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Degenerate singularities of one dimensional foliations

Viviana Ferrer and Israel Vainsencher*

Abstract. We give formulas for the degrees of the Spaces of holomorphic foliations in the

complex projective plane with a dicritical singularity of prescribed order. Blowing up such

singularity induces, generically, a foliation with only finitely many leaves tangent to the excep-
tional line; we find the degree of the locus defined by imposing a leaf of total contact with the

exceptional line.

Mathematics Subject Classification (2010). Primary 14C17, 14N99, 37F75; Secondary
32M25, 32S65.
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Introduction

Holomorphic foliations of degree J on the complex projective plane P^ are de-

fined by nonzero twisted 1-forms, tu with homogeneous polynomials
a/(zo,zi,Z2) of degree d + 1, up to scalar multiples, satisfying 0. The

Parameter space of foliations of degree d is a projective space P^ (cf. (2)).
The purpose of this work is to compute the dimensions and degrees of the sub-

varieties of P^ corresponding to foliations displaying certain degenerate Singular-
ities. Given an integer i > 2 we study the locus, C P^, of foliations with
a singularity of order > These are foliations defined in local coordinates by a

holomorphic 1-form that can be written as tu a^t/x + + higher order terms,
with <2£(x, y), &ä;(x, y) homogeneous polynomials of degree It turns out that
is the birational image of an explicit projective bündle over P^. This enables us to
find a formula for the degree of M&.

Another interesting type of non-generic foliation presents a so called J/cnV/ctzZ

singularity of order require a^x + to vanish. This defines a closed subset

At c Mfc.
A characteristic feature of a foliation with a dicritical singularity is best phrased in

terms of the foliation induced on the blowup of P^ at the Singular point: through all but

finitely many points on the exceptional line, the leaf is transversal. We say a foliation

*The authors were partially supported by CNPQ.
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with such a singularity has the property o/raav/raa/ contact (MC for short) if some
leaf of the induced foliation has a contact of order with the exceptional line. Thus

we may consider the subvariety C Z)^ consisting of dicritical foliations with MC.
Requiring a leaf of a foliation to be tangent to a line at a given point defines a

hyperplane in the parameter space P^. Therefore, the degree of each of the loci

Q C Dj^ C C P^ can be rephrased loosely as the number of foliations with
a singularity of the specified type and further tangent to the appropriate number of
flags (point, line) in P^. It turns out that the degrees of C&, Z)^, are expressed as

explicit polynomials in <Z.

This fits into the tradition of classical enumerative geometry: answers to questions
such as determining the number of plane algebraic curves that have singularities of
prescribed Orders, besides passing through an appropriate number of points in general
Position, are often given by "node" polynomials. There is also a wealth of results
and conjectures on generating functions for counting suitably Singular members of
linear Systems of curves on surfaces, cf. Götsche [5], Kleiman and Piene [11]. We

hope similar results can be formulated in the setting of foliations.

1. The space of foliations

The main reference for this material is Jouanolou [8]. A projective 1-form of degree
<Z in P^ is a global section of + 2), for some <Z > 0.

We denote by the space Sym^ (C^)^ of homogeneous polynomials of degree
<Z in the variables zo, zi, Z2. We write 3/ 3/3z;, thought of as a vector field basis

for C^. The dual basis will also be written as <Zzo, <Zzi, <Zz2 whenever we think of
differential forms. Recalling the Euler sequence

0 —> £2
p2 T~ 2) —> Öp2(rZ -p 1) 0 *Si —> Öp2(rZ -P 2) —> 0 (1)

and taking global sections we get the exact sequence

0 -» ®(p2, + 2)) — S^+1 0 Si S^+2 -» 0

where ^Q^a/<Zz/) ^ the contraction by the radial vector field. Thus a

l-forma) G i/°(p2 (<Z + 2)) can be written in homogeneous coordinates as

+ ^2^2

where the a/ 's are homogeneous polynomials of degree <Z + 1 satisfying

ÖOZO + «lZl + «2^2 0.

The space of foliations of degree <Z in P^ is the projective space

P^ P(tf0(ni^+2))) (2)
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of dimension
TV 3(^2 - C*2'*) - 1 <** + + 2.

We have +2) Hom(!TP^, 0p2(J + 2)). Any nonzero

6): TT* -* 0p2(^ + 2) (3)

induces a (singular, integrable) distribution of dimension one subspaces given by
/? i-> kero;^. A nonzero multiple of yields the same distribution.

