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Higher arithmetic Chow groups

José Tgnacio Burgos Gil and Elisenda Feliu™*

Abstract. We give a new construction of higher arithmetic Chow groups for quasi-projective
arithmetic varieties over a field. Our definition agrees with the higher arithmetic Chow groups
defined by Goncharov for projective arithmetic varieties over a field. These groups are the
analogue, in the Arakelov context, of the higher algebraic Chow groups defined by Bloch.
For projective varieties the degree zero group agrees with the arithmetic Chow groups defined
by Gillet and Soulé, and in general with the arithmetic Chow groups of Burgos. Our new
construction is shown to be a contravariant functor and is endowed with a product structure,
which 1s commutative and associative.

Mathematics Subject Classification (2010). 14G40, 14C15, 14F43.

Keywords. Arakelov geometry, higher Chow groups, Beilinson regulator, intersection theory,
Deligne cohomology.

Introduction

Let X be an arithmetic variety, i.e. aregular scheme which is flat and quasi-projective
over an arithmetic ring. In [14], Gillet and Soulé defined the arithmetic Chow groups
of X, denoted by CH» (X ), whose elements are classes of pairs (Z, gz), with Z a
codimension p subvaricty of X and gz a Green current for Z. Later, in [5], the
first author gave an alternative definition for the arithmetic Chow groups, involving
the Deligne complex of differential forms with logarithmic singularities along infin-
ity, Dy, (X, p). that computes real Deligne-Beilinson cohomology, Hg (X, R(p)).
When X is proper, the two definitions are related by a natural isomorphism that takes
into account the different normalization of both definitions. In this paper, we follow
the latter definition.
It is shown in [5] that the following properties are satisfied by CH? (X):

* The groups CH? (X) fit into an exact sequence:

CHP L2 (X) £ D2V (X, p)/imdp S CHP(X) S CHP(X) 0. (1)

*This work was partially supported by the projects MTM2006-14234-C02-01 and MTM2009-14163-C02-01.
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where CH? ™2 (X)) is the term E£~ %77 (X)) of the Quillen spectral sequence
(see [23], §7) and p 1s the Beilinson regulator.

» There is a pairing
CH? (X) ® CHY(X) > CHP (X )g

turning P, CH? (X )o into a commutative graded unitary Q-algebra.
« If f: X — Y is a morphism, there exists a pull-back morphism

F*: CHP(Y) — CH?(X).

Assume that X is proper and defined over an arithmetic field. Then the arithmetic
Chow groups have been extended to higher degrees by Goncharov, in [16]. These
groups are denoted by CH? (X, n) and are constructed in order to extend the exact
sequence (1) to a long exact sequence of the form

o CHP(X.n) 5 CHP (X, 1) > HZ (X, R(p)) > CHY (X,n — 1) — ---

oo CHP(X, 1) & 02271 (X, p)/im dpp > CH? (X) 5 CHP (X) — 0.

Explicitly, Goncharov defined a regulator morphism

ZP(X.%) > DX, p).

where

* ZP(X, ) is the chain complex given by Bloch in [3], whose homology groups
are, by definition, CH? (X, %);

* Dp (X, %) is the Deligne complex of currents.

Then the higher arithmetic Chow groups of a regular complex variety X are defined
as CH?(X,n) := H,(s(P’)), the homology groups of the simple of the induced
morphism

P ZP(X, %) D DF X, p)/ DX, p).

For n = 0, these groups agree with the ones given by Gillet and Soulé. However,
this construction leaves the following questions open:

(1) Does the composition of the isomorphism K, (X)q = €P,-, CH? (X, n)g with
the morphism induced by J agree with the Beilinson regulator?

(2) Can one define a product structure on @p’n CH?(X,n)?
(3) Are there well-defined pull-back morphisms?
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The use of the complex of currents in the definition of & is the main obstacle en-
countered when trying to answer these questions, since this complex does not behave
well under pull-back or products. Moreover, the usual techniques for the comparison
of regulators apply to morphisms defined for the class of quasi-projective varieties,
which is not the case of P.

In this paper we develop a higher arithmetic intersection theory by giving a new
definition of the higher arithmetic Chow groups, based on a representative of the
Beilinson regulator at the chain complex level. Our strategy has been to use the
Deligne complex of differential forms instead of the Deligne complex of currents
in the construction of the representative of the Beilinson regulator. The obtained
regulator turns out to be a minor modification of the regulator described by Bloch
in [4].

The present definition of higher arithmetic Chow groups is valid for quasi-pro-
jective arithmetic varieties over a field, pull-back morphisms are well-defined and can
be given a commutative and associative product structure. Therefore, this construction
overcomes the open questions left by Goncharov’s construction.

The authors, jointly with Takeda, prove in [6] that this definition agrees with Gon-
charov’s definition when the arithmetic variety 1s projective. Moreover, by a direct
comparison of our regulator with &, it is also proved that the regulator defined by
Goncharov induces the Beilinson regulator. In this way, the open questions (1)—(3)
are answered positively. Moreover, the question of the covariance of the higher arith-
metic Chow groups with respect to proper morphisms will also be treated elsewhere.

Note that since the theory of higher algebraic Chow groups given by Bloch,
CH? (X, n) is only fully established for schemes over a field, we have to restrict our-
selves to arithmetic varieties over a field. Therefore, the following question remains
open:

(1) Can we extend the definition to arithmetic varieties over an arithmetic ring?

Let us now briefly describe the constructions presented in this paper. First, for
the construction of the higher Chow groups, instead of using the simplicial complex
defined by Bloch in [3], we use its cubical analog, defined by Levine in [19], due to its
suitability for describing the product structure on CH* (X, x). Thus Z? (X, n)o will
denote the normalized chain complex associated to a cubical abelian group. Let X be
a complex algebraic manifold. For every p > 0, we define two cochain complexes,
‘@K,z »(X, p)o and D3 (X, p)o, constructed out of differential forms on X x O"
with logarithmic singularities along infinity (00 = P!\ {1}). For every p > 0, the
following 1somorphisms are satisfied:

H*P™M (D 50 (X, p)o) = CHP (X, n)r. n >0,

H" (D3 (X, plo) = Hy (X, R(p)), r <2p,
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where the first isomorphisim is obtained by a explicit quasi-isomorphism

DV (X, p)o — ZP(X,%)o ® R

(see §2.4 and §2.5).
We show that there is a natural chain morphism (see §3.1)

ipz;(X P> Dy P X, p)o

which induces, after composition with the isomorphism

Ku(X)o = P CH? (X.n)g
p=0

described by Bloch in [3], the Beilinson regulator (Theorem 3.5):

Kn(X)g = P CH (X.n)g > P HY " (X.R(p)).

pr=0 p=0

In the second part of this paper we use the morphism p to define the higher
arithmetic Chow group CH? (X, n), for any arithmetic variety X over a field. The
formalism underlying our definition is the theory of diagrams of complexes and their
associated simple complexes, developed by Beilinson in [1]. Let Xy denote the
complex manifold associated with X and let ¢ be the involution that acts as complex
conjugation on the space and on the coefficients. As usual o as superscript will mean
the fixed part under o. Then one considers the diagram of chain complexes

ZP(Xs, 5 QR O3 . 0
7
% 1 Yy P i
ZP(X, %) = / \ / \ ,
ZP(X, %) D5 (X%, P)§ ZOPF (Xs, p)?

where Z i)l (Xx, p)? is the group of closed elements of i)l (Xs, p)? considered
as a complex concentrated in degree 0. Then the higher arlthmetlc Chow groups
of X are given by the homology groups of the simple of the diagram zr (X, %)o
(Definition 4.3): ~
CH? (X, n) := H,(s(Z? (X, %)p)).
The following properties are shown:

» Theorem 4.8: Let CH? (X) denote the arithmetic Chow group defined in [5].
Then there is a natural isomorphism

CH?(X) = CHE (X, 0).

It follows that if X is proper, CH?(X,0) agrees with the arithmetic Chow group
defined by Gillet and Soulé in [14].
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» Proposition 4.4: There is a long exact sequence

<o > CHP (X, n) 5> CHP (X.n) 2> HY ™" (X5.R(p))°
S CHP (X, n — 1) — --- — CHP (X, 1)

L D (Xy, )/ imdp > CHP(X) —> CHP(X) = 0,

with p the Beilinson regulator.

* Proposition 4.12 (Pull-back): Let f: X — Y be a morphism between (wo
arithmetic varieties over a field. Then there is a pull-back morphism

CH? (v.n) L CHP (X, ).

for every p and n, compatible with the pull-back maps on the groups CH? (X, )
and Hg ™" (X, R(p)).

» Corollary 4.16 (Homotopy invariance): Let m: X x A™ — X be the projection
on X. Then the pull-back map

7% CH? (X,n) — CHP (X x A™.n), n>1

is an isomorphism.

* Theorem 5.46 (Product): There exists a product on

CH*(X.x):= @ CHP(X.n),
»r=0.n>0

which is associative, graded commutative with respect to the degree n.

The paper is organized as follows. The first section is a preliminary section. It
is devoted to fix the notation and state the main facts used in the rest of the paper.
It includes general results on homological algebra, diagrams of complexes, cubical
abelian groups and Deligne-Beilinson cohomology. In the second section we recall
the definition of the higher Chow groups of Bloch and introduce the complexes of
differential forms being the source and target of the regulator map. We proceed in
the next section to the definition of the regulator p and we prove that it agrees with
Beilinson’s regulator. In Sections 4 and 5, we develop the theory of higher arithmetic
Chow groups. Section 4 is devoted to the definition and basic properties of the higher
arithmetic Chow groups and to the comparison with the arithmetic Chow group for
n = 0. Finally, in Section 5 we define the product structure on CH* (X, *) and prove
that it 1s commutative and associative.
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1. Preliminaries

1.1. Notation on (co) chain complexes. We use the standard conventions on (co)
chain complexes. By a (co) chain complex we mean a (co) chain complex over the
category of abelian groups.

The cochain complex associated to a chain complex A, is simply denoted by A*
and the chain complex associated to a cochain complex A* is denoted by A.. The
translation of a cochain complex (A*, d4) by an integer m is denoted by A[m]*.
Recall that A[m]"* = A™*" and the differential of A[m]* is (—=1)™d4. If (Ax,d4) is
a chain complex, then the translation of A, by an integer m is denoted by A[m]«. In
this case the differential is also (—1)"d4 but A[m], = Au—m.

The simple complex associated to an iterated chain complex A, is denoted by
s{A) and the analogous notation is used for the simple complex associated to an
iterated cochain complex (see [8] §2 for definitions).

The simple of a cochain map A* i> B* is the cochain complex (s(f)*, ds) with
s(fY* = A" @ B" 1, and differential dy(a,b) = (dqa, f(a) —dgh). Note that this
complex is the cone of — f shifted by 1. There is an associated long exact sequence

s BY(()?) > HM(AM L BB — H™ (/) — - (LD

If £ is surjective, there is a quasi-isomorphism
ket f 5 s(—f)*, x> (x,0), (1.2)
and if f is injective, there is a quasi-isomorphism
s(ON* = B*/A*,  (a,b) — [b]. (1.3)

Analogously, equivalent results and quasi-isomorphisms can be stated for chain com-
plexes.

Following Deligne [10], given a cochain complex A™ and an integer n, we denote
by <, A* the canonical truncation of A™ at degree n.
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1.2. The simple of a diagram of complexes. We describe here Beilinson’s ideas

on the simple complexes associated to a diagram of complexes (see [1]). A diagram
of chain complexes is a diagram of the form

B! B2 B
i i Y
R 27N | as
Al A2 A

n+1
A

Consider the induced chain morphisms

n+1 o

D . Hi

i=1 i=l1
©1 (Cli) =Y (ai) if a; Ai, (15)
p2(a;) = y{_(a;) ifa; € A,
wla;) = (g1 — p2)(a;) = (i —yi_(ai) ifa; € A.

(where we sel Yn+1 = ¥, = 0). The simple complex associated to the diagram Ds
is defined to be the simple of the morphism ¢:

S(D)x 1= 5(p)«. (1.6)

1.3. Morphisms of diagrams. A morphism between two diagrams D, and D,
consists of a collection of morphisms

_RA LB
AL — Al B L b B},

commuting with the morphisms y; and y/, for all /. Any morphism of diagrams

h h
Dy — D, induces a morphism on the associated simple complexes s(D). g

s(D")«. Observe that if, for every 7, h and kB are quasi-isomorphisms, then s (%) is
also a quasi-isomorphism.

1.4. Product structure on the simple of a diagram. Let D, and D, be two dia-
grams as 1.4. Consider the diagram obtained by the tensor product of complexes:

B1®B'1 B2®B’2 B’l®B’f1
4 _— Y1 8&1 VI QE Vi &, Vi Q&
(D® D). = / \ %% / \
Al ® A A2 Q@ A2 - Al® AT Al g APt

(1.7)
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In [1], Beilinson defined, for every 8 € Z, a morphism

*
5(D)s ® 5(D)s —> 5(D ® D)s
as follows. Fora € A,a’ € A’,b € Band b’ € B/, set

axga =a®ad,
bxga' =b& ((1—Ppi(a’) + Bea(a)),

axpgb = (=1)*(Bpi(a) + (1 — Bpa(a)) ® Y,
b *B b = 0,

where the tensor product between elements in different spaces is defined to be zero.
If B, C, are chain complexes, let

0: 8(By ® Ci) — 5(Cy ® By)
be the map sending b ® c € B,  Ci to (—1)""c ® b € Cp, ® B,,.

Lemma 1.8 (Beilinson). (i) The map g is a morphism of complexes.
(ii) For every B, B’ € Z, % g is homotopic to * g-.
(111) There is a commutative diagram

S(D)y ® (D) 2> 5(D® D)s
S(D)e ® 5(D)y L= 5(D' & D).
(iv) The products xy and % are associative.

1.5. A specific type of diagrams. In this work we will use diagrams of the following

form:
Bl B;
D, = / X / , (1.9)
Al A2

with y; a quasi-isomorphism. For this type of diagrams, since y] is a quasi-isomor-
phism, we obtain a long exact sequence equivalent to the long exact sequence related
to the simple of a morphism. Since a diagram like this induces a map AL — B2 in
the derived category, we obtain

Lemma 1.10. Ler Dy be a diagram like (1.9). Then there is a well-defined morphism

Ho(AD S H,(B2),  [a1] — () 'yilanl.
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Moreover, there is a long exact sequence
= Hy(5(D)s) = Hp(ADNY D Hy(B2) = Hpei(5(D)y) — -+ (L11)

Consider now a diagram of the form

B} B?
Dy = V X / X , (1.12)
Al A2 A3

with y{ a quasi-isomorphism and y} a monomorphism.
Lemma 1.13. Let D be a diagram as (1.12) and let D' be the diagram

B2/43

D'y = / \ / : (1.14)

Then there is a quasi-isomorphism between the simple complexes associated to D
and 1o D':
5(DYe — (D).

