
Zeitschrift: Commentarii Mathematici Helvetici

Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 87 (2012)

Artikel: Floer homology on the universal cover, a proof of Audin's conjecture
and other constraints on Lagrangian submanifolds

Autor: Damian, Mihai

DOI: https://doi.org/10.5169/seals-283485

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 23.03.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-283485
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


Comment. Math. Helv. 87 (2012), 433^63 Commentar« Mathematici Helvetici
DOI 10.4171/CMH/259 © Swiss Mathematical Society

Floer homology on the universal cover, a proof ofAudin's conjecture

and other constraints on Lagrangian submanifolds

Mihai Damian*

Abstract. We establish anew version of Floer homology for monotone Lagrangian embeddings
in symplectic manifolds. As applications, we get assertions for monotone Lagrangian submanifolds

L °->- M which are displaceable through Hamiltonian isotopies (this happens for instance
when M C"). We show that when L is aspherical, or more generally when the homology
of its universal cover vanishes in odd degrees, its Maslov number Nl equals 2. This is a
generalization of Audin's conjecture. We also give topological characterisations of Lagrangians
L °->- M with maximal Maslov number: when Nl dim(L) + 1 then L is homeomorphic to

a sphere; when Nl n > 6 then L fibers over the circle and the fiber is homeomorphic to a
sphere. A consequence is that any exact Lagrangian in T*S2k+1 whose Maslov class is zero
is homeomorphic to S2 +

Mathematics Subject Classification (2010). 57R17, 57R58, 57R70, 53D12.

Keywords. Lagrangian embeddings, Floer homology, Maslov number.

1. Introduction and main results

1.1. Preliminaries. Let (M2n, co) be a symplectic manifold. A submanifold Ln of
M is called Lagrangian if the restriction of co on L vanishes. Throughout this paper
all symplectic manifolds are assumed to be either closed or convex at infinity and

all Lagrangian submanifolds are assumed to be closed and connected. One of the
fundamental questions in symplectic geometry is the following:

What properties has to satisfy a closed manifold L in order to admit a

Lagrangian embedding into a given symplectic manifold M

This question is still widely open even in the case of M C". The results of the

present paper concern symplectic manifolds such as M CB, M CP", or M
T*K for K closed, all of them being endowed with their standard symplectic form.
We establish new topological constraints on Lagrangian submanifolds L C M which
are monotone or exact. These notions are defined using two morphisms related to a

"Supported byANR project "Floer Power" ANR-08-BLAN-0291-03.
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given Lagrangian L which are defined as follows. The morphism I& : jT2(M, L) -> M.

is defined b}'

UA) j co.

In order to define the morphism I^: jT2(M, L) —>- Z, pick a smooth map of pairs
w: (D2,dD2) -> (M,L) in the class A e jT2(M,L). There is an unique trivialisation
(up to homotopy) of the pull-back w * TM œ D2x C" as a symplectic vector bundle.
This gives a map aw from S1 dD2 to A(C") -the set of Lagrangian planes in C".
On this space there is a well-known Maslov class fi e Hl(A(<£n), Z) (see [2]), so
that one can define

Iß(A) fi(a) e Z.

Definition 1.1. A Lagrangian submanifold L C Mis called weakly exact if the

morphism I& vanishes. It is called exact if co dX and the restriction X \l is an exact
one-form.

A Lagrangian submanifold is called monotone if there is a constant t > 0 such
that

We can see from the definition that only exact symplectic manifolds admit exact

Lagrangian submanifolds. It is less obvious, but still true, that monotone Lagrangian
submanifolds only exist in monotone symplectic manifolds (i.e. in symplectic
manifolds in which the morphism defined on ^(M) by the first Chern class is a positive
multiple of the morphism defined by the symplectic form). Many authors studied
monotone and exact Lagrangians and found various obstructions to the existence of
such embeddings. A celebrated result of M. Gromov asserts:

Theorem 1.2 ([26]). There is no weakly exact Lagrangian embedding LcC".

The results on the obstructions to the existence of monotone Lagrangian submanifolds

mostly concern their Maslov number. This number, denoted by Nl » is defined as

the positive generator of the image of 1^. In 1996, Y.-G. Oh established the following
inequality [34], improving thus previous results of L. Polterovich [36], [37]:

Theorem 1.3. For any monotone Lagrangian submanifold L C C" we have

1 < Nl <n.

These bounds turn out to be sharp. Indeed, Polterovich gave in [37] an example
ofa monotone Lagrangian L C C" which satisfies Nl — n-

Note that both Gromov's and Oh's result can be stated for the more general case of
symplectic manifolds M which are convex at infinity and have the property that an}'
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compact subset is displaceable through a Hamiltonian isotopy. This means that for any
compact AT C M there is a Hamiltonian isotopy ((f>t)te[o,x] such that <f>\(K)C\K 0.

Symplectic manifolds of the form C x W, or subcriticai Stein manifolds satisfy to
this assumption.

However, in this more general case Oh's result is not true as it is stated above.
The correct formulation is:

Theorem 1.4. Let M be a symplectic manifold in which every compact subset is
displaceable through a Hamiltonian isotopy. For any monotone Lagrangian
submanifold L C M we have

1 < Nl < n + 1,

and ifNl n -\- 1, then L is a Z /2-homology sphere.

Actually, more recent results of K. Fukaya, Y.-G. Oh, H. Ohta and K. Ono [22]
imply that for Nl n +1, the Lagrangian L is a Z-homology sphere in the statement
above.

1.2. Main results. Our results about monotone Lagrangian submanifolds are of two
types. First we show that under some topological assumptions on L we have Nl 2.

Then, we study the topology of monotone Lagrangian submanifolds with maximal
Maslov number Nl « + 1 or Nl n. Here are the statements:

Theorem 1.5 (Audin's conjecture). Let M be a monotone symplectic manifold which
has the property that any compact subset is displaceable through a Hamiltonian
isotopy. Let L C M be a monotone Lagrangian submanifold.

a) If L is aspherical (i.e. L is an Eilenberg-McLane space K(jti(L), 1)), then

Nl 2 ifL is orientable and Nl e {1,2} ifL is not orientable.

b) Denote by L the universal cover ofL. IfL is orientable and has the property

H2l+x(L,Z/2) 0

for any integer i, then Nl 2.

c) Moreover, for any almost complex structure J which is compatible with the

symplectic form, a Lagrangian L which satisfies to the condition b) has the property
that through every p e L there is a J-holomorphic disk w: (D, BD) —> (M, L) such

that:

• The Maslov index fi(w) equals 2.

• p e w(dD).

• w(dD) is non-zero in jtx (L).
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Remarks. 1. Part a) ofTheorem 1.5 was proved by K. Fukaya for general aspherical
Lagrangian submanifolds, but under the additional hypothesis that L is orientable and

relatively spin ([21], Theorem 12.2). In the case where L is a torus the statement was

conjectured by M. Audin [3]. In this particular case, many results were previously
obtained by L. Polterovich, C. Viterbo, Y.-G. Oh,Y Eliashberg, P. Biran, K. Cieliebak,
K. Mohnke and L. Buhovsky.

2. Part b) of the statement above was proved by K. Fukaya in the case L
S1 x S2m without any monotonicity assumption ([21], Theorem 13.1). However,
our result applies to many more general examples, such as arbitrary products of
tori (or other orientable aspherical manifolds) and complex projective spaces, even-
dimensional spheres, etc.

3. Many results related to Part c) of the theorem can be found in the paper [11] of
P. Biran and O. Cornea. Using their terminology, the Lagrangian L should be called
uniruled of type (0,1) and order 2.

Using the ideas of P. Biran [7], we obtain the following corollary on the monotone
Lagrangian submanifolds in the complex projective space.