1.1. Singularities. Twisting (3) by 0p2(—— 2) we get a map

The singular scheme of is defined by the ideal sheaf image of the above map. If
finite, it consists of

points counted with multiplicity. In local coordinates, say around 0 [0,0,1] e P^,

writing aJx + My the singular scheme of is given by the ideal (a, Z>). We

say 0 is a nondegenerate singularity if the jacobian determinant |3(a, Z?)/3(x, y)| is

nonzero. A generic 1-form has only nondegenerate (hence isolated) singularities;
see [8], p. 87. The order of the singularity 0 is vo(&>) min{ordero(tf), ordero(^)}.
It can easily be checked that this is independent of the choice of coordinates.

In fact, if J is the ideal sheaf of the singular scheme, then for each /? e P^ there
is a unique nonnegative integer such that the stalk at /? satisfies C and

where m denotes the ideal sheaf of /?. Thus, setting f? +2),
we see that the order of the singularity /? is at least if and only if f the image of
in the quotient is zero.

1.2. Jet bundles. The preceding discussion entices us to recall the notion of jet
bundles associated to a vector bündle, cf. 16.7 in [6] or [13]. Let f? be a vector bündle

over a smooth projective variety X. For /: > 0 the £th-jet bündle associated to £,
denoted is a über bündle over X with über over x e X given by

® idop2<-rf-2): CTP^(—<2 - 2) -> Op2.

^*(8)* (Ö*/«4+i) 0 S*

where is the maximal ideal of the point x.
For each /: > 0 we have exact sequences

0 -> Sym^+1 -> ^>*(g) -> 0. (4)

Consider the evaluation map

ev: X x -* g
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given by ev(x,s) (x,s(x)). The map ev lifts to natural maps Atting into the

following commutative diagram:

X X °(X, g) "P ^>*(g)

We think of ev^(^) as the Taylor expansion of s truncated at order ä: + 1. We include
for the reader's convenience the following

1.3. Lemma (Global generation). Afctfa/Pm as Zn (5) afeave, gZven rep/acZng f?

fry a snj^cZenriy ZzZg/z AvZs£ f? (8) (w/zere Zs an amp/e ZZne ZmmZ/e) we Zzave

/a/ZawZng:

(i) 77ze map ev^ Zs snrjeczfve.

(ii) 5er W* {.v g) | (evjt_i)x(j) 0}. 77*erc

(evfc)x(Wx) (Sym^ ^ <g> g)^.

Praa/ Let # be the ideal of the diagonal of X x X. Consider the projection maps

p;: X x X -> X, Z 1,2. We have the exact sequence of sheaves over X x X,

^r/r+i - ^/r+i
p p

V

^0 -0/^ (6)

£*/£*+! Q/^fc+l 0/^fc.

Tensoring by p^S (8) and taking (pi)* yields the diagram

Cpi)*(P+Vje ® £P (/>i)*(P+'pe ® £P
P P

Y Y

(/>i)*(Pp£ ® *"*) ^—*- O0*C/»2® ® (/>i)*((Q/P) ® p® ® £"")

evA:

Synifc fi*. ® ® ® ® ^ ® £"").



Vol. 88 (2013) Degenerate singularities of one dimensional foliations 309

The vertical central arrow above fits into the exact sequence

(/7i)*0?*g ® £«) ® je«) —v (/?Vi)*(^+V2® ® £"*)
II

z x

Surjectivity of ev^ now follows upon killing V2 ® ® <£"*). This is

possible for m 0 because d£ is ample (cf. [7], Chapter III, Theorem 8.8, p. 252).
Similarly, (ii)followsfromtheidentification IT* Theright
hand side is the über of ker ev^_i at x due to exactness of the middle row together
with cohomology and base change (see [7], Theorem 12.11, p. 290).

1.4. Singularities of order A;. We apply the previous lemma to g £2*2 and

Öp2 (1). In order to simplify the notation we set for short in the sequel

£2 := ftj,2 and F := + 2)).

1.5. Remark. Fix A; < <7 + 1. It follows from the explicit calculation of

#'(ip*,n(d + 2))

(Bott's formula [1], [12], p. 8) that the conclusions of the previous lemma hold for
m J + 2. Hence

(1) ev^ is surjective for A; < <7 + 1, and

(2) ev£(ker(ev£_i)) Sym^ £2 (g) £2(<7 + 2).