Proof. Tt follows directly from the definition that the simple complex associated to
Dy 1s quasi-isomorphic to the simple associated to the diagram

s(A3 BZ)[I]

D, = / \ / S

Then the quasi-isomorphism given in (1.3) induces a quasi-isomorphism
$(D)x — s(D")x
as desired. O
Corollary 1.16. For any diagram of the form (1.12), there is a long exact sequence
> Hy(5(D)s) — Hu(AD 5 Hai (s(7)) = Hu1 (5(D)s) — -+ . (1.17)

Proof. It follows from the previous lemma together with Proposition 1.10. O
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1.6. Cubical abelian groups and chain complexes. LetC. = {Cy},>0 beacubical

abelian group with face maps &/ : C, — C,—y,fori = 1,...,nand j = 0,1, and
degeneracy maps o;: C, — Cuyq, fori = 1,;..,n + 1. Let D, C C, be the
subgroup of degenerate elements of Cy, and let C, = C,/ Dy,

Let C« denote the associated chain complex, that is, the chain complex whose 7 -th
graded piece is C,, and whose differential is given by § = Y [, >~ (=1)' /87,
Thus D, is a subcomplex and C, is a quotient complex. We fix the normalized chain
complex associated to C., NCy, to be the chain complex whose n-th graded group
is NCy := (j_, kerd}, and whose differential is § = Y7, (—=1)*8?. It is well-
known that there is a decomposition of chain complexes Cx = NCy @ D, giving an
isomorphism NCy = Cs.

For certain cubical abelian groups, the normalized chain complex can be further
simplified, up to homotopy equivalence, by considering the elements which belong
to the kernel of all faces but &Y.

Definition 1.18. Let C. be a cubical abelian group. Let NyCy be the complex defined
by
n n
NoCn = (\kerd! N (\kerd, and differential § = —57. (1.19)
i=1 i=2

The proof of the next proposition 18 analogous to the proof of Theorem 4.4.2 in
[2]. The result is proved there only for the cubical abelian group defining the higher
Chow complex (see §2.1 below). We give here the abstract version of the statement,
valid for a certain type of cubical abelian groups.

Proposition 1.20. Ler C. be a cubical abelian group. Assume that it comes equipped
with a collection of maps

hj:Cn—>Cn+1, j:1,...,n,
such that, for any [ = 0, 1, the following identities are satisfied:
1 1 1

80h; =87 hy = id,

5lh: hj_l(Sf, i<j,
R I 7T (P S g

i—1°

(1.21)

Then the inclusion of complexes

is a homotopy equivalence.
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Proof. Letg;: NC, — NCyybedefinedas g; = (=1)"Vh,_;if0<j <n—1
and g; = 0 otherwise. Then there is a well-defined morphism of chain complexes

This morphism is homotopically equivalent to the identity.
Letx e NC,and 0 < j <n — 1. Then

n+1

Shinj () = Y (=1 & hnj(x)

i=1

n—j—1 n+1
= > DR a8+ Y (=D a8 ().
i=1 i=n—j+2

ha—j—18(x) = Z(_l)ihn—j—l(g?(x)-

i=1

Hence,
8gj(x) + g;d(x)

= D" Y ) T e 8@ + (DT Y () e 8] ().

i=n—j+1 i=n—j
We consider the decreasing filtration G* of NC,, given by
G/NCy = {x € NCy | 87(x) = 0,i > max(n — j, )}. (1.22)

Then G°NCy = NCyandfor j > n—1, G/'NC, = NoCy. If x € G/ TINC,,
then §g;(x) + g;8(x) = 0 and thus, H;(x) = x. Moreover, if x € G/ NCx, then
H;(x) € G/TINC,. Thus, H, is the projector from G/ NC, to G/ TINC,.

Thus, the morphism ¢ : NCy — NpCi given,on NCy,,,by ¢ := H,y_0---0 Hy
forms a chain morphism homotopically equivalent to the identity. Moreover ¢ is the
projector from NC x to NoCyx. Hence, ¢ o is the identity of NyCs while i o ¢ is
homotopically equivalent to the identity of NCs. O

Remark 1.23. To every cubical abelian group C. there are associated four chain
complexes: Ci, NCy, NyC,i and C,. In some situations it will be necessary to
consider the cochain complexes associated to these chain complexes. In this case we
will write, respectively, C*, NC*, NoC* and C*.

1.7. Cubical cochain complexes. Let X* be a cubical cochain complex. Then, for
every m, the cochain complexes NX,, No X, and X, are defined.
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Proposition 1.24. Let X, Y.* be two cubical cochain complexes and let f: XF —
Y.* be a morphism. Assume that for every m, the cochain morphism

xx Iy
is a quasi-isomorphism. Then the induced morphisms

NX» Mo, NY} and CF I, Y:

are quasi-isomorphisms.

Proof. 'The proposition follows from the decompositions

H' (X;)=H' (NX;)® H'(DX;) and H'(Y;)=H' (NY,)® H' (DY),
and the fact that f,, induces cochain maps

NX» Im, NY} and DX} ELN DY}, O

Proposition 1.25. Let X * be a cubical cochain complex. Then the natural morphisin

7 (NX®) L NET (X
is an isomorphism for all n > Q.

Proof. The cohomology groups H”(X*) have a cubical abelian group structure.
Hence there 1s a decomposition

H'(X*)=NH'(X’)® DH"(X).
In addition, there is a decomposition X; = NX,; @ DX, . Therefore
H' (X*)=H"(NX’)® H (DX).

The lemma follows from the fact that the identity morphism in H”(X*) maps
NH" (X)) tw H' (NX*)and DH"(X*) 10 H" (DXT). O

1.8. Deligne-Beilinson cohomology. In this paper we use the definitions and con-
ventions on Deligne—Beilinson cohomology given in [5] and [8], chapter 5.

One denotes R(p) = (2#i)? - R C C. Let X be a complex algebraic manifold
and denote by Ef;g’R(X Y} p) the complex of real differential forms with logarith-
mic singularities along infinity, twisted by p. Let (i)f’;g(X , P), dp) be the Deligne
complex of differential forms with logarithmic singularities, as described in [5]. It
computes real Deligne—Beilinson cohomology of X, that is,

H" (Dyoy (X, p)) = Hgy (X, R(p)).
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This complex is functorial on X.
The product structure in Deligne—Beilinson cohomology can be described by a
cochain morphism on the Deligne complex (see [5]):

(X, p) ® D (X.q) — DF™(X. p+9).

X®Y > x ey,
This product satisfies the expected relations:
(1) Graded commutativity: xey = (—1)""y ex.
(2) Leibnizrule: dp(xey)=dpxey+ (—1)'xedpy.

Proposition 1.26. The Deligne product e is associative up to a natural homotopy,
i.e. there exists

h: Dl (X, p) ® Dy (X.q) ® Dioy(X.1) — DT (X, p+q +1)

such that
dph(w @ wz @ w3) + hdp(w) @ wr @ w3) = (W1 e wr) @ w3 — w1 ® (W2 ® W3).

Furthermore, if w1 € @ég(X, p), wa € D’Dlig(X,q) and w3 € (@%g(X, ) satisfy
dpw; = 0 forall i, then

Proof. This is [5], Theorem 3.3. O
1.9. Cohomology with supports. Let Z be a closed subvariety of a complex alge-

braic manifold X'. Consider the complex Dy, (X \ Z, p), i.e. the Deligne complex
of differential forms in X \ Z with logarithmic singularities along Z and infinity.

Definition 1.28. The Deligne complex with supports in Z is defined to be
“‘Dltg,Z(X’ p) = S(i)lig(X’ p) — ‘Dlig(X \ Z, P))

The Deligne—Beilinson cohomology with supports in Z 1s defined as the cohomology
groups of the Deligne complex with supports in Z:

HY 7 (X, R(p)) := H"(Dpg, 7 (X, p)).

Lemma 1.29. Let Z, W be two closed subvarieties of a complex algebraic manifold
X. Then there is a short exact sequence of Deligne complexes,

0—> l()g(}(\zrwVV:'ID)—>c"zﬁ)log()(\z7p)69 log(X\Wap)

L Dp (X \ZUW. p)—0,
where i (o) = (a,a) and j(o, B) = —a + B.



534 I. 1. Burgos Gil and E. Feliu CMH

Proof. It follows from [7], Theorem 3.6. O

In addition, Deligne—Beilinson cohomology with supports satisfies a semipurity
property. Namely, let Z be a codimension p subvariety of an equidimensional com-
plex manifold X, and let Z1, ..., Z; be its codimension p irreducible components.
Then
0, n<2p,

PB;_,R(Zi], n=2p.

For the next proposition, let §z denote the current integration along an irreducible
variety Z. In the sequel we will use the conventions of [8] §5.4 with respect to the
current associated to a locally integrable form and to the current 6.

H}, ,(X.R(p)) = { (1.30)

Proposition 1.31. Ler X be an equidimensional complex algebraic manifold and
Z a codimension p irreducible subvariety of X. Let j: X — X be a smooth
compactification of X (with a normal crossing divisor as its complement) and Z the
closure of Z in X. The isomorphism

cl: R[Z] = ng(X,R(P))

sends [Z] to [(j*w, j* @), forany [(w, g)] € Hépz (X.R(p)) satisfying the relation
of currents in X )

—200[g] = [w] —d7. (1.32)
Proof. See [8], Proposition 5.58. O

In particular, assume that Z = div( f') is a principal divisor, where f is a rational
function on X, Then [Z] is represented by the couple

(0,—L1og(f 1)) € HZ ,(X.R(p)).

The definition of the cohomology with support in a subvariety can be extended
to the definition of the cohomology with support in a set of subvarieties of X. We
explain here the case used in the sequel. Let Z2 be a subset of the set of codimension
p closed subvarieties of X, that is closed under finite unions. The inclusion of subsets
turns Z# into a directed ordered set. We define the complex

DEAX\ZE, p):= lim DF(X\ Z.p), (1.33)
log ey log
ZeZ?

which is provided with an injective map

D (X, p) = Dy (X \ Z7, p).
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As above, we define
O'szg’zp (X, p):=s(i)*

and the Deligne—Beilinson cohomology with supports in Z# as
HJy 50 (X R(p)) := H" (D}, 7, (X, p)).

1.10. Real varieties. A real variety X consists of a couple (X¢, Foo), with X¢ a
complex algebraic manifold and F an antilinear involution of Xc¢.

If X = (Xc¢, Fx) 1s a real variety, we will denote by o the involution of
Dig, (Xc. p) given by

o(n) = Fon.
Then the real Deligne—Beilinson cohomology of X is defined by

H} (X, R(p)) := Hp(Xc. R(p))°,

where the superscript o means the fixed part under o.
The real cohomology of X is expressed as the cohomology of the real Deligne
complex

DX, p) := DL (Xe. p)°,

i.e. there is an isomorphism

Hy (X, R(p)) = H" (D, (X, p).do).
1.11. Truncated Deligne complex. In the rest of the work, we will consider the
Deligne complex (canonically) truncated at degree 2 p. For simplicity we will denote
it by
T‘i)f(k)g(Xv p) = TSZP ‘i)]’(k)g(Xv p)

The truncated Deligne complex with supports in a variety Z is denoted by
rci)fgg, (X, p) = 1<2p i)l’;g, ~(X, p) and the truncated Deligne complex with sup-
ports in Z? is denoted by r[()l”(‘)g 20 (X, p) = TsZp@f;g 20X, p).

Note that, since the truncation is not an exact functor, it is not true that

ri)fggjzp (X, p)is the simple complex of the map Dy (X, p) — tD (X \Z7, p).

2. Differential forms and higher Chow groups

In this section we construct a complex of differential forms which is quasi-isomorphic
to the complex Z7 (X, %)o ® R. This last complex computes the higher algebraic
Chow groups introduced by Bloch in [3] with real coefficients. The key point of this
construction is the set of isomorphisms given in (1.30).
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This complex 1s very similar to the complex introduced by Bloch in [4] in order
to construct the cycle map for the higher Chow groups. In both constructions one
considers a 2-iterated complex of differential forms on a cubical or simplicial scheme.
Since this leads to a second quadrant spectral sequence, to avoid convergence prob-
lems, one has to truncate the complexes involved. The main difference between both
constructions is the direction of the truncation. We truncate the 2-iterated complex at
the degree given by the differential forms, while in loc. cit. the complex is truncated
at the degree given by the simplicial scheme.

2.1. The cubical Bloch complex. We recall here the definition and main properties
of the higher Chow groups defined by Bloch in [3]. Initially, they were defined
using the chain complex associated to a simplicial abelian group. However, since
we are interested in the product structure, it is more convenient to use the cubical
presentation, as given by Levine in [19].

Fix abase field k and let P! be the projectivelineover k. Let 1 = P\ {1}(= A1),
The cartesian product (P!) has a cocubical scheme structure. Fori = 1,...,n, we
denote by ¢; € (k U {oo}) \ {1} the absolute coordinate of the 7-th factor. Then the
coface and codegeneracy maps are defined as

So(t1seoitn) = (t1ae e tic1. 00ty oo 1n),
Sty eoity) = (ty e i1, 00 Ly ooy Iy,
O'i(tl,...,[n) = (I],...,ti_l,[i+1,...,tn).

Then O' inherits a cocubical scheme structure from that of (P')". An r-dimensional
Jace of 0" is any subscheme of the form &7} --- &7 (0"™").

We have chosen to represent A® as P!\ {1} so that the face maps are represented
by the inclusion at zero and the inclusion at infinity. In this way the cubical structure
of ' is compatible with the cubical structure of (P') in [9]. In the literature the usual
representation Al = P!\ {oo} is often used. We will translate from one definition
to the other by using the involution

X
X

e 2.1)

This involution has the fixed points {0, 2} and interchanges the points 1 and occ.

Let X be an equidimensional quasi-projective variety of dimension d over the
field k. Let Z¥(X,n) be the free abelian group generated by the codimension p
closed irreducible subvarieties of X x (0", which intersect properly all the faces of
[0". The pull-back by the coface and codegeneracy maps of (1" endow Z7 (X, -) with
a cubical abelian group structure. Let (Z2 (X, %), &) be the associated chain complex
(see §1.6) and consider the normalized chain complex associated to Z P (X, x),

ZP(X.n)o:= NZP(X.n) = [ \kerd;.

i=1
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Definition 2.2. Let X be a quasi-projective equidimensional variety over a field k.
The higher Chow groups defined by Bloch are

CH? (X, n) := Hy(Z?(X. %))

Let Ny be the refined normalized complex of Definition (1.18). Let Z? (X, *)og
be the complex with

n n
ZP(X.n)oo := NoZP(X.n) = (" ker§} N () ker;.
=2

i=1

Fixn > 0. Forevery j = 1,...,n, we define a map
ht
n+1 n
D H D k) (2‘3)
(e n Tt 1 (e s Gt I — 8 — Ty, — Loty . oo i )

The refined normalized complex of [2] §4.4 is given by considering the elements in
the kernel of all faces but 8}, instead of §? like here. Taking this into account, together
with the involution (2.1), the map %/ agrees with the map denoted by #2"~/ in [2]
§4.4. Therefore, the maps /i; are smooth, hence flat, so they induce pull-back maps

hi: ZP(X,n) — ZP(X,n+1), j=1...,n+1, (2.4)
that satisfy the conditions of Proposition 1.20. Therefore the inclusion
ZP (X, n)oo := NoZP(X,n) — Z¥(X,n)o
is a homotopy equivalence (see [2] §4.4).

