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Manin obstruction to strong approximation for homogeneous
spaces

Mikhail Borovoi* and Cyril Demarche

Abstract. For ahomogeneous space X (not necessarily principal) of a connected algebraic group
G (notnecessarily linear) over a number field k£, we prove a theorem of strong approximation for
the adelic points of X in the Braver—-Manin set. Namely, for an adelic point x of X orthogonal
to a certain subgroup (which may contain transcendental elements) of the Brauver group Br(X)
of X with respect to the Manin pairing, we prove a strong approximation property for x away
from a finite set S of places of k. Our result extends a result of Harari for torsors of semiabelian
varieties and a result of Colliot-Théléne and Xu for homogeneous spaces of simply connected
semisimple groups, and our proof uses those results.

Mathematics Subject Classification (2010). Primary 14M17; Secondary 11G35, 14F22,
20G30.

Keywords. Manin obstruction, strong approximation, Brauer group, homogeneous spaces,
connected algebraic groups.

0. Introduction

Let k& be a number field. We denote by €2 the set of all places of &k, by Q4 the set
of all infinite (archimedean) places of k, by €2, the set of all real places of &, and
by Ly the set of all finite (nonarchimedean) places of k. For a finite set S C £, we
set ks := [[,es kv, where k, denotes the completion of k at v. We write ko for
kq... We denote by A the ring of adéles of k and by A® the ring of adéles without
S-components. We have A = A% X ks. If S = Qoo, we denote by AS = ASteo
the ring of finite adéles. If X is a k-variety, we have X(ks) = [][,cs X(ky) and
X(A) = X(AS) x X(ks). In particular X(A) = X(A/) x X(koo).

Let X be a smooth geometrically integral k-variety over a field & of characteris-
tic 0. Let Br(X) := HZ(X, G,) denote the cohomological Brauer group of X. We
set Bri(X) := ker[Br(X) — Br(X xi k)], where k is an algebraic closure of k.

*The first-named author was partially supported by the Tsrael Science Foundation (grant No. 807/07) and by
the Hermann Minkowski Center for Geometry.
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Recall that when & is a number field, there exists a canonical pairing (the Manin
pairing)

Br(X) x X(A) - Q/Z, b,x+ (b, x), (1)
see [10], Section 3.1, or [40], Section 5.2. This pairing is additive in b € Br(X)
and continuous in x € X(A). If x € X(k) C X(A) or b comes from Br(k), then
hyx) =&

For a subgroup B C Br(X) we denote by X(A)? the set of points of x € X(A)
orthogonal to B with respect to the Manin pairing. We have

X(k) € X(A)P® < x(A)E.

One can ask whether any point x = (x,) € X(A) which is orthogonal to Br(X') can
be approximated in a certain sense by k-rational points.

In this paper we consider the case when X is a homogeneous space of a connected
algebraic k-group G (not necessarily linear) with connected geometric stabilizers. For
suchan X and x = (x,,) € X(A)®1X) it was proved in [7], Appendix, Theorem A.1,
that our X has a k-point and that x can be approximated by k-points in the sense
of weak approximation. We used a result of Harari [21] on the Manin obstruction
to weak approximation for principal homogeneous spaces of semiabelian varieties.
Here, using a result of recent Harari’s paper [22] on the Manin obstruction to strong
approximation for principal homogeneous spaces of semiabelian varieties together
with a recent result of Colliot-Thélene and Xu [11] on strong approximation for
homogeneous spaces of simply connected groups, we prove a theorem on strong
approximation for our x.

For a connected k-group G we write G™" for the biggest quotient of G which
is an abelian variety, and we write G*° for the “simply connected semisimple part of
(7, see 1.1 below for details.

Theorem 0.1. Let G be a connected algebraic group (not necessarily linear) over a
number field k. Let X := H\G be a right homogeneous space of G, where H is a
connected k-subgroup of G. Assume that the Tate—Shafarevich group of the maximal
abelian variety quotient G*™ of G is finite. Let S O Qoo be a finite set of places of
k containing all archimedean places. We assume that G(k) is dense in G(A%).
Let x = (xy) € X(A) be a point orthogonal to Br(X) with respect to the Manin
pairing. Then for any open neighbourhood US of the projection x° of x to X(AS)
there exists a rational point xo € X(k) whose diagonal image in X(A%) lies in US.
Moreover, we can ensure that for each archimedean place v, the points xo and xy lie
in the same connected component of X (k).

Recall that G*(k) is dense in G*(A%) if and only if for every k-simple factor

G of G* the group G;*(ks) is noncompact (a theorem of Kneser and Platonov, cf.
[36], Theorem 7.12).
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Theorem 0.1 extends a result of Harari ([22], Theorem 4) and a result of Colliot-
Théléne and Xu ([11], Theorem 3.7 (b)).

In Theorem 0.1 we assume that our adelic point x is orthogonal to the whole
Brauer group Br(X). Actually it is sufficient to require that x were orthogonal to a
certain subgroup Brq (X, ¢) C Br(X). In general this subgroup Bry (X, ) contains
transcendental elements (i.e. is not contained in Bry (X)). Note that Theorem 0.1 with
Bry(X) instead of Br(X) would be false, see Counter-example 1.6 below. However
this theorem still holds with Bry(X) instead of Br(X), if S contains at least one
nonarchimedean place:

Theorem 0.2. Let G be a connected algebraic group (not necessarily linear) over
a number field k. Let X := H\G be a right homogeneous space of G, where H
is a connected k-subgroup of G. Assume that the Tate—Shafarevich group of the
maximal abelian variety quotient G®™* of G is finite. Let S O Qoo be a finite set
of places of k containing all archimedean places and at least one nonarchimedean
place. We assume that G*(k) is dense in G*(AS). Let x = (x,) € X(A) be a
point orthogonal to Bri(X) with respect to the Manin pairing. Then for any open
neighbourhood US of the projection x5 of x to X(A®) there exists a rational point
xo € X(k) whose diagonal image in X(AS) lies in US. Moreover, we can ensure
that for each archimedean place v, the points xo and xy, lie in the same connected
component of X(ky).

Remark 0.3. Let X be a right homogeneous space of a connected group k-group G
over a number field & such that the stabilizers of the geometric points are connected.
By [7], Theorem A.1, if there exists x € X(A) which is orthogonal to Bry (X), then the
variety X must have a k-point, hence X = H\G, where I is a connected subgroup
of . Therefore we could reformulate Theorems 0.1, 0.2, 1.4 and 1.7 for a general
homogeneous space X of G (without assuming that X is of the form X = H\G).

QOur proof is somewhat similar to that of Theorem A.1 of [7]. We use the reductions
and constructions of Subsections 3.1 and 3.3 of [7] in order to reduce the assertion to
the case when X is a k-torsor under a semiabelian variety (treated by Harari [22]) and
to the case when X is a homogeneous space of a simply connected semisimple group
with connected geometric stabilizers (the Hasse principle was proved in [4]; for strong

approximation, see Theorem 6.1 below, which is actually due to Colliot-Théléne and
Xu [11]).
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1. Main results

1.1. Let G be a connected algebraic group (not necessarily linear) over a field & of
characteristic 0. Then G fits into a canonical short exact sequence

| — Glin =6 — Gabvar g 1’

where G'" is a connected linear k-group and G is an abelian variety over k. We
use the following notation:

GV is the unipotent radical of G'i";

G™ := Gl"/GY, itis a reductive k-group;

G* is the commutator subgroup of G™, it is a semisimple k-group;

G* is the universal covering of G*, it is a simply connected semisimple k-group;
G = G/ G, it is a k-torus;

G := Ker(G'"™ — G¥), it is an extension of G* by G";

G¥ := (G/G")/ G, it is a semiabelian variety over k, it fits into a short exact

sequence
1 — (;tor_> Gsab _}c;abvar_> 1.

We define the group G* as the fibre product G*" := G xgea GU7, it fits into
an exact sequence
l - G"—- G - G* - L

We have a canonical homomorphism G** — G'™ — G.

1.2. Let X be a smooth geometrically integral k-variety. We write X for X xi k&,
where k is a fixed algebraic closure of k. Recall that Br(X) is the cohomological
Brauer group of X and that Br;(X) = ker[Br(X) — Br(X)]. We set Br,(X) :=
coker[Br(k) — Bri(X)]. If xop € X(k) is a k-point of X, we set Bry (X) =
ker[x} : Br(X) — Br(k)] and Bry ,,(X) := ker[x] : Brj(X) — Br(k)]. We have a
canonical isomorphism Bry »,(X) = Br,(X).

Let X = H\G be a homogeneous space of a connected k-group G. Let xy €
X(k). Consider the map 7yx,: G — X, g > Xxg.g, it induces a homomorphism
Ty, Br(X) — Br(G). Consider the commutative diagram

*
JTxO

Br(X) ——— Br(G)

| .

Br(X) —— Br(G).

Let Bri (X, G) denote the kemnel of any of the two equal composed homomorphisms
Br(X) — Br(G). In other words, Brq (X, ) is the subgroup of elements » € Br(.X)
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such that 7y () € Bri(G). We show in Lemma 4.4 below, that Br (X, G) does not
depend on xg. Let

Bry (X, G) := ker[x] : Bri(X, G) — Br(k)]
= {b € Br(X) | mr5,(b) € Bri.(G)}.

It is easy to see that the structure map X — Spec (k) induces an embedding Br(k) —
Br{(X, ) (because X has a k-point) and that Br;(X, G) = Bry x,(X, G) + Br(k).
It follows that an adelic point x € X(A) is orthogonal to Br (X, ) with respect to
the Manin pairing if and only if it is orthogonal to Bry x, (X, G).

1.3. Let X be a smooth geometrically integral k-variety over a number field k. We
denote by X(A). the set X(A7) x [Tyeq., mo(X(ky)), where mo(X(ky)) is the set
of connected components of X(k,,). The set X(A), has a natural topology, which we
call the adelic topology. We have a canonical continuous map X(A) — X(A). and
a canonical embedding X(k) — X(A),. The pairing (1) of the Introduction induces
a pairing

Br(X) x X(A)e — Q/Z. (2)

For a subgroup B C Br(X) we denote by (X(A)e)? the set of points of x € X(A)e
orthogonal to B with respect to the Manin pairing.

Let X be a homogeneous space of a connected k-group G. Then G(A) acts on
X(A) and on X(A),.

Main Theorem 1.4. et G be a connected algebraic group (not necessarily linear)
over a number field k. Let X := H\G be a right homogeneous space of G, where
H is a connected k-subgroup of G. Assume that the Tate—Shafarevich group of the
maximal abelian variety quotient G of G is finite. Let S O Qoo be a finite set of
places of k containing all archimedean places. We assume that G5 (k) is dense in
G*(AS). Set Sr =8Ny =8~ Q. Then the set (X(A)e)P"1 &G coincides
with the closure of the set X(k).G*"(ks,) in X(A)e for the adelic topology.

Remark 1.5. If x € X(A). is not orthogonal to Br;(X, G), we regard it as an
obstruction to strong approximation for x (this is the Manin obstruction to strong
approximation from the title of the paper). Indeed, then by the trivial part of Main
Theorem 1.4 the point x does not belong to the closure of X(k).G*"(ks,). We inter-
pret the nontrivial part of this theorem as an assertion that under certain assumptions
the Manin obstruction is the only obstruction to strong approximation for x and for its
projection x5 € X(A%). Indeed, if there is no Manin obstruction, i.e. x is orthogonal
to Bri (X, ), then by the nontrivial part of Main Theorem 1.4 the point x belongs to
the closure of X(k).G*"(ks ), and its projection x% € X(A%) belongs to the closure

of X(k) in X(A%).
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1.6. Counter-example with Br (X ) instead of Br(X ). Above we stated the main
theorem about the Manin obstruction related to the subgroup Br; (X, G) C Br(X).
We are interested also in the algebraic Manin obstruction, that is, the obstruction
coming from the subgroup Br(X) C Br(X). We can easily see that in general the
algebraic Manin obstruction is not the only obstruction to strong approximation.

First we notice that in general Bri(X) & Br;(X, G). Indeed, assume that G is
semisimple and simply connected and that /7 is connected semisimple but not simply
connected. In particular, /A fits into an exact sequence

l - puyg - H* - H — 1,

where p g is finite and abelian. Consider X := H\G. Then we know by [38],
Proposition 6.9 (iv), that the groups Pic(G) and Bry .(G) are trivial. By [11],
Proposition 2.10(ii), we have a canonical isomorphism Pic(H) = Br,,(X), where
xg € X(k) is the image of ¢ € G(k). Since H is semisimple, by the exact se-
quence in [38], Lemma 6.9 (i), we know that the map Pic(H) — Pic(H) is injec-
tive, therefore any non-trivial element of Bry,(X) is a transcendental element of
Br(X), i.e. is not killed in Br(X). We see that Bry,x,(X) = 0, hence Br,(X) =
0. In addition, Proposition 2.6 (ii1) in [11] (or the corollary in the introduction of
[18]) implies that Br(G) = 0, hence Bry,x, (X, G) = Bry,(X). Therefore in this
case Br(X)/Br(k) = Br,(X) = 0, while Br((X, G)/Br(k) = Br ,,(X,G) =
Pic(H) = i (k). We see that Bry (X, G) ¢ Br(X) if g (k) # 0.

An explicit example is given by H = SO,, C SL,, = G forn > 3. In this case
i = ppand (k) = Z/27 # 0,hence Bri (X, G) ¢ Bri(X). Wetake k tobe a
totally imaginary number field, e.g. k = Q(i). Take S = Q. then AS = A/ We
show that in this case the algebraic Manin obstruction is not the only obstruction to
strong approximation away from .