The lemma below is included for lack of a convenient reference.

1.6. Lemma. X o prq/ecrfve vone/y o/dzmension m. g o Victor swAAwn-

<7/^ o/zT^ /Wv/oZ Ann<7/£ X Z C f ^
P(g) ClxP wmfer ^ proj£c/7on map g : ZxP ^ P". Avswrae P(g) Z
genenco/Zy m/ect/ve. TTzen <7<?gr££ o/Z /s to z7z£ <7<?gr££ o/z7n? c/oxs

Proo/ Write e := rank g, w : dim Z m + e — 1. Set A hyperplane class of
P" and likewise// ciög(l). WehavedegZ / A" D [Z] /A" Hg*[P(g)].
By the projection formula, we get deg Z / 77" D [P (£?)]. Pushing forward to X
the assertion follows from [4], §3.1, p. 47.

We describe now the locus C P^ of foliations of given degree <7 that have

some singularity of order > A.
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1.7. Proposition. Fbr 1 < /: < r/ + 1, rZenote fry

Affc {[&>] G P^ | [&>] Zzas a s/ngwZan/y <26 ZeasA £}.

77z£/2 we Zzave

COdpTV Zf/^ — Zr(/r H~ 1) — 2

6M6Z

deg(M*) ^ + 2))).

Proo/ Define

«M*: ker(ev£-i: -> + 2))).

In view of the previous remark, we see that is a vector subbundle of F of co-rank
equal to rank (f2(rZ + 2)). By construction, the projective bündle associated to

is the incidence variety,

P(^fjÜ {(/?> M) £ P^ x P^ | /? is a singularity of [&>] and v^(w) > £}.

Let g: P(eMfc) P^ denote the projection on the second factor. We have

# (P (eM*;)). It is easy to check that g is generically injective. It follows from the lemma

justabovethatdeg(M^) /^(^A:)F[P^]. Since^C^A:) C2(^~*(£2(<^+2))),
the assertions now follow from (4).

Using the proposition we may now derive an explicit formula for the degree of
M/t C F"V See also the Script in § 5. We lind

1.8. Corollary. 77ze rZegree Zs g/ven fry

±k(k + l)[(k* + jfc _ I)(rf2 _ (2k - 3)J) + ±(4k* - 8k ^ - 7k^ + 21k - 6)].

2. Dicritical singularities

If G 77®(P^, £2(rZ + 2)) and /? is a singularity of 66>, we say that /? is dicritical if
the local expression of &> is

^ ß^rZx + + h.O.t.

with 6Z£X + 0. In the case /: 1, we say that /? is a rarZ/aZ singwZ<zn7y.

Observe that this condition is equivalent to

/(x, y)(yrZx — xr/y) + h.o.t.

for some homogeneous polynomial / of degree ä; — 1.

The main result of this section is the following.
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2.1. Proposition. For aZZ 1 < A; < d exZsfa a swtowmZZe <©£ -> P^ swc/z

tAe/ö/ZöwZng ZzoZds:

(i) P (<£)&) {(JA M) £ P^ x P^ | /? Zs ß JZcnYZcaZ sZngwZarZ/y

o/ [&>] wZ^/z v^(&>) > A;}.

(ii) g(P (<©£))• TTzen co^ZraensZon Zn P^ Zs /:(/: + 2).

(iii) 77z£ <i£gr££ Zs coej^cZent q/7Ae <i£gr££ ftvo parA 0/

c(<^~'(£2(d + 2)))c(Sym^+j £2 0 Gp2(d + 2)).

2.2. Remark. Before proceeding to the proof of the proposition, we explain an

invariant way of expressing the condition that a singularity be dicritical. Suppose
that f? is a vector bündle of rank 2. Then for all /: > 1 we have the following exact

sequence (e.g., see Appendix 2, A2.6.1, in [3]),

2 At
0 —>A 6? (8) Sym^_j 6? —>- Sym^ 6? (8) ^ ^ Sym^._|_j 6? —> 0,

where the first map is given by

(a A & (8) c) i-> (ac (8) Z>) — (Z?c (8) a)

and the second by multiplication, Z.£.,

a (8) & i-> aZx

Say x, y form a local basis for £. Then for &£ G Sym^ £, we have that a^x +
0 in Syna^^f? if and only if f there is some c G Sym^_^ f? such that

® x + (8) y is equal to the image of x A y (8) c, to wit, xc (8) y — yc (8) x.

