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Spherical pairs over close local fields

Avraham Aizenbud, Nir Avni and Dmitry Gourevitch

Abstract. Extending results of [Kaz86] to the relative case, we relate harmonic analysis over
some spherical spaces G(F)/H(F), where F is a field of positive characteristic, to harmonic
analysis over the spherical spaces G(FE)/H{(FE), where E is a suitably chosen field of charac-
teristic O.

We apply our results to show that the pair (GL,+1(F).GL,(F)) is a strong Gelfand pair
for all local fields of arbitrary characteristic, and that the pair (GLy, 4% (F), GL, (F) xGL& (F))
is a Gelfand pair for local fields of any characteristic different from 2. We also give a criterion
for finite generation of the space of K-invariant compactly supported functions on G(E)/H(E)
as a module over the Hecke algebra.
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0. Introduction

Local fields of positive characteristic can be approximated by local fields of charac-
teristic zero. If F and E are local fields, we say that they are m-close if Op /PE =
Ofg/®f', where OF, O are the rings of integers of F and E, and Pf, P are their
maximal ideals. For example, I, ((z)) is m-close to Q,( %/p). More generally, for
any local field F of positive characteristic p and any m there exists a (sufficiently
ramified) extension of Q,, that is m-close to F'.
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Let G be a reductive group defined over Z. For any local field F and conductor
{ € Zsy, the Hecke algebra #,(G (7)) is finitely generated and finitely presented.
Based on this fact, Kazhdan showed in [Kaz86] that for any £ there exists m > £ such
that the algebras #€; (G(F)) and #¢(G(E)) are isomorphic for any m-close fields F
and F. This allows one to transfer certain results in representation theory of reductive
groups from local fields of zero characteristic to local fields of positive characteristic.

In this paper we investigate a relative version of this technique. Let G be a
reductive group and /7 be a spherical subgroup. Suppose for simplicity that both are
defined over Z.

In the first part of the paper we consider the space $ (G(F)/H (F))X of compactly
supported functions on G(F)/H(F) which are invariant with respect to a compact
open subgroup K. We prove under certain assumption on the pair (G, H) that this
space is finitely generated (and hence finitely presented) over the Hecke algebra
Hg (G(F)).

Theorem A (see Theorem 2.19). Let F be a (non-Archimedean) local field. Let
G be a reductive group and H < G be an algebraic subgroup both defined over
F. Suppose that for any parabolic subgroup P C G, there is a finite number of
double cosets P(F)\ G(F)/H(F). Suppose also that for any irreducible smooth
representation p of G(F) we have

dim Hompg (r)(pla(r), C) < oc. (1)

Then for any compact open subgroup K < G(F), the space S(G(F)/H(F)X is a
finitely generated module over the Hecke algebra g (G(F)).

Assumption (1) is rather weak in light of the results of [Del], [SV]. In particular,
it holds for all symmetric pairs over fields of characteristic different from 2. One
can easily show that the converse is also true. Namely, that if S (G(F)/H(F))X isa
finitely generated module over the Hecke algebra #x (G (F'}) for any compact open
subgroup K < G(F), then (1) holds.

Remark. Theorem A implies that, if dim Homg(r)(p|z(F). C) is finite, then it is
bounded on every Bernstein component.

In the second part of the paper we introduce the notion of a uniform spherical pair
and prove for them the following analog of Kazhdan’s theorem.

Theorem B (see Theorem 3.12). Ler H < G be reductive groups defined over 7.
Suppose that the pair (G, H) is uniform spherical.

Then for any [ there exists n such that for any n-close local fields F and E, the
module $(G(F)/H (F))Xe\F) gver the algebra 3, (G (F)) is isomorphic to the mod-
ule S (G(E)/H(E))XE) over the algebra #,(G(E)), where we identify ¢ (G(F))
and Hy(G(EY) using Kazhdan’s isomorphism.
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This implies the following corollary.

Corollary C. Ler (G, H) be a uniform spherical pair of reductive groups defined
over 7. Suppose that

» lor any local field F, and any parabolic subgroup P C G, there is a finite
number of double cosets P(F)\ G(F)/H(F).

» For any local field F of characteristic zevo the pair (G(F), H(F)) is a Gelfand
pair, i.e. for any irreducible smooth representation p of G(F) we have

dimHomH(F)(p|H(p), C) < 1.
Then for any local field F the pair (G(F), H(F)) is a Gelfand puir.

We prove stronger versions of the last two results, where we do not require the
groups to be defined over Z. See §3 for more details.

Remark. In a similar way one can deduce an analogous corollary for cuspidal rep-
resentations. Namely, suppose that the first two conditions of the last corollary hold
and the third condition holds for all cuspidal representations p. Then for any local
field F the pair (G(F), H(F')) is a cuspidal Gelfand pair: for any irreducible smooth
cuspidal representation p of G{F) we have

dim Homy ) (pla (). C) = 1.

Remark. Originally, we included in the formulation of Theorem B an extra condition:
we demanded that the module $(G(F)/H(F))y%¢(F) is finitely generated over the
Hecke algebra #;(G(F)) for any F and /. This was our original motivation for
Theorem A. Later we realized that this condition just follows from the definition of
uniform spherical pair. However, we think that Theorem A and the technique we use
in its proof have importance of their own.

In the last part of the paper we apply our technique to show that (GL,+1,GL,)
is a strong Gelfand pair over any local field and (GL,, 1%, GL, x GLg) is a Gelfand
pair over any local field of odd characteristic.

Theorem D. Let F be any local field. Then (GL,+1(F),GL,(F)) is a strong
Gelfand pair, i.e. for any irreducible smooth representations w of Gl 1(F)and t
of GL,{(F) we have

dim Homgy ,(Fy(7r, 7) < 1.

Remark. Recently, Henniart suggested a direct proof of this result, by generalizing
the techniques of the proof in characteristic O, rather than using it as a black box.
This proof is not published yet.
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Theorem E. Let F be any local field. Suppose that char F' # 2. Then
(GLp4x (F), GLA(F) x GLi(F))
is a Gelfand pair.

We deduce these theorems from the zero characteristic case, which was proven in
[AGRS] and [JR96] respectively. The proofs in [AGRS] and [JR96G] cannot be directly
adapted to the case of positive characteristic since they rely on Jordan decomposition
which is problematic in positive characteristic, local fields of positive characteristic
being non-perfect.

Remark. In [AGSO08], a special case of Theorem D was proven for all local fields;
namely the case when t is one-dimensional.

Remark. In [AG09a] and (independently) in [SZ], an analog of Theorem D was
proven for Archimedean local fields. In [AGO9b], an analog of Theorem E was
proven for Archimedean local fields.

0.1. Structure of the paper. In Section 1 we introduce notation and give some
general preliminaries.

In Section 2 we prove Theorem A.

In Subsection 2.1 we collect a few general facts for the proof. One is a criterion,
due to Bernstein, for finite generation of the space of K-invariant vectors 1n a repre-
sentation of a reductive group G; the other facts concern homologies of /-groups. In
Subsection 2.2 we prove the main inductive step in the proof of Theorem A, and in
Subsection 2.3 we prove Theorem A. Subsection 2.4 is devoted to the proofs of some
facts about the homologies of /-groups.

In Section 3 we prove Theorem B and derive Corollary C.

In Subsection 3.1 we introduce the notion of uniform spherical pair. In Subsec-
tion 3.2 we prove the theorem and the corollary.

We provide applications of our results in Section 4. In Subsection 4.1 we prove
that the pair (GL, 4, GL, x GL ) satisfies the assumptions of Corollary C over fields
of characteristic different from 2. In Subsections 4.3 and 4.2 we prove that the pair
(GLx4+1 x GL,, A GL,) satisfies the assumptions of Corollary C. These facts imply
Theorems D and E.
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1. Preliminaries and notation

Definition 1.1. A local field is a locally compact complete non-discrete topological
field. In this paper we will consider only non-Archimedean local fields. All such
fields have discrete valuations.

Remark 1.2. Any local field of characteristic zero and residue characteristic p is a
finite extension of the field QQ, of p-adic numbers and any local field of characteristic
p is a finite extension of the field [F,,((r)) of formal Laurent series over the field with
p elements.

Notation 1.3. TFor a local field F we denote by valr its valuation, by OF the ring
of integers and by £ its unique maximal ideal. For an algebraic group G defined
over O we denote by K¢ (G, F) the kernel of the (surjective) morphism G(Of) —
G(OF/J’f;). If £ > 0 then we call Ky{G, F) the £-th congruence subgroup.

We will use the terminology of /-spaces and [/-groups introduced in [BZ76]. An
[-space is a locally compact second countable totally disconnected topological space,
an /-group is a [ -space with a continuous group structure. For further background on
[-spaces, /-groups and their representations we refer the reader to [BZ76].

Notation 1.4. Let G be an/-group. Denote by M (G ) the category of smooth complex
representations of G.
Define the functor of coinvariants Clg : M(G) — Vect by

Clg(V):=V/(Span{v —gv |v eV, g € G}).
Sometimes we will also write Vg := Clg (V).