We may and shall identify X := H\G with the variety of symmetric n x n-
matrices 7 with determinant 1. Then an element of X(A) can be written as (7}, )yeq.,
where Ty, is a symmetric # X 7-matrix with determinant 1 over k,,. Let g,(7y) € {£1}
denote the Hasse invariant of the quadratic form defined by 7, (see for instance [33],
p. 167, before Example 63:14). Note that for v € Q4 we have k, = C, hence
eu(Ty) = 1. For T/ € X(A7) set

Ef(Tf) = l_[ Sv(Tv)s

vell s

then £/ is a continuous function on X(A/) with values 1. For Ty € X (k) we have

e (To) = [ &)= [] eTo) [] &To)=]]eTo) =1,

vEQ £ veQ # VEL vell

because for all v € Q4 we have £,(Tp) = 1, and because by [33], Theorem 72:1, the
last productequals 1. Since &/ is a continuous function, forany 7/ = (T,) € X(A')
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lying in the closure of X (k) we have ¢/ (T/) = 1. We show below that there exists
Ul e X(AT) withe/ (U7) = —1.

Fix vg € Qf. Let Uy, € X(k,,) be a symmetric matrix with determinant 1 with
vy (Upy) = —1 (there exists such a symmetric matrix, see [33], Theorem 63:22). For
v e Qp ~{vg}set Uy, 1= diag(l,...,1) € X(ky), then £,(U,) = 1. We obtain an
element U/ = (Uy)veq, € X(A7) with ¢/ (U7) = —1. We see that U/ does not
lie in the closure of X(k) in X(A/).

It is well known that for our G = SL, and § = Q«, the group G(k) is dense
in G(A®) = G(A’). We have Br;(X) = Br(k), hence all the points of X(A)e =
X (A7) are orthogonal to Br; (X), in particular our point U/ . However, U/ does
not lie in the closure of X(k) in X(A/) = X(A%) = X(A)..

Of course, our U/ J is not orthogonal to Bry (X, G) (otherwise it would lie in the
closure of X (k) by Main Theorem 1.4). Indeed, consider the map

m: X(AY) = X(A)s — Hom(Br(X. G)/Br(k). Q/2) = Z]27

induced by the Manin pairing (2) from 1.3. It can be shown that this map coincides
with the map &/ : X(A/) — {1} under the canonical identification Z /27, = {+1}.
It follows that m(U /) = 1 +27 € 7 /27, hence U/ is not orthogonal to Br (X, G).

The above counter-example shows that Main Theorem 1.4 does not hold with
Bry(X) instead of Br{ (X, (7). Nevertheless, we can prove a similar result about the
algebraic Manin obstruction, assuming that § contains at least one nonarchimedean
place.

Theorem 1.7. Let G be a connected algebraic group (not necessarily linear) over a
number field k. Let X := H\G be a right homogeneous space of G, where H is a
connected k-subgroup of G. Assume that the Tate—Shafarevich group of the maximal
abelian variety quotient G™ of G is finite. Let x € X(A) be an adelic point
orthogonal to Br1 X with respect to the Manin pairing. Let S O o0 be a finite set
of places of k containing all archimedean places and at least one nonarchimedean
place vo. We assume that G(k) is dense in G¥(AS). Set S} =85~ (Qoo U{ve}).
We write X(A0h), for X (ASUivol) « Hvero wo(X(ky)). Then the projection
x0} e X(AP0}), of x lies in the closure of the set X(k).GSC“(kS}) in X(Aoh, for
the adelic topology.

Theorem 0.1 follows from Theorem 1.4, and Theorem 0.2 follows from Theo-
rem 1.7.
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2. Sansuc’s exact sequence

2.1. Let k be a field of characteristic 0.
Let7: Y — X be a (left) torsor under a connected linear k-group H. We define
Bri (X, Y) to be the following group:

Bri(X.Y) := {b € Bi(X) : *(b) € Bry (Y)},
and if y € Y(k), x = 7(y), define Bry (X, ) to be
Bry  (X.Y) :=ker[x*: Bry(X.Y) — Br(k)] = {b € Br(X) : 7*(b) € Bry, (¥)}.
We denote by
{.): Br(X) x X(k) — Br(k): (b, x) — b(x)
the evaluation map.

2.2. Before recalling the result of Sansuc, we give a few more definitions and nota-
tions. Let +4 be an abelian category and F: Var/k — # be a contravariant functor
from the category of k-varieties to 4. If X and Y are k-varieties, the projections
px, py: X xx ¥ — X, Y induce a morphism in A (see [38], Section 6.b):

F(px)+ F(py): FIX)® F(Y) = F(X x Y)
such that

F(px) + F(py) = F(px) onx + F(py) o 7y, (3)

where my, my are the projections F(X) & F(Y) — F(X), F(Y) and the group law
in the right-hand side is the law in Hom(F(X) & F(Y), F(X x; Y)).

Letm: X x3 Y — Y be a morphism of k-varieties. Assume that the morphism
F(px) + F(py) is an isomorphism. We define a map

p: F(Y)—= F(XxzY)— F(X)s F(Y) = F(X)
by the formula
¢ = mx o (F(px) + F(py))~" o F(m) (4)
(see [38], (6.4.1)).

Lemma 2.3. let FF: NVar/k — A be a contravariant functor. lLet X, Y be two
k-varieties, m: X X3 Y — Y be a k-morphism. Assume that:

* F(Spec(k)) = 0.
* Fipx)+ F(py): F(X)® F(Y) — F(X xi Y) is an isomorphism.
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» There exists x € X(k) such that the morphism m(x,.): Y — Y is the identity
of Y.

Then F(m) = F(px)oo+ F(py): F(Y)— F(X x; Y).
Proof. Consider the morphism xy: Y — X % Y defined by x. Then F(xy) o
F(pyx) = 0, since the morphism py cxy : ¥ — X factors through x : Spec(k) — X
and F(Spec(k)) = 0. Since py o xy = idy, we have F(xy) o F(py) = id, and
the third assumption of the lemma implies that F(xy) o F(m) = id. Therefore, we
deduce that

Flxy)o(F(px)+ F(py)) =ny: F(X)® F(Y) — F(Y),
hence

ny o (F(px) 4+ F(py))™' o F(m) = F(xy) o F(m) = idr). (5)
But by (3) we have

F(m) = F(px) o mx o (F(px) + F(py))™" o F(m)
+ F(py) oy o (F(px) + F(py))™! o F(m),
so (4) and (5) give exactly
F(m) = F(px) op + F(py). O

We shall apply those constructions and this lemma to the functors ¥ = Pic(.) and
I" = Br,(.)andtothemorphismm : H xY — Y defined by an action of an algebraic
group H on a variety Y. In this context, those functors satisfy the assumptions of
Lemma 2.3 by [38], Lemma 6.6.

We now recall Sansuc’s result.

Proposition 2.4 ([38], Proposition 6.10). Let k be a field of characteristic zero, H a

A . H
connected linear k-group, X a smooth k-variety andw: Y — X atorsor under H.
Then we have a functorial exact sequence:

A " o E
Pic(¥) L Pic(H) =25 Br(X) 25 Br(Y) ——Y Bi(H x ¥).  (6)

Here m: H XY — Y denotes the left actionof H on'Y, py: H XY — Y the
natural projection and A’Y/X: Pic(H) — Br(X) is a map defined in the proof of
Proposition 6.10 in |38]. For the defimition of the map @1, see (4) or [38], (6.4.1).

Proof. For the part of the exact sequence up to Br(X) 5 Br(Y) see [38], Propo-
sition 6.10. Concerning the last map Br(Y) — Br(#H x Y), it implicitly appears in
Sansuc’s paper in the last term of the exact sequence

0 — HYY/X, Pic) —» HX(X,Cp) > HOY/X,8r) = 0
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(the second sequence of the four short exact sequences on page 45). By definition

HO(Y/X. Br') = ker[Br(Y) ——2 Br(Y xx Y)|,

where pr;: ¥ Xy ¥ — Y denote the two projections. Since ¥ — X is a torsor, we
have a canonical isomorphism H XY — Y xy Y defined by (h, y) > (m(h,y), y).
Sansuc noticed that the maps pr,; and pr, correspond under this isomorphism to the
maps m and py, respectively (see [38], the formulas for the faces of the simplicial
system on page 44 before Lemma 6.12). Thus we see that

HOY /X, Br') = ker[Br(Y) ———20 s Br(H x Y)|.

A computation using the Cech spectral sequence (6.12.0) in [38] shows that the map
Br(X) — Br(Y) defined by the composition

HYX,Gm) 3 HOY/X, Br') C HXY, G

is the pullback morphism =*: Br(X) — Br(Y ). This concludes the proof of the
exactness of (6). L

The exact sequence in the above proposition will be very useful in the following,
but we need another one: we need a version of this exact sequence with the map
Ay;x : Pic(Hl) — Br(X), defined in [11] before Proposition 2.3. We recall here the
definition of Ay, x due to Colliot-Thélene and Xu.

2.5. Definition of Ay,x. We use the above notation. Since £ is connected, we
have a canonical isomorphism cg : Exty (H, Gy,) = Pic(H ) (see [8], Corollary 5.7),
where Ext; (H, G,) is the abelian group of isomorphism classes of central extensions
of k-algebraic groups of H by G,,. Given such an extension

l- G, —-H — H—=1

corresponding to an element p € Pic(H), we get a coboundary map in étale coho-
mology

see [19], IV.4.2.2. This coboundary map fits in the natural exact sequence of pointed
sets (see [19], Remark IV.4.2.10)

HY(X. H,) — HY(X, ) 2% H2(X.G,,) = Br(X). 7)

The element Ay, x (p) is defined to be the image of the class [Y] € H'(X, H) of the
torsor 7 : ¥ — X by the map dg,. This construction defines a map

Aysx: Pic(H) — Br(X), prop ([Y)]),
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which is functorial in X and A (this map was denoted by §,,,5(}) in [11]).
We can compare the map Ay, y: Pic(/{) — Br(X) with another useful map

ay/x: H(k, ﬁ) — Brj(X) defined by the formula
ay/x(z) == px(z) U[Y] € H*(X,Gp),

where py : X — Spec(k) is the structure morphism and [V ] € H1(X, H).
Recall that we have a canonical map ng: H'(k, H) — Pic(H) coming from
Leray’s spectral sequence (see for instance [38], Lemma 6.9).

Lemma 2.6. The following diagram is commutative:

H(k, ) —5> Bry(X)

W

Ay x

Pic(H) ——— Br(X).

Proof. Define Z to be the quotient of Y by the action of #*". Then Z — X 1is

a torsor under H'". By functoriality, and using the isomorphism H™" =~ H, itis
sufficient to prove the commutativity of the following diagram:

H (k. Hoy —55 Bry (X)

-]

Azsx

Pic(H) ———— Br(X).

Consider the groups Ext} (H'"", G,,) in the abelian category of fppf-sheaves over
Spec(k). By [29], Lemmas A.3.1 and A.3.2, we know that the diagram

Hl(k, ﬁf&r) L Br (X)

\n:ﬁrtor {

Azix

Ext}c(Hto‘", Gm) ——— Br(X)
is commutative, where n}{mr - Hl{k, Eﬁ&r) — Ext,lc (H'™", Gy,) is the edge map from
the local to global Ext’s spectral sequence
HP (k, Ext(H", Gp)) = Ext!T(H™, Gp)

(see [1], V.6.1).
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By [35], Proposition 17.5, there exists a canonical map Ext;: (H™, G,,) —
Extf (', Gy,). Composing this map with cgoc: Ext (1", G,,) — Pic(H™)
(used in the construction of Az /x ), we getamap ¢, : Ext}c (H",G,,) — Pic(H"").

It is now sufficient to prove that the diagram

— 7’7, tor
H(k, H") —— Ext} (H"", G
N l""Hmf
Pic(H ™)

is commutative. .
The natural transformation Hom,;_gmups(H ©r (g — HOY(H™, (.);) of func-

tors from the category of fppf-sheaves over Spec(k) to the category of Gal(k/k)-
modules induces a morphism of spectral sequences

(HP? (e, Ext(H", Gf)) = Ext{ T (H™, G))
—— (HP(k, HI(", G ) = HPY(H'™, Gp))
from the local to global Ext’s spectral sequence to Leray’s spectral sequence. This

morphism implies that the induced diagram between edge maps

— n’ tor
H(k, H"y —— Ext{ (H"", G,,)
\ lro
7 gy tor
Pic(H ")

is commutative. We need to prove that the map 7y induced by t coincides with the
map ¢y 0 Bxt] (™, Gp) — Pic(H1"7). Let

0= Gur > I —-0—0

be an exact sequence of fppf-sheaves on Spec(k) such that [ is injective. Then the
long exact sequences associated to the functors H(H'", ) and Homy (H'™, ) give
rise to the following commutative diagram

Homy (H'", Q)/Homy (4, 1) — HO(I™", Q)/H° (I, T)

- -

Ext} (H"", G,,) H'(H"™,Gp),

where the vertical maps are the coboundary maps and the horizontal ones are induced
by . With this diagram, it is clear that the image by 7 of a given group extension is
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the same as the image of this extension by the map ¢%,,, which concludes the proof.

(]

Htor»

Remark 2.7. In particular, it H = T is a k-torus, then the map n7: H Tk, f’) =
Pic(T) is an isomorphism, and we see that the map Ay, x coincides with the map
ay/x: H'(k, T) — Br;(X) defined by z > p}(z) U[Y].

The goal of the following theorem is to give an equivalent of Sansuc’s exact
sequence (6) with the map A}, /X replaced by the map Ay, x. It will be very important
in the following.