2.2. Functoriality. Itfollows easily from the definition that the complex Z 7 (X, x)g
is covariant with respect to proper maps (with a shiftin the grading) and contravariant
for flat maps.

Let f: X — Y be an arbitrary map between two smooth varieties X, Y. Let
Z J*f (Y,n)o C ZP(Y, n)g be the subgroup generated by the codimension p irreducible
subvarieties Z C Y x[", intersecting properly the faces of 0" and such that the pull-
back X x Z intersects properly the graphof f',I'y. Then Z J*f (Y, %) is a chain complex
and the inclusion of complexes Z ;’ (Y,%)y © ZP(Y, %)y is a quasi-isomorphism.

Moreover, the pull-back by f is defined for algebraic cycles in Z ;’ (Y, %) and hence
there is a well-defined pull-back morphism

CH? (Y, n) L CHP (X, n).

A proof of this fact can be found in [20], §3.5. See also [1&].
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2.3. Product structure. Let X and Y be quasi-projective smooth varieties over k.
Then there is a chain morphism

S(ZP (X, %)o ® ZU(Y, %)g) — ZPH(X x ¥, %)

inducing exterior products

CHP (X, n) ® CHY(Y,m) = CHPY(X x Y,n + m).

More concretely, let Z be a codimension p irreducible subvariety of X x 0",
intersecting properly the faces of 00" and let W be a codimension ¢ irreducible
subvariety of ¥ x O™, intersecting properly the faces of 0. Then the codimension
P + g subvariety

ZxWCXxO"xYxO"xXxY xO"xO"~ X xY xO"",

intersects properly the faces of 01", By linearity, we obtain a morphism

ZP(X,n) @ Z9(Y,m) = ZPTI(X x Y,n + m).

It induces a chain morphism on the normalized complexes

S(ZP(X, %Yo ® Z9(Y, %)o) — ZPHI(X x ¥, %),
and hence there is an external product
U: CH?(X,n) ® CHY(Y, m) — CHP T9(X x Y, n + m), (2.5)

for all p, g, n, m.
If X is smooth, then the pull-back by the diagonal map A: X — X x X is defined

A*
on the higher Chow groups, CH” (X x X, x) — CH¥{(X, %). Therefore, for all p,
q, n, m, we obtain an internal product

U: CH? (X, n) ® CHY(X.m) — CHP*9(X x X.n +m) > CHP™ (X, n + m).

(2.6)
In the derived category of chain complexes, the internal product is given by the
morphism

S(ZP (X, %)o ® Z9(X, %)o) ——> ZPH(X x X, *)q
ZEH(X x X, #)g —> ZPHI(X, %),

Proposition 2.7. Let X be a quasi-projective smooth variety over k. The pairing
(2.6) defines an associative product on CH* (X, %) = EBP,H CH? (X, n). This product
is graded commutative with respect to the degree given by n.

Proof. See [19], Theorem 5.2. O
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2.4. Differential forms and affine lines. Foreveryn, p > 0, let ri)fgg(X x O", p)
be the truncated Deligne complex of differential forms in X x 0", with logarithmic
singularities at infinity. The structural maps of the cocubical scheme 0" induce a
cubical structure on ri)l’;g(X x O%, p) for every r and p.

Consider the 2-iterated cochain complex

DX, p) = 1D (X x O, p),

og
with differential (dp,8 = Y ;_ (=1)* (87 — &})). Let
Di(X, p) = s(D™(X, p))

be the associated simple complex. Hence its differential dy in D} (X, p) is given,
for every & € D" (X, p), by ds(er) = dop(e) + (—1)"8(e). Since we are using
cubical structures, this complex does not compute the right cohomology and we have
to normalize it.

For every r, n we write

Dy (X, pyo = T D)o (X x O%, plo 1= N1y, (X x O, p).

Therefore O3 (X, p)o is the normalized 2-iterated complex and we denote by
D3 (X, p)o the associated simple complex.

Proposition 2.8. The natural morphism of complexes
t‘:oltg(X’ p) - QX,O(X’ P)O — DKDK(X’ P)O
is a quasi-isomorphism.

Proof. Consider the second quadrant spectral sequence with £ term given by
ErT™" = H'(DYT (X, po).

Since
Dy "X, plo=0, forr <Oorr>2p,

this spectral sequence converges to the cohomology groups H™ (D5 (X, p)o). This
1s the main reason why we use the truncated complexes.

If we see that, forall n > 0, the cohomology of the complex D" (X, p)o is zero,
the spectral sequence degenerates and the proposition is proved. By the homotopy
invariance of Deligne—Beilinson cohomology, there is an isomorphism

§i 008l H* (1D, (X x O, p)) — H*(z D, (X, p)).

By definition, the image of H *(ri)l’(“)g(X x ", p)o) by this isomorphism is zero.
Since H*(tDp, (X x 0", p)o) is a direct summand of H*(zDp, (X x 0", p)), it
vanishes for all n > 0. O
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We define the complex D} (X, p)oo to be the simple complex associated to the
2-iterated complex with

Dy (X, poo = Not Dy, (X x O", p).
Corollary 2.9. The natural morphism of complexes
t D, (X. p) = D (X, ploo = DE (X, ploo
is a quasi-isomorphism.

Proof. Itfollows from Proposition 2.8, Proposition 1.20 (using as maps {4, } the ones
induced by the maps /7 defined in 2.3) and Proposition 1.24. O

2.5. A complex with differential forms for the higher Chow groups. Let Z7
be the set of all codimension p closed subvarieties of X x O" intersecting propefly
the faces of ", We consider it as a set ordered by the inclusion relation. When there
is no source of confusion, we simply write Z2 or even Z”. Consider the cubical
abelian group

HP(X, )= HP (X x 0%, R(p)), (2.10)

with faces and degeneracies induced by those of (1. Let #7 (X, %) be the associated
normalized complex.

Lemma 2.11. Let X be a complex algebraic manifold. For every p > 0, there is an
isomorphism of chain complexes

y1: ZP(X. 1) ® R = JP (X, *)o,
sending z to cl(z).
Proof. It follows from the isomorphism (1.30). O

Remark 2.12. Observe that the complex J#7 (X, %) has the same functorial prop-
erties as Z¥ (X, %)p ® R.

Let JL)X”*Z » (X, p)o be the 2-iterated cochain complex, whose component of bide-
gree (r,—n} is

tgoli)g’zﬁ (A>T o = Nti)li)ggzﬁ (X x 0" p) = NtsZp;Dlgg,Zﬁ (X xO7%, p),

and whose differentials are (dp.d). As usual, we denote by DY ., (X, p)o the
associated simple complex and by d its differential.
Let D7 (X, p)o be the chain complex whose n-graded piece is D3 7 (X, p)o.
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Proposition 2.13. For every p > O, the family of morphisms

/

DX, plo —> HP(X.n)o,
((Cl)n, gl’l)’ R (Cl)(), gO)) > [(U)na gn)]

defines a quasi-isomorphism of chain complexes between [L)ip Z_; (X, p)o and

HP(X, *)o.

Proof. The map is well defined because («w,, g,) € ri)f)g 22 (X x O, p)o. There-

fore, by definition of the truncated complex (w5, g») is closed. To see that it is a
morphism of complexes we compute

y1ds((@n, gn). - - - (@0, g0)) = Y1 ((—1)*P8(n. gn) + dp(@n—1.gn—1).--.)
= [8(0)1'1: gn) + di)(a)n—ly gn—l)] = 8[(0)11: gn)]
Now we consider the second quadrant spectral sequence with £ -term

El_l’l,i" — Hr(ri)lt)g,zl’ (X X Dn, p)())

By construction, £;""" = 0 for all r > 2p. Moreover, for all r < 2p and for all n,
the semipurity property of Deligne—Beilinson cohomology implies that

H" (x Doy 70 (X x O, p)) = 0. (2.14)
Hence, by Proposition 1.24, the same is true for the normalized chain complex
H' (1D 70 (X x O, p)o) =0, r <2p.
Therefore, the £ -term of the spectral sequence is
P 0 iftr #2p,
1 H??P (2D}, 7, (X x O, p)o)  if r = 2p.
Finally, from Proposition 1.25, it follows that the natural map

HP (2D}, 20(X x ", p)o) — P (X.n)o

is an isomorphism. Using the explicit description of the spectral sequence associated
to a double complex, it is clear that the morphism induced in cohomology by ¥}
agrees with the morphism induced by the spectral sequence. Hence the proposition
is proved. O

We denote
CH?(X,n)r = CH?(X,n) ® R.
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Corollary 2.15. Let z € CHP (X, n)R be the class of an algebraic cycle z in X x ",
By the isomorphisms of Lemma 2.11 and Proposition 2.13, the algebraic cycle z is
represented, in H*?~" (D z2 (X, plo), by any cycle

(@n-8n):- - (0. 80)) € DPop (X, p)o
such that
cl(z) = [(@n. gn)l-
Remark 2.16. Our construction differs from the construction given by Bloch in [4]
in two points:

* He considered the 2-iterated complex of differential forms on the simplicial
scheme A" instead of the differential forms on the cubical scheme 7.

* In order to ensure the convergence of the spectral sequence in the proof of last
proposition, he truncated the 2-iterated complex in the direction given by the
affine schemes.

2.6. Functoriality of D¢ ., (X, p)o. In many ways, the complex Dy ,, (X, po

behaves like the complex Z* (X, *)o.

Lemma 2.17. Let f: X — Y be a flat map between two equidimensional complex
algebraic manifolds. Then there is a pull-back map

f* : @K,ZP (Ys P)o - QX’ZP (Xv p)O
Proof. We will see that in fact there is a map of iterated complexes
f5 D8 20 (Y, p) = Dy 5 (X, p).
Let Z be a codimension p subvariety of ¥ x " intersecting properly the faces of 1.
Since f is flat, there is a well-defined cycle f*(Z). It is a codimension p cycle of

X x O" intersecting properly the faces of (0%, and whose supportis f~'(Z). Then,
by [14], 1.3.3, the pull-back of differential forms gives a morphism

LD, (Y x 0"\ Z, p) o D, (X x 07\ f71(2), p).
Hence, there is an induced morphism

DL, x T\ 28, p) L lim w05, (X x 0"\ £7N(2), p)
Zezl

— Dy, (X xO"\ Z§, p),
and thus, there is a pull-back morphism
[P0 (Y, p) = D5 (X, p)
compatible with the differential §. O
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Remark 2.18. The pull-back defined here agrees with the pull-back defined by Bloch
under the isomorphisms of Lemma 2.11 and Proposition 2.13. Indeed, let f: X — V¥
be a flat map. Then, if Z is an irreducible subvariety of ¥ and (w, g) a couple
representing the class of [Z] in the Deligne-Beilinson cohomology with support, then
the couple (f*w, f*g) represents the class of [ f*(Z)] (see [14], Theorem 3.6.1).

Proposition 2.19. Ler f: X — Y be a morphism of equidimensional complex
algebraic manifolds. Let Z¥ be the subset consisting of the subvarieties Z of Y x "

intersecting properly the faces of " and such that X x Z x 1" intersects properly
the graph of f, I'r. Then

(i) the complex D* _ (Y, p)o is quasi-isomorphic to i)A 720, Pos

A, Zp
(11) there is a well-defined pull-back

f* Ci)j;’zjlz (Y: p)O — i)j&,z;? (X7 p)O
Proof. Arguing as in the proof of the previous proposition, there 1s a pull-back map

f7rDe, (Y xO"\ Z p) f—> T

log(X X Dn \ Zp’ p):

inducing a morphism
/7 D 72 (Y p) = Df 7o (X, p).
and hence a morphism
f*: D 7r (V. pho = D} 7o (X. po.
All that remains to be shown is that the inclusion
A, 2 (¥, po - Dy .zr Y, Plo

is a quasi-isomorphism. By the quasi-isomorphism mentioned in Paragraph 2.2 and
the quasi-isomorphism of Proposition 2.13, there is a commutative diagram

Z{(Y. %) @ R —— D} % (Y. p)o
Nl li
ZP(Y,%)g @ R —— D} 4, (. po.

The proof that the upper horizontal arrow is a quasi-isomorphism is analogous to the
proof of Proposition 2.13. Thus, we deduce that 7 is a quasi-isomorphism. O
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3. Algebraic cycles and the Beilinson regulator

In this section we define a chain morphism, in the derived category of chain complexes,
that induces in homology the Beilinson regulator.

The construction is analogous to the definition of the cycle class map given by
Bloch in [4], with the minor modifications mentioned in 2.16. However, in [4]
there is no proof of the fact that the composition of the isomorphism K,(X)g =
PB,>0 CH? (X, n)q with the cycle class map agrees with the Beilinson regulator.

3.1. Definition of the regulator. Consider the map of iterated cochain complexes
defined by the projection onto the first factor

g[)&,_znp (Xa p)
= To2pS(Dihy (X x O, p) — Dty (X x O\ 22, p)) > DL, (X x O, p).

(w,g) — o.

It induces a cochain morphism

e p #
:[)A,Zp (Xv p)O ‘:[)A(X7 p)()v
and hence a chain morphism

Doy (X, plo > DFF (X, pho. (3.1)

The morphism induced by p in homology, together with the isomorphisms of Propo-
sitions 2.8, 2.11 and 2.13, induce a morphism

p: CH?(X.n) — CH? (X, m)r — HF " (X.R(p)). (3.2)

By abuse of notation, it will also be denoted by p.
By Corollary 2.15, we deduce that, if z € Z#(X, n)g, then

p(z) = (wg, ..., @),

Proposition 3.3. (i) The morphism p: ;Dif) 7 (X.po — {L)ip (X, p)o is con-
travariant for flat maps.

(ii) The induced morphism p: CH? (X, n) — HO%D (X, R(p)) is contravariant
for arbitrary maps.

Proof. Both assertions are obvious. Let

2= ((@n.&n)- - (@0.80)) € D777 (X, p)o
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be a cycle such that its inverse image by f is defined. This is the case when £ is flat

or when z belongs to Jl)ipz_; (X, p)o. In both cases
LF

F {@n, &) - (@0,80)) = ((f@n, fF8n). .. ([Two. f7g0))

and the claim follows. O

Remark 3.4. Let X be an equidimensional compact complex algebraic manifold.
Observe that, by definition, the morphism

p: CH?(X,0) = CH? (X) — H2' (X,R(p))

agrees with the cycle class map cl.
Now let £ be a vector bundle of rank n over X. For every p = 1,...,n, there
exists a characteristic class CI?H (E) € CHP(X) (see [17]) and a characteristic class

CP‘D (E) € Hé” (X,R(p)), called the p-th Chern class of the vector bundle £. By
definition, cl(CS™(E)) = C;P (E). Hence,

p(CSUE)) = CP(E),
forall p=1,...,n.