Notation 1.5. For an /-space X we denote by § (X)) the space of locally constant
compactly supported complex valued functions on X . If X is an analytic variety over
a non-Archimedean local field, we denote by M(X) the space of locally constant
compactly supported measures on X .

Notation 1.6. For an [-group G and an open compact subgroup K we denote by
H (G, K) or Hg(G) the Hecke algebra of G w.r.t. K, i.e. the algebra of compactly
supported measures on G that are invariant w.r.t. both left and right multiplication
by K.

For a local field /7 and a reductive group G defined over O we will also write
He(G(F)) = Hk, o) (G(F)).
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Notation 1.7. By a reductive group over a ring R, we mean a smooth group scheme
over Spec(R) all of whose geometric fibers are reductive and connected.

2. Finite generation of Hecke modules

The goal of this section is to prove Theorem A.

In this section F is a fixed (non-Archimedean) local field of arbitrary character-
istic. All the algebraic groups and algebraic varieties that we consider in this section
are defined over F. In particular, reductive means reductive over F.

For the reader’s convenience, we now give an overview of the argument. In
Lemma 2.10 we present a criterion, due to Bernstein, for the finite generation of spaces
of K-invariants. The proof of the criterion uses the theory of Bernstein Center. This
condition is given in terms of all parabolic subgroups of G. We directly prove this
condition when the parabolic is & (this is Step 1 in the proof of Theorem A). The case
of general parabolic is reduced to the case where the parabolicis G. For this, the main
step is to show that the assumptions of the theorem imply similar assumptions for the
Levi components of the parabolic subgroups of G. This is proved in Lemma 2.16 by
stratifying the space G{F)/ P(F) according to the H (F)-orbits inside it.

In the proof of this lemma we use two homological tools: Lemma 2.11 which
gives a criterion for finite dimensionality of the first homology of a representation and
Lemma 2.12 which connects the homologies of a representation and of its induction.

2.1. Preliminaries

Notation 2.1. For /-groups H < G we denote by indg : M(H) — M(G) the com-
pactly supported induction functor and by Indglr : M(H) — M(G) the full induction
functor.

Definition 2.2. Let G be a reductive group, let P < G be a parabolic subgroup with
unipotent radical U, and let M := P/U. Such M is called a Levi subquotient of
G . Note that every representation of M(F') can be considered as a representation of
P(F) using the quotient morphism P — M. Define:

(1) The Jacquet functor
rem: M(G(F)) —> M(M(F))

by rem () == (w|pr))ur).
(2) The parabolic induction functor
ieM: M(M(F)} — M(G(F))

by igm () = indg((g (7).
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Note that igps is right adjoint to rgas. A representation 7 of G(F') is called cuspidal
if rgp (7r) = 0 for any Levi subquotient M of G.

Definition 2.3. Let G be an /-group. A smooth representation V of G is called
compact if for any v € V and £ € V' the matrix coefficient function defined by
my ¢ (g) 1= £(gv) is a compactly supported function on G.

Theorem 2.4 (Bernstein—Zelevinsky). Let G be an [-group. Then any compact
representation of G is a projective object in the category M(G).

Definition 2.5. Let G be a reductive group.

(i) Denote by G the preimage in G(F) of the maximal compact subgroup of
G(F)/[G,G](F).

(i) Let Gy := G Z(G(F)).

(iii) A complex character of G(F) is called unramified if it is trivial on G'. We
denote the set of all unramified characters by Wg. Note that G(F)/G! is a lattice
and therefore we can identify Wg with (C*)”. This defines a structure of algebraic
variety on Wg.

(iv) For any smooth representation p of G(F) we write W(p) := indg1 (plg1).
Note that W (p) ~ p® O (V¢ ), where G(F') acts only on the first factor, but this action
depends on the second factor. This identification gives a structure of @ (Wq )-module
on W(p).

Remark 2.6. The definition of unramified characters above is not the standard one,
but it is more convenient for our purposes.

Theorem 2.7 (Harish-Chandra). Let G be a reductive group and V be a cuspidal
representation of G(F). Then V|1 is a compact representation of G .

Corollary 2.8. Let G be a reductive group and p be a cuspidal representation of
G(F). Then

(i) p|1 is a projective object in the category M(G1).
(ii} W(p) is a projective object in the category M(G(F)).

Proof. (1) is clear.
(i1) Note that

Homg (W (p), 7) = Homg,g, (O (Wy ), Homgi(p, 7)),

for any representation 5. Therefore the functor = — Homg (W(p), 7) is a composi-
tion of two exact functors and hence is exact. O
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Definition 2.9. Let G be a reductive group and K < G(F) be a compact open
subgroup. Let

M(G, K) := {V € M(G(F))|V is generated by VX}

and
M(G,K) =1V e M(GF)|VE =01,

We call K a splitting subgroup if the category M(G(F)) is the direct sum of the
categories M (G, K) and M(G, K)*, and M(G, K) = M(Hk (G)). Recall that an
abelian category #A is a direct sum of two abelian subcategories B and €, if every
object of «# is isomorphic to a direct sum of an object in 8 and an object in €, and,
furthermore, that there are no non-trivial morphisms between objects of 8 and €.

We will use the following statements from Bernstein’s theory on the center of
the category M(G). Let P < G be a parabolic subgroup and M be the reductive
quotient of P.

(1) The set of splitting subgroups defines a basis at 1 for the topology of G(F). If G
splits over OF then, for any large enough £, the congruence subgroup K¢ (G, F')
is splitting.

(2) Let P denote the parabolic subgroup of G opposite to P. Furthermore, let
roMm : M(G(F)) — M{M(F)) denote the Jacquet functor defined using P.
Then Fgar is right adjoint to igar. In particular, igar maps projective objects
to projective ones and hence for any irreducible cuspidal representation p of
M(F), igpm (¥(p)) is a projective object of M{G(F)).

(3) Denote by M, the subcategory of M(G(F)) generated by iga (W (p)). Then

MG K= P M,
(M,p)eBg

where By is some finite set of pairs consisting of a Levi subquotient of G and
its cuspidal representation. Moreover, for any Levi subquotient M < G and
a cuspidal representation p of M(F) such that M, C M(G, K) there exist
(M', p') € Bg such that M, = M.

(4) End(igym (W (p))) is finitely generated over @ (V) whichis finitely generated over
the center of the ring End(igar (W(p))). The center of the ring End(igar (¥(p)))
is equal to the center Z(M ) of the category M.

For statement (1) seee.g. [Ber84], pp. 15-16, and §2 in [vD]. For statement (2) see
[Ber87] or [BusO1], Theorem 3. For statements (3), (4) see [Ber84], Propositions 2.10,
2.11.

We now present a criterion, due to Bernstein, for finite generation of the space
VK consisting of vectors in a representation V' that are invariant with respect to a
compact open subgroup K.
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Lemma 2.10. Let V be a smooth representation of G(F). Suppose that for any
parabolic P < G and any irreducible cuspidal representation p of M(F) (where M
denotes the reductive quotient of P), Homgry(icm (W (p)), V) is a finitely generated
module over O(Uyg). Then VX is a finitely generated module over Z(Hx (G(F))),
for any compact open subgroup K < G(F).

Proof. Step 1. Proof for the case when K is splitting and V' = igar (W(p)) for some
Levisubquotient M of G and an irreducible cuspidal representation p of M(F). Let P
denote the parabolic subgroup that defines M and U denote its unipotent radical. Let
Ky = K/(U(F)N K) < M(F). If VK = 0 there is nothing to prove. Otherwise
M, 1s a direct summand of M(G, K). Now

VE = w(p)fa = pku g o).

Hence VX is finitely generated over Z(M,). Hence VX is finitely generated over
Z(M(G. K)) = Z(Hg(G)).
Step 2. Proof for the case when K is splitting and V' € M, for some Levi
subquotient M < G and an irreducible cuspidal representation p of M (F).
Let
¢: iom(W(p)) ® Hom(igm (W(p)). V) -V

be the natural epimorphism. We are given that Hom(igas (W (p)), V) is finitely gen-
erated over @O(W). Hence it is finitely generated over Z(M{p)). Choose some
generators ¢y, . . ., oy € Hom{igp (¥ (p)). Let

Viiom (W(p)" — igp (¥ (p)) ® Hom(igpy (V(p)), V)

be the corresponding morphism, Im(¢por) is Z (M (p))-invariant and hence coincides
with Im(¢). Hence ¢ o v is onto. The statement now follows from the previous step.

Step 3. Proof for the case when K is splitting. Let W < V bethe subrepresentation
generated by VX, By definition W € M(G, K) and hence W = ]_, W; where
W; € My, for some p;. The lemma now follows from the previous step.

Step 4. General case. Let K’ be asplitting subgroups.t. K’ < K. Letvy,..., v, €
VK be the generators of VX "over Z(Hx (G(F))) given by the previous step. Define
w; = exv; € VK whereeg € Hx (G(F))is the normalized Haar measure of K. Let
us show that w; generate VK over Z(#Hk (G(F))). Let x € VK. We can represent
xasasum Y h;v;, where h; € Z(Kg/(G(F})). Now

¥ = Ok = ZeKhivi = ZeKeKhivi = ZeKhieKvi
— ZeKhieKeKvi = ZeKhieKwi. O

Finally, in this subsection, we state two facts about homologies of /-groups. The
proofs and relevant definitions are in Subsection 2.4.
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Lemma 2.11. Ler G be an algebraic group and U be its unipotent radical. Let p be
an irreducible cuspidal representation of (G/ U Y F). We treat p as a representation
of G(F) with trivial action of U(F).