Theorem 2.8. Let k be a field of characteristic zero. Let H a connected linear k-

H
group, X a smooth k-varietyand . Y — X a (left) torsor under H. Then we have
a commutative diagram with exact rows, functorial in (X, Y, 7, H ):

Pic(Y) e, Pic(H) ——> Br(X) ——— Br(Y) — Br(H x Y)

T

Pic(¥) —“ s Pic(H) —2% Bry(X.Y) —= > Bry (Y) —*2~ Br, (H).

Here m: H XY — Y denotes the left action of H on Y, the homomorphism
Ayx: Pic(H) — Br(X) is the map of [11], see 2.5 above, the homomorphisms
@1 and @, are defined in [38] (6.4.1) (or see (4)), the homomorphisms ty and ty are
the inclusion maps, and the injective homomorphism v is given as the composite of
the following natural injective maps:

Br,(H) — Br,(H) & Br;(Y) — Bry(H x ¥) < Br(H x Y).

Inparticular, if Y(k) #£ @and y € Y(k), x = n(y), then the maps ¢; are induced
by the map i,: H — Y defined by h — h.y, and we have an exact sequence

) 5o Ay/x m* i
Pic(Y) — Pic(H) —— Br| »(X,Y) — Bry ,(Y) — Br.(H). (9)

Remark 2.9. Recall that the exact sequences (8) and (9) can be extended to the left

by
0 — k[X|*/k* = k|¥Y]*/k* - H (k) — Pic(X) — Pic(Y)

(see [38], Proposition 6.10).

Corollary 2.10. Let k be a field of characteristic zevo. Let T be a k-torus, X a

smooth k-variety and w: Y — X a (left) torsor under T. Then we have an exact
sequence

A ES
Pic(Y) 2 Pic(T) =% Bry(X) 25 Bry(Y) 22 Br, (7).
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Proof. Itis a direct application of Theorem 2.8, using Pic(T) = 0. O

Remark 2.11. This corollary compares the algebraic Brauer groups of X and Y.
Concerning the transcendental part of those groups, Theorem 2.8 can be used to
study the injectivity of the map Br(X) — Br(Y). We cannot describe easily the
image of this map in general. However, Harari and Skorobogatov studied this map
in particular cases (universal torsors for instance): see [23], Theorems 1.6 and 1.7.

Corollary 2.12 (cf. [38], Corollary 6.11). Let
L@ —5@-Lad 1

be an exact sequence of connected algebraic groups over a field k of characteristic
zero. Assume that G' is linear. Then there is a commutative diagram with exact rows

=~k *

Pic(G) —— Pic(G' ) Br(G”) — L . BrG) Nl Br(G' x G)

T N

Pic(G) —— Pic(G’) ﬂ Bri .(G", G) o Bry .(G) —— Br.(G").

(10)
Here pg: G' x G — G is the projection map, the map m: G' X G — G is defined
bym(g’, g) ;= i(g").g¢ (where the product denotes the group law in G), I and 1 are
the inclusion homomorphisms, and the injective homomorphism v is defined as in
Theorem 2.8.

If the homomorphism Pic(G) — Pic(G') is surjective (e.g. when G' is a k-torus,
or when G' is simply connected, or when all the three groups G', G and G" are
linear), then Br o(G", G) = Br1 .(G"), and we have a commutative diagram with
exact rows:

Sk A " % mF_ p*
Pic(G) — = Pic(G') =22 Bi(6”) ——~ Br(G) L Br(G' x G)

H H )‘LN |L )‘U (11)
Agrgn % i

Pic(G) —— Pic(G') —L5 Bry,o(G") —— Bry o(G) —— Br1 .(G').

Proof. The short exact sequence of algebraic groups defines a structure of (left) G-
torsor under G’ on G (G’ acts on G by left translations). Now from the diagram
with exact rows (8) we obtain diagram (10), which differs from diagram (11) by the
middle term in the bottom row.

From diagram (8) we obtain an exact sequence

o= i = D66 = i ~
Pic(G) — Pic(G') ——— Br(G") — Br(G). (12)
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If the homomorphism 7 *: Pic(G) — Pic(G) is surjective, then the homomorphism
j*:Br(G”) — Br(G) is injective, hence Bry .(G”, G) = Bry(G”"), and we obtain
diagram (11) from diagram (10).

If G’ is a k-torus or if G is simply connected, then Pic(G’) = 0, and the
homomorphism Pic(G) — Pic(G’) is clearly surjective. If all the three groups G,
G and G" are linear, then again the homomorphism Pic(G) — Pic(G) is surjective,
see [38], proof of Corollary 6.11, p. 44. L

For the proof of Theorem 2.8 we need a crucial lemma.

Lemma 2.13. Let k be a field of characteristic zero. Let H a connected linear
H
k-group, X a smooth k-variety and w: Y — X a (left) torsor under H. Let

v: 7 =5 Y be atorsor under G,. Then there exists a central extension of algebraic
k-groups
l- G, — H - H—1

and aleft action Hy X Z — Z, extending the action of Gy, on Z and compatible with
the action of H on Y. This action makes Z — X into atorsor under Hy. Moreover,

the class of such an extension Hy in the group Ext, (I, (sy,) is uniquely determined,
namely [H1] = p1(|Z]) € Exty (I, Gy,) = Pic(H).

Remark 2.14. In [24], Harari and Skorobogatov studied this question of composition
of torsors. Their results (see Theorem 2.2 and Proposition 2.5 in [24]) deal with
torsors under multiplicative groups and not only under G, as here, but they require
additional assumptions concerning the type of the torsor and on invertible functions
on the varieties. Those additional assumptions are not satisfied in our context.

Proof. Let pg: HxY — H and py: H xY — Y denote the two projections. Let
l—- G, — H—-H—1

be a central extension such thatits class in Ext (H, Gy,) = Pic(H ) isexactly ¢ ([Z]).
In this setting, Lemma 2.3 implies that

m*|Z] = pylihl + pylZl. (13)
Formula (13) means that the push-forward of the torsor

Gy X Gy
HixZ — HxY

by the group law homomorphism G, x G, — G, is isomorphic (as a H x ¥ -torsor
under G,,) to the pullback m* Z of the torsor Z — Y by the mapm: H x Y — Y.
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In particular, we get the following commutative diagram:

Hy 8 T2 i o (14)

where m’ is defined to be the composite of the two upper horizontal maps. The
situation is very similar to that in the proof of Theorem 5.6 in [8]: the map m’ fits
into commutative diagram (14) and for all #1,¢, € G,, and all hy € Hy,z € Z, we
have

m'(ll.kl,lg.z) = Iltg.m'(kl,z). (15)

We want to use m’ to define a group action of Hy on Z. Formula (15) implies that
the morphism m'(e, .): z — m'(e, z) is an automorphism of the Y -torsor Z, and we
can define a map m”: Hy x Z — Z to be the composition

m' =m'(e,) Lom': Hix Z — Z.

Then we get a commutative diagram

H1XZLH»Z

]

HxY——2+7Y,
where the map m” still satisfies formula (15) and now, for all z € Z, we have
m'(e, z) = z. (17)

We wish to prove that m” is a left group action of Hy on Z.
Sincem: H x Y — Y is aleft action, we have

t(m”(hihy,2)) = t(m"(hy,m"(h2,2))) Torhy,h, e Hy, z € Z,

where 7: Z — Y is the canonical map. Since t: Z — Y is atorsor under (,,, there
is a canonical map

Zxy Z — Gy, (21,22) 2122_1.

We obtain a morphism of k-varieties

p: HHx Hi x Z = Gy, (hy,hy,2) = @, (h. h2),
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such that
m"(hihs,z) = @z (hy, hy).m"(hy,m"(ha,2)) forhy, h, € Hy, z € Z.
Then (17) implies that
p,(h,e)=1 and g¢;(e h)=1.

By Rosenlicht’s lemma (see [37], Theorem 3, see also [38], Lemma 6.5), the map ¢
has to be trivial, i.e. ¢;(h1,h) = 1 forall z, i1, ;. Therefore we have

m"(hihy,z) = m"(hy,m"(h,,z)). (18)

Formulas (17) and (18) show that m" is a left group action of H, on Z. Since m"
satisfies (15), we have fort € G,,, z € Z

m'(te,z) = t.m"(e,z) = 1.z,

hence the action m” extends the action of G, on Z. From diagram (16) with m”
instead of m’ we see that the action m"” induces the action m of H on Y.
Consider the following commutative diagram (see (16)):

i s 2% s F

]

kaYﬁ’-qu Yxx Y,

where ¢z (hy,z) = (m"(h,2),2), ¢v(h,v) := (m(h,y),y), and the unnamed
morphisms are the natural ones. Since ¥ — X is a torsor under f, the morphism
¢y is an isomorphism. The group G, X Gy, acts on Hy X Z via(ty, 1) .(h1,2) =
(t1h1,15.2), making H| xx Z — H x; Y into a torsor under G, x (,,,. We define
an action of G, x G, on Z xy Z by

(Il, Iz).(Zl, 22) — ((1112).21, I2.22),

then Z xy Z — Y xx Y is a torsor under G, X G,. By formula (15) the map ¢z in
(19) is a morphism of torsors under {,;, X (5, compatible with the isomorphism ¢y
of k-varieties. Therefore the map ¢z is an isomorphism of k-varieties, which proves
that the action m” makes Z — X into a torsor under H;.

Let us prove the uniqueness of the class of the extension Hy. If H> is a central
extension of /7 that satisfies the conditions of the lemma, then the analogues of
diagram (16) and formula (15) with H; instead of f; define an isomorphism of
H x Y-torsors under Gy, between the push-forward of H> x Z by the morphism
Gm x Gy — Gy, and the torsor m™ Z. Therefore, we get

m*[Z] = py[Ha] + py[Z].
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Comparing with (13), we see that py,[H,] = pj[H1]. Since pj, + py : Pic(H) &
Pic(Y) — Pic(H xY') is an isomorphism, we see that p7,; : Pic(f]) — Pic(H xY)is
an embedding, hence [H,| = |H,|, which completes the proof of Lemma 2.13. [

2.15. Proof of Theorem 2.8: top row of the diagram. First we prove that the top row
in diagram (8) is acomplex. Let p € Pic(Y') and let us prove that Ay, x (¢1(p)) = 0.
Let Z — Y be atorsor under G, such that [Z] = p € Pic(Y). Let p’ := ¢1(p) €
Pic(H),and 1 - G, — Hy — H — 1 be a central extension of H by G, cor-
responding to p’ via the isomorphism Ext_ (H,Gy,) = Pic(H). Then Ay x(p')
is equal (by definition) to dg, ([Y]) € H?*(X,G,,), where dg,: HY(X, H) —
H?(X,G,,) is the coboundary map coming from the extension Fy, and [Y] is the
class of the torsor ¥ — X in H'(X, H).

Lemma 2.13 implies that the class [Y] € H'(X, H) is in the image of the map
H'(X, Hy) — H'(X, H). From exact sequence (7) we see that the class 3z, ([Y])
is tr1V1al in H%(X, Gm) Le. Ay/x(p) = 3u,([Y)) = 0 € H*(X,Gy,), hence

Pic(Y) i Plc(H) —> Br(X) is a complex.

Let p € Pic(f), and let us prove that 7*(Ay,;x(p)) = 0. The element p
corresponds to the class of an extension 1 — &, — Hy — H — 1, and we have
Ay;x(p) = 0, ([Y]). We have a commutative diagram

3H1
H'(X. H) ' H2(X.C)

\n* | J

HYY, H) —> H2(Y, Gy)

sothat 7*(Ay,x (p)) = 7" 0y, ([Y])) = 0, (x*[Y]). The torsor 7*[Y] is trivial in
the set H (Y, H), hence n*(Ay;x(p)) = 0. Consequently the top row of diagram
(8) 1s a complex.

Let us prove that the top row of diagram (8) 1s exact. For the exactness at the term
Br(Y), see Proposition 2.4. So it remains to prove the exactness of the top row at
Pic( H) and at Br(X).

Let p € Pic(H) be such that Ay, x(p) = 0. Such a p corresponds to the class

of an extension 1 —» G,, — H; 2 H — 1 such that dm, ([Y]) = 0. From exact

sequence (7) we see that there exists an X-torsor Z i X under H;, with an H;-
equivariant map Z — Y, making Z — Y into a torsor under (,,. Then by the
uniqueness part of Lemma 2.13 we know that the class of Z — Y in Pic(Y) maps to
the class of H; in Pic(H), i.e. ¢1([Z]) = p, which proves the exactness of the top
row of diagram (8) at Pic( H ).