3.2. Comparison with the Beilinson regulator. We prove here that the regulator
defined in (3.2) agrees with the Beilinson regulator.
The comparison is based on the following facts:

* The morphism p 1s compatible with inverse images.
» The morphism p is defined for quasi-projective schemes.

In view of these properties, it is enough to prove that the two regulators agree when
X is a Grassmanian manifold, which in turn follows from Remark 3.4.

Theorem 3.5. Let X be an equidimensional complex algebraic scheme. Let p' be
the composition of p with the isomorphism given by the Chern character

P Kn(X)g — @D CH? (X, n)g L P HY (X . R(p)).
p>0 p=>0

Then the morphism o' agrees with the Beilinson regulator.

Proof. 'The outline of the proof is as follows. We first recall the description of the
Beilinson regulator in terms of homotopy theory of simplicial sheaves as in [15].
Then we recall the construction of the Chern character given by Bloch. We proceed
reducing the comparison of the two maps to the case n = 0 and for X a Grassmanian
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scheme. We finally prove that at this stage both maps agree. Our site will always be
the small Zariski site over X.

Consider X as a smooth quasi-projective variety over C. Let B.GLy be the
simplicial version of the classifying space of the group GL i (C) viewed as a simplicial
complex manifold. Recall that all the face morphisms are flat. Let B.GLy x be the
simplicial sheaf over X given by the sheafification of the presheaf

U B.GLNy(T'(U,Ou))
for every Zariski open U € X. This is the same as the simplicial sheaf given by
U — Hom(U, B.GLy),

where Hom means the simplicial function complex.
Consider the inclusion morphisms B.GLy x — B.GLy4+1,x,forall N > 1, and
let
B.GLX = lim B.GLN,X.

Let Zoo B.GLN,x and Z B.GLy be the sheaves associated to the respective Bous-
field-Kan completions. Finally, let Z be the constant simplicial sheaf on Z and
consider the following sheaves on X

K;{V =7Z X ZscB.GLN x.

By [15], Proposition 5, there is a natural isomorphism

Kn(X) = H7™(X,Ky) = lim H ™" (X, Ky).
N

Here H ~*(-, %) denotes the generalized cohomology with coefficients in Ky and K% ,
as described in [15].

The Beilinson regulator is the Chern character taking values in Deligne—Beilinson
cohomology. The regulator can be described in terms of homotopy theory of sheaves
as follows.

Consider the Dold-Puppe functor K.{-) (see [12]), which associates to every
cochain complex of abelian groups concentrated in non-positive degrees, G*, a
simplicial abelian group JK.(G), pointed by zero. It satisfies the property that
;i (K.(G),0) = H7(G*).

In [13], Gillet constructs Chern classes

CP e H*?(BGLy,R(p))., N >0,
which induce morphisms

ey Ky — K(Dx(C. pI2pD). N >0
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in the homotopy category of simplicial sheaves.
These morphisms are compatible with the morphisms Kg = KQ +1 Therefore,
we obtain a morphism
N CEL(_,)X 2p—
Kn(X) = lim H™"(X, Ky ) —— HF (X, R(p)).
N

Using the standard formula for the Chern character in terms of the Chern classes, we
obtain a morphism

Kn(X) <20 H2P~7 (X, R(p)).

which is the Beilinson regulator.
The Chern character for higher Chow groups. The description of the isomorphism

K.(X)g — @pzo CH?(X,n)g given by Bloch follows the same pattern as the
description of the Beilinson regulator. However, since the complexes that define the
higher Chow groups are not sheaves (in fact not even functors) on the big Zariski site,
a few modifications are necessary. We give here a sketch of the construction. For
details see [3].

If Y. is a simplicial scheme whose face maps are flat, then there is a well-defined
2-iterated cochain complex Z2 (Y., ), whose (n, m)-bigraded group is

Zp(Y—I’l? m)09

and induced differentials. The higher algebraic Chow groups of Y. are then defined
as
CH?(Y.,n) = H"(ZP(Y., %)9).
Since the face maps of the simplicial scheme B.GLy are flat it follows that the

group CH? (B.GLy, n) is well defined for every p and n.
First, Bloch constructs universal Chern classes

C," € CH?(B.GLy.0).
following the ideas of Gillet. These classes are represented by elements
C," e ZP(BiGLy. i)o.

Because at the level of complexes the pull-back morphism is not defined for
arbitrary maps, one cannot consider the pull-back of these classes CPCH’l to X, as
was the case for the Beilinson regulator. However, by [3], §7, there exists a purely
transcendental extension L of C, and classes CPCH’i defined over L, such that the
pull-back f *CI,CH’i is defined for every C-morphism f: V — B;GLy.

Then there is a map of simplicial Zariski sheaves on X

B.GLy x — Kx (g*Zj?L (=, %)),
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where g: X7 — X is the natural map obtained by extension to L.
There is a specialization process described in [3], which, in the homotopy category
of simplicial sheaves over X, gives a well-defined map

Kx(gxZg (=)o) — Kx(Zg(—, *)o)-

Therefore, there are maps C,'y € [B.GLy x, Kx (Z5 (-, p))], where [+, ] denotes
the set of arrows in the homotopy category. Proceeding as above, we obtain the Chern
character morphism

Kn(X) — @ CHP (X, m)g.
2=0

For m = 0, this is the usual Chern character.

End of the proof. Since, at the level of complexes, p is functorial for flat maps,
there is a sheaf map

p: Kx(Zx (. p)) — K.(Diog(X. p))

in the small Zariski site of X .

It follows that the composition p o CI?H is obtained by the same procedure
as the Beilinson regulator, but starting with the characteristic classes p(C;") €
H 0%” (X, R(p)) instead of the classes CI;@ . Therefore, it remains to see that

p(Cshy =P (3.6)

For integers N,k > 0 let Gr(N, k) be the complex Grassmanian scheme of N -
planes in CX. It is a smooth complex projective scheme. Let E N.k be the rank N
universal bundle of Gr(N, k) and Uy = (Ug )¢ its standard trivialization. Let N.Uy

denote the nerve of this cover. It is a hypercover of Gr(N, k), N.Uy iR Gr(N, k).
Consider the classifying map of the vector bundle Ey g,

or: NU, — B.GLy,
which satisties 7*(Eyx) = @f (EN), for EN the universal vector bundle over
B.GLy. Observe that all the faces and degeneracy maps of the simplicial scheme

N.Uy are flat, as well as the inclusion maps N; Uy — Gr(N, k). Thus CH? (N. Uy, m)
is defined and there is a pull-back map

CH?(Gr(N. k), m) ~ CH? (N.Ug, m).

Since p is defined on N.Ug and 1s a functorial map, we obtain the following
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commutative diagram:

CH?(B.GLy.0) —> H2' (B.GLy,R(p))

P 74
D
CH? (N.Uy, 0) HZF (N.Ug. R(p))
a* n*

CCH

Ko(Gr(N, k)) —2> CH? (Gr(N, k), 0) — = H2P (Gr(N. k). R(p)).

\///

¢’
By construction, CPCH (En k) is the standard p-th Chern class in the classical Chow
group of Gr(N, k), and CI;T) (En ) is the p-th Chern class in Deligne-Beilinson
cohomology. It then follows from Remark 3.4 that

p(CSMEni) = CP(Eng). (3.7)

The vector bundle Ey x € Ko(Gr(N,k)) = hm;} [Gr(N, k), KM] is represented,
in the homotopy category of simplicial sheaves, by the diagram

Gr(N.k) < N.U. 25 B.GLy,

where the map = is a weak equivalence of sheaves because N.Uy is a hypercover of
Gr(N, k). This means that

or (CSHEN)) = 2*(CTM(Eni))- (3.8)

Also, since 7 is an hypercover, 7* is an isomorphism in Deligne—Beilinson ¢oho-
mology. Moreover, for each my, there exists ko such that, if m < mp and k > ko,
; is an isomorphism on the cohomology group HZ™( ,R(m)). To see this, we
first use the computation of the mixed Hodge structure of the cohomology of the
classifying space given in [11] and the well known mixed Hodge structure of the
cohomology of the Grassmanian manifolds to reduce it to a comparison at the level
of singular cohomology. Then we use that the infinite Grassmanian is homotopically
equivalent to the classifying space. Finally we use the cellular decomposition of the
infinite Grassmanian to compare its cohomology with the cohomology of the finite
Grassmanian (see for instance [22]).
Under these isomorphisms, we obtain the equality

CP(Eng) = @) o (CPENY). (3.9)
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Hence,
p(CHEN)) = CP(EN) = ppp(CTHEN)) = ppcP(EN)
= ppp(CSHEN)) = P (EN).

The last equality follows directly from (3.7), (3.8) and (3.9). Therefore, the theorem
18 proved. O

4. Higher arithmetic Chow groups

Let X be an arithmetic variety over a field. Using the description of the Beilinson reg-
ulator given in Section 3, we define the higher arithmetic Chow groups, CH" (X, p).
The definition is analogous to the definition given by Goncharov, in [16], but using
differential forms instead of currents.

We need to restrict ourselves to arithmetic varieties over a field, because the
theory of higher algebraic Chow groups by Bloch is only well established for schemes
over a field. That is, we can define the higher arithmetic Chow groups for arbitrary
arithmetic varieties, but since the functoriality properties and the product structure
of the higher algebraic Chow groups are described only for schemes over a field,
we cannot give a product structure or define functoriality for the higher arithmetic
Chow groups of arithmetic varieties over a ring. Note however that, using work by
Levine [21], it should be possible to extend the constructions here to smooth varieties
over a Dedekind domain, at least after tensoring with Q. In fact, when extending the
definition to arithmetic varieties over a ring, it might be better to use the point of view
of motivic homology a la Voevodsky or any of its more recent variants.

4.1. Higher arithmetic Chow groups. Following [14], an arithmetic field is a triple
(K, %, F), where K is afield, X is a nonempty set of complex immersions K < C
and F is a conjugate-linear C-algebra automorphism of C* that leaves invariant
the image of K under the diagonal immersion. By an arithmetic variety X over the
arithmetic ring K we mean a regular quasi-projective K-scheme X.

To the arithmetic variety X we associate a complex variety X¢ = [ [,ex X., and
a real variety Xp = (Xc, Fx). The Deligne complex of differential forms on X is
defined from the real variety Xg as

D(L)IIZ!)(CJ,()(ﬂ p) = D(Dl’/(l)g()((c’ p)U:idv

where o 1s the involution as in Paragraph 1.10. We define analogously the chain
complexes

DX, plo.  DRTTT(X, ploo, fi)il,jz_;(X’p)o’ and i)if’g;(X,p)oo-
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Let y, be the composition

R
yi: ZP(X, n)o 25 ZP(X,n)o ® R ~L5 ZP(Xg,n)o ® R = 37 (X, n)o.

We consider the diagram of complexes of the type of (1.12)

H2 (X, %)o DIPT(X, po
ZP(X, %)y = / \ / \ ,
ZP(X, %) DX, p)o ZD (X, p)w

@.1)

where Z i)f;g (X, p)« is the chain complex whichis zero in all degrees except in degree

zero, where it consists of the vector subspace of cycles in {Ol%;g (X, p). Note that it
agrees with ZE?7p (X)(p), the subspace of £, (X)(p) consisting of differential

forms with logarithmic singularities that are real up to a product by (27i)?, of type
(p, p) and that vanish under d and d. The morphism 7 is the inclusion of chain
complexes.

Definition 4.2. The higher arithmetic Chow complex is the simple complex associated
to the diagram Z7 (X, *)g, as defined in (1.6):

ZP (X, %)o = s(ZP (X, %)o).
Recall that, by definition, ZP(X,n)y consists of 5-tuples

(Z,ap,01.05,a3) € ZP(X.n)o & i)i‘f’z_f(X, Po® Zi)f,’g’(X, Pa
@ HP(X,n + 1)o & D7 1(X, po,

and the differential is given by
~ d ~
ZP (X, n)g — ZP(X,n — 1)y

(Z,00,01,02,03) —> (5(2), ds (), 0, y1(Z) — y1 (o) — 8(e2),
pletg) — an — ds(3)).

Note that 1 will be zero unless n = 0. Its differential, however, is always zero.

Definition 4.3. Let X be an arithmetic variety over an arithmetic field. The (p, n)-th
higher arithmetic Chow group of X is defined by

CHP? (X, n) := Hy(ZP(X, %)), p.n=0.
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By its definition as the cohomology of a simple of a diagram of complexes it
comes equipped with the following morphisms

¢: CH? (X, n) — CH? (X, n), tUZ, a0, ... az)] = [Z],
a: HY7"(X,R(p)) — CHP(X,n), a([a]) = [(0,0,0,0,—a)].
a: DRETH(X, p) — CHP(X.0), a(@) = [(0,0,—dpa,0,—a)],

w: CI\—IP(X,O)—>Z°T)I%)§(X,p), o([(Z, o, ..., 03)]) = .

Proposition 4.4. There is a long exact sequence

oo > CHP (X, ) 5> CHP (X, n) > HYZ ™" (X, R(p)) > CHP (X,n— 1) — ---

o CHP (X, 1) & D227V (X, p)/ im dip > CHP(X,0) > CHE (X, 0) — 0,
@.5)

where p is the Beilinson regulator.

Proof. Tt follows from Theorem 3.5, Lemma 1.16 and the fact that the homology
groups of the complex

S(Zi)lilgj(X, p)* ; o([)gp_*(X7 p)O)

are Hép_” (X.R(p)) in degree n # 0 and i)li’g’_l(X, p)/imdg in degree 0. [

Remark 4.6. Let D3* (X, p)o be the 2-iterated cochain complex given by the quo-
tient D" (X, p)o/D*#°(X, p). Thatis, for all r, n,

0 iftr =2pandn =0,

D([’jr,—n X, _ B
a (XP)o {!L)&’ "(X,p)o otherwise.

Let {f)jg (X, p)o denote the simple complex associated to cf)j;’* (X, p)o. Consider the
composition of p with the projection map
. 2p—* P 2p—= A2p—s
P J-)A,ZP (Xsp)0_>°(DA (X’p)0_>°r0A (X, po.
Then there is a diagram of chain complexes of the type of (1.9)
JP (X, %)o DI (X. p)o

/ X / . (4.7)

ZP(X. ¥)o D757 (X, po
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By Proposition 1.13, the simple complex associated to the diagram (4.7) is quasi-
isomorphic to the complex ZP(X, %) and hence, its homology groups are isomorphic

CHP» (X, x). Nevertheless, in order to define a product structure in CH* (X, %) it is
better to work with the diagram (4.1).