Theorem 1.6. Let W bea symplectic manifold such that M CP" x W is monotone
(for instance this holdsforJt2(W) OorforW CP"). LetL C M be amonotone
Lagrangian submanifold which is aspherical. Then Nl 2 ifL is orientable and

Nl <= {1,2} ifL is not orientable.

For spin Lagrangian submanifolds and W point this result was also proved by
K. Fukaya in [21] without any monotonicity assumption. The result is still true in the

more general situation where CP" is replaced by a symplectic manifold which arises

as a hypersurface in a subcritical polarisation. These manifolds were studied in [8]

by P. Biran and K. Cieliebak.
Our next result is a topological characterisation ofmonotone Lagrangian submanifolds

with maximal Maslov number.

Theorem 1.7. Let M be a (monotone) symplectic manifold ofdimension 2n, which
has the property that any compact subset is displaceable through a Hamiltonian
isotopy. Let L C M be a monotone Lagrangian submanifold.

a) Suppose that Nl n + 1 and n > 2. Then n is odd and L is homeomorphic
to the n-sphere.

b) Suppose that Nl w and n > 3.

If n is odd then jtx(L) has an infinite cyclic group G fa Z offinite index. If
moreover M is an exact symplectic manifold then there is an exact sequence of
groups

0 -> K -> m(L) -> z^o,
where K is finite and has odd order.
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Ifn is even then jtx(L) fa Z. Ifmoreover n > 6, then there is a fibration of L
over the circle S1 whose fiber is homeomorphic to the (n — l)-sphere.

Remarks. 1. There are examples of monotone Lagrangian submanifolds satisfying
the hypothesis on the Maslov number above. Indeed the embedding of S +1 into
CP* x Ck+1 given by

z h> ([z],z)
is monotone, Lagrangian and its Maslov number is 2k + 2. This example is due to
M. Audin, F Lalonde and L. Polterovich [5]. An example of a monotone Lagrangian
embedding S1 x 5 C C whose Maslov number equals 2k was constructed

by L. Polterovich in [37].
2. In [25] A. Gadbled established topological constrains on monotone Lagrangian

submanifolds in cotangent bundles which have a large Maslov number (which implies
that they are not displaceable through Hamiltonian isotopies).

We prove the following corollaries of this theorem:

Theorem 1.8. a) LetX bea symplectic manifoldofdimension 2n-\-2 with jt2(X) 0.

Let L C CP" x X be a Lagrangian submanifold such that H\(L,7L) 0. Then L
is homeomorphic to S2n+l.

b) Let L C CP" x CP" be a Lagrangian submanifold such that Hi (L, Z)
vanishes. Then L is simply connected and there is a circle fibration S2n+l -> L.

c) Let L C CP" be a Lagragian submanifold such that 2x 0 for any x e
Hl(L, Z). Then ifn is odd we have jtx(L) Z/2 and the universal cover ofL is
homeomorphic to Sn.

In [9] O. Cornea and P. Biran asked whether a Lagrangian as in 1.8.c is
diffeomorphic (or homeomorphic) to WPn. Our result goes in this direction but we do not
know whether its conclusion implies that L is homeomorphic to the projective space.
In the mentioned paper Biran and Cornea proved that under the hypothesis of 1.8

the cohomology ring (with Z/2-coefficients) of L is isomorphic to the cohomology
ring of MP". Similar results were previously obtained by P. Biran [7] and P. Seidel

[38]. The statement a) generalizes Theorem B of [7] (asserting that L is a homolog}'
sphere). The statement b) generalizes Theorem C of [7] (which asserts that L has the

homology of CP").

Theorem 1.9. a) Let L C T*S2k+1 be an exact Lagragian submanifold with
vanishing Maslov class. Then L is homeomorphic to S +1.

b) Let K2 +1 a manifold whose universal cover is S +1. Let L C T*K be

an exact Lagragian submanifold with vanishing Maslov class. Then the universal
cover L is homeomorphic to S +1 (in particular JTi(L) is finite). For instance,
when K MP +1 then jti(L) Z/2Z and L is double covered by (a manifold
homeomorphic to) S +1.
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This result gives an answer in the case K S +1 (under the hypothesis of the

vanishing Maslov class) to an open question raised by V. I. Arnold [1]:
Is an exact submanifold L C T* K homeomorphic to KI

Actually, Arnold asks whether L is Hamiltonian isotopie to the zero section, but
this latter question seems out of reach, except for the case dim(K) 2 (see [27]
for related results). In the general case the most striking result was obtained by
K. Fukaya, P. Seidel and I. Smith, who proved in [23], [24] that when L is relatively
spin with vanishing Maslov class, its cohomology is isomorphic to the cohomology
of K. For the case K Sm similar results were previously obtained by P. Seidel

[38] and L. Buhovsky [12].

1.3. Idea of the proofs. The proofs are based on a new version of Floer homology
which is constructed using an arbitrary covering of the Lagrangian submanifold. In
order to present it we need to recall some facts about the original Floer homology
construction.

1.3.1. The original Floer setting. Let L cMbea Lagrangian submanifold which
is monotone with Nl > 2, or weakly exact. Consider a Hamiltonian isotopy ((pt)
defined by a time-dependent Hamiltonian H : [0,1] xM -> M. and an almost complex
structure / which is compatible with the symplectic form co. For a generic choice of
the couple (H, J), A. Floer associated to these data a complex (C.(H), dj) whose

homology does not depend on (H, J) [17], [18], [19]. The Floer complex is free over
Z/2, spanned by the intersections L fl (f>i(L), which are supposed to be transverse.
Its differential 3/ is defined by counting the isolated holomorphic strips

w : M x [0,1] -> M,

with boundary in L U 4>i(L) (more precisely w(ßL x {i}) C 4>i(L) for i =0, 1) and

joining intersection points x, y e L Ci (f>i(L), which means that

lim w(s,t) x and lim w(s,t) y.
J->—OO 5->+00

If n(x, y) is the number modulo 2 of such curves then

3j(X)= J2 n(x>y)y-
yeLn<f>i(L)

Note that if L is orientable and relatively spin (meaning that the second Stiefel-
Whitney class w2(L) lies in the image of H2(M, Z/2) -> H2(L, Z/2)), then the
whole theory works for integer coefficients [22].

A relation between the Floer homolog}' HF(L) and the usual homology can be
established. At this end, one should remark that given a Morse function / : L -> M.

which is sufficiently ^1-small, its graph

{(dfq,q)\qeL}cT*L
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can be embedded in M via aWeinstein neighborhood U(L) C M and the intersection
points L fl Lf correspond to the critical points of /. Moreover, for a good choice of
the almost complex structure /, the application

w(s,t) i-> w(s,Q)

defines a one-to-one correspondence between the holomorphic strips joining two
intersection points x, y which lie in U(L) and the flow lines of a vector field on
M which is the gradient of / with respect to some Riemannian metric. So the
Morse complex becomes a sub-complex of the Floer complex in this case. If L is

weakly exact, and / is chosen sufficiently small, one can prove that no holomorphic
strip leaves U(L), so that the two complexes are actually isomorphic and thus Floer
homology is isomorphic to usual homolog}'. In the case where L is monotone,
Y-G. Oh shows in [34] that in the case of the particular Hamiltonian isotopy defined

by the graph of a small function /, the Floer differential decomposes into a sum

Bj a0 + a1 + a2 +

where do'. Cjc(f) —>- Cfc_i(/) is the Morse differential and df. Ck(f) -> C]c_i+inl
for any integer /. By comparing the degrees of the 9;'s in the relation d2 0 one

easily sees that 9i defines an application of degree —1 + Nl on the usual homology
groups of L and moreover that this application is actually a differential. On the
resulting homology groups $2 defines an application of degree — 1 + 2Nl which again
turns out to satisfy d2 0, and so on... This feature of the Floer differential can
be formalized in the existence of a spectral sequence which converges to the Floer

homolog}' HF(L) and whose first page is built using the usual cohomology groups
ofL[34],[7].

