a direct factor of L (every finitely generated
torsion free Z^-module is free, hence projective), hence we can choose a Z^-basis

ei,..., ^ of L such that ei,..., ^ make up a Z^-basis of IF D7. Let u be

an element of F that is contained in L + ker </9 for all </9 G O. We can write u as

r> + • • • + A^ +Aj+i^+i + • • • +
' V '

etP

where the A; are scalars in Q^. Taking for </9 the projection onto the Z-th component
fors < Z < r shows that A/ G Z^ fors < Z < r. Hence A^+i^+i H b A^r £ 7\
and we find that u G 1F + L as required.

Proa/q/*Lemma 4.1. Let // be an open subgroup of L such that the logarithm map
is defined on //. Such a subgroup always exists, and the exponential of log A is then
also defined and one has explogA A for all A G // ([Bou72], Ch.II, §8, no.4,

proposition 4). The Lie algebra of // is also I. Let A be an element of // and set

</9 := log A, so that A exp<^. We claim that equality F^ ker ^ holds. On one
hand if Au v, then the series

log A(v) (A - l)(v) - + + (^-!)"(") +
2 a

is zero, whence F^ c ker </9. On the other hand, if ^(i?) 0, then the series

<p^(iO (ZZ^(u)
A(u) exp<p(u) 1k(w) + <p(t9 H 1 1

;
1

2 a!

is trivial except for its first term which is 1 j/ (i?) v, whence the inclusion in the other
direction. The Lie algebra I is a linear subspace of End F satisfying the hypothesis
of Lemma 4.4. Using this lemma and the hypothesis (2) we find

p| (r + K«) c P|(r + ker<p) r + 7* r +
geL <pet

hence L acts tightly on F. By Lemma 4.3 this implies that L7* (L, P) is torsion free
as claimed. Mind that in the second intersection it does not matter whether we take
the intersection over </9 G I or </9 G log(//), because every element of I is a scalar

multiple of an element in log(//).

Corollary 4.5. Le£ Af [a : F ^4] Ae a 1 -moZfve over a namAer/ZeZrZA wAere F L
constan* anrZ ^4 L a geome/rZcaZZy sZmpZe aAeZZan vane/y. LAe gremp //J (L^, T^M)
Z.s forsZrm/ree.
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Proo/ We check that the two conditions of Lemma 4.1 are satisfied. The first con-
dition holds by Proposition 3.1. To check the second condition, we have to show

that for every subgroup TV of of finite index the equality (V^M)^ (V^M)^
holds. It is enough to show this for normal subgroups, so let us fix a normal sub-

group TV of L^, and denote by the subfield of A; fixed by the preimage T' of TV in
T := Gal(A;|A:). So is a finite Galois extension of A:, and what we have to show is

that the inclusion
(TfM)^ c (TfM)^

is an equality. Indeed, by Proposition 1.9 and because 7 is constant both of these

submodules of T^M are equal to (ker w) 0 Z|.

Proo/q/T/n? Mc/Zn Pfeeorera. We fix a geometrically simple abelian variety 4 over a

number field A: with algebraic closure A;. We also choose a model of 4 over an open
subscheme [/ of spec 0£, which we still denote by 4, and we fix a set 5 of closed

points of [/ of density 1. For every subgroup X of 4(A:) we define

X := {P e y4(C/) | redp(P) e redp(Z) for all p <= 5}.

Our aim is to show that for all X c 4(A:) the equality X X holds.

Claim. Ptoprove Pzotf/or aZZ swfegrowps X c 4(A:) Pze growp X/X Zs toraon
/r££.

Indeed, let X be a subgroup of 4(A:), and let X' be any subgroup of finite index
of 4(A:) containing X. Because X is contained in X' the group X is contained in
X'. Moreover X' is of finite index in X', so if X'/X' is torsion free we must have

equality X' X'. Hence, as X' was arbitrary, X is contained in every subgroup of
finite index of 4(£) which contains X. This in turn implies that the equality X X
holds, because 4(£) is finitely generated.

We now fix a subgroup X of 4(£) and a prime number and we show that X/X
contains no ^-torsion, or equivalently that (X/X) (g) is torsion free. Replacing 1/

byasmaller open subscheme C/' c [/ and deleting some finitely many elements from
iS we may suppose without loss of generality that £ is invertible on Z7. Let us then
choose a 1-motive Af [w : 7 —>>4] over 1/ such that 7 is constant and such that

w(7) X. From the propositions 1.11, 1.15 and 1.16 we get a canonical -linear
injections

(*/*) ®

It is therefore enough to show that //* (L^, T^M) is torsion free. But this is guar-
anteed by Lemma 4.1 and the hypothesis that 4 is geometrically simple.

Remark 4.6. In the proof we only used Information on the torsion of //* (L^, T^M)
because of the trick that permitted us to suppose that X is of finite index in X. One

can show that the group //* (L^, T^M) is in fact trivial for such 1-motives.
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Question 1. Let G be a semiabelian variety over a number field let X be a finitely
generated subgroup of G(X) and let P e G(G) be a point. Suppose that for aZZ

finite places u of the point P belongs to the closure of X in G(/^). Does then P
belong to X? Here, denotes the completion of P at v, and we equip G(Pu) with the

topology induced by the topology of If G has good reduction at and if X and

P are integral at (so this concerns all but finitely many places) then to say that P is

in the closure of X in G(Pu) is equivalent with saying that P belongs to X modulo

v, essentially by Hensel's Lemma.

Question 2. Let A be an abelian variety over a number field P, let X c A(X) be a

subgroup of the group of rational points and let P e A(P) be a rational point. What
can one say about the density of the set of places p of P with the property that redp (P)
belongs to redp(X)?
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