4.2. Agreement with the arithmetic Chow groups. Let X be an arithmetic variety
and let CH? (X') denote the p-th arithmetic Chow group of X as defined by Burgos
in [5]. We recall here its definition.

For every p,let ZP(X) = ZP(X,0) and let Z i)lig (X, p) denote the subgroup

of cycles of i)log (X, p). Let ZP(X) denote the set
D X\ZP.p) | @ =dpg
P log 2 i)ga
(@@ ezrmezoympe 2 E0| | 07 @E L

If Z € Z?7(X), a Green form for Z is a couple (@, g) as before such that cl(Z) =
[(w, g)], where g is any representative of g.

Let Y be a codimension p — 1 subvariety of X and let f € £*(Y). As shown in
[5], §7, there is a canonical Green form attached to div /. It is denoted by g( /) and
it is of the form (0, g( f)) for some class g( /).

Let Rat? {X) be the subgroup of zr (X) generated by
{(div f.g(f)) | f € k*(Y), Y C X acodimension p — 1 subvariety}.
For every p > 0, the arithmetic Chow group of X is defined by
CH?(X) = Z?(X)/Rat? (X).

Itis proved in [14], Theorem 3.3.5 and [5], Theorem 7.3, that these groups fit into
exact sequences

CRP(x) £ D27 (X, p)/ imdip = CHF (X) 5 CHP (X) — 0

where;

« CHP"YP(X) is the term EY ~177 in the Quillen spectral sequence (see §7 of
[23]).

» The map pis the cycle class map and is the Beilinson regulator after composition
with the isomorphism K, (X)g = @,., CH? 717 (X)q.

* The map ¢ is the projection on the first component.

* The map a sends « to (0, (—dpo, —a)).
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Theorem 4.8. The morphism

CHP (X) —> CHP(X,0),
[(Z,(w,g)] +— [(Z,(w,g),0,0,0)],

where g is any representative of § € e

% (X, p)/ imdg, is an isomorphism.

Proof. We first prove that @ is well defined. Afterwards, we will prove that the
diagram

CHP 1P (X) —> DPP N (X, p)/ im dp —— THP (X) L S CHP(X) —>0

. |- lQ Jg

CHP (X, 1) — 2> D227 (X, p)/ im d iy —*—> THP (X, 0) ——> CHP(X,0) —> 0

18 commutative. The statement then follows from the five lemma.
The proof is a consequence of Lemmas 4.9, 4.10 and 4.11 below.

Lemma 4.9. The map @ is well defined.

Proof. We have to prove that
(1) the elements in the image of ® are indeed cycles in A (X, 0)p;
(i1) the map ® does not depend on the choice of a representative of g;
(iii) the map ® is zero on Rat? (X).

Let [(Z. (0, §))] € CHP(X). The claim (i) follows from the equality cl(Z) =
[(w, &)] = [{w, g)]. Indeed, since dy(w, g) = 0,

d{Z,(w,g),0,0,0) = (0,0,0,cl(Z) — cl(w, g),0) = 0.

To see (ii), assume that g1, g2 € i)lig -1 (X, p) are representatives of g, i.e. there

exists i € D‘Dlig_z(X, p) such that dph = g1 — g>. Then

d(0,(0,4),0,0,0) = (0,(0,g1 — £2),0,0,0)
= (Z7 (C(), g1)7 0’ 07 O) - (Z7 (Cl), g2)7 07 Ov O)

and therefore we have [(Z, (w, £1).0,0,0)] = [(Z, (w, g2),0, 0, 0}].
Finally, to prove (iii), we have to see that, if Y is a codimension p — 1 subvariety
and f € k*(Y), then

o(div £,g(f)) = 0 € CHP(X.0),
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1.e. that
[(div 1. (0.£(f)).0.0.0)] =0,
for any fixed representative g( f) of g(f).

Let f be the function of ¥ x O given by (v, (f1 : £2)) — % Its divisor
defines a codimension p subvariety of X x CI'. Moreover, it intersects properly
X x(0:1)and X x (1 : 0). Fix g(f) to be any representative of g(f). Since
8(2(f)) = (f). thereexistsh € DL~ (X \div f, p) withdph = 8(g(/)—g (/).
Then

d(div £, (0, g(f), (0,1)),0.0,0) = (div £, (0, g(£)),0.0,0)

as desired. O
Lemma 4.10. There are isomorphisms
CH?(X) 2L CHP(X,0),
cHPLr(X) 25 cHP(X, 1),

making the following diagrams commutative:

CHP L2 (X) —"= D27 (X, p)/ imdp CHP (X) _f L cHP(XY)

- |- o] l

CHP (X, 1) — 2> D27\ (X, p)/imdp, ~ CH?(X.0) 5. cHP(X,0).
Proof. Both isomorphisms are well known. The morphism ¢ is the isomorphism
between the classical Chow group CH? (X') and the Bloch Chow group CH? (X, 0).
The diagram is obviously commutative, since ¢1([Z]) = [Z].

The isomorphism ¢» is defined as follows. Let f € CHP~%P(X). It can be
represented by a linear combination ) [ f;], where f; € k*(W;), W is a codimension
p — 1 subvariety of X and ) div f; = 0. Let I', be the restriction of the graph of
fiinC X xPL 10 X x O Thatis, I'y, is the codimension p subvariety of X x O*
given by

{(. i)y e Wi, fi(y) # 1}

Then ¢, ( f) is represented by the image in
ZP(X,1)/DZP(X,1) = ZP(X. 1),

of 3" I'y,, where DZP (X, 1) are the degenerate elements.

We want to see that pps = p, ie., p(3_, T'g) = p(Q_[fi]). See [5] or [8] for
more details on the definition of p on the right hand side.

Let / =Y ,[f;] € CH?~"#(X) be as above. For every i, we can choose:
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* arational function ﬁ € k*(X) whose restriction to W; is f;,
* a Green form for W;, q(W;) = (w;, gi)-
The form _
a(f) = (0.~ Llog £ 1)

is a Green form for the divisor div ﬁ- on X.
Let » denote the x-product of Green forms as described by Burgos in [5]. Then
we write

(@p.Zp) = »_ alfi) « g(W).

Since the first component of g( ﬁ ) is zero, we have that w, = 0 as well. Moreover,
since (0, g,,) is a Green form for ), div finw, = > div fi = 0, we can obtain a
representative g, of g, that is a closed smooth form. Then g, is a representative of
p(TLAD.

Let us show now that g, is a representative of p(¢2( f)) as well. By the results of
the previous sections, the form p(}_, I'y, ) is obtained as follows. Let Z € Z7(X, 1)
be a cycle in the normalized group that differs from ) I'y, by a degenerate element.

We consider a representative (wz, gz) € ri)é’; (X x O4, p)g of Z. Since

B =8 (wz,82) =8| (wz,87)

represents the class of ), div f; = 0, the class of 8 is zero and hence there exists
(a) g) such that dp(w,g) = B. Moreover, since dpwz = 0 and the complex
TDjo (X % L, p)o is acyclic (see the proof of Proposition 2.8), there exists o €

f)fé’ "X x O, p)o such that dp (@) = wz. Then p(Y, I's,) is represented by
w + 8(a).

Therefore, we start by constructing the cycle Z and suitable forms (wz, g7)
representing the class of Z. Consider the rational function #; € k*(X x O') given
by

— 1 fi(y)

n—rt
If we write div f; = (div £;)° — (div f;)>™ where (div £;) is the divisor of zeroes
and (div f;)*° is the divisor of poles, the intersection of the divisor of i; with W;,
div h; 0 W, is exactly I'y, — (div f;)*°. Observe that (div f;)* is a codimension p
degenerate cycle. Moreover div #; N W; belongs to ZP (X, 1)¢. Hence

(v.(t1: 12)) =

Z = Zdivh,» N w;

is the cycle we need. Let g(h;) = (0, —% log h; ;) be the canonical Green form for
div /;. Then, as above, a Green form for Z is given by

> glhi) % g(Wy) = (0.82).
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Now, observe that

8(0.82) =Y 80ghi)) » g(Wi) =Y (/i) x g(Wi) = (0. 2,).

Since we can assume that g, is a smoothrepresentative of g ,, we have that ds(g,,0) =
(0, gp), and hence by the above description of p we see that

p(Xi:Ffi) = 8p-

This finishes the proof of the lemma. O

Lemma 4.11. The following diagram is commutative:
. _CH (X
o CEX)
D (X, p)/ imdp Jo

log

a

CH? (X, 0).

Proof. leta € i)f;g ~!(X, p)/ imdg. Then the lemma follows from the equality
4(0, (@, 0),0,0,0) = (0, (dpa, @),0,0,0) + (0,0,0,0, )
in CH? (X, 0).

This finishes the proof of Theorem 4.8,

4.3. Functoriality of the higher arithmetic Chow groups

Proposition 4.12 (Pull-back). Ler . X — Y be amorphism between two arithmetic
varieties. Then, for all p = 0, there exists a chain complex, Z }'3 (Y, x)o such that:

(1) There is a quasi-isomorphism

Z2(Y,%)0 = ZP (Y, %)o.

(i1) There is a pull-back morphism
[ ZE(Y, %) — ZP(X, %),
inducing a pull-back morphism of higher arithmetic Chow groups
Cie (v.n) L CHP (X, ).

forevery p,n > Q.
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(ii1) The pull-back is compatible with the morphisms a and {. That is, there are
commutative diagrams

o B2 R(p) —— CHP (Y. n) —— CHP (Y.n) —— -
L
Hép_”_l(X,R(p))a—)éﬁp(X,n)—;>CHP(X,n)—>---_

(4.13)

Proof. Recall that there are inclusions of complexes
ZL(Y, %) © ZP(Y, %),
HP (Y. %) € JP(Y, %)o,
Dy zz - P)o € D 70 (Y. po.

which are quasi-isomorphisms. The pull-back by £ is defined for any o in Z Jf (Y, %)o,

in ;’ (Y, *)o orin i)g 77 (Y, p)o. Moreover, by construction, there is a commutative
2y

diagram

v " ;
Z2(Y, %)o — > HP (Y, #)g =——— D 22 p)o — L > DE(Y. plo =—— ZD(X. p)s

f*l f*L | f*J |-

ZP(X,%)0 —5= HP (X, )0 <—— D} 2, (X, plo —> DL, po <~ ZDYY. p)..
1

Let Z Jff (Y, %)¢ denote the simple associated to the first row diagram. Then there is a
pull-back morphism R R
F* 2R %) — Z7(X, %)

Moreover, as noticed in §1.3, the natural map
Z}Q(Y, *)0 — ZP(Y, *)0

is a quasi-isomorphism. Therefore, (1) and (i1) are proved. Statement (ii1) follows
from the construction. O

Remark 4.14. If the map is flat, then the pull-back is already defined at the level of
the chain complexes ZZ(Y, ) and ZZ (X, x)g.

Proposition 4.15 (Functoriality of pull-back). let f: Y and g: Y — Z be two
morphisms of arithmetic varieties. Then

f*og* = (go f)*: CH?(Z,n) — CH? (X, n).
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Proof. Lel Z Fug (Z,n)y be the subgroup of ZP(Z,n)y obtained considering, at

each of the complexes of the diagram ZP (Z, %)y, the subvarieties W of Z x O"
intersecting properly the faces of 0" and such that

* X x W x [O" intersects properly the graph of g o f,
* Y x W x O" intersects properly the graph of g.

That 1s,

ZL 0o (Zim)o = Z2 (Z.n)o N ZE(Z.n)o.

Then the proposition follows from the commutative diagram

o £ ZP(X, *)0
(g}7

ngg(Z *)0 fr

Z})(Y, *)0- ]

Corollary 4.16 (Homotopy invariance). Let w: X x A™ — X be the projection on
X. Then the pull-back map

7*: CHP(X,n) — CH? (X x A™, n)
is an isomorphism for all n > 1.

Proof. It follows from the five lemma in the diagram (4.13), using the fact that both
the higher Chow groups and the Deligne—Beilinson cohomology groups are homotopy
invariant. [

5. Product structure

Let X, Y be arithmetic varieties over an arithmetic field K. In this section, we
define an external product, CH* (X.%) ® CH* (Y, %) — CH* (X x Y, %), and an
internal product CH* (X.%) ® CH* (X,%) — CH* (X, *), for the higher arithmetic
Chow groups. The internal product endows CH*(X, %) with a ring structure. It
will be shown that this product is commutative and associative. There are two main
technical difficulties. The first one 1s that we are representing a cohomology class
with support in a cycle by a pair of forms, the first one smooth on the whole variety
and the second one with singularities along the cycle. The product of two singular
forms has singularities along the union of the singular locus. Therefore, in order to
define a cohomology class with support on the intersection of two cycles we need
a little bit of homological algebra. To this end we adapt the technique used in [5].
The second difficulty 1s that the external product in higher Chow groups is not graded
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commutative at the level of complexes, but only graded commutative up to homotopy.
To have explicit homotopies we will adapt the techniques of [19].

Recall that the higher arithmetic Chow groups are the homology groups of the
simple complex associated to a diagram of complexes. Therefore, in order to define
a product, we use the general procedure developed by Beilinson, as recalled in §1.4.
To this end, we need to define a product for each of the complexes in the diagram
ZP(X,%)o (4.1), commuting with the morphisms y1, y{, p and i. The pattern for
the external product construction is analogous to the pattern followed to define the
external product for the cubical higher Chow groups, described in §2.3.

For the complex Z? (X, %) we already have an external product recalled in §2.3.
Since the complex H 7 (X, )¢ is isomorphic to Z fé (XR, *)o, the external product on
the complex #* (X, *)¢ can be defined by means of this isomorphism. We will now
construct the product for the remaining complexes.

5.1. Product structure on the complexes D¢ (X, p) and Z @lig (X, p)s«. Westart
by defining a product structure on O3 (X, p). Let

XXYXD”XDmgXXDn, X xY xO"x 0O 224 y o

be the projections indicated by the subindices. For every 1 € 1D, (X x O", p)
and wz € T D, (Y x O™, q), we define

w1 ey wy 1= (—1)" pliwy @ p3,w, € ti)lro‘g'rs(X x Y x O™ p+q),

where o in the right hand side is the product in the Deligne complex (see §1.8).

This gives a map

DINX, p) ® DR(Y.q) —> DX x Y, p+q),

(Cr)l,a)z) > w1 &5 Wo.

Lemma 5.1. The map e satisfies the Leibniz rule. Therefore, there is a cochain
morphism

s(DL(X, p)® DE(Y,q) ~ DX x Y, p+q).