Let H < G be an algebraic subgroup. Suppose that the space of coinvariants
PH(F) is finite dimensional. Then dimH(H (F), p) < oc.

We will also use the following version of Shapiro’s lemina.

Lemma 2.12. Ler G be an l-group that acts transitively on an l-space X. Let ¥ be
a G-equivariant sheaf over X. Choose a point x € X, let ¥, denote the stalk of ¥
at x and let Gy denote the stabilizer of x. Then

H; (G, F (X)) = Hi(Gy, Fy).
2.2. Descent of finite multiplicity

Definition 2.13. We call a pair (G, H) consisting of a reductive group G and an
algebraic subgroup H an F-spherical pair if for any parabolic subgroup P C G,
there is a finite number of double cosets in P(F) \ G(F)/H(F).

Remark 2.14. If char /' = 0 and G is quasi-split over F then (G, H) is an F-
spherical pair if and only if it is a spherical pair of algebraic groups. However, we do
not know whether this is true if char £ > 0.

Notation 2.15. Let G be a reductive group and H be a subgroup. Let P < G be
a parabolic subgroup and M be its Levi quotient. We denote by Hys the image of
H N P under the projection P —» M.

The following lemma is the main step in the proof of Theorem A

Lemma 2.16. let (G, H) be an F-spherical pair. Let P < G be a parabolic
subgroup and M be its Levi quotient. Then
(i) (M, Hpy) is also an F -spherical pair.
(ii) Suppose also that for any smooth irreducible representation p of G(F) we
have
dim Homp (ry(p|H(F). C) < 0.

Then for any irreducible cuspidal representation o of M(F) we have
dim Homg,, (r)(0|H,,(F). C) < 0.

Remark 2.17. One can show that the converse of (ii) is also true. Namely, if
dim Homg,, (7 (o |a,,(F). C) < oo for any irreducible cuspidal representation o
of M(F) for any Levi subquotient M then dim Homgry(p|g(F), C) < oo for any
smooth irreducible representation p of G(F). We will not prove this since we will
not use this.
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We will need the following lemma.

Lemma 2.18. Let M be an l-group and V' be a smooth representation of M. Let O =
FoV C-..C F" YV C F"V =V be afinite filtration of V by subrepresentations.
Suppose that for any i, either

dim(F'V/F'"" W)y = oo
or
both dim(F'V/F'"W)y <00 and dimH (M, (F'V/F'71V)) < .
Suppose also that dim Vyy < oo. Then dim(F*V/F'=1V )y < oo for any i.

Proof. We prove by a decreasing induction on / that dim(F "V)m < oo, and, there-
fore, dim(F'V/F'~1V)y < oo. Consider the short exact sequence

0— F™V - F'V - F'V/F~V -0,
and the corresponding long exact sequence
o> Hy (M, (F'V/F'IV) = (F7 )y
— (F'V)y — (F'V/F'"'V)y — 0.

In this sequence dim H; (M, (F'V/F'=1V)) < coanddim(F? V) < oo, and hence
dim(F=1V)y < o0, O

Now we are ready to prove Lemma 2.16.

Proof of Lemma 2.16. (1) 1s trivial.

(i1) Let P < G be a parabolic subgroup, M be the Levi quotient of P and let p
be a cuspidal representation of M(F'). We know that dim(igm p)r(F) < oo and we
have to show that dim pg,, (F) < oc.

Let I denote the natural G(F)-equivariant locally constant sheaf of complex
vector spaces on G(F)/P(F) such that igyp = S(G(F)/P(F).I). Let Y; de-
note the H(F) orbits on G(F)/P(F). We know that there exists a natural filtra-
tion on S(G(F)/P(F), I)|g(r) with associated graded components isomorphic to
5(Y;, I;), where I; are H(F)- equivariant sheaves on Y; corresponding to I. For
any j choose a representative y; € Y;. Do it in such a way that there exists jo such
that y;, = [1]. Let P; := Gy, and M; be its Levi quotient. Note that P, = P
and M;, = M. Let p; be the stalk of I; at the point y;. Clearly p; is a cuspidal
irreducible representation of M; (F) and pj, = p. By Shapiro’s lemma (Lemma 2.12)

Hi(H(F).8(Y;. I;)) = H; ((H N0 P} (F), p;).

By Lemma 2.11 either dimHy((H N P;)(F),p;j) = oo or both dimHy((H N
Pi)(F),p;) < ocand dimH((H N P;){(F),p;) < co. Hence by Lemma 2.18
dimHy((H N P;)(F), pj) < oo and hence dim pg,, (Fy < 0. O
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2.3. Proof of Theorem A. In this subsection we prove Theorem A. Let us remind
its formulation.

Theorem 2.19. Let (G, H) be an F -spherical pair. Suppose that for any irreducible
smooth representation p of G(F) we have

dim Homg m (pla(F). C) < oc. (2)

Then for any compact open subgroup K < G(F), $(G(F)/H(F)X is a finitely
generated module over the Hecke algebra #Hg(G(F)).

Remark 2.20. Conjecturally, any F-spherical pair satisfies the condition (2). In
[Del] and in [SV] this is proven for wide classes of spherical pairs, which include all
symmetric pairs over fields of characteristic different from 2.

We will need several lemmas and definitions.

Lemma 2.21. Let (G, H) be an F -spherical pair, andlet H = H(F)Z(G(F))NG.
Suppose that for any smooth (respectively cuspidal) irreducible representation p of
G(F) we have dim Homgr)(p|a(r), C) < oc. Then for any smooth (respectively

cuspidal) irreducible representation p of G(F ) and for every character  of H whose
restriction to H(F) N G is trivial, we have

dimHom g (p| gz, ¥) < o0.

Proof. Let p be a smooth (respectively cuspidal) irreducible representation of G(F),
and let ¥ be a character of H whose restriction to H(F) N G is trivial.

Homg (ol 7. %)
H(F)YZ{(G(F)NGq ~
= Homg(mz@mmnneo (p|(H(F)Z(G(F)))mGO,IIlqu( YZ(G(F))NN OX)-

Since
H(F)Z(G(F) NGy = HZ(G(F)) N Gy = HZ(G(F)),

the subspace of Ind& (FIZGENNGo x that transforms under Z(G(F')) according

to the central character of p is at most one dimensional. If this subspace is trivial,
then the lemma is clear. Otherwise, denote it by . Since H(F) N G! is normal in
H(F)Z(G(F)), we get that the restriction of Ind%jr(mZ(G(F)))mG0 yto H(F)NG!
is trivial, and hence that | g pyng 18 trivial. Hence Hom g (p| g, x) is equal to

Homx(ryz @G (rnne, (P| (H(F)Z(G(F))NGo>» t)
= Homp(mne, (plHF)NG, - TIH(FING, )

H(F
= Homp(r) (plucr) g fong, TIHEING)-
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As H(F)/H(F)NGyis finite and abelian, the representation Indggg NGy ¥ \H(F)NGo
is a finite direct sum of characters of H(F), the restrictions of all to H(F) N G! are
trivial. Any character 6 of H(F) whose restriction to H(F) N G is trivial can be
extended to a character of G(F), because H(F)/(H(F) N G') is a sub-lattice of
G(F)/G!. Denoting the extension by ®, we get that

Homgry (pla(r). 8) = Hompgp ((p ® ©7)|ger). C).

but p ® ®~1 is again smooth (respectively cuspidal) irreducible representation of
G(F), so this last space is finite-dimensional. O

Lemma 2.22. Let A be acommutative unital Noetherian algebra without zero divisors
and let K be its field of fractions. Let KN be the space of all sequences of elements
of K. Let V be a finite dimensional subspace of K™ and let M := V 0 AN, Then
M is finitely generated.

Proof. Since A does not have zero divisors, M injects into K. There is a number
n such that the projection of V to K1} is injective. Therefore, M injects into
A1} and, since A is Noetherian, M is finitely generated. O

Lemma 2.23. Let M be an l-group, let L. C M be a closed subgroup, and let
L' C L be an open normal subgroup of L such that L/L' is a lattice. Let p be a
smooth representation of M of countable dimension. Suppose that for any character
x of L whose restriction to L' is trivial we have

dimHomy (p|z, x) < oc.

Consider Homp/(p, S (L/L")) as a representation of L, where L acts by

(hHYEN YD = (f CONYRD.

Then this representation is finitely generated.

Proof. By assumption, the action of L on Homy, (p, S (L/L")) factors through L/L’.
Since L/L' is discrete, $(L/L') is the group algebra C[L/L’]. We want to show
that Homz(p, C[L/L’]) is a finitely generated module over C[L/L/].