2.3. Construction of <£>#• We have the following diagram:

Sym^ £2 (8) £2(/Z + 2)

The map /£ defined in the previous diagram is surjective in view of Remark 1.5. We
obtain the surjective map

> Sym^. £2 0 £2(<i + 2) ^ > Sym^+i £2(<i + 2).
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Explicitly, on the fiber over /? e P^ the map is as follows:

7fc(j?,a>) O.afr* +

where

^ + h.O.t.

is the local expression of &>in a neighborhood of /?. Set

7*

CMH

% := ker («A** ^ Sym^+j £2(d + 2) (8)

Thus <©£ is a vector bündle of rank rank(jW^) — (Z + 2). Recalling 2.2, we
see that the projective bündle associated to <©£ is the incidence variety

P (<£>&) {(/?, M) G P^ x P^ | /? is a dicritical singularity of [ca] with > £}.

It can be shown that # is generically injective. Using 1.6, we see that the degree of
Dfc is given by / £2(<£>*;) H [P^]. This finishes the proof of Proposition 2.1.

A formula for the degree of can be made explicit.

2.4. Corollary. 77*e rfegree o/Z)^ A gzven fry

(k + l)*[y(A + ^ - 2ik + 2) - (Jfc* + k* + k - 1)J + I(jfe2 + 2k + 2)^].

2.5. Remarks. (i) We have by construction the following diagram:

Sym£_i £2® A £2 ® Gp2(<Z + 2)

Sym^ £2 ® £2(<Z + 2)

Sym^+i £2 ® Öp2(r/ H- 2).

By definition of £)^ we obtain a map

2
: <©£ -> Sym^_j £2® A £2 ® Gp2(<Z +2)

given in the fibersbyr/^ (/?,&;) /(x, y)<Zx A<Zy where / is a polynomial of degree
Z — 1.

(ii) In the case Z 1 we have

A(y<Zx — x<Zy) + h.o.t.
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with 1 G C a raJ/ßZ singularity. Thus 2.1 and 2.4 give formulas for the codi-
mension and degree of the space of foliations with a radial singularity:

codpTv Di 3j

deg Di 10<i^ — 8J + 4.

For J 1 we find deg Di 6. Looking at Jouanolou's Classification, [8], p. 14,

presently we have TV 7 and Di must coincide with the (projection of a) Segre

image of reducible foliations, r x ^ -> P^. In fact, up to a projective change of
coordinates we have u; z(x<iy — y<ix).

(iii) In thecase/: d + 1 the map /^+i: eMj+i -> Sym^+i £2^ ® +2) is
2

no longer surjective: its image is Sym^ £2® A £2^ ® Öp2(y/ +2). Indeed, suppose
that Ca is a form of degree d + 1 which has /? as singularity of order d + 1. Then a

local expression of is

ct)p + ij+iJj.
However, this form defines a projective form of degree J + 1 in P^ if and only if

a^+ix + 0,

if /? is a dicritical singularity. Therefore wecan write /(x, y)(y<ix — x<iy)
2

for some homogeneous polynomial / of degree J. Thatis, e Sym^ £2J,® A £2^.
Hence T^+i (see (7)) is the zero map. This shows that A/+i Summa-

rizing, for a foliation of degree J, any singularity of order J + 1 is automatically
dicritical.

3. Maximal contact

Consider a degree J form e //^(P^, £2(J + 2)) with a dicritical singularity at

/? [0 : 0 : 1] of order > 2. Denote by

tt:

the blowup of (C^ at /?. Write in local coordinates (x, y) around 0 e as

<7+1

^ ayJx + Dyz/y

where ay, Z?y are homogeneous polynomials of degree y. The blowup of at (0, 0),

{(x, y), [y : Z] | Zx xy} cC^xP\
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is covered by the usual two Charts

Fo {((x, y), [1 :1]) | Ix y} ~ {(x, | <,x e },
Fi {((x, y), [s : 1]) | x sy} ~ {(>, y) | s, y e C}.