Proof. Letw, € Ty, (X,n)andw, € i (Y, m)}. Bydefinition of 4, the following
equality holds

S(plaw1 @ praw2) = pi3(dwr) @ pruwr + (—1)" plsw1 @ pi,(dwo).
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Then

ds(wy e w2) = (—1)"ds(pisw1 ® p3,w2)
= (—1)"dp(pizw1 @ pisw2) + (=1 T T8 (plsw1 @ piawr)
= (—=1)™dp(plsw1) @ py,ws + (1) T pliw; e dp(ps,ws)
+ (= 1) I X (Swr) @ piywa

+ (=D T pliwy @ p3,(8ws)

= di)a)l 85 (W + (_1)r+na)1 ® 4 di)(wZ)

+ (—1) 81 op w2 + (1) T wy 0y S(ws)
= dy(w1) es w3+ (—=1) w1 ep dy(ws),

as desired. O

Definition 5.2. Let tDE, (X x Y x O x O%, p)o be the 3-iterated cochain complex
whose (r, —n, —m)-th graded piece is the group tD] (X x ¥ x O" x O™, p)y and
whose differentials are (dp,d,d). Let

F
log

Diaua(X XY, p)o 1= s(ri)l’zg(X x Y x O x O, po) (5.3)
be the associated simple complex.

Remark 5.4. Observe that there is a cochain morphism

DE A (X XY, p)o— DE(X XY, p)o

sending & € T (X x ¥ x 0" x O™, p)to o € Dy (X x ¥ x O"™, p) under

the identification

-

log
Ortm =, On x O™

(Brsm s w5 Mgl % {0000 5 3 2 ) Ll 3 e oo ) )

Moreover, the product e that we have defined previously, factors through the mor-
phism « and a product, also denoted by e4,

DX, p)® Dy (Y. q) R Dpun(X XY, p+q).

In order to define the product on the complex Z i)li‘g

an isomorphism (see [5])

(X, p)«, recall that we have

ZDH (X, p) = ZEER (X)(p)
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and that the restriction of the product e to this subspace is given by the product A.

The inclusion 7 is compatible with the product e4 and the product A. That
is, consider the projections px: X x Y — X and py: X xY — Y. Then, if
o€ ZELTR(X)p)and B € ZETTR(Y)(q), we put

aAB = pxle)npy(B) e ZELTEPTIX < Y)(p +q).

We have a commutative diagram

ZEDTR(X)(p) ® ZENI R (Y)(q) —2> ZERTEPT (X x Y)(p + q)

i@il £

®A

5.2. Product structure on the complex D¢ , , (X, p). We define here a product

on the complex @K,z » (X, p). It will be compatible with the product on D (X, p),
under the morphism p, and with the product on ## (X, %)o under y;.

Let X, Y be two real varieties. For every p, let Z}‘?,n be the subset of codimension
p subvarieties of X x (0" intersecting properly the faces of (", Let

p.q r+q
ZX,Y,n,m 3 ZX)(Y,n—l—m

be the subset of the set of codimension p + ¢ subvarieties of X x Y x "™,
intersecting properly the faces of 0”1, which are obtained as the cartesian product
ZxWwihZ € Zy, and W € Z, .

For shorthand, we make the follo{)ving identifications:

Z?’,m - {X xZ | Z e Z%,m} = Z?(XY,n—i—m’
Zya = WXY|WeZy }CZ% ypim
To ease the notation, we write temporarily
O = X K F x[ 1™ 0%,
For every n, m, p, q,let j ¢ (n.m) be the morphism
Do (O¥¥\Z% 0> P + ) © D, (OF 7\ 2%, 2 + )
J% % (n.m)
———— D, Oy y \ 2y, U ZY . P+ q)

induced on the limit complexes by the morphism ;j in Lemma 1.29.
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Lemma 5.5. There is a short exact sequence

0 —

log(E| ZXYn m7p+Q)
— Dp Oy \Z% o P +9) © D, (Ox ¥\ 2% ,.. P + )
]X Y(na )

— [Olog(lj \Z)‘?’n U Z({,’m, p+q)— 0.

Proof. 'This follows from Lemma 1.29. U

By the quasi-isomorphism between the simple complex and the kernel of an
epimorphism (see (1.2)), for every n, m, there is a quasi-isomorphism

D (O T\ 2K P+ @) — s(—jg7 (n,m)*

w +— (v, w,0).

It induces a quasi-isomorphism
% Y(n
Digz2e, O%Y. p+a) — S( (0% % p+q)* ke i s(—jPEn, m)))

(5.6)
where i}/ (n m) is defined by

L (n.m)
ﬂlog(DX Y7P+Q) Sl s(— J (” m))”*,

1)) b (a),a),O).

Remark 5.7. Observe that there is an induced bicubical cochain complex structure on
s 5 (. ))*. Forevery r, let s(i§°¢ (x, %))}, denote the 2-iterated complex obtained
by téking the normalized comple)é functor to both cubical structures. Consider the
3-iterated complex s(i)‘(”:{",(*, ), whose piece of degree (r, —n, —m) is the group
Tr<2p+2¢5(ix 3 (n, m))}, and whose differential is (ds, 8, 8). Denote by s(ix '35 the
associated sirﬁple complex. Observe that the differential of @ = (g, (o1, az), a3) €
s(zX v )0 1s given by

d;(Olo, (a1, a2),a3) = (dpao, (g — dpar, g —dopoa), —a1 + a2 + dpas).
Definition 5.8. Let o4 be the map
D z0 (X X 0" p)o ® Dy 2 (¥ x O™ @Yo —> s(fF ()
defined by sending (w, g) ® (o', g’) to

(D™ (we o, (goa. (=1) weg), (1) geg).
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Lemma 5.9. The map e defines a pairing of complexes

ES - oy o
s (@A,Zp (X, P)o ® Dy 74 (Y,q)o) W S(l;’é})o-

Proof. Let (w,g) € i)l’;g’zp(X x 0%, p)p and (@', g') € ‘Df:)g,zq(y x O™, q)g.
Then we have to see that

di((w,8) 8a (@', 8) = dy(w,g) oa (@', 8) + (1) " (@, 8) oa di(@', g").
That is, we have to show that the following two equalities hold:

ds((w.g) os (@',g") = ds(w, g) s (@', 8) + (1) " (w,g) 8 ds(e'. &),

§(w.g) os (0".8") = (—1)8(w.g) 84 (@', g) + (=1)" (., g) a $(w’. g").

The proof of the second equality 1s analogous to the proof of Lemma 5.1. The first
equality is a direct computation. O

We define a complex i)zx A ZPA (X xY, p+q)o thatis analogous to the complex
XY
D 4 (X, p)o of Definition 5.2.

Definition 5.10. Let D% (X x Y, p+ g)o be the simple complex associated

AxA,ZEY,
to the 3-iterated complex whose (r, —n, —m) graded piece is
D e X xYxO"xO", p+qo.
10g’ZX,Y,n,m

As in Remark 5.4, we will denote by « the morphisms obtained by identifying
0" x O™ with 0"+,

i)XxA,ZP'i‘q (X Y, p+4qo o i)z,zp—l—q (X XY, p+q)o-
We will denote by p the morphisms obtained by forgetting the support:
Divnzps X xY.p+ 9o L DE A (X X Y, po,
S(iXp,’;[/ 0 R Dyua (X XY, plo.
There are also natural morphisms, whose definitions are obvious,
@XxA,zg'}:g/ (X xXY.p+q)o— D, p zp+a(X XY, p+ o,
Dyrnzps X xY.p+ g — s(ix ¥ )o-
Lemma 5.11. The natural map
D} snzpg X x Yo p+ @ = sig}) (5.12)

is a quasi-isomorphism. Moreover, it commutes with p.
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Proof. It follows from the quasi-isomorphism (5.6). O

The external product on D .. (-, *)o is given, in the derived category of com-
plexes, by

Dy 72X 0)o® DY g (Yoq)o —2s (i 240

DL 2y X XTp+ o — s DI, (X XY p + o

The fact that to define the product in this complex we need to invert a quasi-isomor-
phism 1is the main reason of the complexity of the definition of the product on the
higher arithmetic Chow groups.

By definition, it is clear that this morphism commutes with the morphism defined
on the complex O (X, p). It remains to be seen that the product on {Oif’ o (X, P)o
is compatible with the product on # 7 (X, n)o, under the quasi-isomorphism 7.

2p+2g—i
Letw € s(ig2y), and let

l

2p+2
(a)?, - ,a);) € @T<2p+2qs(l)( Y(] f— ])) P
j=0

be the components of @ corresponding to the degree (2p + 2¢q, —j, j — ). These are
the components that have maximal degree as differential forms and, by the definition
of the truncated complex they satisfy dsw/ = 0. Thus, the form ] defines a

cohomology class [a)lj | in the complex s(i}(”g, (j.I — j))j. Since there is a quasi-
isomorphism

Dpoy 70 (X X ¥ x O p+ 9o — sGEEG.L— J),
we obtain a cohomology class in H* (D ;4 (X x ¥ x O, p 4+ q)o). Hence,
XY

a cohomology class [a)lj ] € #P19(X x Y,l)g. This procedure defines a chain
morphism, denoted by 1,

- "
ST — (X x Y. D),

w +—> Z[a);’ |-
J
By composition, we can define a morphism, also denoted by y1,

* ]’i
Ax4,289 (X xY,p+q)o—> HPTIUX XY, *)g.
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Moreover there 1s a commutative diagram

o([:)*

AXA,Z;}’E/ (X X Y’ p + Q)O

K

« HPHU(X X Y, %),

///Z//ﬂ

‘i);’Z]H»q (X X Y> P + Q)O

Proposition 5.13. Letr Z € Z5 , and T € 2% . Let [(0z,87)] € HP(X,n)o
represent the class of a cycle z € ZFP(X,n)y with support on Z and let
[(wor,gT)] € HI(Y,m)y represent the class of a cycle t € Z9(Y,m)y with sup-
porton T. Then

[(wz.g7) ea (wr.gT)] € HPTI(X > ¥, n + m)o

represents the class of the cycle z < t in ZP1T4(X x Y, n + m)o.
Proof. It follows from [14], Theorem 4.2.3 and [5], Theorem 7.7. O

Corollary 5.14. For every p, q, n, m, the diagram

_ _ Y1
D700 (X, plo ® D57 (Y. q)0 — HP (X, n)o ® HI(Y. m)o
' s

P gN2p+2g—n—
sE P —— JPH(X X Y.n +m)y

"1

is commutative. O

5.3. Product structure on the higher arithmetic Chow groups. Once we have
defined a compatible product on each of the complexes involved, the product on the
higher arithmetic Chow groups is given by the following diagram.
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FP(X, )0 ® (Y, m)o DI, plo® DTV, 0o
ZP(X.m)o®ZI1(Y.m)y | go” pX, p)o®c®2qzq Y. 9o A ZDk,g(X p)n®ZD10g Y. Om
% gePta(X x Y, n+ mip s DIPFOTTMY LY, b4 2o A
ZPTa(X x ¥, n+ mg s P taa ™ ZDEP O X < Y. 5+ Dngm

FPH(X X ¥, n+ m)g . AR ¥, ptoglo
2(p+a)
ZPHI(X < ¥, n + m)g @AquzX]%,m(XXY r+a « ZDﬁ,éerQ)(XxY,p—l—q)ner
ptg 2(p+q) n—m
F (XXYner)O (X xY.p+4do

ZPH(X x ¥, 1+ m)g i(‘DZZ‘i)q” (X %Y. 2+ a)o ZDPYD (X XY, o+ Dnim

Observe that, in the first set of vertical arrows is where the product is defined, in
the second set of vertical arrows we are just inverting the quasi-isomorphism (5.12),
finally in the last set of vertical arrows we are applying the morphism «.

The above diagram induces a morphism in the derived category of chain complexes

s(ZF (X, %)o ® ZU(Y, )o) 5, s(ZPTU(X X Y, %)) = ZPT9(X x ¥, %)o.
Recall here the notation we are using, the symbol Zp (X, ®)o denotes the diagram

where the symbol VA4 (X, x)o denotes the associated simple complex.
By §1.4, for any B € Z there is a morphism % g:

~ ~ * ~ ~
ZP(X, 59 ® Z9(Y, %)o —> s(ZP (X, %)o ® Z7 (Y, %)o).
The composition of *g with U induces a product
CH? (X, n) ® CH(Y, m) — CHP (X x Y, n + m),

independent of .
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A
Finally the pull-back by the diagonal map X — X x X gives an internal product
on CH? (X, *):

CH?(X,n) ® CHY(X,m) 5 CHP*(X x X.n + m) A CHP*Y(X,n + m).
Thus, in the derived category of complexes, the product is given by the composition
ZP (Xm0 ® Z9(X,m)o

|
s(zp(X,n)o ® 2Q(X,m)0) o ZPHa(X x X, n + m)o
TN

22X x X.n + m)o —— ZPH4(X,n + m)o.

Remark 5.15. It follows from the definition that, for » = 0, the product U agrees
with the product on the arithmetic Chow group CH” (X) defined in [5].

5.4. Commutativity of the product. Let X, Y be arithmetic varieties over a field
K. We prove here that the pairing defined in the previous subsection on the higher
arithmetic Chow groups is commutative, in the sense detailed below.

We first introduce some notation:

» If B, C, are chain complexes, let
0:5(By ® Cy) = 5(C. ® B)

be the map sending» ® c € B,  Cpyto (—1)*""c ® b € C,,, ® By,.

* Letoy,y be the morphism
oxy: Y xX —=XxY

interchanging X with Y.

We will prove that there is a commutative diagram

CH? (X, n) ® CHY(Y,m) —— CHP*4(X x Y,n + m)

Ul l")?Y

CHY(Y,m) ® CHP (X, n) — CHPH(Y x X,n + m).

In particular, the internal product on the higher arithmetic Chow groups will be
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graded commutative with respect to the degree n. That s, if W € CH? (X,n) and
Z € CHY(X, m), then
WUz =()""ZuUw.

Recall that, by definition, the product factorizes as
CHZ (X, m) @CHY (Y, m) =5 Hyyom (s(Z2 (X, 2)0® 29(Y, %)0)) —> CHP T(X XY, n+m).

By Lemma 1.8, this factorization is independent on the integer . Moreover, there
is a commutative diagram

CHP (X, 1) ® CHI(Y. m) ——> Hpym(s(ZP(X. %)0 ® Z(Y. ¥)0))
CHY(Y.m) ® CHP (X. 1) —— Hyym(s(ZP (Y, 10 ® 29(X. )0))

Therefore, all that remains is to check the commutativity for

S(ZP (X, )0 ® Z9(Y. %)g) —=> ZPTI(X x Y, %)p. (5.16)

Hence, we want to see that, in the derived category of chain complexes, there is a
commutative diagram

s(ZP (X, %)o ® Z9(Y, %)g) ——= ZPTI(X x ¥, %)

*
O’l UX,Y

S(Zq(Y, )0 ® 27 (X, *)o) —5 > ZPT(Y x X, %)g.
The obstruction to strict commutativity comes from the change of coordinates

On,m
Dn—i—m o Dm % Dn Dn e Dm - Dn—l—m’

(Viye oo Vs X015 oo s X)) > (X1, 000, X, V1o e os Vin)-

(5.17)

Recall that the product is described by the big diagram in §5.3. In order to prove
the commutativity, we change the second and third row diagrams of this big diagram,
by more suitable diagrams. These changes do not modity the definition of the product,
but ease the study of the commutativity.