1.3.2. The difference between the cases Nl 2 and Nl > 3. As said above,
the Lagrangian Floer homology HF(L) can be defined for monotone Lagrangian
submanifolds with Maslov number Nl > 2. But the proof of this fact is slightly
different in the case Nl — 2. Since this difference is important in the sequel, we will
explain it below, using the simple example of an embedded circle in C.

The fact that dj defines a complex is equivalent (with the notation above) to

>J n(x, y)n(y,z) 0 mod2,
yeLn</>i(L)

for any x,z e LCi(f)i (L). The usual proof of this assertion in Morse theory requires
to show that any broken trajectory which joins x and z via another intersection point
y is a boundary point in a 1-dimensional manifold whose open part is a 1-dimensional

component of the space of trajectories between x and z. This implies that the total
number of broken trajectories is even and therefore the above relation is satisfied and

the Floer complex is well defined.
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In the case of a monotone Lagrangian submanifold L, this proof works for Nl > 3

(see Theorem 2.3 and Theorem 2.4 below). But it fails for Nl 2. To illustrate this,
let us consider the intersection between an embedded circle LcC and its image by
a translation as in Figure 1 below.

L <Pi(L)

Figure 1. The case Nl 2.

As one can easily see, the Maslov number Nl is indeed equal to 2. The differential
(associated to the standard complex structure) is given by the three holomorphic strips,
denoted by u, v and w. More precisely,

d(x) u*y + v*y Q and d(y) w - x x,

where the notation u • x(= x) is used to emphasize that the coefficient of x is given
by the strip u. So, d2 0 and the complex is defined. But there is no 1-manifold
consisting of holomorphic strips which have the broken orbits u # w and v # w as

boundary points. As we see in Figure 2 below, there is a path of holomorphic strips
At passing through x, whose ends are on one side the broken orbit u # v and on
the other side the holomorphic disk D with boundary in L. Analogously, the broken
orbit v # w is connected through holomorphic strips to the holomorphic disk with
boundary in (f>i(L).

(L (L

Figure 2. Broken orbits and holomorphic disks.

The reason why the Floer complex is still well defined here is that there are
exactly two holomorphic disks with boundary either in L or in (f>i (L) and therefore
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the number of broken orbits is even. This is a particular case of a more general
phenomenon which occurs when Nl 2. Namely the number of holomorphic disks

passing through a intersection point x e L fl 4>i(L) having the boundary contained
in one of these submanifolds is even. And any such disk can be connected either to
another similar disk or to a broken orbit joining x to itself. This result, due to Y.-G. Oh

[33] (see Theorem 3.2 below), enables us to define the Floer homolog}' HF(L) when

Nl — 2. The relation between Floer and usual homology is the same as for Nl > 3.

1.3.3. Floer homology on a covering space. The idea ofour proofs is the following.
Fix a covering space L -> L. Given a Morse function on L and an associated generic
gradient, one can build a free complex, possibly infinite-dimensional, by lifting its
flow lines to L. The homology of this complex is the usual (singular) homology
Hm(L).

Now consider the Floer complex associated to L and to some generic pair (H, J).
Look at the collection of paths yw defined by s i-> w(s,0) C L of holomorphic
strips w: M. x [0,1] -> M which define the Floer differential 3/. Obviously the
Floer complex can be reconstructed from the collection of these paths, by counting
the number of those who have the same endpoints x and y and defining thus a

differential on the free module spanned by all these endpoints. On the other hand one

can lift these paths to the covering space L. The question is:

Do the lifted paths define a complex

This turns out to be true when L is weakly exact or monotone with Nl > 3 (see

Proposition 2.6 below). But it fails for Nl 2, as one can easily see by looking
again at the example of an embedded circle in C which we considered in the previous
subsection. We draw in Figure 3 below the paths y which define the new differential.
For the trivial covering L^Lwe get of course the same thing, namely

B(x) yu • y + yv * y and d(y) ywx,

so that d2 0. But when we consider the universal covering for instance, we get

d2(x) (yu # yw) • x + (Yv #Yw)-x^Q,

since the paths Yu # Yw and Yv # Yw are not homotopic in L. Therefore, we do not
get a complex in this case. This can be explained by the fact that, unlike in the usual

case, the holomorphic disk with boundary in <f>\ (L) does not have any contribution
to the differential, as long as we only look at the submanifold L. Let us go back to
the case where L is weakly exact, or monotone with Nl > 3, when our complex is
defined. In the particular case of the Hamiltonian isotopy defined by a graph Lf of a

small function, the differential Bq clearly defines the lifted Morse complex described

at the beginning of the present subsection. Therefore, when this lifted Floer complex
is defined, its homology has analogue features, namely it coincides with the (Morse)
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%
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Figure 3. Definition of the lifted complex.

homology of the covering L if L is weakly exact and it is the limit of a spectral

sequence starting from the homology of L when L is monotone. This allows us to
infer the claimed results, by using the homology of the universal cover. Sometimes,
as for instance in the case of a monotone aspherical Lagrangian, the existence of
the lifted complex leads to a contradiction, which implies Nl S 2, proving Audin's
conjecture 1.5.a).

The construction of the new complex will be formalized in the next section.

2. The lifted Floer complex

Let L C M be a Lagrangian submanifold. Let p : L -> L be a covering of L.
The elements of a fiber of p are indexed by a possibly infinite set /. Let (4>t)te[o,i\
be a Hamiltonian isotopy of M such that L and 4>i(L) are transverse. For any
x e L fl <fii(L) denote by (xt)tej the elements of p~l(x). We prove the following
theorem, which is the main ingredient in the proof of the results that we claimed in
the preceding section:

Theorem 2.1. IfL is exact or monotone with Nl > 3, there exist a free Z/2-complex
C. spanned by UxeLn<*i (L){xi I ' € ^) sucn that:

• IfL is exact then

H*(C.) ta H*(L,Z/2).

IfL is monotone with Nl > 3 then there exist applications 81,82,- ¦ ¦ ,8^,...
with the following properties:

- 81 : H*(L, Z/2) -> H*-i+Nl(L,Z/2).
— 81 : H*(L,Z/2) —> H*_i+iNL(L,Z/2) is well defined if 8m Ofor

m l,...,l-l.
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- If8i Ofor any / > 1 then

H*(C.) ça H*(L, Z/2).

If L L is the universal cover of L then C. can be viewed as a free, finite-
dimensional complex over Z/2[jTi(L)], spanned by (}>i(L)C\L. A CW-decompostion

ofL can be lifted to L and gives rise to a free Z/2[jTi(L)]-complex, Z)#. Then, given
a Z/2[jTi(L)ymodule P, the statements above are valid when one replaces C# by
C.<g>z/2[xi (L)] P and H*(L) with the homology ofthe complex i?« &z/2|>i (L)] P • For
instance, when P is the Novikov ring associated to some 1-cohomology class u, the
latter is the Novikov homology H*(L\ u). More generally, the analogous assertion

for coverings L -> L associated to normal subgroups G < jti(L) is also valid.
When L is orientable and relatively spin, one can replace Z/2-coefficients with

Z-coefficients in all the statements of this theorem.