Over Vo we have r/y Zr/x + xr/Z. Thus

<7+1

7r*(oi)(x, 0 Oy (x, Zx)r/x + (x, Zx)(Zr/x + xr/Z)
7=&
<7 + 1

(x, Zx) + zZiy (x, Zx))r/x + xZiy (x, Zx)r/Z

7=&
<7 + 1

X^ ^ X^"^ [(öy (1, 0 + ZZly (1, Z))<iX + xiy(l, 0 Z ]

7=fc

Since /? (0,0) is a dicritical singularity we have

o; /(x, y)(yrZx — xrZy) + h.o.t.

where / is a polynomial of degree — 1; so y/(x, y), —x/(x, y).
Hence we may write

tt*(öi)(x, 0 x^(xZ^(l, Z)rZz + xa) x^+*(— /(l, Z)rZz + a)

where a is a 1-form. The strict transform of o; is

6l) —^(1, Z)rZz T" T" ZZ}£_|_I)tZX xca (9)

for some 1-form cifi. Over To the exceptional divisor is given by x 0, and by (9)

we have

SaJx —/(I»Z)tZz aJx + xafi A rZx.

The leaves of o5 passing through each point (0, Zo) with /(l, Zo) / 0 are transverse to
the exceptional divisor. On the other hand, the points (0, Zo) such that /(l, Zo) 0

but aren't singularities of 5 are exactly the points of tangency of leaves of 5 with the

exceptional divisor.

Next, we study the relationship between the multiplicity of Zo as a zero of /(I, Z)

and the order of tangency of the leaf of 5 with the exceptional divisor at (0, Zo).

3.1. Lemma. 77n? ZnZ£rs<?cZZ<9n rawZzZpZZcZZy o/a Zea/a/ wZz/i z/ze <?xc£/?zZ<9naZ rZZvZsar

aZ a paZnZ (0, Zo) Zs zZi£ rawZzipZZcZZy a/Zo zero <9//(l, Z) pZws ane.
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Proo/ We may assume to 0. By (9) we have that 5 has the following form

5 (— /(l, 0 + xF(i, + (g(Y) + iG(i, £))<Zx

with /(1,0) 0. Observethatg(O) 7^ 0 because we are assuming that /? := (0,0) is

a nonsingular point of 5. Let A(x, y) 0 be a local equation for a leaf of 5 through
(0, 0), where A is a non constant holomorphic function. We have

(<S A <ZA)(/?) —g(0)H(/?)d£ A <Zx 0.

Hence f(e> 0 # (/?). Therefore, we can find a local analytic parameterization
of A 0 of the form y £,x y(£) defined in a neighborhood of £ 0 such that

K(0) 0,

K'<0) 37<rt/f (P) 0.

Since (y(t)> 0 parameterizes a leaf of 5 we find that

/(U) + y(f)F()/(0,0 + /(0fe(0 + y(0G(y(0.0) 0-

Hence, repeatedly differentiating with respect to £ yields

£Z(1 0)
yO>(0) 0 for all 7 < r =y A+AO) ^ \

g(0)

Now, y has intersection multiplicity « with x 0 at (0,0) if the first non-vanishing
derivative of x(y(t), t) y(t) at 0 is precisely Thus the intersection multiplicity
of A 0 with x 0 is « if and only if £ 0 is a zero of order « — 1 of /(I, t).

From the above lemma we have that if o; e Z)^, then the order of tangency of the
leaves of with the exceptional divisor is < A, and is equal to A precisely in the case
that / where / is a polynomial of degree one.

3.2. Degree of the MC locus. Recall that we say that a form o; has the MC property
if it has a dicritical singularity /? of order A such that the strict transform of under
the blowup of has a leaf with maximal order of contact with the exceptional divisor
of the blowup.

Consider a form with a dicritical singularity of order A,

/(x, y)(y<Zx — x<Zy) + h.o.t.

(i.e. / is a polynomial of degree A — 1). Then has the MC property if and only if
/(l, 0 (1 - /„)*-' or /(a, 1) - a„)*A /•*,

/(x, y) (öx + Ay)^~* for some a, A e C.



316 Y. Ferrer and I. Yainsencher CMH

Therefore we can parameterize the set of forms that has the MC property as

follows. The Veronese-type map £2 -> Sym^_^ £2 induces an embedding

: (P(£2(8) A £2 <g) 0p2(J + 2)) -> [P(Sym^_i £2(8) A £2 (8) Öp2(r/ + 2))

which is locally given by ® (y<ix — xr/y)) (/?, (8) (y<ix — xdy)). In
order to simplify the notation set

2
6? : £2(8) A £2 (8) Öp2(r/ 2)

and
2

6>A : Sym^._j £2(8) A £2 (8) Öp2(r/ 2).