We define a complex Z KX 4 (X, n)o analogously to the definition of the complex
D a (X, po (see §5.2). Let

ZP(X,n,m)y = ZP(X,n + m)o,
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andlet§ = Y7 (=162 and 8" = 37" (—=1)' 8. Then
(ZP(X, %, %)0,6.8)

is a 2-iterated chain complex. For the sake of simplicity, we denote both &' and §
by é.

Denote by Z f&’x A (X, %)o the associated simple complex, and analogously define
the complex H4 . (X, %)o.

Let Zg’;’ 4 (X x Y, %) be the diagram

Jf;;;fg(x x Y, *)0 @gggq) (XxY,p+ q)o
Ziiﬁi(k’ x ¥, %)g s(tpq)z(”[“ ¥ D2p+q(X xY,p+g)

This diagram will fit in the second row of the new big diagram. Denote by
ZP7, (X x Y, ¥)o the simple complex associated (o this diagram.

The third row of the new big diagram corresponds to a diagram whose complexes
are obtained from the refined normalized complex of Definition 1.18. The fact that,
in these complexes, most of the face maps vanish is the key point to construct ex-
plicit homotopies for the commutativity of the product. So, consider the following
complexes:

» Let Z9(X, =, *)pp be the 2-iterated chain complex with

ZY9X,n,m)yy := m ker8) € Z9(X,n + m)o,
i#0,n+1

and with differentials (§",6”) = (=87, -85, ;). Denote by Z%, , (X, %)oo the
associated simple complex.

e Let ti)l’f;g(X x O0% x O%, p)oo be the 3-iterated complex whose (r, —n, —m)-

graded piece 18

(X x O" x O™, p)oo = ﬂ keré) C t (X x O™ p)o,

i#0,n+1

log log

and with differentials (dp. —87, =80, ;). Let D%, 4 (X. ploo be the associated
simple complex.

* LettD? o0 (X xY xO* xO*%, p 4+ ¢g)oo be the 3-iterated complex with

X.Y %,

ti)lgg,sz@n m(X xY xO"xO", p+ qog = ﬂ ker 87
T i#£0,n+1
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as a subset of ti)’" 0,22 (X x Y x O™ p 4+ q)y. The differentials are
X.Y.n.m

given by (do, 8?,— V1) Let D

simple complex.

A 2L, (X x Y, p)oo be the associated

Remark 5.18. Observe that there are induced morphisms
y
ZEH(X x Y. x)00 —> HEIL(X x Y. )oo,
o Y]
DYV (X X Y. p+qhoo —> HLTEX X ¥, %)o0,

AXA,ZP"I

i)iﬂfg‘g);q (X xY,p+¢qoo AN @iﬁ;”g‘”‘*(x <Y, p 4+ q)oo.

Let Zg’f A (X x Y, %) be the diagram

Jeggi;{(x x Y. *)0o DIPFD* (X x Y. p+ Doo-
p+q PEEHE s ¥, prifg) 2p+q
Z3 3 (X XY, *)oo AxA o, P 00 ZDj "X XY, P+ @

This is the diagram fitting in the third row of the new diagram. Let Z£¢, (X x ¥, #)gp
be the simple complex associated to this diagram.

Lemma 5.19. Let X be an arithmetic variety over a field.

(1) The natural chain morphisms

s (X *)o0 —> Z5 (X, %)o. (3.20)
Z (X, %) — Z9(X. %), (5.21)

are quasi-isomorphisms.

(11) The natural cochain morphisms
# i #
i)AXA (X’ p)OO — ‘i—)AxA (X7 p)07 (522)
* K %
Dip (X, plo — Dy (X, po, (5.24)
are quasi-isSomorphisms.

Proof. 'The proofs of the facts that the morphisms 7/ are quasi-isomorphisms are
analogous for the three cases. For every n, m, let B(n, m) denote either Z7 (X, n,m),
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D]

log(X x O" x O™, p)yor tD’

108,255 1.
The groups B(n,m)q and B(n,m)qg are defined analogously.

Observe that for every n,m, B(-,m) and B(n,-) are cubical abelian groups. We
want to sce that there is a quasi-isomorphism

(X xY xO"x O™, p+ q), for some r.

s(N2NIB(x, %)) 5> s(N2N1B(x, %)), (5.25)

where the superscript 1 refers to the cubical structure given by the first index » and
the superscript 2 to the cubical structure given by the second index m. A spectral
sequence argument together with Lemma 1.20 and Proposition 1.24 show that there is

a quasi-isomorphism s(N 2N} B(x, %)) — s(N2N1B(x, x)). By Lemma 1.20 and
an spectral sequence argument again, we obtain that there is a quasi-isomorphism
s(NZN{ B(*, x)) 2 s(N2N{ B(x, *)). Therefore, (5.25) is a quasi-isomorphism.

The proofs of the facts that the morphisms in (5.21) and (5.24) are quasi-isomor-
phisms are analogous to each other. Therefore, we just prove the statement for the
morphism (5.21). Consider the composition morphism

jiZ9X,m)y — Z9(X.0,m)g — ZKXA(X,m)O.

The composition of morphisms Z4 (X, n)g M Z9 i (X.m)o 5 Z9(X,m)y is the
identity. Hence, it is enough to see that ;j is a quasi-isomorphism. Consider the 1st
quadrant spectral sequence with

E;’m = H,,(Z4(X,n, %)g).

We will see thatif n > 1, E,%m = 0. By the homotopy invariance of higher Chow
groups, the map

§l..51
£ Z9X x O, %)) — Z9(X, %)
18 a quasi-isomorphism. By Proposition 1.24, it induces a quasi-isomorphism
fZ9X xO", %)y = NZYX xO",%)g > NZ9(X, x)g

where the cubical structure on Z9(X, *)q is the trivial one. Since for a trivial cubical
abelian group N Z9(X, %)y = 0, we see that

H,(Z9(X,n,%)g) =0, n>0,

and hence

n,m

1 0 ifn >0,
~|CHI(X,m) ifn =0. =
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It follows from the lemma that the product on the higher arithmetic Chow groups
is also represented by the following diagram of complexes:

FP (X, m)o® FL(Y. m)g DF X p)o®@ DY 1o
ZP(X,mo®ZIW, mo | x DPIN(X, plo ® DT, 0o s ZD{FX.p)n ® ZDi (X Om
A Z AZ g g
= HETL(X x Y, n+ mo v DRI Y. e+ 0o "
ZPr e X x¥.n+my ~|i sGg g P TReT ~i ZDR TP (X XY, 2+ Dntm
~|i X x¥ontmoo  ~i DIZFOTTNX <Y+ oo

’
v ” /

N
/

2(p+g)— n m
ZE (X x Y, n+ m)oo Dazpy XXX p+ Do ZDEPT (X XY, p+ Dnim
2P (X < ¥, n+ mon o PTG Y, b+ @00
2{p+q) 2
ZKIX(XXY,H“‘FM)OO = "(DAquzpiqm (X xY, p+doo K ZD]oéerQ)(XXY’erq)ner
€ FPH(X xY.nt mo DIPTORTM Y 2 Y. o+ o
ZPHO(X XY, n+ m)g DIELTNE XY+ @)o ZBEPTINE 36, pr-Bi

In the first set of vertical arrows of this diagram is where the product is defined.
In the second set of vertical rows we invert the quasi-isomorphisms that relate the
normalized complex and the refined normalized complex. Moreover, we also invert
the quasi-isomorphism analogous to (5.12). In the third set of vertical arrows we just
consider the change of supports Zp C ZP14, We will denote the map induced by
this change of support by 7. Flnally in the last set of vertical arrows we apply the
morphisms « induced by the identification 0" x O = O" ™,
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Let Z g:g (X x Y, %)op denote the simple of the diagram of the fourth row. Hence,
in the dertved category of complexes, this product is described by the composition

S(ZP (X, %)o ® ZI(Y, %)0) —> 22, (X x ¥, %)
A
| i
|

209 (X x Y, %)00 —= Z2 (X x ¥, %)0o

l.c
ZPTI(X x Y, %)g.

Note that the difference between the cornplexes ZP (X x Y, )0 and ZE T4 (X x

Y, #)oo lies on the change of supports Z'Y, C Z#%4. This is indicated by either two
codimension superscripts p, g in the ﬁrst one or a unique codimension superscript
p + g in the second.

We next use this description of the product in the higher arithmetic Chow groups
in order to prove its commutativity.

Recall that the map oy 5 1s defined by

Dn—i—m_DmXDn On.m DnXDm_Dn—l-m
E0 1501 P BlvmsenBulf % 5075 mes sillns Plvemwsn Do b

Let
oxyam: Y xXxO"xDO" - X xY xO" xO"

be the map ox .y X 0y m.
We define a morphism of diagrams

O,*

AXA(XXY *)0 4> Z (YXX,*)O
as follows:
e Letoy y ot ZK;FZ(X X Y, %)y — Zﬁi’i()’ x X, *) be the map sending

Z e ZPTUX x Y.n,m)o to (=)o y , y(Z) € ZPYUY x X, m.n).

The morphism oy y 5 Jfﬁ:g()( x Y, %)y — %ﬁ:g (Y x X, %)g is defined anal-
ogously.

s Letog yq: D a (X XY, p+¢qlo — Di, oY x X, p+ ¢q)o be the map that,
at the (*, —n, —m) component, is

D" oy yopm: ri)l’gg(XxYXD”xDm,p—l—q)o — ri)kfg(Y x X xO"xO", p+q)o.

Observe that it is a cochain morphism.
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1 . : P.q <q,D
* We define analogously the morphism U)?,Y,EI' S(lX,Y)3 — s(lY’ xJ)o-

These morphisms commute with the morphisms y1, y1 and p. Hence, they induce a
morphism of diagrams and therefore a morphism on the associated simple complexes:

*

5 p.q x¥.O 5g4,p
Zo (X XY, x)g —— Z3, (¥ X X, %).

l;Tote that the morphism o - - Testricts to A T (X xY, x)p and to A gjg (X x
Y, *}og.

Lemma 5.26. The diagram

2£fA(X X ¥, %)o ~—— ZK’;]A(X X Y, *)oo . Zbte (X x Y, %)oo

AxA
* * *
Yo x,y,0 % v,

=q, i 5gq, n  sp+
ZifA(Y XX, *)0 ZK){A(YXXS *)OO%ZXXK(YXX,*)OO
1s commutative.

Proof. The statement follows from the definitions. O
Lemma 5.27. The diagram
S(ZP (X, %Yo ® ZUY, %)o) —= ZiT, (X x Yoxdo
o N
S(ZA(Y. %)y ® ZP (X, %)) —= ZTP, (¥ x X, %)
IS commutative.
Proof. It follows from the definition that the morphism o)’;’Y’D commutes with the

product x in Z*(X, %) and in J£*(X, x)o. The fact that it commutes with e 4 and
®, 4 18 an easy computation. [

By Lemmas 5.26 and 5.27, we are left to see that the diagram

ZPEUX ¥, %00 —= ZPHI(X x ¥, %), (5.28)

* *
UX,Y,I:IJ JUX,Y

2@1(1’ x X, %)po —= ZP (Y x X, %)g
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18 commutative up to homotopy. We follow the ideas used by Levine, in [19], §4, in
order to prove the commutativity of the product on the higher algebraic Chow groups.
We will end up with an explicit homotopy for the commutativity of diagram 5.28.

Remark 5.29. For any scheme X, consider the morphism

*

e of ~
ZE 2 (X %Yo — ZE 4 (X, %)op

induced by (—1)""o, ,, at each component. Then oy 5 = oy yof; and hence,
the commutativity of the diagram (5.28) will follow from the commutativity (up to
homotopy) of the diagram

AXA (X, #)oo

o7 ZP (X, %)y.
Tl

ZKXA (X’ *)00

Let W, be the closed subvariety of 0% T! x P! defined by the equation
11— x)(1—xp41) =11 — to, (5.30)
where (7 : ;) are the coordinates in P! and (x1,...,x,+1) are the coordinates
in "1, Recall that we have identified 0! with the subset ty # t; of P!, with
coordinate x = #o/t1. Then there is an isomorphism W, 2 0" x (!, The inverse

of this isomorphism is given by

@n
Dn—l—l G Wn’

(X1seeesXnt1) > (X100, Xnt1, X1 + Xnt1 — X1Xn+1)-
Consider the projection
Tn: Wo — 0%, (x1,...,Xp41.0) = (x2,..., X, 1).
Let t be the permutation

T
0" — 0%, (X1.....x0) > (X9,..., X5, X1).

Remark 5.31. Let o, ,, be the map defined in (5.17). Observe that it is decomposed
as oy,m = 7o .. or. Therefore, o,if’m = 70 08, o™
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It is easy to check that the following identities are satisfied:

id ifi =1,
ﬂn(pngé = 86_17[11—19011—1 lfi :2,...,’1,
T ifi =n+1;
(5.32)
sfa” iti =1,
Jrn(pnc?i = 5"1_131,1_1@”_1 ifi =2,...,n,
o't iti =n+ 1.
Let WX be the pull-back of W, to X x [J". Then the maps
e WX - X xO", and @, X xO" > wX
are defined accordingly.
Proposition 5.33. Let X be a quasi-projective regular scheme over a field k.
(1) The scheme W, is a flat regular scheme over 11",
(i1) There is a well-defined map
hn E 3 2k
ZP(X,n) —> Z¥(X,n+ 1), Y >, (Y).
Proof. See [19], Lemma 4.1. (]

For every n > 1, we define the morphisms

hn
HP(X,n) — HP(X,n+1),
B .
D (X x O, p) — 1D, (X x 0"+, p).
hin .
D, 20 (X x O, p) —> 1OF, 7 (X x O, p),

by h, = ¢, ;. By Proposition 5.33, (ii), these morphisms are well defined.

Lemma5.34. Let o be an element of Z1(X, n)o, HF(X,n)o, rﬂ)l"(;ggzp (X xO", p)o

or ri)l’f)g(X x %, p)o. Then the following equality is satisfied:

n—1
Shae) + ) (=1)'hn18] (@) = —a + (=1)" 2" ().

i=1
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Proof. By hypothesis, 8! () = 0 foralli = 1,...,n. Then, by the pull-back of the
equalities (5.32), we see that 8 ¢ 7 () = 0. Therefore, using (5.32),

n+1 n+1
Shale) =Y Y (T8l grmre) =Y (~1)80prmy(e)
i=1j=0,1 i=1

=+ ) (Dieimi_ 8@+ ()" (@)
=2

n—1

= 0 3 (D ha182@) + (- )" e* (@),

i=1
as desired. O

Proposition 5.35. Let X be an arithmetic variety over a field. Then the following
diagram is commutative up to homotopy.