Let C(L/L’) be the fraction field of C[L/L’]. Choosing a countable basis for
the vector space of p, we can identify any C-linear map from p to C[L/L’] with an
element of C[L/L']N. Moreover, the condition that the map intertwines the action
of L/L’ translates into a collection of linear equations that the tuple in C[L/L']N
should satisfy. Hence, Homy, (p, C[L/L']) is the intersection of the C (L /L’)-vector
space Homp (p, C(L/L’)) and C[L/L'|N. By Lemma 2.22, it suffices to prove that
Homy/(p, C(L/L")) is finite dimensional over C(L/L’).



942 A. Aizenbud, N. Avni and D. Gourevitch CMH

Since L' is separable, and p is smooth and of countable dimension, there are
only countably many linear equations defining Homy/(p, C (L /L")); denote them by
G1.¢2, ... € (C(L/LHN)". Choose a countable subfield K < C that contains all
the coefficients of the elements of C(L/L’) that appear in any of the ¢;’s. If we
define W as the K(L/L’)-linear subspace of K(L/L")N defined by the ¢;’s, then
Homy, (p, C(L/L")) = W&k /1nC(L/L),sodimg (/1 Homy, (o, C(L/L)) =
dimK(L/L/) w.

Since L/L’ is a lattice generated by, say, g1,...,gn, we get that K(L/L") =
K(eE, . tFY) = K(fy,...,t,). Choosing elements my,...,m, € C such that
tr.degg (K (my,...,m,)) = n, we get an injection ¢ of K(L/L') into C. As before,
we get that if we denote the C-vector subspace of CN cut by the equations ¢(¢;)
by U, then dimg 7,77y W = dimg U. However, U is isomorphic to Homy, (p, x),
where y is the character of L/L’ such that y(g;) = 7;. By assumption, this last
vector space is finite dimensional. O

Now we are ready to prove Theorem 2.19.

Proof of Theorem 2.19. By Lemma 2.10 it is enough to show that for any parabolic
P < G and any irreducible cuspidal representation p of M{(F) (where M denotes
the Levi quotient of P), Hom(igar (W(p)), S(G(F)/H(F))) is a finitely generated
module over O (Wjas).

Step 1. Proof for the case P = G.
We have

Homg my{icm (W(p)). S(G(F)/H(F))) = Homgr)(W(p), S (G(F)/H(F)))
= Homg1(p. $(G(F)/H(F))).
Here we consider the space Homg1 (p, § (G(F)/H(F))) with the natural action of
G. Note that G acts trivially and hence this action gives rise to an action of G/G1,

which gives the O (V¢ ) - module structure.
Now consider the subspace

V = Homgi (p. S(G/(H(F) N GYY)) C Homgi(p, S(G(F)/H(F))).

It generates Homg 1 (p, S(G(F)/H(F))) as a representation of G(F), and therefore
also as an @ (Vg ) - module. Note that V' is H(F') invariant. Therefore it is enough
to show that V is finitely generated over H(F). Write H' := H(F) N G! and
H":= (H(F)YZ(G(F))) N G'. Note that

S(GY/H') = ind%), (S (H"/H") < IndS,(S(H"/H")).

Therefore V is canonically embedded into Homg~ (p, S (H”/H')). The action of H
on V is naturally extended to an action IT on Homg~(p, S(H"/H')) by

(R NNED = fB o) (R KA.
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Let E be the action of H” on Homg~ (o, S (H”/H’)) as described in Lemma 2.23,
1.5,

(EW)NL]D = f)([kA]).
By Lemmas 2.23 and 2.21 it is enough to show that for any 2 € H” there exist an

h' € H and a scalar « s.t.
E(h) = aI1(h').

In order to show this let us decompose % to a product # = zh’ where A’ € H and
z € Z(G(F)). Now

(EHNONED) = f)([kh) = Fh )[R kh)
= f 27y ([ kR = ef (o) (R kR
= a((TIHY ) @)) (KD,

where « is the scalar with which z~! acts on p.
Step 2. Proof in the general case.

HOI’HG(F) (iGM (\I’(p))a $ (G(F)/H(F)))
= Hompy(r)(W(p), rpc (S(G(F)/H(F))))
= Homps(r) (W (o), (S(G(FY/ HEID|p ) b r))-

where U is the unipotent radical of P, the parabolic opposite to P. Let {Yid'_,
be the orbits of P(F) on G(F)/H(F). We know that there exists a filtration on
(S(G(F)/H(F)))| p(p) such that the associated graded components are isomorphic
to $(¥;). Consider the corresponding filtration on ((S(G(F)/H{(F))|pr) o F)-
Let V; be the associated graded components of this filtration. We have a natural
surjection §(Y; )7 — V;. In order to prove that

Homyps (¥ (0). (S(G(F)/H(FW) pp))d(r)

is finitely generated it is enough to prove that Homas(ry (W (p), Vi) is finitely gener-
ated. Since W(p) is a projective object of M (M (F)) (by Corollary 2.8}, it is enough
to show that Homps () (¥ (p), S (V;) 5 (ry) is finitely generated. Let Z; := U(F)\Y;.
Itis easy to see that Z; =~ M(F)/((H;)pm (F))}, where H; is some conjugation of H.

Now the assertion follows from the previous step using Lemma 2.16. O

2.4. Homologies of /-groups. The goal of this subsection is to prove Lemma 2.11
and Lemma 2.12.
We start with some generalities on abelian categories.

Definition 2.24. Tet € be an abelian category. We call a family of objects A C Ob(T)
generating family if for any object X € Ob(€) there exists an object ¥ € # and an
epimorphism ¥ — X.
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Definition 2.25. Let € and £ be abelian categories and let ¥ : € — D be a right-
exact additive functor. A family of objects A C Ob(€) is called F -adaprted if it
is generating, closed under direct sums and for any exact sequence 0 — A; — A
— --+ with 4; € s, the sequence 0 — F (A1) — F(A4;2) — --- is also exact.

For example, a generating, closed under direct sums system consisting of projec-
tive objects is £ -adapted for any right-exact functor . For an /-group G the system
of objects consisting of direct sums of copies of § (G) is an example of such system.

The following results are well known.

Theorem 2.26. Let € and D be abelian categories and F : € — D be a right-exact
additive functor. Suppose that there exists an ¥ -adapted family A C Ob(€). Then
F has derived functors.

Lemma 2.27. Let A, 8B and € be abelian categories. Let ¥ : A — Band§: B —
€ be right-exact additive functors. Suppose that both ¥ and '§ have derived functors.

(1) Suppose that F is exact. Suppose also that there exists a class & C Ob(A)
which is '§ o ¥ -adapted and such that ¥ (X) is §-acyclic for any X € &. Then the
functors L' (§ o FYand L''G o F are isomorphic.

(i) Suppose that there exists a class & C Ob(sA) which is § o ¥ -adapted and
F -adapted and such that ¥ (X) is §-acyclic for any X € &. Let Y € A be an
F -acyclic object. Then L' (§ o F)(Y) is (naturally) isomorphic to L' (F (Y)).

(iii) Suppose that G is exact. Suppose that there exists a class & C Ob(A) which
is § o ¥ -adapted and F -adapted. Then the functors L'(§ o ) and § o L' F are
isomorphic.

Definition 2.28. Let G be an /-group. For any smooth representation V' of G let
H; (G, V) := L'Clg(V). Recall that Clg denotes the coinvariants functor.

Proof of Lemma 2.12. Note that F (X) = indgx F. Note also that indgx is an exact

functor, and Clg, = Clg o indgx. The lemma follows now from Lemma 2.27 (i).
O

Lemma 2.29. Let L be a lattice. Let V be a linear space. Let L act on 'V by a

character. Then
Hi(L,V)=Hy(L.V)®c (L ®z C).

The proof of this lemma is straightforward.

Lemma 2.30. Let L be an [-group and L' < L be a subgroup. Then:

(1) For any representation V of L we have

H; (L', V)= L'"F(V),
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where ¥ : M(L) — Vect is the functor defined by (V) = V.

(ii) Suppose that L' is normal. Let F': M(L) — M(L/L’) be the functor
defined by ' (V') = Vi+. Then for any representation V of L we have H; (L', V) =
LIF (V).

Proof. (1) Consider the restriction functor Res]L‘,: M(L) — M(L’). Note that it is
exact. Consider also the functor §: M(L’) — Vect defined by §(p) := pr. Note
that ¥ = § o ResIE,. The assertion follows now from Lemma 2.27 (i) using the fact
that S (L) is a projective object in M(L').

(i1) follows from (i) in a similar way, but using part (iii) of Lemma 2.27 instead
part (1). O

Lemma 2.31. Let G be a reductive group and H < G be a subgroup. Consider the
functor

F: M(G(F)) — M(H(F)/(H(F) N GY) defined by ¥ (V) = Varng!-
Then any finitely generated cuspidal representation of G(F) is an ¥ -acyclic object.

Proof. Consider the restriction functors

Res TV HEIGD . w0 (H(FY/(H(F) N G1)) — Vect

and
Resct"): M(G(F)) — M(GY).
Note that they are exact. Consider also the functor §: M(G') — Vect defined by
1
9(p) .= pginmr) Let& := goResggF). Notethat & = Resf{(F)/(H(FmG Vo 7.