Proof. 1. The usual Floer complex. Let us start by reminding the definition of the

original Floer complex FC.(L, (4>t)) over Z/2. It is spanned by the intersection
points L fl 0i(L). Denote Lt (f>t(L). In order to define the differential of FC»,
one has to choose an almost complex structure J on M which is compatible with
the symplectic form co and to define the space of holomorphic strips with bounded

energy M(Lq, Li), as follows:

M(L0,L1) v e^°°(Rx[0,l],M)

dv dv

v(s,0) e Lo, v(s, 1) e Li,
E(v) < +00

Here, the energy E(v) is defined by the formula

E(v)
x[0,l]

av
~Bs

dsdt,

the norm being defined by the Riemannian metric co(', J'). Then consider for x, y
Lo H Li the space

M(x, y) iv e M(Lo,Lx) I lim v(s,-) x and lim v(s,-) y\.
s->-oo ' j->+oo

Floer proved in [17], [19] the following:

Theorem 2.2. a) We have

M(Lo,Lx) U M(x>yy
x,yeLonLi

b) For a generic choice ofJ the spaces M(x, y) are finite-dimensional manifolds
oflocal dimension fi(v) the Maslov-Viterbo index ofv (see [39] for the definition).
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Denote by X°(x, y) the O-dimensional component of X(x, y) M(x, y)/M..
To define the differential of FC» we need to prove that X°(x, y) is finite. This is a

consequence of Gromov's compactness for holomorphic curves [26] and was proved
by Floer in [17] and Y.-G. Oh in [32]:

Theorem 2.3. Suppose that L is compact, either weakly exact, or monotone with
Nl > 3. Let x,y e Lo n Li and A > 0 and let (vn) C M(x, y) be a sequence of
solutions with constant index fi(vn) fio < 2. Then there exist a finite collection
(Zi)i=o k ofpoints in Io H Li with Zo x and z^ y, some solutions vl e
Mjx(zì-i, Zi) for i 1,... ,k and some sequences of real numbers (o~^)R for ' —

1,... ,k such thatfor all i 1,... ,k the sequence vn(s + crln,t) converges towards
v^s^in-C™.

Moreover, we have the relation

k

J2ß(vl) fio-
i=l

If fio 1 in the statement above then necessarily k 1 due to the latter relation,
so we immediately infer that the spaces X°(x, y) are compact, which implies that
they are finite. This enables one to define the differential B : FC» -> FC» as

yeL0nLi

where n(x, y) #£°(x, y) mod (2). In order to prove the relation B2 0, one
has to study the compactness of the 1-dimensional component X1 (x, y) of X(x, y).
Using again 2.3 we find:

Theorem 2.4. Denote by Xl(x,y) the union

Xl(x,y)U (J X°(x,z)xX°(z,y),

endowed with the topology given by the convergence towards broken orbits which
was defined in 2.3.

Then X1 (x, y) is a compact 1-dimensional manifold whose boundary is

[J X°(x,z)xX°(z,y).
zeLonLi

Note that the proof of the fact that X1 (x, y) is a manifold with boundary requires
a gluing argument as in [18]. Now the fact that a compact 1-dimensional manifold
has a boundary of even cardinality immediately implies B2 0, proving thus that
(FC», B) is a complex.
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Remark 2.5. In the monotone case the hypothesis Nl > 3 is crucial in Theorem 2.4
and in Theorem 2.3. The reason is that for Nl > 3 no bubbling holomorphic disk
can occur in a sequence of elements of the 2-dimensional component of M(x, y) and

this implies the existence of a subsequence which converges towards a broken orbit,
via Gromov compactness.

As explained in Section 1.3.2, Theorem 2.4 is no longer true when Nl 2. Usual
Floer homology is still defined in this case whereas lifted Floer homology is not (see

again the explanations in §1.3.2).

We present below the definition of the lifted Floer homology for Lagrangians L
which are weakly exact or monotone with Nl > 3. A sufficient condition to extend
this definition to the case of monotone Lagrangians with Nl 2 is presented in the

proof of 1.5.C below.

2. The liftedFloer complex. A construction ofa lifted Floer-type complex was already
sketched in our previous work [15]. The idea of constructing such a complex was
suggested in [6].

Consider the intersection points L fl (f>i(L), viewed as points in L. For two such

points x, y, any holomorphic strip v e M(x, y) defines a path y : ] — oo, +oo[^ L
which joins x and y:

y(s) v(s,Q).

We consider the obvious extension of y to [—oo, +oo] keeping the same notation for
the extended path. Look at the collection of intersection points and take the paths
Y as above, defined by the strips v which belong to the 1-dimensional components
of M(x, y) (which correspond to the 0-dimensional components of X(x, y)). This
collection of points and paths joining them is obviously sufficient to re-construct the

complex FC». Denote by 'C the collection ofpoints and by T the collection of paths.
Now start with the above collection ofpoints and paths (€, T) and fix a covering

p: L -> L. For any point x e X? denote by (x;)ie/ the elements of the fiber p_1(x).
Consider all the lifts of the paths of T to the covering space L. It is clear that for
fixed points X;, yj (where i, j e I), the lifted space X°(xt, yj is finite; let n(Xi, yj
be its parity. On the free Z/2-complex C/' spanned by UxeLn<*i (L) P~1(x) one can

therefore define an application BL : C^ -> C/' by the formula

dL(xi)= J2 n(xi>yj)yj-

The sum above is obviously finite since T is finite and any path y e T admits

only one lifting starting from X;. We prove

Proposition 2.6. (C^, BL) is a complex.
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Proof This is equivalent to the fact that, given Xt, yj, there is an even number of
"broken paths" joining them. Broken paths means lifts of concatenations yi * Ï2,
where yt e T and y\ starts from x and ends into some point z e'C, while y2 starts
from the same point z and ends in y.

Since the paths of T define a complex (namely the Floer complex FC»), we know
that the number of broken paths joining x and y downstairs is even. Moreover,
they represent boundary points of a 1-dimensional compact manifold, so they can

naturally be dispatched in a disjoined union of sets of two elements, corresponding
to the boundary points of each component of the mentioned 1-dimensional manifold.
But in order to get the same property at the level of the covering space L one has to
check that the broken paths in such a set admit liftings with the same endpoints:

Proposition 2.7. Let {y\ * 72 > Yi * Y2,} ^e a set of two broken paths in L as above.

Then these broken paths are homotopic in L.

Proof. The concatenations yi * y2 and y[ * y2 have the same starting point x e 'C

and the same ending point y e 'C. We use the following lemma which was proved in
[15] (Lemma 3.16).

Lemma2.8. Let(vn)ne^beasequenceinM(x,y),asin2.?>. Letyn: [—00,+00] ->
Lq be the path defined by yn(s) vn(s, 0) extended by x in s —00 and by y in
s +00. Fori 1,... ,klet yl : [—00, +00] -> Lo be the analogouspaths defined
by the holomorphic strips vl. Thenfor n large enough yn and y y1 * y2 * • • • * y
are homotopic in Lo-

Now the broken holomorphic strip (v1, v2) which defines yi * y2 corresponds to
a boundary point in X1 (x, y which means that it is the limit of a sequence lying in a

2-dimensional component of M(x, y). The same is true for the broken path y[ * y2.
Using the previous lemma we infer that there is some component of X1(x, y) such

yi * y2 and y[ * y2 are respectively homotopic to paths in Lq defined by some elements

in this component. On the other hand all paths defined by the elements of the same

component of X1(x, y) are obviously homotopic, which finishes the proof of our
claim 2.7. D

The proof of 2.6 immediately follows, since the previous proposition implies that
the set ofpaths in T whose lifts in L join some fixed points Xi, yj is a disjoined union
of sets with two elements. D

3. Hamiltonian invariance. The usual way (see [18], [32]) to prove that the
homology of the Floer complex FC» does not depend of the (generic) choice of the
Hamiltonian and of the almost complex structure, is to consider a generic homotopy
tys (HS)t, Js) between two fixed couples (Ht, Jt) and (H't, J't) and to use it to
define a chain morphism FC»(Ht, J) -> FC»(H't, J') which induces an isomorphism

in homology. More precisely, the homotopy ^ is used to define moduli spaces
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H H'
M\y(x, y) for x e (f>x '(L)C\L and y e (f>x '(L)CìL. The space M-qt(x, y) is defined
as follows:

[0,1] -> M

dv dv

v(s,0)eLo v(s,l)e<f>lHs(L0),

lim v(s,t) x(t), lim v(s,t) y(t)

For a generic choice of ^ these spaces are actually finite-dimensional manifolds,
and the morphism between the two complexes is defined by counting the number of
elements (mod 2) of their 0-dimensional components. The latter are proved to be
finite by using a compactness result, analogue to 2.3. The same result shows that
the 1-dimensional component of M(x, y) can be completed to a compact boundary
manifold such that the parity of the number of boundary points is equivalent to the
fact that the morphism defined by ^ commutes with the Floer differentials.