Z2 (XMoo
aél ZP(X,H)().

e

2XXA(X’H)OO

K

Proof. We start by defining maps

Hnm
ZP(X,n,m)oy —— ZP(X.n +m + 1)y,

Hym
HP(X,n,mlgg —— HFP(X,n+m+ 1),

Huym
DR (X x O" x O™, plop —— DX x O™ p),,

Hn,m
1D, 2o (X x O" x O™, plao ——> tDjy 75 (X X O+ 5.

By construction, these maps will commute with y;, y{ and p. This will allow us to
define the homotopy for the commutativity of the diagram in the statement.

All the maps H,, ,, will be defined in the same way. Thus, let B(X, n, m)oo denote
cither ZP (X, n,m)go, HP(X,n, m)oo, r{()f’(‘)g(X x O" x O™, p)oo, or ti)l”;g’zp (X x
0% x O™, p)oo- For the last two cases, B(X,n,m)qg is a cochain complex, while
for the first two cases, it is a group. Analogously, denote by B(X,n 4+ m + 1)
the groups/complexes that are the target of Hy . The map H, ,, will be a cochain
complex for the last two cases.

Let o € B(X,n,m)oo. Then let Hy, () € B(X,n 4+ m + 1) be defined by

S (=D Am=Dg () (@), 1 #0,
n=0.

0 (5.36)

Hn,m(a) = {

)
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From the definition it follows that:

> If B(X, n,n’l)oo 1St (X s (%2 (1%, p)oo, or Ti)fgg,zp (X se 1% s 17, p)oo,
then

lT)g
di)Hn,m(a) = Hn,mdi)(a)7
i.e. H, , is a cochain morphism.

o> VlHn,m = dpmY1, ViHn,m = n,m)/{ and PHn,m = duymp.
Recall that in all these complexes,

§' (o) = —8Y(a) € B(X,n — 1, m)oo.
8" (@) = 89, (@) € B(X,n,m— Dgo.

Lemma 5.37. For every @ € B(X, n, m)yo we have

Proof. It n = 0, since @ = oy m () and Hy () = 0 the equality is satisfied. For
simplicity, foreveryi = 0,...,n — 1, we denote

H (o) = (=) H00dm=Dp it ()" (@) € B(X,n +m + 1o

An easy computation shows that

. 80 () ifj # 1,
Oy =4 o T
5, () if j =1,
and hence .
(r*)‘SJ‘?_i () if j > 1,
8;’(r*)i () = (r*)i_lég(a) if f =i,
(r*)"_182_i+j(a) if j <1i.
Therefore,
. n+m+1 . . .
SHY p(@)= Y (~1)y/HomtDtm=Ds0, o (%)™ (@)
j=1

= (_1)1+(m+i)(n+m—1)(t*)m+i () + (_1)(m+i+1)(n+m—l)(r*)m-i-i-i-l(a)

n+m
ki Z (_1)j+(m+z)(n+m—1)hn+m(8;)_1(T*)m—i-z (Cl))
j=2

Recall that the only non-zero faces of « are 87 and 82 ;. Therefore, from the
equalities (5.32), we see that the only non-zero faces are the faces corresponding to
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the indices j = m + 17 +2and j = i + 2. In these cases, they take the values
(r*y™+1 8] and (¢*)" 187 | respectively. Therefore, if i # n — 1, we obtain

SHffll,m(O‘) = _(_1)(m+i)(n+m_1)(f*)m+i (Z)
1 (1)t Datm=1) (pxymetit1

+ (=D FEm=D ()8 (@)
+ (_1)i+(m+i)(n+m—1)h ((‘L’ )m 1+z +1(O[))

Observe that (— 1) TOrt)@tm—1) — (_ym+i=Dntm)+n Therefore, the last sum-
mand in the previous equality is exactly

n lm(50(a)) +( l)n L — 1(8 +1(a))
Ifi =n — 1, then 510_1(1:*)’”“(05) = 0,for j = 2,...,n —m. Therefore,

SHI" ~1(a) = (= 1)1+(m+n D (n+m— 1)(t Y1 ()
. (_1)(m+n)(n+m 1)(t )m+n(a)
(OO (T (@)

— _(_1)(m+n—1)(n+m—1)(T*)m—l—n—l(a) T
b (DD tm (om0 ().

Finally, we have seen that
SHpm(@) = —(—1)"H7 =D (%) (@) + Z 1 BT (@)

n—1
+ S D H (89, (@) +
i=0

and since (—1)y™*?+m=1) — (_1)"" we obtain the equality
SHpm (@) — Hy 1, (87 (@) = (= 1) Hy 1 (8 1 (@) = @ — (1) 0y (). O
Let
Zen (X, %)00 i ZP(X, %+ 1o, HE a(X, %)oo e ? HP(X, %+ 1)o,

be the maps which are H,, ,, on the (n, m)-component. Let

2p— H _op—s—1
:[)AI;(ATZAU (X7 p)OO — ‘i)AI’)Z;( (Xv p)O,
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be the maps which are (—1)" H, ,, on the (r, —n, —m)-component. Observe that now
dpH = —Hdgp.

Let
H:Z% (X, m)oo — ZP(X,n + 1)
be defined by
H(Zv o, Uy,02, aS) = (H(Z)7 H(“O)v ay, _H((XZ): _H(a3))
Letx = (Z,ap, 01,02, 03) € ZﬁXA(X, #)oo. Then
dH(x) = (8H(Z),dsH(wo), dop{en), y1 H(Z) — y{ H(eo)
+ 8H(w2), pH (o) + ds H{az) — 1)
Hd(x) = (H3(Z), Hds(ao), dp (1), —Hy1(Z) + Hyj(ao) + Hé(w),
— Hp(wo) + Hds(wz) + H(wr)).

Observe that for ap € TDf, 5, (X x T* X O™, p)oo, we have

Hdg (o) = Hdgp(ag) + (—1) Hé(ap) = —dgp H(ap) + (—1) Hé(ap),
ds H(ap) = dp H(ag) + (—1)"8H (o).

The same remark applies to a3 € ri)l’;)g (X x O x O™, p)op. Moreover, since o,
equals zero in all degrees but 0 and H is the identity in degree zero, we have, by
Lemma 5.37,

dH(x) + Hd(x) = x — oy (x). O

Corollary 5.38. The following diagram is commutative up to homotopy:
ZE(X x Y, %)gp ——= ZPT4(X x Y, %)0
U;,Y,I:IJ l%’?,y
Zﬁ;‘i(Y x X, %) — ZP (Y x X, %)o.
Proof. 1t follows from Proposition 5.35. O

Corollary 5.39. Let X, Y be arithimetic varieties.

(1) Under the canonical isomorphism X x Y =Y x X, the pairing

CH? (X, n) ® CHI(Y,m) = CHP (X x Y, n + m),

is graded commutative with respect to the degree n.

(11) The internal pairing

CHP (X, n) ® CHY(X,m) — CHP*(X, n + m),

is graded commutative with respect to the degree n.
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5.5. Associativity. We prove here that the product for the higher arithmetic Chow
groups is associative. First of all, observe that the product on Z* (X, %) is strictly
associative. Hence, all that remains is to study the associativity of the product in
the complexes with differential forms, except for ZDIZOQ (X, p)=, where it is already
associative. The key point will be Proposition 1.26.

Denote by £ the homotopy for the associativity of the product in the Deligne
complex of differential forms of Proposition 1.26. Let X, Y, Z be complex algebraic
manifolds. Then the external product e 4 is associative, in the sense that there is a
commutative diagram up to homotopy:

DL(X. o @ DL (Y.q)o @ DL(Z, 1Yo

* 4 ®id N

DX XY, p+ 0o ® DL (Z, Do DX, plo @ DL (Y X Z, g+ Do.

DX XY X Z,p+q+ 1o (5.40)

/H

This follows from the fact that the homotopy # is functorial (see [5]).

Proposition 5.41. Let X, Y, Z be complex algebraic manifolds. Then there is a
commutative diagram, up to homotopy:

i)g,zp X.po® i)f&,zq Y.q)o ® e(Df&Zz (Z.Do

D, (X XY, p+ ) ® D, (2.1 D} 0 (X, po ® DY, (Y X Z.q + Do

DL (X XY X Z,p+q+1o

/3%

Proof. In order to prove the proposition, we need to introduce some new complexes,
which are analogous to s(iy’3)*, but with the three varieties X, Y, Z. Due to the
similarity, we will leave the details to the reader.
We write EI;‘(";Z’% = X xY xZ xOrtmtd [eg
m.d d on.d \ ol
AT = DE (O ENZE . k) © O (O 7\ 22,0 & D5 (O% o\ 2, 4. k),
and

* __ qyk n.m.d p.q * n.m.d p.l
B” = gok’g(DX,Y,Z \ ZX,Y,n,m’ k) ©® ‘Dlog(DX,Y,Z \ZX,Z,n,d’k)

n.m.d q.l
& or()fgg(mx,y,z \2Y 7 m.a k),
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and consider the sequence of morphisms of complexes
w 1 w J * !
A* > B* 5 Dp @™\ 2040 k).

By analogy with the definition of s(— g’y (n,m))*, denote by s(—jg ,q,’Z (n.m,d))*
the simple complex associated to this sequence of morphisms. Consider the morphism

i Ammsd)
s ’d XYZ l
O (Oxy 7. k) ———— s(—jtyz(n,m,d))",

w — (0, w,®,0,0,0,0).

Observe that for every n,m, d, the simple of this morphism is a cochain complex.

Moreover, considering the normalized complex associated to the cubical structure

. poq.l
at every component of s(ig’ ¢, (.-, -))*, we obtain the cochain complex s(zX y, Z 3

(analogous to the construction of S(IX’Y)O in Remark 5.7).

Let O* (X xY x Z,p + q + [)o be the complex analogous (o

AxAxA,Z2L,

JL)XX AZD4 (X x Y, p+ q)o, but with the cartesian product of 3 varieties. It is the

simple complex associated to the analogous 4-iterated complex (see Remark 5.7).
Observe that there is a quasi-isomorphism

*
P.q.!
AXAXA,ZX,Y 7

(X XY x Z, p+q+Do—>s(fEys.
We define a pairing

S(l (n m))o(X)i)A Zl(Z l)oes(zfg,’z(n m d))r"'s
by

(a,(b,c).d)e (@ b)) = (D" (qea' (hed ced (~1)ash),
(dea , (1) 'heb (=) lceb) (1) 2d e b’).

Define analogously a pairing
o (X, P)o ® (5 0m.d)) = sGEE (nom, d))y*
by

(a,b)e(a',(b',c"),dy=(=)"(aed (hea (-1)aeh (~1)aec),
(D) "'bed (=) 'hec asd)bed).

It is easy to check that these two morphisms are chain morphisms.
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Lemma 5.42. The diagram

DL 50 (X, p)o ® D5 o (Y. )0 ® D', 1 (Z. 1o

®r.q ®id W

sGEDET © DY H(Z, Do DL 0 (X, plo @ s )5t

—

L 0.q.1
S(l}?,%z)gJﬂH

/4

(5.43)

is commutative up to homotopy.

Proof. Let (wy,g1) € ri)l’:)ggzp(X x O%, plo, (2, g2) € ri)ﬂ)g,zq(Y x O™, q)o,
and (w3, g3) € ri)fog zl (Z x O%.1)y. Then the composition of the morphisms on
the left side of the diagram is

(=) HEmIENS (131 @ 22) @ w3, (g1 @ @2) @ w3, (—1) (w1 @ g2) @ w3,

(=) (w1 ewz) @ g3), (=1) (g1 0 g2) o3, (—1) (g @ wy) @ g3,
(1)’ w1 ® g2) @ g3). (1)1 (g1 g2) @ g3).

The composition of the morphisms on the right side of the diagram is

(—D)PFmIEns (41 @ (s @ w3), (g1 @ (2 ® w3), (—1) w1 8 (g2 ® w3),

(—1) T wr e (@2 0g3), (1) Tgre(grews), (—1) T g e (wyeg3),
(—1* o e (g20g3). (—1)° g1 0 (g2 0 g3)).

Then the homotopy for the commutativity of the diagram 1s given by

Hyma = (=) (01 ® wr ® w3), h(g1 ® w2 ® w3),
(—1)"h(w1 ® g2 ® w3), (—1) T h(w ® w2 ® g3)),
(1) 'hi(g1 ® g2 ® w3), (1) P h(g) ® w2 ® g3).
(=1 h(en ® g2 ® g3)). (=1 "'hig1 ® g2 ® g3)).

Observe that it gives indeed a homotopy, since H and é commute. O
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Finally, the claim of Proposition 5.41 follows from the commutative diagram (all
squares and triangles, apart from the one marked with # are strictly commutative),

i)fASZP (Xv P)O ® i)fA,ZQ’(Y’ q)O ® i)g’zl (Z> l)O

.p:q‘®1d/ w.q’l
sGg 90" @ DY Li(Z. 1o # D 0 (X, po ®s(if )5
\ /
— - p.g.0 Nrts+r "
s(ix'y'z)o

i)gif&,zp,q (XxY,p+qho® e(DrAzz (Z,1)o i)g“zp (X,p)® i)f&_;i&,qut(y xZ,q+ 1o

cp.g.d NFHs+t
S(’X,Y,Z 0

\
/

.p+ag.d srt+s+t - . p.g+! \r+s+t
sy sy 7)o sy ywz)o

/
\

~| ot (X XY XZ,ptg+Do |~
/ x
i)giSAJEPHJ XxYxZ,p+q+Do * i&ii\i&p,qﬂ (XxY xZ,p+q+ o

X /
K
DIt (X xY XZ,p+qg+Do.

A, zpta+!

O

Remark 5.44. Observe that the homotopy constructed in the proof of Proposition 5.41
has no component in maximal degree, that s, in {in z+ pzf;f ll (XxYxZ,p+q+Dop.

Corollary 545. Let X, Y, Z be arithmetic varieties.
(1) Under the canonical isomorphism (X x Y} x Z = X x (Y x Z), the external
pairing
(fl\-lp(*,n) ® (fl\-lq(*,m)@) = éf{p+q(* X %, 1 + m),
IS associative.

(11) The internal pairing
CHP (X, n) ® CHY(X,m) — CHP*YI(X, n + m),
Is associalive.

Proof. Ttfollows from (5.40) and Proposition 5.41, together with Remark 5.44 and the
compatibility of the homotopies in (5.40) and Proposition 5.41. Forn =m =[ = 0,
the associativity follows from equality (1.27). O
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Finally, we have proved the following theorem.
Theorem 5.46. Let X be an arithmetic variety over an arithmetic field K. Then

CH*(X.») := @ CHP(X.n)
p=0,n>0

is a conunutative and associative ring with unity (graded commutative with respect to
the degree n and commutative with respect to the degree p). Moreover, the morphism

CH* (X, %) i CH*(X, ) of Proposition 4.4 is a ring morphism.
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