M(G(F)) 5 M(H(F)/(H(F) N GY))

G(F & 1
ResG(l ) Res‘lq(F)mG

M(G) Vect

Let 7 be a cuspidal finitely generated representation of G(F). By Corollary 2.8,
RengF )(JT) is projective and hence §-acyclic. Hence by Lemma 2.27 (1) 7 is &-
acyclic. Hence by Lemma 2.27 (iii) 7 is ¥ -acyclic. O

Lemma 2.32. Ler L be anl-group and L' < L be a normal subgroup. Suppose that
H;(L',C) =0 foralli > 0. Let p be a representation of L/ L'. Denote by Ext(p) the
natural representation of L obtained from p. Then H;(L/L’, p) = H; (L, Ext(p)).
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Proof. Consider the coinvariants functors €: M(L) — Vectand F: M(L/L') —
Vect defined by (V) := Vg and F (V) := Vp ;.. Note that F = & o Ext and Ext
is exact. By Shapiro’s lemma (Lemma 2.12), S (L /L’) is acyclic with respect to both
& and ¥ . The lemma follows now from Lemma 2.27 (i1). O

Remark 2.33. Recall that if L' = N(F) where N is a unipotent algebraic group,
then H; (L") = O for all i > 0.

Now we are ready to prove Lemma 2.11

Proof of Lemma 2.11. By Lemma 2.32 we can assume that G is reductive.
Let ¥ : M(G(F)) — Vect be the functor defined by ¥ (V) := V(). Let

§: M(G(F)) —> M(H(F)/(H(F)nG")

be defined by
(V) :=Vawrne!-
Let
&: M(H(F)/(H(F)N GY)) — Vect
be defined by

E(VY = Vawry/(HFINGY-

Clearly, ¥ = & o§. By Lemma 2.31, p is §-acyclic. Hence by Lemma 2.27 (ii),
L'F(p) = L"€(5(p)).
Consider the coinvariants functors

Ko MH(F)/(H(F)N G)) — MH(F)/(H(F)n G")

and
€: M(H(F)/(H(F)N G%) — Vect,

defined by K (o) 1= p(rincoy/EF)nGH) ad €(p) 1= pary/aFINGH)- Note
that & = € o K.

|

M(G(F)) —Z> M(H(F)/(H(F) N GY)) —=> M(H(F)/(H(F) N G%) ——> Vect

Note that € is exact since the group H(F)/(H(F) N G1) is finite. Hence by
Lemma 2.27 (iii), L'€ = € o L' K.
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Now, by Lemma 2.30,

Hi(H(F),p) = L'F (p) = L'€(G(p)) = (L' K (5 (p)))
= CH:(H(F) N Go)/(H(F)NG'), 5(p))).

Hence, by Lemma 2.29, if Hyo(H (F), p) is finite dimensional then Hy (H (F'), p)
is finite dimensional. O

3. Uniform spherical pairs

In this section we introduce the notion of uniform spherical pair and prove Theorem B.

We follow the main steps of [Kaz86], where the author constructs an isomorphism
between the Hecke algebras of a reductive group over close enough local fields.
First, he constructs a linear isomorphism between the Hecke algebras, using Cartan
decomposition. Then, he shows that for two given elements of the Hecke algebra
there exists m such that if the fields are m-close then the product of those elements
will be mapped to the product of their images. Then he uses the fact that the Hecke
algebras are finitely generated and finitely presented to deduce the theorem.

Roughly speaking, we call a pair H < G of reductive groups a uniform spherical
pair if it possesses a relative analog of Cartan decomposition, i.e. a “nice” descrip-
tion of the set of double cosets Ko(G, F) \ G(F)/H(F) which in some sense does
not depend on F. We give the precise definition in the first subsection and prove
Theorem B in the second subsection.

3.1. Definitions. Let R be a complete and smooth local ring, let 2 denote its maxi-
mal ideal, and let 77 be an element in m \ m?. A good example (o keep in mind is the
ring Zp[[r]]. An (R, m)-local field is a local field F together with an epimorphism
of rings R — OF, such that the image of 7= (which we will continue to denote by )
is a uniformizer. Denote the collection of all (R, 7)-local fields by Fgr .

Suppose that G 1s a reductive group defined and split over R. Let T be a fixed
split torus, and let X, (7T') be the coweight lattice of T. For every A € X,.(T) and
every (R, m)-local field F, we write 7* = A() € T(F) C G(F). We denote the
subgroup G{OF) by Ky(F), and denote its £’th congruence subgroup by Ky (F).

Definition 3.1. Let F be a local field. Let X C A% be a closed subscheme. For
any x, y € X(F), define the valuative distance between x and y to be valg(x, y) :=
min{valr (x; — v;)}. Also, for any x € X(F), define valp(x) := min{valy (x;)}.
The ball of valuative radius £ around a point x in X (F) will be denoted by B(x, £)(F).

Definition 3.2. Let G be a split reductive group defined over R and let H C G be a
smooth reductive subgroup defined over R. We say that the pair (G, H) is uniform
spherical if there are
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* an R-splittorus T' C G,
 an affine embedding G/H — A",
* afinite subset X C G{R)/H(R).
e asubset Y C X.(T),

such that

(1) the map x — Ko(F)x from 77 ¥ to Ko(F)\G(F)/H(F) is onto for every
F € :F’R,]Ia

(2) for every x,v € Y% < (G/H)(R[x']), the closure in G of the R[z']-
scheme
Ti,y 1= lgeG XSpec(R) Spec(R[Jr_l])|gx =y}

is smooth over R; we denote this closure by S, ,
(3) forevery x € n T %, the valuation val r (x) does not dependon F € Fg n,

(4) there exists [y s.t. forany ! > Iy, for any I’ € Fgr., and for every x € X and
o €Y wehave Kj7n%K;jx = Kjn%x.

If G, H are defined over Z, we say that the pair (G, H) is uniform spherical if,
for every R as above, the pair (G Xgpe(z) Spec(R), H Xgpec(z) Spec(R)) is uniform
spherical.

In Section 4 we give two examples of uniform spherical pairs. We will list now
several basic properties of uniform spherical pairs. Inlight of the recent developments
in the structure theory of symmetric and spherical pairs (e.g. [Del], [SV]), we believe
that the majority of symmetric pairs and many spherical pairs defined over local fields
are specializations of appropriate uniform spherical pairs.

From now and until the end of the section we fix a uniform spherical pair (G, H).
First note that, since H is smooth, the fibers of G — G/H are smooth. Hence the
map G — G/H is smooth,

Lemma 3.3. Let (G, H) be a uniform spherical pair. Let x,y € n ¥ ¥. Let F be an
(R, m)-local field. Then

Sx,y (OF) = Tx,y (F) N G(O)-

Proof. Theinclusion Sy ,(OF) C Ty, (F)NG(OF)isevident. Inorder to prove the
other inclusion we have to show that any map v : Spec(Of) — G Xspec R Spec O
such that Im([spec 7) C Tx,y Xgpeo Rpz—1] SPeC I satisfies Imy C Sx,y Xspec R
Spec OF.

This holds since Sy, Xspeec gSpec O liesinthe closureof 7, Xgpec R[] Spec F
in G Xgpee R Spec OF.
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Lemma 3.4. If (G, H) is uniform spherical, then there is a subset A C w ¥ ¥ such
that, for every ' € Fg o, the map x — Ko(F)x is a bijection between A and
Ko(F)\G(F)/H(F).

Proof. Tt is enough to show that for any F, F' € F r and for any x,y € 7 T%, the
equality Ko(F)x = Ko(F)y is equivalent to Ko(F")x = Ko(F')y.

The scheme Sy, ® Of is smooth over R, and hence it 1s smooth over OF.
Therefore, it is formally smooth. This implies that the map Sy, , (Of) — Sk, (Fy)
is onto and hence {g € G(OF)|gx = y} # @ if and only if Sy, (F,) # @.

Hence, the two equalities Ko(F)x = Ko(F)y and Ko(F)x = Ko(F')y are
equivalent to Sy, (IF,) # @. O

From now until the end of the section we fix A as in the lemma.

Proposition 3.5. If (G, H) is uniform spherical, then for every x € 'L ¥ and every
£ € N, there is M € N such that for every F € Fg x, the set K¢(F)x contains a
ball of radius M around x.

Proof. Since, for every § € X.(T) and every £ € N, there is n € N such that
K, (F) C 78Ky (F)n=3 for every F, we can assume that x € X. The claim now
follows from the following version of the implicit function theorem.

Lemma 3.6. Ler F be a local field. Let X and Y be affine schemes defined over
Or. Let . X — Y be a smooth morphism defined over Of. Let x € X(OF) and
vy = (x). Then Y (B(x,£)(F)) = B(y,{)(F) for any natural number 1.

Proof. The inclusion ¥ (B(x, £)(F)) C B(y,£)}(F} is clear. We prove the inclusion
W (B(x,£)(F)) D B(y.£)(F).

Case 1. X and Y are affine spaces and v is etale. The proof is standard.

Case 2: X = A™ + is etale: We can assume that ¥ C A™*" is defined by

f1, ..., fa with independent differentials, and that v is the projection. The proof in
this case follows from Case 1 by considering the map F : A™T" — A™*" ojven by

F(xi,....Xman) = (X1, oo Xms f10-4 00 Jn).
Case 3: v 1s etale: Follows from Case 2 by restriction from the ambient affine
spaces.

