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Constraints on exact Lagrangians in cotangent bundles
of manifolds fibered over the circle

Mihai Damian

Abstract. We give topological obstructions to the existence of a closed exact Lagrangian sub-
manifold L. — T* M, where M is the total space of a fibration over the circle. For instance,
we show that 771 (L)} cannot be the free product of two non-trivial groups and that the difference
between the number of generators and the number of relations in a finite presentation of 71 (L)
is less than two.

Mathematics Subject Classification (2000). 57R17, 57R58, 57R70, 53D12.

Keywords. Lagrangian embeddings, Novikov homology, Floer homology.

1. Introduction

Let M™ be a closed connected manifold and T*M its cotangent bundle endowed
with the standard symplectic structure wps = d Apr, where Az is the Liouville form
AM =Y ;pidg;. Let L™ < T*M be an exact Lagrangian submanifold, i.e. a
submanifold such that Aps|L is an exact 1-form.

The only known examples of exact Lagrangian submanifolds are the graphs of
functions f: M — R

Ly:=1{(q.dfg) | q € M}

and their images by Hamiltonian vector flows. The question of the existence of other
examples was first evoked by V.1. Arnold in his survey “First steps in symplectic
topology” [1]. It is far from being solved. A positive answer was given by R. Hind
in the case L = M = S2. The other related results which were proved up to
now are topological obstructions to the existence of exact Lagrangian embeddings
L — T*M. We summarize them in the statement below:

Theorem. Let M be a closed manifold and L — T*M an exact Lagrangian em-
bedding of a closed manifold L. Denote by p the projection of L on the base space
M. Then we have:
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(a) If L and M are orientable, then y(L) = deg?(p)y(M). If L and M are not
orientable the same equality is valid modulo 4.

(b) The index [ (M) : pi(sr1(L))] is finite.
(¢) If M is simply connected then L can not be aspherical (i.e. Lilenberg—Mac
Lane).

(d) If M and L are spin and L has a vanishing Maslov class, then H*(L, K) »~
H*(M, K), for any field K with char(K) # 2.

(e) If M is simply connected then p*: H>(M) — H?(L) is injective and the index
[2(M) 1 p(ma(L))] is finite.

The statement (a) was proved by M. Audin in [2], (b) was proved by I. Lalonde
and J.-C. Sikorav in [12] and (c) is a result of C. Viterbo [24] (see also [23]). More
recently, (d) was proved independently by K. Fukaya, P. Seidel and I. Smith [9], [10]
and D. Nadler [15]. For M = §” and L simply connected this was proved previously
by P. Seidel [20] and by L.. Buhovsky [3].

The assertion (¢) was proved by A. Ritter [19]. The author uses some techniques
coming from the Novikov homology theory which we will also do below.

The aim of this paper is to provide other obstructions in the case where M 1s a
total space of a fibration over the circle. Let us state our main results:

Theorem 1.1. Let M"Z3 be a closed manifold which is the total space of a fibration
over S' and let L — T*M be an exact Lagrangian embedding of a closed mani-
fold L. Then we have:

(@) Let {(g1,82.....8p | F1.72.....1q) De an arbitrary presentation of the funda-
mental group mw1(L). Then p —q < 1.

(b) The fundamental group w1(L) is not isomorphic to the free product G| * G of
mwo non-trivial ( finitely presented) groups.

Here are some examples of non-embedding statements which can be inferred from
our result:

Corollary 1.2. Let P, Q, L be closed manifolds and suppose that (P is finite.
(a) Supposethat y(L) # 0. Then there is no exact Lagrangian embedding Lx P —
T*(0 x S1).
In particular, let X4 be a (not necessary orientable) surface of genus g > 2.

Then there is no exact Lagrangian embedding of 4 x P into T*(Q x S1). More
generually, for surfaces Y.g. as above there is no exact Lagrangian embedding

Y X T, X oo X Xg, X P o> T*(Q x Sh).
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(b) Let L"2* be the connected sum Li#L, of two closed manifolds. Then there is
no exact Lagrangian embedding L x P < T*(Q x S1) unless one of the L,
is a simply connected Z./2-homology sphere.

(¢) Suppose that there is an exact Lagrangian embedding
Lix T es THT% 2 0f,

where T* is the k-dimensional torus andm > 1. Then L satisfies the properties
(a) and (b) of Theorem 1.1.

1.1. Idea of the proof. Let f: M — S! be a fibration. The closed 1-form
a = f*d8 has no zeroes. Let L be an exact embedding into 7*M. Consider
the Lagrangian isotopy

Lt = £ + ro.