Let us now prove the exactness of the top row of (8) at Br(X).
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Assume first that the k-variety X is quasi-projective. Let A € Br(X) such that
7*A = 0 € Br(Y). By a theorem of Gabber also proven by de Jong (see [12]),
we know that there exists a positive integer n and an X-torsor Z — X under PGL,,
such that — A is the image of the class of Z in H '(X, PGL,,) by the coboundary map

dc1n
HY(X,PGL,) Tt H?%*(X,G,,). Let W denote the product ¥ xy Z. From the
commutative diagram with exact rows

HY(X,GL,) — H(X,PGL,) — Br(X)

| | -

HY(Y,GL,) — H(Y, PGL,) — Br(¥)

, o PGL, . ,
we see that the assumption 7* A = 0 implies that the torsor W — Y is dominated

GLn ;
by some Y -torsor under GL.,, i.e. there exists a torsor V' —— Y and a morphism of
Y -torsors V' — W compatible with the quotient morphism GL.,, — PGL,,. We have

the following picture:
GLn

N

Y PGL, w G 4
Hl lH

X Yo £ 5

Since W — X is a torsor under the connected linear group 7 x PGL.,,, we can apply
Lemma 2.13 to get a central extension

l—- G, —-—L— HxXxPGL, —1 (20)

and a structure of X-torsor under L on V¥ — X, compatible with the action of
H xPGL,, on W. In particular, the natural injections of &/ and PGL,, into 7 xPGL,,
define two central extensions obtained by pulling back the extension (20):

l- G, - Ly — H — 1, (21)
l - G, — Lpg, - PGL, — 1. (22)

Since PGL,, acts trivially on Y, the action of Lpgr,, (asa subgroup of L) on V defines
a commutative diagram

LPGLHXVLVXYV

| |

PGL, x W 2> W xy W
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where ¢y (I, v) := (l.v,v), ¢w(p, w) := (p.w, w), and the vertical maps are the
natural ones. We see easily that ¢y is an isomorphism, hence V' — Y is a torsor
under Lpgp,,. This action of Lpgp,, extends the action of G, on V' above W, and is
compatible with the action of PGL,, on W above Y via the extension (22) and the map
V' — W. Therefore, the unicity result in Lemma 2.13 implies that exact sequence
(22) is equivalent to the usual extension 1 — G,, — GL, — PGL, — 1, and in
particular that 97,6, (| Z]) = dar, ([ Z]) € H3(X, Gy).
Consider the direct product of the exact sequences (21) and (22):

l - G, x Gy, — Ly X Lpg, — H XPGL, — 1.

Define the morphism p: Ly x Lpgr, — L by p(l,1") := 1.I', where the product is
taken inside the group L. By definition of Ly and Lpg;,, . we see that the image of the
commutator morphism ¢: Ly X Lpgr,, — L defined by ¢(/,!’) := v ts
contained in the central subgroup G, of L. Therefore, since c(e,!’) = c¢(l,e) = 1,
Rosenlicht’s lemma implies that ¢(/,!") = 1 forall (/,!") € Ly x LpaL, - Hence the
morphism g is a group homomorphism, and the following diagram is commutative
with exact rows:

| — G, x Gy —— Lg X Lpg,, — H xPGL,, —— 1

T

1 G y H xPGL;, ——1,

where m: Gy, x Gy, — Gy, is the group law. Therefore we get a commutative
diagram of coboundary maps

07 g X0Lpgr,

HY(X, H) x H'(X,PGL,) H2(X,Gp) x HX(X, G )

)‘ DL gy > LpgLy,
H'(X, H x PGLy,) dASi H2(X, G X Gm)
d
HY(X, H x PGL,,) L H2(X,G,).

In particular, this diagram implies that
IL(IW]) = 3, (Y] + 3rper, ([Z])

H n : ; L
in H%(X,G,,). Since W X X is dominated by the X-torsor V — X, we

know that 97 ([W]) = 0, therefore the above formula implies that
Iy ([Y]) = —0pp, ([£]) = 4 € Br(X),
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ie. A= Ay;x([Ly]), with[Lg] € Ext; (H, G,,) = Pic(H ). Hence the first row of
diagram (8) is exact under the assumption that X is quasi-projective.

Let us now deduce the general case: X is not supposed to be quasi-projective
anymore. By Nagata’s theorem (see [32]) we know that there exists a proper k-
variety Z and an open immersion of k-varieties X — Z. By Chow’s lemma (see
[15], IL.5.6.1 and I1.5.6.2, or [39], Chapter VI, §2.1), there exists a projective k-
variety Z’ and a projective, surjective birational morphism Z' — Z. Moreover,
using Hironaka’s resolution of singularities (see [27], see also [3] and [17]), there
exists a smooth projective k-variety Z and a birational morphism Z — Z'. Define
X’ to be the fibred product X’ := Z xz X. Then X’ is a open subvariety of Z,
hence X' is a smooth quasi-projective k-variety, and the natural map X’ — X isa
birational morphism. Define ¥’ to be the product ¥ xy X'. By the quasi-projective
case, we know that in the commutative diagram

P1C(H) Br(X’) —— Br(Y"’)
H [ e
Pic(H) ———— Br(X) —— Br(Y)

the first row is exact. Since the map X’ — X is a birational morphism, we have a
commutative diagram

Br(X) — = Br(X")

|

Br(k(X)) —— Br(k(X")),

where the bottom horizontal arrow is an isomorphism. Since both X and X' are
smooth, by [20], II, Corollary 1.8, the vertical arrows are injective. It follows that the
homomorphism Br(X) — Br(X’) is injective. Now a diagram chase in diagram (23)
proves the exactness of the second row in that diagram. This completes the proof of
the exactness of the top row of diagram (8). (]

2.16. Proof of Theorem 2.8: the commutativity of the diagram and the exactness
ofits bottom row. Itisclear that all the squares of diagram (8) are commutative except
maybe the rightmost square.

By LLemma 2.3, we have for all 8y € Br{(Y),

m*By = ppe2(By) + pyBy inBri(H xY). (24)

This formula implies immediately that the rightmost square of diagram (8) commutes,
hence this diagram is commutative.



22 M. Borovoi and C. Demarche CMH

Since the top row of (8) is exact, and the diagram (8) is commutative, it is easy to
conclude that the bottom row of (8) is exact. ]

2.17. Proof of Theorem 2.8: exact sequence (9). We consider the following dia-
gram:

Pk A 5 ;oK
Pic(Y) —2 > Pic(H ) —2% Bry x(X,¥) —=— Bry y(¥) —>— Bry ()

TP U T

Pic(Y) —2+ Pic(H) =%+ Bry(X.Y) —= Bry(Y) — 2 Br,(H).

(25)
In this diagram the second row is the second row of diagram (8), hence it is exact. In
the first row, Bry (X, Y') is a subgroup of Br{ (X, Y) and Bry ,,(Y) is a subgroup of
Bri(Y). We easily check that all the arrows in the first row are well-defined.

This diagram i1s commutative: for the first and the last squares it is a consequence
of Lemma 6.4 of [38], and for the two central squares it is clear. We know that the
second row of this diagram is exact. Since all the vertical arrows are injective, we
see that the first row 1s a complex. An easy diagram chase shows that the first row is
also exact, 1.e. sequence (9) is exact. L

3. Compatibility

In this section we use Theorem 2.8 to get a compatibility result between the evaluation
map and the action of a linear group. We begin with a lemma:

Lemma 3.1. Let k be afield of characteristic 0 and X, X' be two smooth k -varieties.

letw:Y £> Xandn': Y’ i X' be two (left) torsors under connected linear k -
groups H and H'. The map Y xY' — X x X' is naturally a torsor under H x H'.
Assume that Y' is rational and that Y'(k) # 9. Let v/ € Y'(k) and x' = 7' (¥").
Then the homomorphism

Py + pr i Bri(X,Y) ®Bri (X, Y) - Bri(X x X', Y xY)

is well-defined and is an isomorphism.

Proof. Consider the three exact sequences associated to the torsors ¥ — X, Y — X'
and ¥ XY’ — X x X' (see Theorem 2.8). We get the following commutative diagram
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with exact rows:
Pic(Y) & Pic(¥') — Pic(H) & Pic(H') — Bry(X,Y) & Bry (X', Y")
Pyt ‘p}’; +pP5 ‘p}’Hp;’},

Pic(Y xY)——— = Pic(H x H)———— = Bri(X x X', Y x Y

Bri(Y) & Bry,y/(Y') ——— Br.(f) & Bry .(H')
Jp’}i+p";, Jpj'r;+p};,

Bri(Y xY") Br,(H x H').

The two first and the two last vertical arrows are isomorphisms by [38], Lemma 6.6,
hence the five lemma implies that the central vertical arrow is an isomorphism. U

Corollary 3.2. If in Lemma 3.1 we also have Y(k) # 0, y € Y(k) and x = n(y),

then the homomorphism
Py + px  Brix(X.Y) @ Bri (X', Y') — Bry (o) (X x XY x Y7)
is an isomorphism.

Lemma 3.3 (Compatibility). Let k be a field of characteristic 0. let m: Y — X be
a (left) torsor under a connected linear k-group H. Let G be a connected algebraic
k-group, acting on the right on Y and X such that mw is G-equivariant. Assume
that Y is k-rational and Y(k) # @ and let yo € Y(k), xo = m(yo). Then for any
b € Bry ,,(X,Y), x € X(k), g € G(k) we have

b(x.g) = b(x) + 77 (B)(¥0.9)-

Proof. We consider two torsors: 7: Y i Xandn' =id: G - G. Letmy: X X
G — X and my: Y X G — Y denote the actions of G. Since my(y,e) = y, we
see thatif b € Bry (X, Y), then myb € Br(, (X X G, Y x G). By functoriality of
the evaluation map, we have a commutative diagram

Brl,(xo,e)(X x G, Y x G) X (X X G)(k) — Br(k)

Bryx(X.Y) & Br1.e(G) x (X(k) x G(k)) "> Br(k)
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where the first pairing is the evaluation map on X X ¢ and the second one is the sum
of the evaluation maps on X and on G, i.e.

ev'((B.C).(x.g)) == B(x)+ C(g) € Br(k) for B € Bry 4,(X.Y), C € Bry .(G).

By Corollary 3.2 the left vertical morphism py + pg is an isomorphism. Therefore
we get two natural projections:

7y @ Bri(ng.e)(X X G, Y X G) — Bry (X, Y)
and
G Bri (xg.e)(X X G, Y X G) = Bry (G).

Hence forall D € Bry (x,,e)(X XG, Y xG), weget D = py(mx(D))+ pg (e (D)),
and so, by the commutativity of the diagram, for all (x, g) € X (k) x G(k) we have

D((x,8)) = nx (D)(x) + nc(D)(g).

For g = e € G(k), this formula implies that
D((x,e)) = nx (D)(x)

because mg(D)(e) = 0. So, forb € Bry ,,(X,Y), g € G(k) and x € X(k), we
have

b(x.g) = (m"b)((x.8))
mx (m*b)(x) + ma (m*b)(g)
= (m*b)((x,e)) + ma(m*b)(g)

where we write m for my. Since (m*b)((x, e)) = b(m(x,e)) = b(x) by functori-
ality, we have

b(x.g) = b(x) + ma(m b)(g). (26)
In the case x = xg = 7 (yp) we obtain
(7"D)(yo-8) = b(7(¥0)-8) = b(7(y0)) + mg(m*b)(g) = ma(m™b)(g), (27)

since b((y0)) = b(xg) = 0. Consequently, (26) and (27) give the expected formula,
that is:

b(x.g) = b(x) + (x*h)(y0-8)- U

Corollary 3.4. Let X := H\G be a right homogeneous space of a connected linear

k-group G over a field k of characteristic 0, where H C G is a connected linear
k-subgroup. Then for all b € Bry (X, G), x € X(k), g € G(k) we have

b(x.g) = b(x) + " b(g),

where m: G — X is the quotient map and xo = 7(e).
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Proof. Wetake Y = G, yg = e € G(k), and xp = 7(yy) = m(e) in Lemma 3.3,
then Bry x,(X,Y) = Bry,x,(X,G) and 7*b(yo.g) = n*h(g). O

Corollary 3.5. Let k be a number field. Let X := H\G be a homogeneous space of
a connected linear k-group G, where H C G is a connected linear k-subgroup. Let
{,) denote the Manin pairing

Br(X) x X(A) — Q/Z.
Let b € Brix,(X,G), x € X(A), g € G(A). Then
(b, x.g) = (b, x) + (=™(b), g).
where m: G — X is the quotient map and xy = m(e).

Corollary 3.6. Let k, G, H and X be as in Corollary 3.5. Let ¢: G' — G be
a homomorphism of k-groups, where G is a simply connected k-group. let b €
Bri 4, (X.G), x € X(A), g’ € G'(A). Then

{b.x.0(g) = (b.x).
Proof. By Corollary 3.5 we have
(b, x.0(g") = (b, x) + (77 (B), 0(g)-
By functoriality we have
(" (b). ¢(g") = (@™ 7" (D). &)

Since b € Bry (X, G), we have 7*h € Bry(G) and ¢*7*h € Bry .(G') = 0.
Thus ¢*7*b = 0, hence (7 *(b), ¢(g’)) = 0, and the corollary follows. O

4. Some lemmas
For an abelian group 4 we write A” := Hom(A4, Q/7).

Lemma 4.1. Let P be a quasi-trivial k-torus over a number field k. Then the
canonical map A: P(A) = Br,(P)? induced by the Manin pairing is surjective.

Proof. We have Br,(P) = H?(k, ﬁ), see [38], Lemma 6.9 (ii). By [38], (8.11.2),
the map ~
A: P(A) = Bro(P)? = H?*(k, P)P

is given by the canonical pairing

P(A) x H*(k, P) - Q/Z.
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Consider the map p from the Tate—Poitou exact sequence
(P(A)e)" —— H*(k, P)P — H'(k, P), (28)

see [25], Theorem 5.6 or [14], Theorem 6.3. By (P{A),)”" we mean the completion
of P(A), for the topology of open subgroups of finite index. Then the map p is
induced by A. Since P is a quasi-trivial torus, we have H k. P) = 0, and we see
from (28) that the map p is surjective. But by [22], Lemma 4, im ¢ = im A. Thus A
is surjective. L

Lemma 4.2. Let X be a right homogeneous space (not necessarily principal) of a
connected k-group G over a number field k. Let N C G be a connected normal
k-subgroup. SetY := X/N, andlet m: X — Y be the canonical map. Then the
induced map X(A) — Y(A) is open.

Note that the geometric quotient X /N exists in the category of k-varieties by [5],
Lemma 3.1.