The same argument as before can be used to get the invariance of the homolog}'
of C^. Given two collections of points and paths ÇC, T) and ÇC1', V), as above, the

paths v(s, 0) e I\p defined by elements v belonging to 0-dimensional components of
M-qi(x, y) define a morphism between the associated lifted complexes C^ and (C^)''.
Claiming that it is a chain morphism is equivalent to the claim that the number of
broken paths in Tqr admitting lifts which join fixed points Xi and yj is even. As above,
this is a consequence of Lemma 2.8, adapted to this new setting.

Finally, the arguments of [17] which show that the morphism defined by \F

between the two usual Floer complexes induces an isomorphism at the homology level,
can be used together with 2.8 in the same way, in order to show that the homology
of the lifted complex C. does not depend on (Ht, J) either. We will denote this

homology by FHL(L).

4. Computation of FHL(L). When the Lagrangian L is weakly exact its Floer

homology is isomorphic to the singular homology of L [18]. To prove this, one has

to consider a Morse function / : L -> M. and a particular Hamiltonian isotopy (f>t

which maps L into the graph Lt/ C U(L) C M, so that the Lagrangian intersections

correspond to the critical points of /. The notation is that from §1.3, in particular
U(L) is a Weinstein tubular neighborhood of L. If / is sufficiently "C1 -small one

proves that all the holomorphic strips lie in U(L); the contrary would imply - via
Gromov compactness- the existence ofa holomorphic disk with boundary in L which
is impossible for a weakly exact Lagrangian [34]. For a well-chosen almost complex
structure the canonical projection U(L) -> L maps the holomorphic strips onto the
flow lines of a gradient vector field of / with respect to a generic Riemannian metric
on L. Moreover, this projection defines a one-to-one correspondence between the
isolated holomorphic strips and the gradient lines joining critical points of consecutive
indices. This means that for these particular choices (which still satisfy the generity
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assumptions required to define Floer homology), the Floer complex is identical to a

Morse complex and the result follows.
The latter property of the holomorphic strips above shows that in this particular

case the collection {C, T) is the one defined by the critical points of/ and the isolated

gradient lines which join them. So the lifted complex C/' coincides with the lifted
Morse complex on L. The homology of the latter is the singular homology of L.
To see this, recall that the stable manifolds of the gradient vector field associated

to a Morse function yield a CW-decomposition of L whose lift to L computes the

homology of this covering space. Therefore we infer:

FHZ(L) ça H*(L,Z/2).

In the monotone case, when one chooses the same particular Hamiltonian isotopy
and almost complex structure, it is no longer true that the holomorphic strips lie in a

Weinstein neighborhood U(L). But, as Y.-G. Oh pointed out in [34], the holomorphic
strips which lie in U(L) still project onto the gradient lines and the isolated ones are
in bijective correspondence to the gradient lines defining the Morse complex. On the
other hand, according to the same paper [34] an isolated holomorphic strip of finite

energy which leaves U(L) connects two critical points x, y of / which satisfy

Ind(x) -IndOO 1-INL,

for some positive integer /.
In this particular case, the Floer complex can be graded by the Morse index.

Therefore, given an integer /, the count (mod 2) of the isolated holomorphic strips
satisfying the index relation above defines for each integer k a map

Bi : FCk -> FCk-x+iNL-

Of course, 3/ vanishes for / > [dimjg+1]. The Floer differential B: FC» ^ FC»
writes

d B0 + B1 + --- + 3/+---
Here Bo is the Morse differential defined by the (projections on L of the) homolorphic
strips which do not leave U(L).

From these dataY.-G. Oh [34] and P. Biran [7] inferred the existence of a spectral

sequence which converges towards the Floer homology and whose first page is built
using the usual (Morse) homology of L.

Now, by definition, it is obvious that the differential B of the lifted complex C.
satisfies to the same properties, namely:

1. It decomposes into a finite sum BL Bq + Bf + - - -.
2. For the grading given by the Morse index we have Bf : C^ -> C^_l+lN
3. The complex (C. Bq) is identical to the lift to L of a Morse complex on L.
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These properties are sufficient for the existence of a spectral sequence analogous
to the one defined by Biran and Oh. The precise statement is:

Theorem 2.9. Denote by A the subring Z/2[TNl, T~Nl] of the Laurent polynomials

with Z/2-coefficients and by A L C A the subgroup Z/2 • T L, for any
integer k. There exists a spectral sequence {Ef'q, dr } which converges to the lifted
Floer homology FH (L) and which satisfies the following properties (all the tensor
products below are over Z/2):

• Eg* CJ+q_pNL 0 AM d0 [3j] 0 Id.

• Ef'q Hp+q-pNL(L,Z/2) 0 A*N*>, dx [3f] 0 T~nl(.), where

[3f]: Hp+q_pNL(L,Z/2) -> Hp+q_l<p_mL(L,Z/2)

is induced by Bf.

• For every r > 1, E?'q has the form E?'q Vrp'q 0 ApNl with dr 8r 0
T~rNL; where Vrp,q are vector spaces over Z/2 and 8r : Vrp,q —> V/~r'q r~

are homomorphisms definedforevery p, q and satisfying 8ro8r 0. Moreover:

yPA
Y,er(8r : V?« -> Vj^^)

r+1 lm(8r: Vrp+r'q-r+1 -> Vrp'q)
'

and for r 0,1 we have V™ C^q_pNjL, V™ Hp+q_pNL(L,Z/2),
8x [B\ ].

• The spectral sequence collapses at page [ "jy 1 + 1 and for all p e Z,

iZ E™ w FH^(L).

The proof of 2.9 is analogous to the proof of Theorem 5.2.A in [7]. It is purely
algebraic, and it applies to any graded complex whose differential (in our case BL)
satisfies to the conditions 1-3 above. The spectral sequence {Ef'q} is associated to
an increasing filtration of the complex C»:

keZ

which is endowed with the differential

d Bo 0 Id + Bi 0 T~Nl(-) + B20 T~2Nl(-) + • • •

As in [7], one can show that the homology of this complex is isomorphic to the

Floer homology FHL(L).
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Remark that the above theorem immediately implies 2.1 for L monotone. Indeed,
if(5i 0, then, according to 2.9, V?'9 Vf'q Hp+q-pNL(L,Z/2),and

&2- Hp+q_pNL(L,Z/2) -> Hp+q_i_(p_i)NL(L,Z/2).