Case 4: In general, a smooth morphism is a composition of an etale morphism

and a projection, for which the claim is trivial. O
O

Lemma 3.7. Forevery A € Xo(T) and x € =¥ %, there is a finite subset B C w7 %
such that w* Ko(F)x C U, cp Ko(F)y forall F € Fg 5.
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Proof. By Lemma 3.4, we can assume that the sets Ko(F Yrtxg for A € Y are
disjoint. There is a constant C such that for every F and for every g € n* Ko(F)x?,
valp(gxo) > C. Fix F and assume that g € Ko(F)x*Ko(F)x%. From the proof
of Proposition 3.3, it follows that Ko(F)gxe contains a ball whose radius depends
only on A, 8. Since F is locally compact, there are only finitely many disjoint such
balls in the set {x € G(F)/H(F) | valp(x) > C}, so there are only finitely many
n € Y such that valg (w*xy) > C. By definition, this finite set, S, does not depend
on the field F. Therefore, n* Ko (F)n®xy C U,es Ko(F)mxo. O
Notation 3.8. * Denote by My (G(F)/H(F)) the space of K;(F)-invariant com-
pactly supported measures on G(F)/H(F).

* Fora K invariantsubset U C G(F)/H(F)wedenoteby ly € My(G(F)/H(F))
the Haar measure on G(F)/H (F) multiplied by the characteristic function of U and
normalized s.t. its integral is 1. We define in a similar way 1y € J#;(G, F) for a
K;-double invariant subset V C G(F).

Proposition 3.9. If (G, H) is uniform spherical then My(G(F)/H(F)) is finitely
generated over ¥y (G, F) for any L.

Proof. As m step 4 of Lemma 2.10, it is enough to prove the assertion for large
enough /. Thus we may assume that for every x € X and ¢ € T we have
Kin*Kix = Kjn®x. Therefore, lg,nekg,lk,x = lk,zex. Hence for any g €
Ko/K; we have (glk,no k) k;x = lgk,nex. Now, the elements lgk, 7o, span
Me(G(F)/H(F)) by condition 1 in definition 3.2. This implies that the elements
1, generate M¢(G(F)/H(F)). O

3.2. Close local fields

Definition 3.10. Two (R, m)-local fields F, E € Fp g, are n-close if there is an
isomorphism ¢g g: O /7" — Opg/7" such that the two maps R — O —
OfF/n" — O /7™ and R — O — Og /7" coincide. In this case, ¢ is unique.

Theorem 3.11 ([Kaz86]). Let F bean (R, w) local field. Then, for any X, there exists n
suchthat, forany E € Fg , whichisn-closeto F, there exists a unique isomorphism
Oy ¢ between the algebras #,(G, F) and ¥y (G, E) that maps the Haar measure
on K¢ (FYn* Ky (F) to the Haar measure on K¢(E)n* K¢ (E), for every A € Xo(T),

¢F.
and intertwines the actions of the finite group Ko(F)/K¢(F) &° Ko(EY/ Ko (E).

In this section we prove the following refinement of Theorem B from the Intro-
duction:
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Theorem 3.12. Let (G, H) be a uniform spherical pair. Then, for any £ € N and
F € FR g, there exists n such that, for any E € Fg 5 that is n-close fo F, there
exists a unique map

M (GF)/H(F)) — M(G(E)/H(E))

which is an isomorphism of modules over the Hecke algebra

#(G(F), Ko(F)) 2" #(G(E), Ke(E))

that maps the Haar measure on K¢ (F )x to the Haar measure on Ky(E)x, for every

¢F,
x € A C 7*Y, and intertwines the actions of the finite group Ko(F)/K¢(F) ~F
Ko(E)/Ke(E).

For the proof we will need notation and several lemmas.

Notation 3.13. For any valued field F with uniformizer = and any integer m € Z,
we denote by res,, : F — F/x™ O the projection. Note that the groups 7" O are
naturally isomorphic for all n. Hence if two local fields F, £ € Fp n are n-close,
then for any m we are given an isomorphism, which we also denote by ¢ r g between
7™ O /7" OF and 7" O /7™ OF, which are subgroups of F/7x™OfF and
E/x"Og.

Lemma 3.14. Suppose that (G, H) is a uniform spherical pair, and suppose that
F,E € Frn arel-close. Then for all § € A,

¢r,E (Stabg (Fy K, (F) Ke(F)) = Stabk,(g)/k,(p) Ke(E)S.

Proof. The stabilizer of K;(F)é in Ko/ K} is the projection of the stabilizer of § in
Ko to Ko/Ky. In other words, it is the image of S5 s(OF) in S5 s(Op /7*). Since
Ss.5 1s smooth over R, it is smooth over O . Hence Ss 5 is formally smooth, and so
this map is onto. The same applies to the stabilizer of Ky (FE)d in Ko(E)/ K¢ (E), but
¢r,E(S35,5(0/7')) = S5,5(0" /"), O

Corollary 3.15. Let £ € N. Then, forany F, E € ¥R n that are L-close, there exists
a unique morphism of vector spaces

Puge: M(GF)/H(F)) — Me(G(E)/H(E))

that maps the Haar measure on K¢(F)x to the Haar measure on K¢(E)x, for ev-
bk

¢F,
ery x € A, and intertwines the actions of the finite group Ko(F)/ K¢ (F) =
Ko (E)/ K¢ (E). Moreover, this morphism is an isomorphism.
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Proof. The uniqueness i1s evident. By Lemma 3.14 and Lemma 3.4, the map between
Ky (FN\NG(F)/H(F) and K¢ (E)\G(E)/H(E) given by

K¢(F)gé — K((E)g's.

where g € Ko(F) and g’ € Ko(E) satisty that ¢ g (rese(g)) = rese(g’), is a
bijection. This bijection gives the required isomorphism. O

Remark 3.16. A similar construction can be applied to the pair (G x G, AG). In
this case, the main result of [Kaz86] is that the obtained linear map ® g ¢ between
the Hecke algebras A (G(F), K¢(F)) and #H(G(E), K¢(E)) is an isomorphism of
algebras if the fields /7 and E are close enough.

The following lemma is evident:

Lemma 3.17. Let P(x) € R[n~Y[x1....,x4] be a polynomial. For any natu-
ral numbers M and k, there is N such that, if F,E € Fg, are N-close, and
Xg € n_kOlﬁl,yo € n_kOg satisfy that P(xg) € 7 *KOp and ¢r.E(tesy(xp)) =
resy (o). then P(yy) € =% Og and ¢ g (resp (P(x0))) = respr (P(vo))-

Corollary 3.18. Suppose that (G, H) is auniform spherical pair. Fix anembedding of
G/H to an affine space A%. Let ) € X,(T), x e 7Y%, F € Fr n, andk € G(OF).
Choose m such that 7*kx € 7™ O?. Then, for every M, thereis N > M + m
such that, for any E € Fp x thatis N-close to F, and for any k' € G(Og) such that

¢r.E(tesy(k)) = resy(k'),
7*k'x € G(E)/H(E)YN 7 ™0% and ¢r g (tesy (m*kx)) = resp (n*k'x).

Corollary 3.19. Suppose that (G, H) is a uniform spherical pair. Fix an embedding
of G/H to an affine space A4, Let m be an integer. For every M, there is N such
that, for any F, E € Fp 5 that are N-close, any x € G(F)/H(F) N Jr_mOj‘!l and
any y € G(E)/H(E) N n_mOg, such that pr E (teSN—m (X)) = resy—m(y), we
have @ (1, (F)X) = lg,, (F) Y-

Proof. letkr € G(Of)and § € A such that x = kpd. By Proposition 3.5, there is
an [ such that, forany L. € g r and any k7, € G(Oy,), we have K (L )k, 6 contains
a ball of radius /.

Using the previous corollary, choose an integer N such that, for any F and £
that are N -close and any kg € G(Og), such that ¢ g (resy (kp)) = resy (kg), we
have

kpéd € (G(E)/H(E)) N yr_mOfé and o¢F g(res;(x)) = res;(kgd).
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Choose such kg € G(Og) and let z = kpé. Since res;(z) = ¢r g (tes;(x)) =
res; (v), we have that z € B(y,!), and hence z € Kjps(E)y. Hence

Ik E)Y = lky )2 = Pulky, (7)) [

From the last two corollaries we obtain the following one.

Corollary 3.20. Given{ € N, A € X.(T), and § € A, thereis n suchthatif F, E €
FRrx are n-close, and gr € G(OF), gg € G(OE) satisfy that ¢F g(res,(gr)) =
res, (gE), then CI)M’@(IKE(F)JI)“gF(S) = IKE(E)JT;“gE(S.

Proposition 3.21. Let F € Fr . Then for every £, and every two elements | €
He(F) and v € My(F), there is n such that, if E € Fg n is n-close to F, then

Pure(f-v) = P e(f) - Puce(v)

Proof. By lincarity, we can assume that f = lg,mki7*kalg, () and that v =
lg,(ryk3d, where ki,ky, k3 € Ko(F). Choose N > [ big enough such that
Ky (F)r™ ¢ K¢(F).