Proof. If v is a nonarchimedean place of &, we denote by @, the ring of integers of
ky, and by k,, the residue field of @,. For an ®,,-scheme Z, we set ZU = Zy X@, K.

Since the morphism 7 is smooth, the map X(k,) — Y (k) is open for any place
vofk.

Let S be a finite set of places of k& containing all the archimedean places. Write
O35 for the ring of elements of k that are integral outside S. Taking S sufficiently
large, we can assume that G and N extend to smooth group schemes & and N over
Spec(®%), and that X and ¥ extend to homogeneous spaces X of Gand ¥ of G /N
over Spec(©9) such that ¥ = X /N . In particular, the reduction N, =N X@Ss Ky
is connected for v ¢ S.

Let v ¢ S and let y, € ¥(Oy). Set X;, := X Xy Spec(O,), the morphisms
bemg given by  and by y,, : Spec (0,) — Z/ It is an @, -scheme. Then its reduction
X, y, 18 @ homogeneous space of the connected k,,-group N, over the finite field .

By Lang’s theorem ([31], Theorem 2) K. y, has a ky-point. By Hensel’s lemma X,
has an @, -point. This means that y, € 7(X(0,)). Thus #(X(O,)) = ¥(O,) for
allv ¢ S. It follows that the map X(A) — Y(A) is open. O

4.3. Let X = H\G be a homogeneous space of a connected k-group G. Let
x1 € X(k). Considerthemap wy, : G — X, g = x1.g, itinduces a homomorphism

: Br(X) — Br(G). Let Bri (X, G)y, denote the subgroup of elements b € Br(X)
Such that = (b) € Bri(G). The following lemma shows that Brq(X, G)x, does
not depend on x, so we may write Bry (X, i) instead of Bri(X, G),,. Note that
Bri(X. G) = Bry , (X, G) 4+ Br(k).

Lemma 4.4. The subgroup Bri(X, G)y, C Br(X) does not depend on x;.
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Proof. We have a commutative diagram

e
J'L"xl

Br(X)/Br(k) ——— Br(G)/Br(k)

.

Br(X) : Br(G).

We see that it suffices to prove that the kernel of 775, does not depend on x;.

Now if x, € X(k) is another k-point, then x, = x;.g for some g € G(k), hence

Txy(g) = X2.8" = x1.88" = Tx, (88") = (7x; 0 Ig)(g),
where /; denotes the left translation on G by g. Thus

—=* * —*
= o]
Ty, =1g 0Ty .

Since [, is an isomorphism of the underlying variety of G, we see that 2 Br(G) —

Br(G) is an isomorphism, hence ker 7} , = ker g , which proves the lemma. [

Lemma 4.5. Let X be a right homogeneous space of a unipotent k-group U over a
field k of characteristic 0. Then X(k) is non-empty and is one orbit of U(k).

Proof. By [5], Lemma 3.2 (i), X(k) # 0. Let x € X(k), H := Stab(x), then # is
unipotent, hence H !(k, 1) = 1, and therefore X(k) = x.U(k). O

Corollary 4.6. Let X be a right homogeneous space of a unipotent R-group U. Then
X(R) is non-empty and connected.

Proof. Since U(R) is connected and X(R) = x.U(R), we conclude that X(IR) is
connected. L

Lemma 4.7. Let G be a unipotent k-group over a number field k. Let X be a right

homogeneous space of G. Let § C 2 be any non-empty finite set of places. Then
X (k) is non-empty and dense in X(AS).

Proof. By [5], Lemma 3.2 (i), X(k) is non-empty. Let xo € X(k),and let T C G
denote the stabilizer of xo in G. We have X = I\ G.

Set g = Lie((). Since g is a vector space and S # @, by the classical strong
approximation theorem ¢ is dense in g ®; A®. Since char(k) = 0, we have the
exponential map g — G, which is an isomorphism of k-varieties. We see that G (k)
is dense in G(A®). It follows that xo G(k) is dense in xo G(A®). Since H is unipotent,
we have H'(k,, H) = 0 for any v € Q, and therefore xoG(k,) = X(k,) for any v.
It follows that xoG(AS) = X(A®) (we use Lang’s theorem and Hensel’s lemma).
Thus xoG(k) is dense in X(AS), and X (k) is dense in X(A®). O
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5. Brauer group

We are grateful to A. N. Skorobogatov, E. Shustin, and T. Ekedahl for helping us to
prove Theorem 5.1 below.

Theorem 5.1. Let X be a smooth irreducible algebraic variety over an algebraically
closed field k of characteristic 0. Let G be a connected algebraic group (not neces-
sarily linear) defined over k, acting on X. Then G (k) acts on Br(X) trivially.

Proof. We write H' for H, (étale cohomology). The Kummer exact sequence
1—>,un—>GmL>Gm—>1
of multiplication by n gives rise to a surjective map
H?(X, ptn) = Br(X),,

where Br(X), denotes the group of elements of order dividing » in Br(X). Since
every element of Br(X) is torsion (because Br( X ) embeds in Br(k(X)), cf. [20], II,
Corollary 1.8), it is enough to prove the following Theorem 5.2. L

Theorem 5.2. Let X be a smoothirreducible algebraic variety over an algebraically
closed field k (of any characteristic). Let G be a connected algebraic group (not
necessarily linear) defined over k, acting on X. Let A be a finite abelian group of
order invertible in k. Then G(k) acts on HL(X, A) trivially for all i.

Proof in characteristic 0. By the Lefschetz principle, we may assume that k = C.
Letg € G(C). We must prove that g acts trivially on the Betti cohomology H }j, (X, A).
Since G is connected, the group G(C) is connected, hence we can connect g with
the unit element e € G(C) by a path. We see that the automorphism of X

g+ X=X, x—>x.g
is homotopic to the identity automorphism
ex' X - X, xB Xx.
It follows that g, acts on H }f? (X, A) as ey, ie. trivially. L

To prove Theorem 5.2 in any characteristic, we need two lemmas.

Lemma 5.3. Let X, Y be smooth algebraic varieties over an algebraically closed
Jfield k (of any characteristic). Let A be a finite abelian group of order invertible in k.
Consider the projection py : X X Y — Y. Then the higher direct image R (py )+ A
in the étale topology is the pullback of the abelian group H' (X, A) considered as a
sheaf on Spec(k).
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Proof. Consider the commutative diagram

X x; ¥ —2 o x

Y —2X  Spec (k),

here X x; Y 1is the fibre product of X and Y with respect to the structure morphisms
sy and sy . Clearly R'(sx)«A is the constant sheaf on Spec (k) with stalk H'(X, A).
By [13], Th. finitude, Theorem 1.9 (ii), the sheaf R’ (py )+ A on Y is the pullback of
the constant sheaf R*(sy)+A on Spec (k) along the morphism sy : ¥ — Spec (k),
which concludes the proof. U

Let y € Y(k). It defines a canonical morphism f, : X — X X ¥ such that
pxofy=idy and pyofy =yosx: X =Y.

Lemma 5.4, Let X, Y be two smooth algebraic varieties over an algebraically closed
field k (of any characteristic). Let A be a finite abelian group of order invertible in
k. For aclosed point y € Y considerthe map f,: X — X XY defined above. If Y

is irreducible, then the map
St H (X x Y, A) > H (X, A)

does not depend on y.

Proof. Let n € H'(X x Y, A). Then 7 defines a global section A() of the sheaf
R'(py)+A (via compatible local sections U + nlyxy € H*(X x U, A) of the
corresponding presheaf, for all étale open subsets /' — Y'). By Lemma 5.3 the sheal
R'(py)+A is a constant sheaf with stalk H*(X, A). Itis easy to see that

S = Am(y) € H (X, A).

Since Y is irreducible, it is connected, hence the global section A(n) of the constant
sheaf R'(py )« A onY isconstant, and therefore A(1)(y) does not depend on y. Thus
/5 (1) does not depend on y. O

Proof of Theorem 5.2 in any characteristic. Consider the map
m: XxG—-X, (x,g9)—>x.g

(the action). Let § € H'(X, A). Setn = m*¢ € H'(X x G, A). For a k-point
g € G(k) consider the map f,: X — X x G defined by x — (x, g), as above.
Since x.g = m(x, g) = m( fg(x)), we have

gE=ffmE= fine H (X, A).
By Lemma 5.4 fg*n does not depend on g. Thus g*£ does not depend on g. This
means that G(k) acts on H*(X, A) trivially. O



30 M. Borovoi and C. Demarche CMH
6. Homogeneous spaces of simply connected groups

In the proof of the main theorem we shall need a result about strong approximation
in homogeneous spaces of semisimple simply connected groups with connected sta-
bilizers. It X = H\G is such a homogeneous space, since G is semisimple and
simply connected, the group Br(G) is trivial (see [18], corollary in the Introduction),
hence Bry (X, G) = Br, (X).

Theorem 6.1 (Colliot-Thélene and Xu). let G be a semisimple simply connected
k-group over a number field k, and let H C G be a connected subgroup. Set
X = H\G. Let S be a non-empty finite set of places of k such that G(k) is
dense in G(A®). Then the set of points x € X(A) such that (b,x) = 0 for all
b € Bri,xo (X, G) = Bryy(X) coincides with the closure of the set X(k).G(ks) in
X(A) for the adelic topology.

Proof. This 1s very close to a result of Colliot-Théléne and Xu, see [11], Theo-
rem 3.7 (b). Since their result is not stated in these terms in [11], we give here a proof
of Theorem 6.1, following their argument.

We prove the nontrivial inclusion of the theorem. Let x € X(A) be orthogonal
to Bry,(X). Then by [11], Theorem 3.3, there exists x; € X(k) and g € G(A) such
that x = x;.g. Let Uy C X(A) be an open neighbourhood of x. Clearly there
exists an open neighbourhood U C G(A) of g such that for any g’ € U we have
x1.g" € Uyx. By assumption G(k) is dense in G(A®), hence G(k).G(ks) is dense in
G(A). It follows that there exist gg € G(k) and g5 € G(kg) such that gggs € Ug,
then x1.g09.gs5s € Uyx. Set x; = x1.gp, then x, € X(k) and x,.gs € Uy. Thus x
lies in the closure of the set X (k).G(ks) in X(A) for the adelic topology. This proves
the nontrivial inclusion.

We prove the trivial inclusion. Letx; € X(k), gs € G(ks)andb € Bry (X, G).
Clearly we have (b, x1) = 0. By Corollary 3.6 wehave (b, x1.gs) = (b, x1) = 0. By
Lemma 6.2 below we have (b, x) = 0 for any x in the closure of the set X(k).G(ks).

L

Lemma 6.2. Let X be a smooth geometrically integral variety over a number field
k. Let b € Br(X). Then the function

X(A) - Q/Z: x +— (b, x)
is locally constant in x for the adelic topology in X(A).

Proof. Arguing as in [38], Proof of Lemma 6.2, we can reduce our lemma to the
local case. In other words, it is enough to prove that for any completion &, of &k the
function

dp: X(ky) — Br(k,): x > b(x)
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is locally constant in x. This follows from non-published results from the thesis of
Antoine Ducros, cf. [16], Part II, Propositions (0.31) and (0.33).

Since those results of Ducros are not published, we give another proof of this
fact. We are grateful to J.-L. Colliot-Thélene and to the referee for this proof. Let
x € X(ky). The problem is local, so we can replace X by an affine open subset
containing x. From now on, X is assumed to be affine over k,,.

To show that the map ¢ is locally constant around x, we may replace b by
b — b(x) € Br(X). Now we have h(x) = 0 and we want to prove that ¢, is zero in
a topological neighbourhood of x.

Since X isasmooth affine k- variety, by aresult by Hoobler (see [28], Corollary 1)
there exists a class n € H'(X,PGL,) such that  is the image of 1 by the usual
coboundary map. The class 7 is represented by an X-torsor f: ¥ — X under
PGL,,.

For x' € X(k,) let n{x’) € H(k,.PGL,,) denote the image of 7 under the map
(x")*: H'(X,PGL,) - H'(k,,PGL,). Consider the exact sequence

| = H'ky,GL,) — H(ky, PGL,) — Br(ky).

It is clear that h(x') = A(n(x’)). From the exact sequence we see that h(x") = O if
and only if 7(x") = 1. On the other hand, clearly n(x’) is the class of the k,-torsor
7 Yx") under PGL,,. It follows that b(x") = 0 if and only if F~!(x’) contains a
ky-point, i.e. x" = f(y) for some y € Y(k,). Hence the set of points x" € X(ky)
such that b(x") = 0is exactly the subset f(Y{(ky)) of X(k,). We now conclude by the
implicit function theorem: since f: ¥ — X is a smooth morphism of k,-schemes,
the image f(¥Y(k,)) is an open subset of X(k,). Therefore, ¢, is zero on the open
neighbourhood f(Y(ky)) of x, which concludes the proof. O

7. Proof of the main theorem

Throughout this section we consider X = I\ G satisfying the assumptions of The-
orem 1.4. Let x € X(A) be an adelic point, we write x = (x/, xo0), Where
x/ € X(A7), xo0 € X(koo). Let S be a finite set of places of k containing all

archimedean places, and we set Sy := SN Q. Let ‘U}J; C X(A/) be an open neigh-

bourhood of x/ . Forv € Qoo, wWe set Uy , to be the connected component of x,, in
X(ky). We set Uy o0 1= l_[veﬁco Ux v- then Uy o is the connected component of
Xoo 1IN X (ko). We set

Uy = UL x Ug, 00 C X(A)

and

Uy == Uy .G (ks,) = Ux .G (ks) = W§ x Uy oo,
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where ‘U’}J; = U§.Gscu(ksf) and ‘UQ(’OO = Uxoo = Ux.0o.G*"(koo) (because
G*"(koo) 1s a connected topological group, see [34], Theorem 5.2.3). Then Uy
and U} are open neighbourhoods of x in X(A). We say that Uy is the special
neighbourhood of x defined by U)J;

For the sake of the argument it will be convenient to introduce Property (PS) of a
pair (X, G):

For any point x € X(A) orthogonal to Bri(X, G), and for any open neigh-
bourhood ‘U}J; of x7, the set X(k).G*"(ks) N Ux (or equivalently the set

(P*) X(k) N Uy, or equivalently the set X(k).G*"(ks,) N Ux) is non-empty,
where Uy is the special neighbourhood of x defined by ‘U}J;

The nontrivial part of Theorem 1.4 precisely says that property (P¥) holds for any
X, G and § as in the theorem.