It follows that L, N L = @ for ¢ large enough. The Lagrangian manifolds L, are not
exact but they satisfy

WM |7y (r*M,L;) = 0

just like an exact Lagrangian manifold. Under this hypothesis one can define a
Floer-type complex Co(L, L), which is spanned by the intersection points L N L;.
Therefore, this complex vanishes for ¢ > 0.

It turns out that the homology of this complex i1s isomorphic to the Novikov
homology H«(L, p*u), where u € H'(M,Z) is the cohomology class of « and
p: L — M is the projection. In particular it is independent of 7. It follows:

Theorem 1.3. H.(L, p*u) = 0.

In order to prove Theorem 1.1 one has to argue in the following way: suppose that
Theorem 1.1 (a) is false. Then one can show that the Novikov homology H.« (L, v)
does not vanish for any v € H!(L,R), contradicting thus Theorem 1.3. A similar
argument works for the proof of Theorem 1.1 (b).

The paper is organized as follows. In Section 2 we recall the definition and the
main properties of Novikov homology. We prove the non-vanishing results needed
in the above argument. In Section 3 we define the Floer complex Co(L, L;). Finally,
in Section 4 we establish Theorem 1.3 and prove Theorem 1.1 and Corollary 1.2.

2. Novikov theory

2.1. Definition of Novikov homology. Let u € H!(L;R). Denote by A the ring
7./2 [m (L)) and by A the ring of formal series Z /2 [[1(L}]]. Consider a CW-de-
composition of L which we lift to the universal cover L. We get a A-free complex
Co (L) spanned by (fixed lifts of) the cells of the triangulation of L.
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We define now the completed ring A,
Ay = {A =) nig € A | gi e m(L), n; € /2, u(g;) — —|—oo}.

The convergence to 4+ oc means here that for all A > 0, u(g;) < A only for a finite
number of g; which appear with a non-zero coefficient in the sum A.

Remark 2.1. Let A = 1+ > n;g; € A, where u(g;) > 0 forall /. Then A is
invertible in A,,. Indeed, if we denote by Ao = ) _ n;g; then it is easy to check that
- (—Ao)¥ is an element of A, and it is obvious that it is the inverse of A.

Definition. Ler Co(L,u) be the Ay-free complex Ay, ® o Co(L). The Novikov ho-
mology H.(L,u) is the homology of the complex Co(L, u).

Remark 2.2. We may define in a similar way the Novikov homology with Z coeffi-
cients. As we want to compare it to Floer homology and the latter is defined for Z /2
coefficients we used 7 /2 in the definitions above.

Now we prove:

Proposition 2.3. Ler L and u be as above.
(@) Let{g1.82.....8p | 11,72, ..., 1q) be a presentation of the fundamental group
1 (L) which satisfies p — q = 2. Then, ifu # 0 we have H1(L,u) # 0.
(b) Suppose that m1(L) = G1 % Ga, none of the G; being trivial. Then, if u # 0
we have H(L,u}) # 0.

Proof. The presentation of 71 (L) yields a CW decomposition of L with one single
zero-cell, p one-cells and ¢ two-cells. Lifting it to the universal cover we see that the
complex Co(L) ends like follows:

8> 31

e > A9 AP A — 0.

If {e;};=1,..,p 18 the basis of C; = A? given by the 1-cells and {e} is the basis of
Co = A given by the single O-cell, it is easy to see that the differential §; satisfies
d1(e;) = (1 —gi)e.

(a) Since u # 0, u(g;) # 0 for some 7, we have that 1 — g; is invertible in A,,
(its inverse is 1 + g; + g7 + -~ if u(g;) > O, resp. —gi(1 + g7 + g2+ -+ )if
u{g;) < 0). In particular in the tensored complex

L) d1

AP A, — 0. (1)

the dimension of Ker(d1) is p—1. Since p—1 > g, it follows that Im(d2) # Ker(d1),
so Hi(L,u) # 0 as claimed.
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(b) Let { f;}=1....4 be the basis of A? defined by the two-cells corresponding to
the relations rq, r2, ..., ry. The matrix of 8, with respect to { f;} and {e; } is given
by the Fox derivatives dr; /dg; [8]. These derivatives are defined by the following
formulas:

%:1 ag—i_lz_g._l

dgi i " foralli =1

Br) 5 9 oralli =1,...,p
= — L,

dg; 0gi agi

where 7 and 7’ are words in the letters gi=!

Now suppose that 71 (L) = G * G and consider (for k& = 1, 2) finite presen-
tations of G with pg generators and g relators. Denote by 5’1‘ and 8’2‘ the differen-
tials of the complex (1) corresponding to these finite presentations. Then, for some
u: m(L) — R, using the definition of the maps ¢, and &,, we find that the complex
(1) can be written as follows:

s 0
0 &2 (81 87)

--—>A31®A32—>AP1€BAPQ—>A — 0.