Lx
>2Actually, the proof of [7] shows that 82 [B2]. Analogously, if <5i

<5/_i 0, then 81 is defined on the homology ofL (by [3f]) and its degree is —1 -\-INl-
Finally, if all the <5j 's vanish then the spectral sequence Ef'9 collapses at page 1 and

therefore, applying again 2.9, we have

FHZ(L) ça H*(L,Z/2).

This finishes the proof of 2.1 for homologies with Z/2-coefficients.

5. Change ofcoefficients. A Lagrangian submanifold L C M is called relatively spin
if there exists a class st e H2(M, Z/2) that restricts to the second Stiefel-Whitney
class u>2(L) of L. For such submanifolds, also supposed to be orientable, it was
proved in [22] that the spaces ofholomorphic strips M(x, y) can be oriented and that
under this hypothesis the Floer complex FC» can be defined over Z-coefficients.

In our case, when L is orientable and relatively spin, the lifted complex C. is
constructed using a collection of oriented paths T, which enables us to define it over
Z. To show that it is a Z-complex whose homolog}' only depends on L C M and on
the chosen covering space L one can use the same proof as above.

If we chose the universal cover L as covering space, then C/', can be seen as a

free, finite-dimensional complex over Z/2[?Ti(L)] (resp. over Z[?Ti(L)] when L is
orientable and relatively spin). Of course we can change the coefficients by tensoring
with any Z/2[jti(L)]-module R, for instance with the Novikov ring associated to
some morphism u : itx (L) —>- Z.

In all these situations the homology of the complex C/' is related in the same

manner as for Z/2-coefficients to the homology of L with coefficients in the new
coefficient ring. In particular, in the case we have just considered, the latter is the
Novikov homolog}' H*(L,u) (for definition and related properties, see for instance

[13], [14]).
The proof of 2.1 is now complete. D

3. Applications

In this section we prove our main results which we stated in § 1 and other applications
of 2.1.

3.1. Aspherical Lagrangian submanifolds. Proof of Theorems 1.5 and 1.6. The
idea of the proofs is that, under the given hypothesis, the spectral sequence given by
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2.1 collapses at page 1, which means that the lifted Floer homology associated to the
universal cover of L is isomorphic to the singular homology of L. On the other hand,
since L is displaceable through a Hamiltonian isotopy, the lifted Floer homology
vanishes. This is contradictory and therefore Theorem 2.1 should not apply here.
The only possible reason for that is the fact that the Maslov number Nl is less than 3.

Proofof 1.5. a) IfNl > 3 then we get the applications <5j provided by 2.1. But since

L is aspherical Hi (L) 0 for i ^ 0, which implies that 8i 0 for all i. Therefore,
according to 2.1,

#(C.L) ça H(L,Z/2).
Since L is displaceable, the left term vanishes, whereas the right term is not zero in
degree i 0. This contradiction implies Nl < 2.

We use the following well-known result [2] (see also [21], Lemma 2.5):

Proposition 3.1. If L is orientable then Nl is even. The converse is true if' Jti(M)
is trivial.

The conclusion of 1.5 follows.

b) Since L is orientable, its Maslov number Nl is even and therefore all the

applications <5; provided by 2.1 have an odd degree. Suppose Nl > 3- The homology
of L is zero in odd degrees. This implies <5i 0 and E2'9 Ef'9 in the spectral

sequence of 2.9. The same argument shows that all the applications <5j vanish, which
implies that the singular homology of L is zero. But this is impossible and therefore

Nl 2.

c) Denote by $reg the generic set of compatible almost complex structures for
which the usual Floer complex (FC», B) is defined. Consider / e $reg and denote

M(M, J, 2) { w : (D, BD) -> (M, L) \ Bjw 0, fi(w) 2 }.

By standard transversality results ([16], see also [10], Chapter 3) one gets that for
generic /, M(M, /; 2) is a manifold of dimension n + 2. It is important to notice
here that a crucial point in the proof of the transversality is the fact that all the disks
in M(M, J',2) are simple. This is a consequence of the monotonicity of L and of
a result of D. Kwon and Y.-G. Oh [28] and L. Lazzarini [30] (see again [10]). The

monotonicity ofL also implies that M(M, J ; 2) is closed. Indeed all the holomorphic
disks of this manifold have the same area, so Gromov's compactness [26] applies.
On the other hand, since L is monotone and the disks have minimal Maslov number,
no bubbling can occur.

The unparametrized /-holomorphic disks ofMaslov number 2 passing through a

given point p e L can be identified with the preimage ev-1 (p) of an evaluation map

ev: M -> L,
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where M (M(M,J;2) x 51)/PSL(2,M) and PSL(2,M) Aut(D) acts on
(M(M, J;2)x S1) hy

h ¦ (w,z) (w o h,h~1(z)).

The evaluation map is given by ev([ii>, z]) w(z), for [w, z] e JV*.

The closed manifold JV* is n-dimensional and in particular for a generic p, the

preimage ev-1(/?) is finite. Following the notation of [33], denote by ^l(p) the
number of elements of e\~1(p), modulo 2. This number does not depend on the
choice of the regular value p: it is the mod-2 degree of the evaluation map. Y.-G.
Oh shows in [33] that in order to define the Floer homology FH(Lo, Li) in the

case where Nli 2 one needs the hypothesis $£0 + OÏL! — 0. This comes from
the fact that the 2-dimensional component of the trajectory spaces M(x, y) can be

compactified by adding the broken trajectories and the holomorphic disks ofMaslov
index 2 with boundary in one of the Li's, passing through the intersection points; the
latter occur as bubbles of sequences in M(x, y) (when x y). If their number is

even then the relation B2 0 is still valid.
Note that Y.-G. Oh also shows:

Theorem 3.2. When Li is a Hamiltonian deformation ofLo then the above relation

$L0 + *Li 0

is satisfied and therefore the Floer homology FH(L) can be defined.

But for the definition of the lifted Floer homology FH (L) this is no longer
sufficient as can be seen in the example of two circles in C intersecting in two points
which we explained in §1.3.2. Recall that the lifted Floer complex was defined

(for Nl > 3) using the paths w(s,0) defined by the isolated holomorphic strips
of M(x,y). To define it for Nl 2 (with Z/2-coefficients) one needs for any
x e L C\ Li, Li=0i(L) and for any homotopy class g e Jti (L) an even number
of broken isolated trajectories w from xtox whose associated paths w(s,0) C L
define a loop in the class g. This is clearly not true in the case of the two circles, as

the two broken paths lie in different homotopy classes.

In the general situation, we claim that the Floer homolog}' FH (L) can be defined

if for any g e Jti (L) the number of /-holomorphic disks passing through a generic

p e L and whose boundary realize g is even. The same arguments as above (fixing
the homotopy class of the boundary in the definitions of M, JV*) show that the parity of
this number does not depend on the generic choice of p. Denote it by $glL *= {0,1};
clearly

$L= Y^ ®z>L mod2- (1)

gen\{L)
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Let us proof our claim. As explained above, it can happen that in order to com-
pactify a 1-dimensional connected component of X1(x, x) (where x e L C\ <pi(L)),
one has to add a broken trajectory and a holomorphic disk D with boundary in L
or 0i (L). The homotopy class of the boundary BD C L is determined by the paths
w(s, 0) defined by the holomorphic strips corresponding to the elements in X1 (x, x).
When the boundary contains a holomorphic disk (D, BD) C (M, L i), then the loops
defined in L by the trajectories of X(x, x) are necessarily contractible in L. Therefore,

counting modulo 2, we have <&g,L broken trajectories in the class g when g ^ 0
and <Ê>o,L + <E>Li for g 0. Using the fact that $Li &L and the relation (1)
we infer that the lifted Floer complex is defined provided that &g,L — 0 for any
gejti(L),g=éo.