Choose k; € G(OFg) such that ¢r g (resy(k;)) = resy(k;). Since &4 ¢ and
G g ¢ intertwine left multiplication by 1g,(r)kilk,(r) to left multiplication by
Ik, (m)k1 1k, (E), wecanassume thatk; = 1 = k. Also, since k» normalizes K¢ (F),
we canassumethatk, = 1 = k. Let K¢ (F) = |J;_, Ky (F)g; be adecomposition
of K¢(F) into cosets. Choose g/ € K;(F) such that ¢ g (resy(g;)) = resy(g}).
Then

5 5
ke = ¢ ) kg and g,y = ¢ Y 1y el
g1 i=1
where ¢ = |K¢(F)/Kn(F)| = |K¢(E)/ Kn(E)|. Hence

hY
fv=1g,rya* g, ki = CZ Lk, gy (1) €ikad

i=1

S
=g Z IKZ(F)ﬂAgjk38.
i=1
and
Do o (/) Pure(v) = g,y Lx,(5) k5
A
= ¢ > Lk, my™* 1k ()81 K58
i=1
s
=14 Z Lk, £y gk}
i=1
The proposition follows now from Corollary 3.20. O

Now we are ready to prove Theorem 3.12.
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Proof of Theorem 3.12. We have to show for any £ there exists » such thatif F, E €
F R 7 are n-close then the map ® 4 ; constructed in Corollary 3.15 is an isomorphism

of modules over #(G(F), K¢ (F)) % 3(G(E). K¢(E)).

Since H(G(F), K¢(F))is Noetherian, My{G(F)/H(F)) is generated by a finite
set v1,..., v, satisfying a finite set of relations ), f; jv; = 0. Without loss of
generality we may assume that for any x € X the Haar measure on K¢ (F)x is
contained in the set {v;}.

By Proposition 3.21, if E is close enough to F, then ® 4 ¢ (v;) satisfy the above
relations.

Therefore there exists a homomorphism of Hecke modules

' M(G(F)/H(F)) > M (G(E)/H(E))

given on the generators v; by ®'(v;) := P ¢ (v;).
¢F.E

&’ intertwines the actions of the finite group Ko (F)/ K¢ (F) = Ko(E)/K¢(E).
Therefore, by Corollary 3.15, in order to show that &’ coincides with ® 4¢ ¢ itis enough
to check that @ maps the normalized Haar measure on K¢ (F)x to the normalized
Haar measure on K;(E)x for every x € A. In order to do this let us decompose
x = w%xg where xp € X and o € Y. Now, since (G, H) is uniformly spherical we
have

Lk (Fyx = 1Ku(F)ne Kn(F) LKA (F)x0
and

LBy = 1Ky (E)mo K (EY LK (E)xo-
Therefore, since @’ is a homomorphism, we have

' (1g,(mx) = © g, (Fyne ko (7) LK (F)xo)

= 1K, (B)ne Kp(B) LK (B)xo = 1K, (F)x-

Hence the linear map ® ¢ ¢: M (G(F)/H(F)) — M¢(G(E)/H(E))is ahomo-
morphism of Hecke modules. Since it is a linear isomorphism, it is an isomorphism
of Hecke modules. O

Now we obtain the following generalization of Corollary C:
Corollary 3.22. Let (G, H) be a uniform spherical pair. Suppose that

» Forany I' € ¥R x, the pair (G, H) is I -spherical.

» forany E € ¥p.n and natural number n, there is a field I' € Fr 5 such that
E and F are n-close and the pair (G(F), H(F)) is a Gelfand pair, i.e. for any
irreducible smooth representation p of G(F) we have

dim HOIHH(F)(p|H(F), C) < 1.

Then (G(F), H(F)) is a Gelfand pair for any F € g .
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Remark 3.23. Fix a prime power ¢ = pX. Let F be the unramified extension of
Qp of degree k, let W be the ring of integers of F, and let R = W][[x]]. Then
Fr.» includes all local fields with residue field Iy, and so Corollary 3.22 implies
Corollary C.

Corollary 3.22 follows from Theorem 3.12 and the following lemma.

Lemma 3.24. Let F be alocal field and H < G be a pair of reductive groups defined
over F. Suppose that G is split over F. Then (G(F), H(F)) is a Gelfand pair if and
only if for any large enoughl € 7. and any simple module p over H;(G(F)) we
have

dim Homgye, (G (py) (Mi(G(F)/H(F)), p) < 1.

This lemma follows from statement (1) formulated in Subsection 2.1.

4. Applications

In this section we will prove that the pair (GL, % (F),GL,(F) x GLi(F)) is a
Gelfand pair for any local field F of characteristic different from 2 and the pair
(GLu+1(F), GL, (F)) is a strong Gelfand pair for any local field . We use Corol-
lary 3.22 to deduce those results from the characteristic zero case which were proven
in [JR96] and [AGRS] respectively. Let R = W{[x]].

To verify condition (2) in Definition 3.2, we use the following straightforward
lemma:

Lemma 4.1. Let G = (GLy,)g X -+- X (GLy g and let C < G @ R[] be a
sub-group scheme defined over R[w~']. Suppose that C is defined by equations of
the following type:

or
E eiauiﬂlf =0,
i=1

_ - ; , 2, ... 2
wheree; = 1, aq,..., A2 opp? ATE entries of matrices, 1 < p; < ny+---+ny
are some indices, and v, A; are integers. Suppose also that the indices j; are distinct
for all the equations. Then the closure C of C in G is smooth over R.

To verify condition (4) in Definition 3.2, we use the following straightforward
lemma:
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Lemma 4.2. Suppose that there exists a natural number Ly such that, for any F €
Frz and any £ > Ly, there is a subgroup Py < K¢ (G, I) satisfying that for every
xeX

(1) Forany o € T we have n% Py~ C K;.

(2) K¢x = Pyx.
Then condition (4) in Definition 3.2 is satisfied.

In our applications, we use the following to show that the pairs we consider are
F -spherical.

Proposition 4.3. Let I be an infinite field, and consider G = GL,, x--- x GL,,
embedded in the standard way in M = Mat,, xX---xMat,, . Let A, B CG ® F be
two F -subgroups whose closures in M are affine subspaces M4, Mp.
(1) For any x,y € G(F), if the variety {(a,b) € A x Blaxb = y} is non-empty,
then it has an F -rational point.

(2) If (G, A) is a spherical pair, then it is also an F -spherical pair.

Proof. (i) Denote the projections G — GLy; by ;. Assume that x, y € G(F), and
there is a pair (@,b) € (A x B)(F) such that axh = y. Let L C My x Mp be the
affine subspace {(c, f)|ax = yp}, defined over F. By assumption, the functions
(a, B) > detmj(a) and (e, B) +— detm;(p), for j = 1,...,k, are non-zero on
L(F). Hence there is (a,b) € L(F) N G, which means that axb~! = y.

(i) Applying (1) to A and any parabolic subgroup B C G, any (A x B)(F)-orbit
in G(F) contains at most one (A x B)(F)-orbit. Since there are only finitely many
(A x B)(F)-orbits in G(F), the pair (G, A) is F-spherical. O

4.1. The pair (GL,4+x, GL, x GLg). In this subsection we assume p # 2 and
consider only local fields of characteristic different from 2.

Let G := (GLp4x)r and H = (GL,)r x (GLg)r < G be the subgroup of
block matrices. Note that H is a symmetric subgroup since it consists of fixed points

of conjugation by € = (I‘é’f _fdn ) We prove that (G, H) is a Gelfand pair using

Corollary C. The pair (G, H) is a symmetric pair, hence it is a spherical pair and
therefore by Proposition 4.3 it is F-spherical. The second condition of Corollary C
is [JR96, Theorem 1.1]. It remains to prove that (G, H) is a uniform spherical pair.

Proposition 4.4. The pair (G, H) is uniform spherical.

Proof. Without loss of generality suppose that n > k. Let X = {x,}, where
Id;, 0 Idg

Xo: =10 Idp—r O | H
0 0 Id
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and
T = (ot 0,00 0) € Xu(T) | 11 < -0 < g <O}

To show the first condition we show that every double coset in Ko\ G/H includes

Idg 0 diag(mHl,..., k)

an clement of the form | 0 14, & 0 S.opp < -0 < ug < 0. Take
0 0 1dx

any g € G. By left multiplication by Ky we can bring it to upper triangular form.