Suppose now that v # 0 and, without restricting the generality, that u|g, # O.
As above the map 8 is then surjective. This implies that for any a € Af? there is an
element b € A%* such that (b, a) belongs to the kernel of (8] 67).

If Hy(L,u) = 0, it follows that &3 is an epimorphism. Now the sequence

2 52
AL 25 AP2 LA, 50

is exact and therefore §2 = 0. But this is impossible unless G, = 0 and the proof is
finished. O

2.2. Morse-Novikov theory. We recall in this subsection the relation between
Novikov homology and closed 1-forms. Let o be a closed generic 1-form in the
class u € H'(L,R). “Generic” means here that the zeroes of « are of Morse type.
Let & be the gradient of o with respect to some generic metric on L. For every zero
¢ of & we fix a lift & of ¢ in the universal cover L. We can define then a complex
Co (0, &) spanned by the zeroes of @ and graded by the Morse index: the “incidence
number” [d, ¢] for two zeroes of consecutive Morse indices is the (possibly infinite)
sum » #n;g; where n; is the algebraic number of flow lines which join ¢ and d and
which are covered by a path in L joining g;¢ and d. It turns out that this incidence
number belongs to A, so Ce(c, £) is actually a A, -free complex.

The fundamental property of the Morse—Novikov theory was proved by S. P. Novi-
kov in [16] and generalized by J.-C. Sikorav in [21]. The statement is:
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Theorem 2.4. For any generic couple (o, £) as above, the homology of the complex
Cel(, &) is isomorphic to H« (L, u).

Remark 2.5. We may define in a similar way the Novikov homology H. (L, u)
associated to a covering 7: L — L which satisfies 7*(x) = 0 and we also may
define Ca(c, £) using the covering L instead of L. The statement of Theorem 2.4
holds in this more general setting.

An easy consequence of the above theorem is the following statement:

Proposition 2.6. Let L1, L be closedmanifolds andletu € H'(L1,R) Cc H'(L1x
L3, R). Consider the Novikov homology H. (L1 x L2, u) associated to u and to a
covering (mw,1d): L1 x Ly — L{ x L. Then

In particular,
H*(Ll X Lz,u) = — H*(Ll,u) =0.

Proof. Note first that the homologies H. (L1x Ly, u)and H, (L, u) are defined using
the same Novikov ring A,,. Take a generic pair (o1, £;) associated to ¥ on L, and a
generic pair (df», &) on L. One can easily see that the complex Co(cty +df2, E1+&2)
is isomorphic as a A,-complex to the tensor product Ce(w1,&1) ®z/2 Cel(df2, £2).
By comparing their homologies using the Kiinneth formula we get

H*(Ll X Lz,u) ~ H*(Ll, 'Lt) ®Z/2 H*(Lz,Z/Z)
as claimed O

We end this section by the following trivial remark:

Remark 2.7. Let L be a manifold with y(L) # 0. Then the Novikov homology,
defined for any covering 7 : L — L, as above, does not vanish.

Indeed, the complex Co(L, ) has the same Euler characteristic as L and if the
Novikov homology H. (L, u) vanishes, this Euler characteristic must be zero.

3. The Floer complex

In [14] Hong Van Le and Kaoru Ono defined a Floer complex spanned by the 1-peri-
odic orbits of a symplectic non Hamilronian vector field X, on a symplectic manifold
W. They showed that, if W is monotone, then this homology equals the Novikov
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homology associated to the cohomology class Cal(¢;); by Cal(¢;) we denote the
Calabi invariant associated to the symplectic flow (¢, ) of X;, defined by the formula

1
Cal(¢;) = [[0 ﬁtdf},

where f; is the symplectic dual of X; for ¢ € [0, 1]. This is actually the image of the
isotopy (¢;) by the Flux morphism. By definition, the integral of Flux(¢,) over a
loop ¢: S — W is the integral of the symplectic form over the cylinder ¢ (c).

Later, M. Pozniak [18] computed the (Lagrangian) Floer homology HF(L1, L»)
in the case where L is the zero-section of 7* M and L, = ¢ (L), ¢ being the time
one map of a symplectic (non-Hamiltonian) isotopy.

Consider a closed exact Lagrangian manifold L — T*M and denote by L; the
image of L through a symplectic isotopy (¢;) on T*M . Denote by u € H'(M:R)
the class

[pAm —Am) € HY(T*M;R) ~ H'(M;R).

It is not difficult to prove that this is actually the Calabi invariant Cal(¢;) for W =
T*M . The goal of this section is the following

Theorem 3.1. Suppose that L and ¢(L) are transverse and that u is rational (this
means that the image of the morphism u : w1 (M) — R is cyclic). Denote by p*u the
composition u o p: (L) — Z. There is a free A p+y,-complex Co(L, ¢;) spanned
by the intersection points L N ¢1(L) and whose homology only depends on L and
on u.