Now we are able to finish our proof. If for any non-zero g e Jt\ (L) there is

some p e L such that there is no holomorphic disk with boundary in the class g,
passing through p, then Qg,L 0 for any g ^ 0, so FH (L) is defined. But
this leads to a contradiction like in the proof of 1.5.a). So, the proof is finished for
J <= c^reg- For an arbitrary /, take a sequence /„ e $reg which converges towards

/. Fix p e L and consider /„-holomorphic disks wn : (D,BD) —>- (M,L) such

that fi(wn) 2 and p e wn(BD). Using again Gromov's compactness [26] we find
that wn converges towards a /-holomorphic disk whose boundary passes through
p. There is no bubbling here because of the monotonicity of L and the fact that the
Maslov index is minimal. The boundary of the limit is not trivial in 7ti(L) by an

argument which is similar to the one in the proof of 2.8 (see [15], Lemma 3.16).
The proof of 1.5 is now complete. D

Using a quite similar argument one can prove the following version of 1.5:

Theorem 3.3. Let M bea monotone symplectic manifold which has the property that

any compact subset is displaceable through a Hamiltonian isotopy and let L C M
be a monotone Lagrangian submanifold.

a) Iffor some integer k > 1 we have Hf(L,Z/2) Ofor i > k, then

NLe[l,k + l].

b) Suppose that L is orientable. If H*(L, Z/2) is offinite dimension over Z/2
the Euler characteristic

* Ë(-iydim(ff,(L,Z/2))
i=0

does not vanish, then Nl 2. Moreover, for any almost complex structure J which
is compatible with the symplectic form we have that through every p e L passes at
least a J -holomorphic disk w: (D, BD) -> (M, L) whose Maslov index equals 2

whose boundary is not trivial in it\ (L).
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Proof a) IfNl > £ + 2 > 3, the lifted Floer homology FHL is well defined. Since
the degree of the applications <5; is greater than or equal to — 1 + Nl > & + 1, all
these application vanish and therefore FH is isomorphic to the singular homology
of L. On the other hand FH 0, as L is displaceable, which is absurd.

b) To prove this statement one has to look at the proof of Theorem 5.2.A in [7].
It is shown that the vector spaces Vp'q in the statement of 2.9 satisfy Vp ,q

Vp'q L, and the applications 8f'q have the same property. Therefore, for p,
q fixed, 8r is a differential on the complex (Vrp'q r L )keZ- This complex is

finite (since this assertion is true for r 1) and its homology is (Vfj^ r )k->

according to 2.9. Now fix p e Z and consider the Euler characteristic:

Xr £(-l)*dim(K™).
qeZ

We show that Xr does not depend onr. Fix a negative odd number m. It is quite clear
that

o

Xr= ^(-l)l^(-l?âhn(V*-l+km).
l=m+X keZ

Indeed we have just changed the order of the summands in the writing ofXr ¦ Applying
this for m 1 — tNl (which is odd, since L is orientable, by 3.1), we get

o

Xr= E ("W.
q=2-rNL

where xi is the Euler characteristic of the complex (Vrp'q ~r )k- The Euler
characteristic of the homology is the same, so one can write

rf yj(-l)*dim(F£r*(I-<*)).
keZ

Therefore we get

Xr= E (-l)<£(-l)*d;m(F™+*<1-'A«) ;f,+1.
q=2-rNL kel

The latter equality is obtained by applying the property above for m 1 — tNl and

r + 1 instead of r.
So Xr is independent of r. On the other hand, according to 2.9, we have

Xi x(H*(L,Z/2)) ^0
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and since the spectral sequence collapses and its limit is zero we also have Xr 0
for r sufficiently large. Therefore the lifted Floer complex can not be defined, which
means that Nl 2.

The proof of the existence of a /-holomorphic disk of Maslov index 2 passing
through a given p e L is similar to the proof of 1.5.a). D

Proofof 1.6. We use the following result of P. Biran ([7], Proposition 4. LA):

Proposition 3.4. IfL C CP" x W is Lagrangian monotone then there is a circle
bundle Tl —>¦ L such that Tl admits a monotone Lagrangian embedding into C"+1 x
W and moreover Nyl Nl-

If L is aspherical then it is easy to see that Tl is aspherical, too. Since it is

displaceable through a Hamiltonian isotopy, the result follows by 1.5. D

3.2. Lagrangian submanifolds with maximal Maslov number. Proof of Theorems

1.7 and 1.8.

Proofof Theorem 1.7. a) As Nl n + 1 > 3 the lifted Floer complex is well
defined. We know that its homology FH (L) vanishes because L is displaceable.
On the other hand, we know by 2.9 that the spectral sequence {Ef'9} which converges
towards this homology, collapses at page 2. So, according to 2.9 we have

0 EP>Q _
Ker([B^]: Ef'9 ^ Ef'1'9)

1 ~
lm([B^]: Ef+1'9 ^ Ef'9)

which for q p — pNl + i gives

0 ßP'P~PNL+i _ Ker([3f]: Hj(L,Z/2) -> Hn+i(L,Z/2))
Im([df]: Hi-n(L,Z/2) -> Hi(L, Z/2))

Applying this equality for i 1, n — 1 we find that L is a 2-homology sphere
for any covering space L. In particular, for L L we have Hl(L, Z/2) 0, for
i 1,2 and therefore we infer that L is spin. So dim(L) Nl — 1 is odd (by
3.1, since L is oriented) and the whole theory works for Z-coefficients. The same

argument then shows that any covering L is a Z-homology sphere. Let us prove
that L is also simply connected. If not, take a non-zero element g e tTi(L) and

consider the Abelian subgroup G (g) and the associated covering space L. Then

H\(L,Z) G which contradicts the fact that L is a Z-homology sphere. Finally,
using the (proofs of the) Poincaré conjecture, (S. Smale, M. Freedman, G. Perelman)
we infer that L is homeomorphic to Sn, as claimed.
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b) As above, the lifted Floer complex is defined, its homology vanishes, and the

spectral sequence converging to it collapses at page 2. Consider an arbitrary covering
L —>- L. We get, as in the proof of a) for i 1,..., n:

EP,P-pNL+l Ker([3f] : W^HR ~> Hi+n-i(L,Z/2))
2

Im([3f]: H_n+i+l(L,Z/2) -> Ht(L,Z/2))'

We infer that

Hi(L,Z/2) 0 (1)

for i 2,..., n — 2 and

[B\\: HX(L,Z/2) ça Hn(L,Z/2), (2)

[Bf] :H0(L, Z/2) ça Hn_x (L, Z/2). (3)

Suppose first that L is not orientable. Choosing L L we get Hn(L) 0,
so L is not compact, and therefore 7ti(L) is infinite. We know that H\(L, Z/2) fa
Hn(L, Z/2) Z/2Z. Take an element g e ttx(L) which is not in the kernel of
the Hurewicz morphism tT\(L) -> H\(L,Z/2) and consider the covering L —>

L associated to the Abelian subgroup G (g). If g is of finite order - which
has to be even, the covering L -> L is infinite (since JTi(L) is infinite), therefore

Hn(L, Z/2) 0 and H^L, Z/2) 0, by (2). On the other hand H^L, Z/2)
G 0i Z/2 ^ 0, as G is a cyclic group Z/2/. This contradiction implies that G is an
infinite cyclic group. In particular H\(L, Z/2) ^ 0, and by (2) Hn(L, Z/2) ^ 0,
which means that L is compact and G has finite index in Jti (L), as claimed.

If M is an exact symplectic manifold then 1.2 applies and Hl(L,M) ^ 0, a

non-zero class being given by the restriction to L of a primitive of the symplectic
form. Therefore the first Betti number of L is not zero. Consider a non-vanishing
morphism u : 7ti(L) -> Z and denote by K its kernel. We show that K is finite of
odd order.