We start proving Theorem 1.4. The structure of the proof is somewhat similar to
that of Theorem A.1 of [7].

7.1. First reduction. We reduce Theorem 1.4 to the case G" = 1. Let X and & be
as in the theorem. We represent G as an extension

1_>G1in_>G_>Gabvar_>1

7

where GU" is a connected linear algebraic k-group and G®* is an abelian variety
over k. We use the notation of 1.1. Set G’ := G/G", Y := X/G". We have a
canonical epimorphism ¢ : G — G’ and a canonical smooth ¢-equivariant morphism
¥v: X = Y. We have G'™ = G"/G", hence G’ = 1. We have G'™* = Gabvar,
hence TIT(G’**™) is finite.

Assume that the pair (¥, G') has Property (PS). We prove that the pair (X, G)
has this property. Let x € X(A) be a point orthogonal to Bri(X,G). Set y :=
Y(x) € Y(A). By functoriality, y is orthogonal to Br{(Y, G'). Let ‘Uj; be as in
(PS), and let Uy, Uy be the special neighbourhoods of x defined by U § Note that
Uy = ‘u&,f X Uy 0. Where u;(f is an open subset of X(A/). Indeed, G*"(k,) is
connected for all v € Q4 (see [34], Theorem 5.2.3).

Set UL = Y(UL) € Y(AT), Uy = y(Ux) C Y(A) and W} = y(U) C
Y(A). Since G" is connected, by Lemma 4.2 ‘UI{ isopenin ¥(A/) and Uy and Uy
are open in Y(A). Set Uy, := ¥ (Ux ). By [7], Lemma A.2, foreach v € Q4 the
set Uy, is the connected component of y, in Y(ky). Set
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We have Uy = ‘ufi X Uy 0. We see that Uy is the special neighbourhood of y
defined by ‘UI{ From the split exact sequence

1 &, Gu Y Gscu — G!SC — 1’

we see that the map G*"(ks) — G’ (kg) is surjective. Note that G = G, It
follows that

vy = Uy.G*"(ks) = Uy.G™(ks) = Uy .G™ " (ks).

Since the pair (¥, G') has Property (P3), there exists a k-point yo € Y (k) N Uy

Let Xy, denote the fibre of X over yo. It is a homogeneous space of the unipotent
group G". By Lemma 4.7, X,,(k) # @ and X, has the strong approximation
property away from Q. the set X,,(k) is dense in X, (A/). Consider the set
v/o= XyO(Af) N ‘U’}J;. By Corollary 4.6, for any v € Q4 the set X,,(ky)
is connected, and by Lemma 4.5, X,,,(ky) is one orbit under G"(ky). Set V =
Vv x Xy (koo)-

Let v € Q. We show that Xy (ky) C Ux,. Since yo € Uy = ¥ (Uy),
there exists a point x,, € Uy, such that yo = ¥ (xy). Clearly x, € X,,(ky). Since
Xyo(ky) is one orbit under G"(k,), we see that X,,(ky) = x,.G"(ky) C Ux,o.
because G'(k,) is a connected group. Thus X, (ks) C Ux o and V C U;{ X
Ux, 00 = Uy, hence V C Xy, (A) N Uy.

Since yp € ¥ (U ), the set 'V is non-empty. Since by Lemma4.7 X, (k) is dense
in Xy, (A7), there is a point xo € Xyo(k) NV, Clearly xo € X(k) N Uy. Thus
the pair (X, G) has Property (P5). We see that in the proof of Theorem 1.4 we may
assume that G" = 1.

7.2. Second reduction. By [7], Proposition 3.1 we may regard X as a homogeneous
space of another connected group G’ such that G = {1}, G'™ is semisimple simply
connected, and the stabilizers of the geometric points of X in G’ are linear and
connected. We have G’ = G, hence G'*" = G* (because G*' = G* and
G = G’). Tt follows from the construction in the proof of Proposition 3.1 of
[7] that there is a surjective homomorphism G*™ — G'*™_ Since by assumption
IIT(G ") is finite, we obtain from [7], Lemma A.3 that IIT(G’*™™) is finite.

Let us prove that if a point x € X(A) is orthogonal to Bry(X, G), then it is
orthogonal to Brq(X, G"). More precisely, we prove that Brq(X, G) is a subgroup
of Bri(X, ).

By construction (see [7], proof of Proposition 3.1), there is an exact sequence of
connected algebraic groups

155656, -1,
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where G is the quotient of G by the central subgroup Z(G) N H and S is a k-torus.
Consider the following natural commutative diagram

where the maps 7, 7’ and 7 are the natural quotient maps. From this diagram, we
deduce the following one, where the second line is exact (see the top row of diagram

(11)):

Br(X)
NG
0 = Pic(S) Br(Gq) T, Br(G').
' "
Br(G)

Therefore, the injectivity of the map g*: Br(G1) — Br(G’) implies that the nat-
ural inclusion Bry x,(X. G1) C Bry x,(X, G') is an equality. And by functoriality
Bry x, (X, G1) is a subgroup of Bry », (X, G).

Thus Bry (X, G’) = Bry (X, Gq) is a subgroup of Bry (X, G). It fol-
lows that if a point x € X(A) is orthogonal to Br; (X, ), then it is orthogonal to
Br 1 (X 3 G,)

Thus if Theorem 1.4 holds for the pair (X, G'), then it holds for (X, G). We
see that we may assume in the proof of Theorem 1.4 that G'™ is reductive, G* is
simply connected, and the stabilizers of the geometric points of X in G are linear and
connected.

Now in order to prove Theorem 1.4 it is enough to prove the following Theo-
rem 7.3.

Theorem 7.3. Let k be a number field, G a connected k-group, and X = H\G a
homogeneous space of G with connected stabilizer H. Assume:
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) G" = {1},

(i) H c G, i.e. H is linear,

(ii1) G* is simply connected,

(iv) TII(G™) is finite.
Let S D Qoo be a finite set of places of k containing all archimedean places. We
assume that G (k) is dense in G*(A®Y). Then the pair (X, G) has Property (P¥).

The homogeneous space X defines a natural homomorphism H'™ — G We
first prove a crucial special case of Theorem 7.3.

Propeosition 7.4. With the hypotheses of Theorem 7.3, assume that H™" injects into
G (i.e. HNG® = H*), and that the homomorphism Bry ,(G*®) — Bry (H™")
is surjective. Then the pair (X, G) has Property (P%).

Construction 7.5. Set ¥ := X/G%. Then Y is a homogeneous space of the semi-
abelian variety G, hence it is a torsor of some semiabelian variety G’. We have
G/ = G#var hence ITI(G'™™) is finite. We have a canonical smooth morphism
y: X —>Y.

To prove Proposition 7.4 we need a number of lemmas and propositions.

The following proposition is crucial for our proof of Proposition 7.4 by dévissage.
Proposition 7.6. Let G, X be as in Proposition 74. Let Y, ¥: X — Y be as in
Construction 7.5. Let xog € X(k), yo := ¥(x0), Xyo 1= ¥ 1) = x0.G*. Then

the natural pullback homomorphism
i* 1 Brix, (X, G) = Bry,(Xy,)

Is surjective.
Note that Bry x,(Xy,, G*) = Bry, (Xy,) because Br(G*) = 0.

Construction 7.7. Consider the map 7y, : G — X, g +> xp.g. This map identifies
X (resp. X,,) with a quotient of G (resp. G*) by a connected subgroup H'’ (resp.
H'™™), so we have

X = H’\G,
and
Xy, = H’SSU\GSS.
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We define a k-variety Z by
Z=H ’SSU\G

and denote by zg € Z(k) the image of ¢ € G(k). We have a commutative diagram
of k-varieties:

1 1 1
1 Hssu w H' Y Htor —— |
/
i,
h g/ J
\ /
1 G5 G Ll // Gsab —1
/
Tz /
¥
R’Ixo HXD . - Z
-~ - U
/- / \
Xy ——> X £ Y

1

where the first two rows and the last column are exact sequences of connected alge-
braic groups, and the other maps are the natural maps between the different homoge-
neous spaces.

The following two lemmas are versions of exact sequence (9) of Theorem 2.8.
Lemma 7.8. The following sequence is exact:
Br1o(G) 15 Bry 2o (Z. G) — Bry (Xyy) = 0.

Proof. We use the functoriality of exact sequence (9) of Theorem 2.8 to get the
following commutative diagram with exact columns. Here the second column is the
exact sequence (9) for Z = H'™"\G and the third column is exact sequence (9)
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applied to X,, = H™"\G*.

Pic(G*) =0
Pic(H"*") =—=Pic(H"™")
Ag/z AGss/ Xy | &= (29)

Brie(G) — > Bry 20 (Z.G) —L = Bryy (Xy,)

E
Tz

#

Bri o (G") —2— Bry .(G) —— Bry ,(G*) = 0.

We have Pic(G*) = 0 and Bry .(G%) = 0 by [38], Lemma 6.9 (iv), because G* is
simply connected. From the bottom row of diagram (11) of Corollary 2.12 we get an
exact sequence

3 l*
Bri.(G*®) 25 Bry .(G) — Bri..(G™),

where /: G* — G is the canonical embedding. But Bry .(G%) = 0, therefore the
homomorphism p*: Bry .(G*") — Bry .(G) is surjective. The composition 7 o f
being the trivial morphism, the second row of the diagram is a complex. A diagram
chase in diagram (29) proves the exactness of the sequence of the lemma. 0

Lemma 7.9. The sequence

Bri (X, G) —— Bry2,(Z,G) <> Bry o(H")

s exact.

Proof. We consider the following diagram, in which the middle column and the last
row are the exact sequences coming from exact sequence (9) of Theorem 2.8, and the
last column is the exact sequence coming from the exact bottom row of diagram (11)



38 M. Borovoi and C. Demarche CMH

of Corollary 2.12:

Pic(H') (30)
-
Pic(H') —— Pic(H'*") === Pic(H"™")
AG/x Ag/z Apgt pptor

Brl,xo(Xa G) A Brl,zo(z, G) E BI‘Le(HtDr)

#
JTZ v

e
J'L"xO

Brl,xo(Xa G) —— Brl,e(G) L’ Bl’lqe(H,).

We prove that the diagram is commutative. In this diagram the two first columns
define a commutative diagram by functoriality, and the second row is a complex. By
construction we have gov = 7z o/, hence in the diagram we have v* o g* = h*ox .
Let us prove the commutativity of the square in the top right-hand corner, i.e. let us
prove that g¢* ¢ Ag;z = Ap/prer. We observe that the following diagram of torsors
under H'*" is cartesian:
Hf av,,_ Htor
e
Tz

G—7Z2,

ie. n71(H™) = H’. In other words, the H'™ -torsor H' is the pullback of the
Z-torsor G by the morphism H™" 5Z Therefore, if

1-G,, > H—- H"™ =>1

is a central extension representing an element p € Pic(H'™") via the isomorphism
Ext{ (H™", G,,) = Pic(H"™™"), we get a commutative diagram:

0
HY(Z, H™) — 2> H2(Z,G,)

9,

Hl(Htor, HISSU) 5 HZ(Htor, Gm)
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such that g*[G] = [H'] in HY(H™, H™*"). We deduce from this diagram that
¢ (@, ([G]) = gz, ([H']) in H2(H'™ | Gy, e that Agrr/grue( p) = 8*(Agyz(p))
in Br(H"™"). Therefore the top right-hand square in diagram (30) is commutative.
Returning to diagram (30), we see that its commutativity and the exactness of the
last two columns and of the last row imply, via an easy diagram chase, that the second
row of (30) is also exact, hence the sequence of the lemma is exact. ]

For an alternative proof of Lemma 7.9 we need the following generalization of
Proposition 2.8:

Proposition 7.10. [et k be a field of characteristic zero, and
l—-H —-G—=H,—1

be an exact sequence of connected linear algebraic groups over k. letw: 7 — X
and v’ Y — Z be two morphisms of algebraic varieties such that the composite
Y — X is an X -torsor under G, such that the restriction to Hy of the action of G
on Y defines the structure of a Z -torsor under Hy on Y, and such that 7 — X is a
torsor under Hy via the induced action. Then we have a natural exact sequence

7

; 1 . Az/x z* ¥z
Pic(Z) — Pic(Hl;) —— Bri(X,Y) — Bri(Z.Y) — Bry . (H>). (31)

If in addition z € Z(k), we have an exact sequence

Pic(Z) —> Pic(Ha) —22% Bry +(X,Y) 2o Bri,(Z,Y) = Brio(Ha), (32)
where x € X(k) is the image of z.