By right multiplication by A we can bring it to a form (I%” ijk ) Conjugating by a

k1 0 Idp k1 Aks !
0 kz 0 Tdg
A to be a k-by-(n — k) block of zero, followed by the a diagonal matrix of the form

diag(7#t,. .., 7"k} sit. pq < -+ < pg. Multiplying by an element of K, of the

matrix ( ) € Ky N H we can replace it by ( ) Hence we can bring

0 0 Idg
As for the second condition, we first compute the stabilizer Gy, of xp in G. Note

that the coset xo € G/H equals

Wy 0 k . .
form ( 0 ldy 4 O ) we can bring A to the desired form.

h
g1 &2 ‘(gl 22

g5 g O )e(GLn>R,he<GLk>R
0 0 h g3 g4
and
A c\ (1d, 0 Idg A B A+C
p E Fllo 14,. ol=(D E D+F
¢ H I1J]\o o 14 G H G+1
Therefore
# &2 h—g1 g1 &2
Gy ={le & - | [ (8 %)< ©Loni=©Lon
0 0 h g3 &4

Hence, forany 6; = (Aq,1,..., A1 %,0,...,0),82 = (A2,1....,A24,0,...,0) € T,

G(F)rr)”lxo,rr)ﬂxo
atigimT glrg, mr2(h — gq) 2 g
A e w —e (85 e e @l

0
A B C

_llp E F eGLnJrk‘D:—Fﬂ_)”,C:ﬂ)@I—AnM
0 0 I

The second condition of Definition 3.2 follows now from Lemma 4.1.
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As for the third condition, we use the embedding G/H — G given by g +—
gegle. Ttis easy to see that val 7 (7" xg) = 11, which is independent of F.
Let us now prove the last condition using Lemma 4.2. Take /p = 1 and

Id 0 0
P:={|D E F|eGLyu
G H I

Let P; := P(F)N K;(GL 1, F). The first condition of Lemma 4.2 obviously
holds. To show the second condition, we have to show that for any F, any ! > 1 and
any g € Ki(GL,4p, F) there exist p € Py and h € H(F) such that gxg = px,h.
In other words, we have to solve the following equation:

Id, + A B Idy + A+ C
D Id,— + E D+ F
G H Idg + G+ 1
Idg 0 Idg Idy +x v 0
= | D Id,_x + E’ D'+ F' z Id; + w 0 ,
G’ H' Idy + G'+ 1’ 0 0 Id; + 4

where all the capital letters denote matrices of appropriate sizes with entries in 7/ O,
and the matrices in the left hand side are parameters and matrices in the right hand
side are unknowns.

The solution is given by:
x=A vy=B, z=D, w=E, h=A+C
D'=0, E'=0, F =(D+F)(Jdg+A+C)L,
H = (H - GUdg + A)'BY(—D(Idg + A 'B+1d,_x + E)!
G'=(G-HD)(Ide + A7, I'=G+I-A-C)Idg+A+C) -0’

O

4.2. Structure of the spherical space (GL,+1 x GL,)/A GL,. Consider the em-
bedding ¢: GL, < GL, 4+ given by

1 0
A (0 A) ;
Let G = GL,41(F) xGL,(F) and H = AGL,(F). The quotient space G/H

is isomorphic to (GL 1) g via the map (g, &) — gi(h™'). Under this isomorphism,
the action of G on G/H becomes (g, h) - X = gX((h™1).
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The space G/H is spherical. Indeed, let B C G be the Borel subgroup consisting
of pairs (b1, b,), where by is lower triangular and b, is upper triangular, and let
xp € G/H be the point represented by the matrix

(1 e
xO_OI:v

where ¢ is a row vector of 1’s. We claim that Bxg is open in G/H. Let b be the
Lie algebra of B. Tt consists of pairs (X,Y) where X is lower triangular and ¥ is
upper triangular. The infinitesimal action of b on X at x is given by (X,Y) +—
Xxp — xodi(Y). To show that the image is Mat, 1, it is enough to show that the
images of the maps X — Xxp and ¥ +— xod «(Y) have trivial intersection. Suppose
that Xxo = xod(Y). Then X = xod(Y)xy !, ie.

R [ [G R )

Since X is lower triangular and Y is upper triangular, both have to be diagonal. But
eY = O implies that ¥ = 0, and hence also X = 0. Proposition 4.3 implies that the
pair (G, H) is F-spherical.

The following describes the quotient G(Op )\G(F)/H(F).

Lemma 4.5. For every matrix A € Mat,4(F) there are k1 € GL,41(0) and
ko € GL,(O) such that

by

1

b2 bn

a

T T

T

ky Au(ks) = e 3)

T T

qren
where the numbers a,b;, ¢; satisfy that if i < j then ¢; —c¢; < b; —b; < 0 and
b < ¢y.

Proof. Let a be the minimal valuation of an element in the first column of A. There is
an integral matrix w; such that the first column of the matrix w4 is #¢,0,0,...,0.
Let C be the n x n lower-right sub-matrix of w1 A. By Cartan decomposition, there
are integral matrices wz, w3 such that woC w3y 1 is diagonal, and its diagonal entries
are 7 for a non-decreasing sequence c¢;. Finally, there are integral and diagonal
matrices d1, do such that the matrix oy (wa)wy Ac(w3 ' )e(d; ') has the form (3).
Suppose that i < j and b; > b;. Then adding the j’th column to the 7’th column
and subtracting 7/~ times the 7 ’th row to the j’th row, we can change the matrix
(3)so that b; = b;. Similarly, if i < j and b; —b; < ¢; — ¢;, then adding 7%/ ~bi =1
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times the ’th colurn to the j’th column, and subtracting 7 T2 =%i=1=¢ (imes the
j’th row to the 7’th row changes the matrix (3) so that »; becomes smaller in 1.
Finally, if ¢; < b than adding the second row to the first changes the matrix so that
c1 = bl. O

Let T C G be the torus consisting of pairs (¢1, ¢2) such that ¢; are diagonal. The
co-character group of T is the group Z" ! x Z". The positive Weyl chamber of T
that is defined by B! is the set A C X, (T) consisting of pairs (i, v) such that the
wi’s are non-decreasing and the v;’s are non-increasing. Lemma 4.5 implies that the
set {7m*xo}sen is a complete set of orbit representatives for G(O)\G(F)/H(F).

We are ready to prove that (G, H) is uniform spherical.

Proposition 4.6. The pair ((GL,+1)r X (GLu) R, A(GL,)R) is uniform spherical.

Proof. Let Y C X.(T) be the positive Weyl chamber and let X := {x¢}. By the
above, the first condition of Definition 3.2 holds. As for the second condition, an

easy computation shows thatif a, by, ... by, c1,...,cp € Z,a’ b, ... b} cl. ...,
c;, € Z satisfy the conclusion of Lemma 4.5, and (k1, k2) € G(O) satisfy that
T j‘[bl j‘[bZ J'[bn na’ Jl“bfl 7be2 Jl'b§1
el 7l
/
ky A 1(ky) = me2 :
J-[cl’l yrcii

thena = @', ¢; = ¢/, ky has the form (} 8 ), where B is a | x n matrix and D is

an n x n matrix that satisfy the equations D = 7¢k,7~¢ and Bn¢ = 7t — 7%k,
where ¢ denotes the diagonal matrix with entries 71, ..., 7", 7% denotes the row
vector with entries 7%, and 772" denotes the row vector with entries 7% . The second
condition of Definition 3.2 holds by Lemma 4.1.

The third condition follows because, using the affine embedding as above, 7% xg
has the form (3) and so val g (7*x¢) is independent of F.

Finally it is left to verify the last condition. In the following, we will distin-
guish between the £th congruence subgroup in GL,4+1(F), which we denote by
K (GL,41(F)), the £th congruence subgroup in GL,(F), which we denote by
K¢ (GL,(F)),and the £th congruence subgroupin G = GL,+1(F)xGL,(F), which
we denote by K. By Lemma 4.2 it is enough to show that (B N K;)xg = Kjxop. Itis
casy to see that K;xg = xo + 7! Mat,(OF).lety € xo + 7! Mat, (O ). We have
to show that y € (B N Kj)xy. In order to do this let us represent y as a block matrix

_fa b
Y=\¢ D)

IThe positive Weyl chamber defined by the Borel B is the subset of co-weights A such that 74 B(O)nr—* C
B(0O)
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where @ 1s a scalar and D 1s n xn matrix. Using left multiplication by lower triangular
matrix from K;(GL,1(F)) we may bring y to the form ( } 4,). We can decompose
D’ = LU, where L,U € K;(GL,+1(F)) and L is lower triangular and U is upper
triangular. Therefore by action of an element from B N K; we may bring y to the
form (} 7). Using right multiplication by diagonal matrix from K;(GL+1(F))
(with first entry 1) we may bring y to the form ((1) 5,,) , where e is a row vector of
I’s and D" is a diagonal matrix. Finally, using left multiplication by diagonal matrix

from K;(GL,+1(F)) we may bring y to be xq. O

4.3. The pair (GL,+1 x GL,, A GL,). In this section we prove Theorem D which
states that (GL,+1(F), GL,(F)) is a strong Gelfand pair for any local field F, i.e.
for any irreducible smooth representations 7w of GL,41(F) and t of GL,(F) we
have

dim Homgy,,(Fy (7, 7) < 1.

It is well known (see e.g. [AGRS, section 1]) that this theorem is equivalent to the
statement that (GL;+1(F) x GL,(F), AGL,(F)), where A GL, is embedded in
GL,+1 xGL, by the map ¢ x Id, 1s a Gelfand pair.

By Corollary C this statement follows from Proposition 4.6, and the following
theorem:

Theorem 4.7 ([AGRS], Theorem 1). Let F be a local field of characteristic 0. Then
(GLp41(F), GL, (F)) is a strong Gelfand pair.
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