Indeed, take an element t e 7t\(L) such that u(t) 1 and consider the covering
L —>¦ L corresponding to the infinite cyclic subgroup G spanned by t. As above,

using the relation (2) we infer that L —>¦ L is a finite covering. It is easy to see that
different elements of K Ker(w) lie in different classes of the quotient Jti(L)/G
and therefore K is finite. Moreover, if we suppose that an element g e K has even
order, then, taking for L the covering associated to G (g), we find as above that

Hi(L,Z/2) t^ 0, whereas Hn(L,Z/2) 0 since the covering is infinite. This
contradicts the relation (2).

Let us now consider the case where L is orientable (so n is even). Since it is
also spin (by (1)), the relations (1) and (2) are valid for integer coefficients. Taking
L L, we get Hi(L,Z) Z, which implies Hl(L,Z) Z. Therefore, as above
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there is an exact sequence of groups

§ ^ K ^ itx(L) ^ Z -^0,

where K is finite. Now, using the same argument as above for the covering L
associated to (g), for an arbitrary g e K, we find that H\(L,Z) 7^ 0 unless g is
the identity. Using the relation (2), this implies that K {1}, so 7ti(L) ça Z, as

claimed.
For dim(L) > 6, F. Latour andA. Pajitnov independently established an algebraic

criterion for the existence ofa fibration ofL over the circle [29], [35]. For Jti (L) Z
we get (see for instance [14]):

Theorem 3.5. If n dim(L) > 6 and 7ti(L) Z, then there exists a fibration

f'

: L -> S1 if and only if the Novikov homology H*(L, u) vanishes, where «

[f*(dß)]eHl(L,Z).

According to 2.1 the relations (1) and (2) are also valid for the Novikov homolog}'
with respect to any 1-cohomology class u. On the other hand, for any u 7^ 0 one

can show that Ho(L;u) 0 and Hn(L; u) 0 (see for instance [13]). Using (1),
(2) and (3) we find that for u idi, H*(L,u) 0 and therefore, L admits a

fibration over the circle, by 3.5. Denote by F a fiber of this fibration. We know that

7ti(F) Ker(w), so F is simply connected. We also have that L is diffeomorphic
to F x M. and in particular

H*(L,Z)çaH*(F,Z).

We infer from (2) that F is a simply connected homology sphere, therefore it is

homeomorphic to the standard (n — l)-sphere, using the proof of Poincaré's conjecture.
The proof of 1.7 is now complete. D

Proofof Theorem 1.8. a) The vanishing of the first homology group ofL implies that
L is monotone with Nl — 2(n + 1). Applying 3.4 we get a monotone Lagrangian
submanifold Tl C C"+1 x X which has the same Maslov number Nyl Nl —

dim(ri) + 1. Moreover Tl —>¦ L is a circle fibration.
The submanifold Tl satisfies to the hypothesis of Theorem 1.7.b and therefore

7Vi(Tl) ça Z. Moreover, considering the lifted Floer complex associated to the
universal cover Tl, the relations (1), (2) and (3) from the proof of 1.7 imply that

Hì(Tl) 0 for i t^ 0,2n + 1, and H2n+i(TL) ^ Z. Therefore, using Hurewicz's
isomorphism the first 2n + 1 homotopy groups of Tl are isomorphic to the
corresponding homotopy groups of S2n+1. From the long exact sequence of the fibration

r^ —>¦ L we infer that

jti(L) ça jti(S2n+1) fori 2,...,2n + 1,
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and, since tvx(Tl) is Z, 7ti(L) is Abelian. But as Hi(L,Z) 0, L is simply
connected. Therefore L is homeomorphic to S2n+1 according to (the proof of) the
Poincaré conjecture.

b) As above L is monotone with Nl 2(n + 1). Again, we can apply 3.4 and

we get a monotone Lagrangian in CB+1 x CPB which is a circle fibration over L
and has the same Maslov number. We can therefore use Theorem1.7.a and infer that

Tl is homeomorphic to the (2n + l)-sphere, as claimed. In particular L is simply
connected.

c) As pointed out in [7], one can easily see that L is monotone with Nl n + 1.

We consider as above the Lagrangian submanifold Tl C C"+1 which has the same
Maslov number. We can use 2.1 with integer coefficients because Tl is spin (using
again 2.1 with mod-2 coefficients) and orientable (by 3.1, since Nyl is even). As in
the proof of a) above we get that tvi(Tl) Z and the universal cover Tl has the

same homotopy groups iti as Sn, for i 1,..., n. Using the long exact sequence of
the fibration Tl —>¦ L we find 7tn(L) Z, 7ti(L) 0 for i 3, n — 1 and we
have an exact sequence

0 -> jt2(L) -> TtiiS1) Z -> jti(Tl) Z -> jti(L) -> 0.

It follows that Jti (L) is cyclic and, since Hi (L, Z) is 2-torsion, it follows that
JTi(L) Z/2. From the exact sequence we then infer that ^(L) 0. So the
universal cover of L is a homotopy sphere and therefore it is homeomorphic to the

n-sphere. D

3.3. Lagrangian submanifolds in the cotangent bundle. Proof of Theorem 1.9.
Let K C M be a Lagrangian submanifold. If L C T*K is Lagrangian then by
Darboux' Theorem it follows that L admits a Lagrangian embedding into M. We
need the following result:

Proposition 3.6. Suppose that K C M is monotone and that L C T*K is exact with
vanishing Maslov class. Then L C M is also monotone. Moreover, if the morphism
7t\(L) -> 7t\(K) induced by the projection is surjective, then Nl N&.

Proof. Since L is exact it is easy to see that (using the notation of the first section)
we have

jL^M jK^M 0*a> *o> ¥¦>

where p : 7t2(M, L) -> 7t2(M, T*K) ça jt2(M, K) is the canonical morphism.
It is also known and not very hard to prove (see [4], Chapter I, Proposition A.3.3)

that when L has a vanishing Maslov class then (again with the notation of §1) we
have

liA, lix, °P-
Therefore L C M is monotone. If 7ti(L) -> Jti(K) is surjective, then p is also an

epimorphism and the conclusion follows. D
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Proofof 1.9.a). Let L C T*S2 +1 be Lagrangian exact with vanishing Maslov
class. As pointed out in §1.2, the application

z h> ([z],z)

defines a monotone Lagrangian embedding of S +1 into CP x C +1. It follows
by 3.6 that L admits a monotone Lagrangian embedding into CP x C +1 ofMaslov
number Nl NS2k+i 2k + 2. The statement a) of Theorem 1.7 implies the
desired result. D

Proofof 1.9.b). Let L C T*K be a Lagrangian exact submanifold with vanishing
Maslov class. There is a finite cover L of L which admits an exact Lagrangian
embedding into T*K x*S +1 (see [15], Lemma 3.5). Moreover, we have a

commutative diagram:

L >T*S2k+i

L **T*K.

From this diagram one immediately infers that the Maslov class ofL vanishes. Therefore

we can apply the point a) which asserts that L is homeomorphic to S +1.

When L MP2*+1 we show that m(L) -> jti(MP2*+1) is an epimorphism. If
not, we can lift L to an exact Lagrangian embedding into T*S +1, which still has

vanishing Maslov class. Using the statement a) we find that L is homeomorphic to
a sphere, and in particular Nl 2(2k + 2). But this is impossible by the results
of P. Biran [7] (There is no Lagrangian sphere in CP"). So Jti(L) -> jt_i(MP2A:+1)
is surjective. In this case the mentioned statement of [15] asserts that L L is a

double covering. D
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