Proof. As in the end of the proof of Theorem 2.8, we construct the exact sequence
(31) from the top row of diagram (8) applied to the torsor Z — X:

R E
i z

A ES
Pic(Z) 5 Pic(Hy) —25 BHX) 2> BHZ) ——2 Br(Hy x Z).  (33)

Define a map ¢, : Br(Z,Y) — Bry .(H;) to be the composition

& *

e pZ+pH2
Bri(Z,Y) — Bri(Z x H2,Y X G) «—— Brl_,e(Hz, G)®d Bri(Z,Y)

JTHZ
—>BI‘1’3(H2, G)

where the morphism p7 + p}‘}z is an isomorphism by Lemma 3.1, and 7y, is the
projection onto the first factor. Note that Bry .(H>, G) = Bry .(H;) asaconsequence
of the injectivity of the homomorphism Br(/1;) — Br(G), which comes from the
exactness of the top row of diagram (11) of Corollary 2.12 and the fact that Pic(G) —
Pic(H;) is onto (see [38], Remark 6.11.3).
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Consider the diagram

B *
m*—p>

Bri(Z,Y)————Bri(H, xZ,G xY)
@b =~ | PL+rh, (34)

Bry o (H2) —— Bry o(I1) ® Bry(Z, 7).

This diagram 1s commutative. Since iy 1s a canonical embedding, we see that
ker 5 = ker(m™ — p7).

We prove that sequence (31) is exact. We use the exactness of (33). We know
from Theorem 2.8 that the map Az,x: Pic(H>) — Br(X) lands in Br((X, Z).
Since Bri(X,Y) O Bri(X, Z), the map Az,x: Pic(Hz) — Br((X,Y) is defined.
We abtain a commutative diagram with an exact long horizontal line and exact vertical
lines:

Bry(X,Y) =~ Br(Z,Y)

E E
/ x* m =Pz

Pic(Z) —> Pic(Hy) —Z%+ Br(X) Br(Z) = "% Br(H, x Z)

Br(Y) =——=Br(Y).
(35)
Now we see immediately that sequence (31) is exact at Pic(H3) and Bry (X, Y'). Since
ker(m™*— p%) = ker ¢} indiagram (34), it follows from the exactness of (33) at Br(Z)
that sequence (31) is exact at Bry(Z,Y). Thus (31) is exact, which completes the
proof. (]

7.11. Alternative proof of Lemma 7.9. We consider the exact sequence of linear
algebraic groups
1—- H™ - H - H” — 1

7551 tor

H
and the torsors 7z : G — Z and g: Z —— X. The composition 7y,: G — X
is naturally a torsor under H’. Therefore, we can apply Proposition 7.10 to get the
exact sequence

# A # #
Pic(Z) £ Pic(H'™) =25 Bry (X, G) L5 Bry 1y (Z. G) <5 Bry o (H'™),

which concludes the proof. U
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7.12. Proof of Proposition 7.6. We have a commutative diagram

/ O
Bri,x,(X.G) Bry, (Xy,)
\ /
BI‘1 ZO(Z G)
Bry .(G) Bry (H"") ——0,

where the last row is exact by assumption, and the two slanted sequences are also
exact by Lemmas 7.8 and 7.9. A diagram chase shows that the homomorphism

Bri v (X, G) — Bry,(Xy,)
is surjective, which completes the proof of Proposition 7.6. (]

For the proof of Proposition 7.4 we need three lemmas.

Lemma 7.13. Let G, X be as in Proposition T4 and Y := X/G%. Let - X - ¥
be the canonical map. Let x1,x, € X(k), y; := ¥(x;), X; = X,, (i =1,2). Let
ri: Bri(X, G)/Br(k) — Br(X;)/Br(k) be the restriction homomorphisms. Then
there exists a canonical isomorphism Aq 5 Br(X)/Br(k) = Br(X,)/Br(k) such
that the following diagram commutes:

Br (X, G)/Br(k) —%~ Br;(X, G)/Br(k) (36)

Br(X1)/Br(k) _EE . B /Br(k).

Proof. Choose ¢ € G(k) such that x; = x,. g. Then we have ¥(x1) = ¥(x2).g,
hence ¥~ 1y (x1)) = v (¥ (x2)).g, thus X; = X,.g. We obtain commutative
diagrams

X, —— X, Br(X) —* > Br(¥)
L g a *
¥r——7%

Bi(X,) —— Br(X,).
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By Theorem 5.1 g*: Br(X) — Br(X) is the identity map. Therefore, the follow-
ing diagram

Br(X)/Br(k) —=> Br(X)/Br(k)
Br(X1)/Br(k) - Br(X5)/Br(k)

1 H2

Br(X;) ——— Br(X,)

is commutative.

Here ry and r» are surjective by Proposition 7.6, while y11 and jt» are injective by
Lemma 7.14 below. Clearly we can define the dotted arrow (in a unique way) such
that the diagram with this new arrow will be also commutative. The top square of
this new diagram is the desired diagram (36). (]

Lemma 7.14. Let X := H\G, where G is a simply connected semisimple k-group
over a field k of characteristic 0, and H C G is a connected k-subgroup such that
H™ = 1. Then Br(X)/Br(k) is finite and the canonical homomorphism

Br(X)/Br(k) — Br(X)
is injective.
Proof. Let xy denote the image of e € GG(k) in X (k). We have a canonical isomor-
phism Br(X)/Br(k) = Br,,(X).
By Theorem 2.8 we have a canonical exact sequence

Pic(G) — Pic(H) — Bry x, (X, G) — Bri.(G),

where by [38], Lemma 6.9 (iv), we have Pic(G) = 0 and Br .(G) = 0. Moreover,
by [18] we have Br(G) = 0, hence Bry x (X, G) = Bry,(X). We oblain a canonical
isomorphism Bry, (X) = Pic(H), functorial in k.

We have H = H®", hence Pic(H) = Pic(H*). In the commutative diagram

Br(X)/Br(k) — Pic(H™)

| |

Br(X) ——— Pic(IT™)

the right vertical arrow is clearly injective, hence so is the left one. L
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Lemma 7.15. Let X := H\G, where G is a connected k-group over a number field
k, and H C G is a connected linear k-subgroup. et M C Bri(X, G)/Br(k) be a
finite subset. Let y := (yr, Yoo) € X(AT) x X(koo) = X(A) be a point orthogonal
to M with respect to the Manin pairing. Let U denote the connected component of
Voo in X(koo). Then there exists an open neighbourhood U/ < X(AY) of ¥y such
that U7 x Us is orthogonal to M .

Proof. Itis an immediate consequence of Lemma 6.2, using the finitenessof M. 0O

7.16. Recall that X = H\G. Let xp be the image of ¢ € G(k) in X(k). Set
Xo 1= x0.G*. By assumption H N G* = H*". By Lemma 7.14 Br(X,)/Br(k)
is a finite group. By Proposition 7.6 the map Bry (X, G)/Br(k) — Br(Xy)/Br(k) is
surjective. We choose a finite subset M C Bry (X, G)/Br(k) such that M surjects
onto Br(Xy)/Br(k).

Now let x; € X(k) be any other point. Set X; := x;.G*. It follows from
Lemma 7.13 that M C Br{(X, G)/Br(k) surjects onto Br(Xy)/Br(k).

7.17. Proof of Proposition 7.4. Let x € X(A) be orthogonal to Bry (X, G). Let
‘U}J; be an open neighbouthood of the A7 -part x/ of x. Let Uy be the special

neighbourhood of x defined by U }J;

Let M C Bri(X, G)/Br(k) be as in 7.16. Then x is orthogonal to M. By Lem-
ma 7.15 there exists an open neighbourhood U/ of x/ such that the corresponding
special neighbourhood U of x in X(A) is orthogonal to M. We may assume that
‘Ll;(r C U/, then Uy C U, hence Uy is orthogonal to M.

Let Y and ¥: X — Y be as in Construction 7.5 (i.e. ¥ := X/G*). Set y :=
Y(x) € Y(A). Since x is orthogonal to Bry ,,(X, G), we see by functoriality that
¥ is orthogonal to Bry y,(Y, G*®). Clearly there is a semiabelian variety G’ such
that Y is a (trivial) principal homogeneous space of G'. We have a morphism of
pairs (¥, G%®) — (Y, G), hence a homomorphism Br; (Y, G') — Br(¥, G*®). But
Bri(Y,G") = Br(Y), hence y is orthogonal to the group Br;(Y ). As in the First
reduction, see 7.1, we define ‘Uf; = W(‘U; ) and we construct the corresponding
special open neighbourhood Uy of y. By [7], Lemma A.2, for any v € Qo we
have ¥ (Uyx ) = Uy,. We see that ¥ (Uyx) is an open subset of Y(A) of the form
US X U, where U C Y(Af) is an open subset and Uy = Hveﬂoo Uy .y,
where Uy, C Y(k,) is the connected component of y,. Then U, is the connected
component of xo in X(ks). Now since Y is a torsor of the semiabelian variety
G’ with finite Tate—Shafarevich group, by [22], Theorem 4, there exists a k-point
y1 € Y(k) Ny (Ux).

Let X,, denote the fibre of X over y;. Consider the set V := X, (A) N Uy, it
is open in Xy, (A). Since y; € ¥(Uy), the set V is non-empty: there exists a point
x’ = (x;) € V. In particular, X, (k,) # @ for any v € Q,. The variety X, is a
homogeneous space of G* with geometric stabilizer H N G* = H*". The group G*
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is semisimple simply connected by (iii). The group % is connected and character-
free, i.e. (H*")"°" = 1. By [4], Corollary 7.4, the fact that X, has points in all real
completions of k is enough to ensure that X, has a k-point. Note that Br(G*) = 0
by [18], hence Br(X,,,. G**) = Br(X,,). Since Uy is orthogonal to M, we see that
V C Ux is orthogonal to M. Since M surjects onto Br(X,,)/Br(k), see 7.16, we
see that 'V is orthogonal to Br(X,,). By Theorem 6.1 (due to Colliot-Théleéne and
Xu) there is a point of the form x¢.gs in 'V, where x; € X, (k) and g5 € G*(ks).
It follows that the set V.G*(kg) contains a k-point of X . Clearly V.G%(kg) C
Ux .G*(ks). Thus Ux.G*(ks) contains a k-point of X, which shows that the pair
(X. G) has Property (PS). This completes the proof of Proposition 7.4. (]

Let us resume the proof of Theorem 7.3. We need a construction.

Construction 7.18. We follow an idea of a construction in the proof of [7], Theo-
rem 3.5. By Lemma 3 in [9] there exists a coflasque resolution of the torus H'™, i.c.
an exact sequence of k-tori

0> H" > P— 0 -0

where P is a quasi-trivial torus and ) is a coflasque torus. Recall that a torus is
coflasque if for any field extension K/k we have H!(K, Q) = 0, where Q is the
character group of (. Consider the k-group F := G x P. The group H maps
diagonally into F, and we can consider the quotient homogeneous space W =
H\F of F. There is a natural morphism 7: W — X. We have F®vr = @Gabtvar,
hence III(F®®) is finite. We have a canonical homomorphism H" — FP and
this homomorphism is clearly injective. Let us prove the following fact, which is
necessary to apply Proposition 7.4 to the homogeneous space W of F.

Lemma 7.19. With the notation of Construction 7.18, the pullback homomorphism
Bl‘l’e (Fsab) — Bl‘l e (Htor)

is surjective.

Proof. By definition, we have the following exact commutative diagram:

0 0
Gsab _ Gsab
0—— HWor —— Fsb — Ggsab  p S 0 (37)
0— H”w P 0 0
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where § is defined to be the quotient F$2®/H™" and all the maps are the natural
ones. The group § is a semi-abelian variety. By assumption ( is a coflasque torus.
Therefore

H k. Q)= || . ) = || H' (k. 0) = 0.

v real v real

Denote by Mp = [0 — F¥] (resp. Mg := [0 — S]) the 1-motive (in degrees
—1 and 0) associated to the semi-abelian variety F5% (resp. §), and by Mg * (resp.
Mg™) its Cartier dual (see [25], Section 1, page 97, for the definition of the Cartier
dual of a 1-motive). We call a sequence of 1-motives over k exact if the associated
sequence of complexes of fppf sheaves on Spec(k) is exact.

Considering diagram (37) as an exact diagram in the category of 1-motives over
k, we get a commutative exact diagram of 1-motives:

0—=[0 - H"] —> My Mg 0

| .

0—[0— HY] — [0 > P]—— [0 > Q] — 0.

We can dualize this diagram to get the following commutative diagram of 1-motives:

0—>[0 >0 —=[P > 0| — [H" — 0] —=0

] |

0— Ms” Mr* [ — 0] — 0.

This diagram is exact as a diagram of complexes of fppf sheaves since the 1-motive
[0 — H™| is associated to a k-torus (see [2], Remark 1.3.4). Hence this exact
diagram induces a commutative exact diagram in hypercohomology:

H2(k, P)— H2(k, H") — H3(k. Q) = 0

| | |

H'(k, Mp*) — H2(k, H") — H?(k, Ms™).

Therefore the map H'(k, Mg*) — H?2(k, .F/ﬁa") is surjective. But by [26], be-
ginning of Section 4, there are natural maps (f : HYk,Mr*) — Brl,e(Gsab) and

o s H2(k, H'") — Bry . (H"") such that the second map is the canonical isomor-
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phism of [38], Lemma 6.9 (i1). Hence we get a commutative diagram

H'(k, Mp*) — H2(k, H"")

lLF gllHtor

Bl‘lge(Gsab) —_— Brl,e(Htor)-

Since the top map is surjective, so is the bottom one. 0

Let x € X(A) be a point, and assume that x is orthogonal to Br{(X, ). The
map /. W — X is a torsor under a quasi-trivial torus, and we want to lift x to some
w € W(A) orthogonal to Br{ (W, F). To do this, we need the following lemma.