Dehne

V* :=v*(P(S))c P(Sfr).

3.3. Lemma. TAe cod/mension 0/ Az (P (%) Zs A — 2 and zYs cyc/e c/ßss Zs

[Vfc] wi/A* + uAi/A* + wA^i/A* n p(gfc)

wAere 77^ (res/?. A) rfenotes *Ae reZßfZve AyperpZßne c/ßss 0/ P (%) (res/?. (P^) ßnrZ

w (A — 1),

v —^ (A — 1)(A — 2)(3A + 2J — 5),

u; |(A — 2)(A — 1)^(9A^ — 47A + 72 + (12A — 60) d + 12A^).

Proo/ It is clear that cod(V^) dim tP(%) — dim (P(f?) A — 2. Recalling that
the Chow ring ^4*(P (£?&)) is generated by 7/^ and A (see [4], Theorem 3.3, p. 64) we
can express

[Vfc] wf/£-2 + t>Af/£-3 + wA^A* p, ^
With this notation, the relative hyperplane class of (P(f?) is 7/2, and we have

v*(^) (A — l)//2. Consider the following diagram:

P(S) — P(%)

TT

P*.

To hnd the coefhcient zz we multiply by A^T/^ both sides of (10) to obtain:

A^T/fc n Vfc.(P(ß)) wA*tfA' ^
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By the projection formula we have

A*Vfc,((A - l)i/2 n P(g)) wA^"' n P(gfc).

Applying tt* to this last equation we find

(Jfc - i)A* n ^(//2 n p*p2) n ttT*),
(fc - i)A* n so(S) n P* ^ ^(g^) n A

Hence w A; — 1. Next, multiplying (10) by /z//^ we get

Af/| n vjt,(P(ß)) wA#£ n P(%) + vA2tf£-i n P(%).

Again the projection formula yields

A(A - l)* n v£*(#f n p(g)) n p(g*) + vA*#£~* n p(g*).

Applying tt* we obtain

A(A - n P(ß)) mAtT*(7/^ n 7T*p2) +

(£ — l)^/z^i(S) nP^ ((£ — l)/zsi(%) + UÄ^o(Sa:)) n P^,

hence i? (A; — l)^i(S) — (A; — l)si(%).
Similarly we obtain u; [(£ — 1)^2 (£?) — w^2(%) — PI [tP^].

The lemma follows from the calculation of the Segre classes of f? and f?£. Observe
2

that A £2 Öp2( 3), so that f? £2(<i — 1) and % Sym^_^ £2 0 0p2(J — 1).
These classes can be computed with Schubert [9].

By Remark 2.5 we have a rational map ^ as in the diagram

T/ffc : P (<©£;) >- P (%)

(ii)
Vit.

Set r* := VÄÖ7) C P(%). Thus

{(/?, [ce>]) | — xdy) + h.o.t. for some / e £2^,}.

The image
Cfc := tfflfc) C P*

parameterizes the space of foliations with the MC property.
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3.4. Lemma. We /zave:

(i) cod|p(£,^) cod|p(g^) & - 2.

(ii) Le£ Z C P(<0fc) r/enetfe Zocws tf/V'L- TTzen

codp(X)^)(Z)

Proo/ Since ^ (cf. diagram (11)) is induced by a surjective map of vector bun-
dies, its fibers have the same dimension Therefore diml\ dim + h, and

dim P (<©£;) dim P (%) + «. Hence the equality for the codimension follows:

2
codp(£)^)(Z) rank(Sym£_i £2<g) A £2(d + 2))

We may now find the degree of the locus of dicritical foliations with maximal
contact with the exceptional line.

3.5. Proposition, (i) 77ze cöd/mensic>n o/C^ m P^ zs

codpA^ -|- 3/r — 2.

(ii) 77ze rZegree o/Cfc Zs g/ven Zry f/ze/ormnZß

(jk - l)|[i(4^ + 20^ - 151k* - 66ä^ + 2111k* - 218/t + 112)

- (21k* + 7^4 + 2^3 + 24^2 _ 49£ + 44)J

+ (A + 2P + 101k* + jk + 16)rf*].

Proo/ First of all, the restriction is generically injective. For instance, it can be
checked that the 1-form

ft> (Z2~^~^(Zo + Zi)*-1 + Zq + zf )(ziizo - ZoJzi)

has /? [0 : 0 : 1] as its unique singularity with order /: and /? is a reduced point of
the über (g^)"* (M)- To compute the codimension observe that

codpyv Q codpyv Z)yt + codp(^) Q
£(£ + 2) + /: — 2 + 3/: — 2.

Put dim r^. By Lemma 3.4 (ii) we have that dim Z < «, hence Z^(Z) 0.

Using the excision exact sequence (cf. [4], Proposition 1.8, p. 21)

X„(Z) -> A„(P(Ä>jfc)) - \ Z) - 0,

we deduce that

^„(P(%))~,4„(F>(%)\Z).
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Therefore, using that the class [^A;] is known in P (<£>&) \ Z, we can do the com-

putations in A„(P (<©£)). Recalling (11), ^ is a linear projection, we have that

// := Ci(0p(^)(l)). Therefore

degQ dcgc/*nt

y //" n [Tfc]

J
J(wtf"+*~* + „/,#»+*-3 + »+*-4) n [P(Ä)jfc)] (Lemma 3.3)

y (wLT+i + uÄLT + n [P(Ä)jt)],

where r rank <©£. Applying /?i* and using the definition of Segre class [4], §3.1,

p. 47, we see that what we are calculating is

y (M52(%) + VSl(%) + w;so(%) n [P^].

From Lemma 3.3 we know the values of w, v, u;. The classes (<©£;) and ^2(<£>*;) are
known from (8) and the beginning of the proof of 1.7. We finish using Schubert [9].

4. Concluding remarks

It is worth mentioning that for foliations of degree J > 2, the scheme of singularities
completely determines the foliation. Moreover, the schemes of öP + d + 1 points that

can occur as Singular scheme of a foliation are known, cf. [2]. It would be nice to work
out the enumerative geometry of the loci of foliations with scheme of singularities
subject to collisions in the spirit of [10].

The reader is invited to check that formulas similar to 1.8, 2.4 and 3.5 can be

written down for an arbitrary surface. Precisely, given a smooth, projective surface

X, we may fix an ample divisor class A and look at the Space of foliations P^
P(//0(£2^ (g) Ö((J + 2)A))) for J 0. The degree of can be written as

+ 1)[(£ — !)(£ + 2)(4A^ + 4A + 3)c^

+ 12(2A + 1)(A^ + A — 1)(J + 2)Aci

+ 6(A^ + £ + 4)^2 + 36(A^ + £ — l)(d + 2)^A^]

where we set for short c/ Substituting in the Chern numbers for P^ (A^ 1,

ciA —3, C2 3) reproduces 1.8. We include a Script below.
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5. SCHUBERT/MAPLE SCRIPT

with(Schubert): DIM:=2; omega:=bundle(2,c);
f:=expand(Symm(k,omega));
g:=convert(%,list); s0:=sum(l, 'j'=0..k-1): sO:=factor(%);
sl:=sum('j', 'j'=0..k-1): sl:=factor(%); s2:=sum('j"2', 'j'=0..k-1):
s2:=factor(%); s3:=sum('j"3', 'j'=0..k-1): s3:=factor(%);
G:=g;l:=[ ]: for i to nops(g) do if has(g[i],k"3)then print(i):
1:=[op(1),i]: g[i]:=subs(k"3=s3,g[i]) fi od;g;
G:=g;l;for i to nops(g) do if not i in 1 then
if has(g[i],k~2)then print(i):1:=[op(1),i]: g[i]:=subs(k"2=s2,g[i])
fi fi od;g; G:=g;l;for i to nops(g) do

if not i in 1 then if has(g[i],k) then print(i):
1:=[op(1),i]: g[i]:=subs(k=sl,g[i]) fi fi od; g;l; g[2]:=s0;
collect(convert(g,'+'),t); omega*o((d+2)*h); mtaylor(%%*%,t,3);
chern(2,%); factor(%); #P2:cl"2=9*h"2,c2=3*h"2,cl=-3*h2
subs(cl"2=9*h"2,%); subs(c2=3*h"2,%); subs(cl=-3*h,%);
print(indets(%)); factor(%); subs(h=l,%); collect(%,d);
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and corrections.
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