Lemma 7.20. With the above notation, the torsor t: W = H\F — X under the
quasi-trivial torus P induces a canonical exact sequence

0 — Brixo (X, G) *> Briw,(W. F) 5 Brie(P),

where xg is the image of e € G(k) and wy is the image of e € F(k).

Proof. We first define the map ¢ of the lemma. The pullback homomorphism:

T
Br(W) N Br(F) sends the subgroup Bry (W, F)intoBry . (F). BuF = Gx P,
hence thanks to [38], Lemma 6.6, we have a natural isomorphism Bry .(F) =
Br1,.(G) € Bry (P). We compose this map with the second projection

So we define amorphism ¢ := prpomny, : Bry y, (W, F) — Bry (). The morphism
1*: Bri,xo (X, G) — Bry . (W, F) in the lemma is induced by the morphism of pairs
t: (W, F)— (X,G). By Theorem 2.8 we have an exact sequence

Pic(P) — Br(X) - Br(W).

The torus P is quasi-trivial, therefore by LLemma 6.9 (ii) of [38], the group Pic(P)
is trivial, so the homomorphism ¢*: Br(X) — Br(W) is injective. In particular,
the homomorphism ¢* : Bry_x, (X, G) — Bry,u, (W, F) in Lemma 7.20 is injective.
Therefore, it just remains to prove the exactness of the sequence of the lemma at the
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term Bry o, (W, F). Consider the diagram

A
Pic(IT) =22 Bry 1, (X, G) — = Br1..(G) —= Bry .(H)

A
Pic(H) —L% Bry o (W, F) ——= Bry o(F) —= Bry o(H)

¢

Brl,e(P) e Brl,e(P)

where the rows come from Theorem 2.8. The commutativity of this diagram is a
consequence of the functoriality of the exact sequences of Theorem 2.8 and of the
definition of the map ¢. We conclude the proof of the exactness of the second column
of the diagram by an easy diagram chase, using the exactness of the two first rows
and that of the third column (see Corollary 2.12). L

Corollary 7.21. With the above notation, if x € X(A) is orthogonal to Bri(X, G),
then there exists w € W(A) such that t(w) = x and w is orthogonal to Bri(W, F).

Proof. Consider the exact sequence of Lemma 7.20. Taking dual groups, we obtain
the dual exact sequence

D
Brio(P)? L Bryw, (W, F)? - Bry 4 (X. G)? — 0. (38)

Letmy g(x) € Bry (X, G)P denote the homomorphism b > (b, x): Bry (X, G)
— Q/7Z. By assumption mg x(x) = 0. We wish to lift x to some w € W(A) such
that my g (w) = 0.

Since ' (k,, P) = 0 for all v, we can lift x to some point w’ € W(A) such that
f(w’) = x (weusealso Lang’s theorem and Hensel’s lemma). Then £, (mw p(w’)) =
my,g(x) € Bry x,(X, G)D. Since my g (x) = 0, we see from (38) that mw p(w') =
@P (&) for some & € Bry (P)P = Br,(P)P. Let p € P(A). By Corollary 3.5 we
have

{bw. w'.p) = (bw,w') + (e(bw). p)

for any by € Bry 4, (W, I). This means that

mw,p(w'.p) = mw,r W) + o2 (mp(p))

But we have seen that my g (w') = @2 (§) for some § € Br,(P)?. Now it follows
from Lemma 4.1 that there exists p € P(A) suchthat mp(p) = —§. Then

mw.r(w'.p) = ¢P (&) + P (=£) = 0.

We set w := w'.p € W(A), then my, p(w) = 0 and t(w) = x. O
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7.22. We can now resume the proof of Theorem 7.3. We use Construction 7.18.

Let ‘u;f; C X(A7) be an open neighbourhood of x/. Let Uy C X(A) be the
corresponding special neighbourhood of x. Set

U, =17 (UL) ¢ W)

For v € Q4 let Uy, be the connected component of w, in W(k,), then by [7],
Lemma A.2, we have 1 (Uw ) = Ux,y. Set Uw o 1= Hveﬁco Uw . Set Uw =

‘U% X Uw 0, then Uy is the special open neighbourhood of w defined by UL, and
H(Uw) C Uy.

The pair (W, F) of F satisfies the hypotheses of Proposition 7.4 (see Lemma 7.19),
so by that proposition, there is a point w; € W(k) N Uw.F*(ks). Note that
I = G*. Set x; := t{(wy), then x1 € X(k) N Uy.G*(kg). Thus the pair (X, )
has Property (PS).

This completes the proofs of Theorem 7.3 and proves the nontrivial inclusion of
Theorem 1.4, that is, that any element of (X (A),)51 &%) Jies in the closure of the set
X(k).G*"(ks,). The argument in the proof of the trivial inclusion of Theorem 6.1
also proves the trivial inclusion of Theorem 1.4, that is, that each element of this
closure is orthogonal to Bri(X, ). This completes the proof of Main Theorem 1.4.

L

8. The algebraic Manin obstruction

In this section we prove Theorem 1.7 about the algebraic Manin obstruction (“alge-
braic” means coming from Bry (X )). We prove this result without using the result of
Colliot-Théléne and Xu (Theorem 6.1 or [11], Theorem 3.7 (b)).

8.1. Before proving Theorem 1.7, we need to prove a special case — an analogue of
Theorem 6.1. In [6], the first-named author defined, for any connected group H over
afield k of characteristic 0, a Galois module 71 (1), an abelian group HL(k, H)and
a canonical abelianization map

ab': H'(k.H) — H (k, H)

(see also [8] in any characteristic). These 71 (H), H} (k,H)and ab! are functorial
in H.

Now let k be a number field. Set " := Gal(k/k), I, := Gal(k,/k,). We regard
I', as a subgroup of I.

For v € £, we defined in [6], Proposition 4.1 (i), a canonical isomorphism

A’U : Halb(kva H) — (7[1 (ﬁ)l"v)torSa
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where 71 (H ), denotes the groups of coinvariants of T, in 7z1 (H), and ( )ios denotes
the torsion subgroup. Here we set 1), := A4,
For v € Q, we defined in [6], Proposition 4.2, a canonical isomorphism

Ayt HY (ky, H) =5 H YT, m1(H)).

Here we define a homomorphism A}, as the composition

/ Ay _ — _
AL HY (ky, HY = HY Ty, 71 (H)) < (w1 ()T, iors -

For any v € 2 we define the Kottwitz map $, as the composition

ab! Ay 7
By: Hl(kU,H) — H;D(kv,H) — (WI(H)FU)tors-

This map f, is functorial in /. Note that for v € Q, the maps abl: H'(ky, H) —
H} (ky, H)and B, are bijections. Thus forv € Q  we have a canonical and functorial
in H bijection B, H(ky, H) = (m1(F)r, hors-

For any v € 2 we define a map p,, as the composition

ot H (g, HY 255 (2 ()1 Yors 2 (11 () s (39)

where cor, is the obvious corestriction map.

We write €D, H'(k,, H) for the set of families (£,)yeq such that &, = 1 for
almost all v. We define a map

ji. = Z,uv: @Hl(kv,ﬂ) — (1 (H)T)1ors.

vell vell

Proposition 8.2 (Kottwitz [30], Proposition 2.6, see also [6], Theorem 5.15). The
kernel of the map . is equal to the image of the localization map

H'(k,H)—> P H ' (ky, H).

Proposition 8.3. et G be a simply connected k-group over a number field k, and
let H C G be a connected geometrically character-free subgroup (i.e. H®" = 1).
Set X := H\G. Let S be a finite set of places of k containing at least one nonar-
chimedean place. Then any orbit of G(AS) in X(A®) contains a k-point.

Proof. Write M := m{(H ). First we prove that the map

ps =Y vt | [ XRer[H'(ky, H) = H'(ky. G)] = (Mr)iors

ves veS
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is surjective. Since H is geometrically character-free, the group M = m((H)
is finite, and therefore (Mr)is = Mr and (Mr,)ios = Mr,. In this case the
map cor, is the canonical map Mr, — Mr, which is clearly surjective. Let
w € S be a nonarchimedean place, then the map B, is bijective. It follows that
the map i, : H(k,,, H) — Mr is surjective (because [i,, = cor, o B, ). Since
w is nonarchimedean, we have H1(k,, G) = 1 (because G is simply connected),
hence ker[H '(ky,, H) — H'(ky,G)] = H'(ky, H). It follows that the map
My ker[Hl(kw, H) —» H'(ky, ()] — MTr is surjective. Now it is clear that the

map s = ) _,cs My 1S surjective.
We prove the proposition. We must prove that the localization map

X(k)/G(k) — X(A®)/G(A®)

is surjective. In the language of Galois cohomology, we must prove that the localiza-
tion map

ker[HY(k, Hy —» H'(k,G)] — @ker[Hl(kv,H) — HYk,, G)]
véES

is surjective.

Let
£ = (&) € PrkerH (ky, H) - H' (k. G)].
véES
Set s = ZU¢S Up(Ey) € m(H)r. Since the map us is surjective, there ex-

ists an element £g in the product [],.¢ ker[H (k,, H) — H'(ky, G)] such that
ZUES )uyu(gv) = —S. Set

£ = (&5, &5) € Prer[H (ky. H) - H'(ky. G)) c D H'(ky. H).

veLd vesd

then u(§) = > cq Huv(&) = s + (—s) = 0. By Proposition 8.2 there exists a
class & € H(k, H) with image & in @,.q H'(ky, H). Since the Hasse principle
holds for G, we have & € ker[H'(k, H) — H'(k, G)]. Since the image of & in
PBoeq H' (ky, H) is (€%, £5), we see that the image of &, in Dogs H'(ky, H) is
g5, Thus £9 lies in the image of ker[H ' (k, H) — H(k, G)]. O

Theorem 8.4. et (G be a simply connected k-group over a number field k, and let
H C G be a connected geometrically character-free subgroup (i.e. H®" = 1). Set
X = H\G. Let S be a finite set of places of k containing at least one nonar-
chimedean place vy. Assume that G(k) is dense in G*(AS). Then X has strong
approximation away from S in the following sense. Let x = (xy) € X(A) and let
US < X(A®) be any open neighbourhood of the AS -part x5 of x. Then there exists
a k-point xo € X(k) N US. Moreover, one can ensure that for v € Qoo N S the
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points xg and x, lie in the same connected component of X(k,). More precisely,
there exists yy, € X(ky,) such that the point x" € X(A) defined by x;, = yy, and
X! 1= Xy for v # vg belongs to the closure of the set X(k).G(ks) in X(A) for the

adelic topology.

Proof. Set ¥ := {vg}. We denote by x* € X(AZT) and x¥ € x(AS) the corre-
sponding projections of x. By Proposition 8.3 applied to the finite set of places
%, there exists a k-point x, € X(k) N xZ . G(AT). Let Yoy = (Buy € Xlkyy)
and define x” € X(A) as in the theorem. Then there exists ¢ € G(A) such that
xy-g = x"in X(A). Let U C X(A) be an open neighbourhood of x’. Since the orbit
xy-G(A) C X(A) is open (because H is connected) and contains x’, we may assume
that U C x5.G(A).

By assumption Gr(k).G(kgs) is dense in G(A). It follows that there exists gg €
G(k) and gg € G(kgs) such that x” := x{.g¢.gs belongs to U. Set xy := x].go €
X(k), then x”" = xp.gs. Weseethat x” € X(k).G(ks)NU. Therefore, we conclude
that x’ lies in the closure of X(k).G(ks).

Concerning the infinite places, for v € Q,, NS we have xy € x,,.G(ky), because
Xy € Xy.G(ky). Since G is simply connected, the group G(k,) is connected (see
[34], Theorem 5.2.3), hence the image of xo in X (k) is contained in the connected
component of x, in X(k,). O

8.5. Proof of Theorem 1.7. To prove this theorem, we can follow the proof of
Theorem 1.4 to make reductions, so that we may assume the following:

1) G" = {1},

(i) H ¢ G'™, i.e. H is linear,
(i) G* is simply connected,
(iv) III(G*™2) s finite,

(v) the homomorphism H'"" — G is injective.

Set T 1= Qs U fug}e Let ‘U}? - X(AZ’) be an open neighbourhood of the
projection xZ e X(AT) of x. Set ‘u;; = ‘u}f’ X X(ky,). Let Uy be the special
open neighbourhood of x in X(A) defined by U }J; . SetY := G*"/H'"™" and consider
the canonical morphism ¥ : X — Y. Sety := (x) € Y(A), then y is orthogonal
to the group Bry(Y') for the Manin pairing. Hence by [22], Theorem 4, there exists
yo € Y(k) Ny (Uy). Set X, = Y Hyp) C Xand V = Xy,(A) N Uy. Then
V is open and non-empty since yo € ¥(Uyx). As in the proof of Proposition 7.4,
we know that X, i1s a homogeneous space of the semisimple simply connected
group G* = G, with connected character-free geometric stabilizers, and with a k-
point. Therefore Theorem 8.4 implies that X, (k).G*(ks) NV # @. In particular,
the set X(k).G*(kg) N Uy is non-empty. Set ' := § ~ {vp}, SJQ = 8"N Qp,

u;vo} = ‘L{?, X Uy o0, thenitfollows that the set X(k).G*(kg) ﬂ‘ll;vo} C X(Atvoh
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is non-empty. Since U;JD}.GSC(/CS;) = U;UD}.GSC (k S}), we obtain easily that the

set X(k).G*(k S}) N ‘U;vo} C X(A'¥0}) is non-empty. This completes the proof of
Theorem 1.7. (]
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