Remark 3.2. The restriction Im(x) ~ 7 is not strong. Indeed, the isotopy (¢, ) is the
flow of a vector field X; whose symplectic dual is a family of closed one forms §;.
If 8 belongs to the class u = Cal(¢; ), a well-known result of D. Tischler [22] asserts
that there exists a closed 1-form ', arbitrarily closed to 8 and whose cohomology
class [A'] is rational. This implies that given a symplectic isotopy (¢; ), there is an
symplectic isotopy (¢} ) arbitrarily closed to it and with rational Calabi invariant: one
can take (¢)) defined by the family of closed one forms g, + 8’ — B.

Plan of the proof of Theorem 3.1. The complex Co(L, ¢;) will be the result of
a version of Novikov homology theory on the (infinite dimensional) space of paths
joining L and ¢ (L). After some preliminary results proved in the next subsection
we define in Section 3.2 an action 1-form v whose zeroes are in one-to-one corre-
spondence with the intersection points of L and ¢, (L). In the following subsection
we consider the gradient of v with respect to a metric defined by a family of almost
complex structures on T*M . The “flow lines” of this gradient vector field will be
actually holomorphic strips with boundary on L U ¢1(L). The results of Section 3.4
enable us to use this Floer—Novikov setting to define a free complex over the Novikov
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ring A,, which is spanned by the points of L N ¢4 (L) (Section 3.5). In Section 3.6
we prove that the homology of this complex only depends on L and u. Finally, we
show in Section 3.7 how the whole construction can be adapted in order to get a free
complex over the Novikov ring A ,+,, spanned by L N ¢ (L) and whose homology
again only depends on L and on u.

Let us now explain in detail how one defines the Floer complex Co(L, ;).

3.1. Preliminary results. Let (¢;) be a symplectic isotopy as above and denote by
u € H'(M;R) the class Cal(¢; ) We prove the following lemma:

Lemma 3.3. There is a symplectic isotopy () on T*M such that 1|1, = P1]1
which is defined by (the symplectic dual of) p = a + dH;, where a € u is a closed
I-formon M and H: T*M x [0, 1] — R has compact support.

Proof. The 1-form ¢ Apr — Ap 18 closed on T* M. So, we may write
brAm — Ay = o +dGy,

where G: T*M x [0, 1] — R and the closed 1-form ¢, is defined on M .
Define a symplectic isotopy I';: T*M — T*M by

Ce(pog) = (p—ai(q).q).

Then, obviously, I';; Ay — Ap = —oy; Theretfore, for y; = 'y o ¢y
KA =@ Ay — o) = Ay + o +dGy —pfoy = Ay + dK,

for a smooth K: T*M x [0, 1] — R, since ¢; ¢y and «; are cohomologous.

Using the Lie derivative, one obtains easily that ( ;) is a Hamiltonian isotopy. We
want the isotopy (y;) (and in particular the function K} to be compactly supported.
Since L is compact, we may suppose that it is true and keep the relation y; = I'; o ¢y
valid on L. In other words, we have

Xt = I'; 0451,

where ¢, |1 = ¢¢|z, and y, is compactly supported.
On the other hand T (p,q) = (p + @1(q), ) is the time one of the symplectic
isotopy T/ (. ¢) = (p + taq(q). q), so ¢ is the time one of

(T ft)(t-

Outside a compact set ¥, (p.q) = L, (p.q) = (p + ta1(g), q) is defined by «;.
It follows that (v, ) is defined by «; + d H, for some smooth, compactly supported
Hamiltonian H : T*M x [0, 1] — R, and v; coincides with ¢;, when restricted to L,
as claimed. Moreover, [«] is obviously the class Cal(¢) in H'(M;R). The proof
is finished. O
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From now on, all the symplectic isotopies we consider have the property of
Lemma 3.3 and rational Calabi invariant. In the following we consider the lift of
such an isotopy to the universal cover of T* M .

Remark 3.4. Let j: L — T*M be a closed exact Lagrangian submanifold and let
p: L — M be the projection on the base space. Without restricting the generality, we
may add the hypothesis 73 (T* M, L) = 0 in the statement of Theorem 1.1. Indeed,
by (b) of Theorem, we know that the index [ (M) : p(m1(L))] is finite. Consider
the finite cover M — M which corresponds to the subgroup p(sr1(L)). Then, it is
easy to show that there is an exact Lagrangian embedding L <> 7*M which is a
lifting of L < T™*M (the definition of this lifting is similar to the one in 2.2 of [12]).
This embedding induces an epimorphism 7, (L) — 71 (M). Since M is still a total
space of a fibration over the circle, we may prove Theorem 1.1 for M instead of M
in order (o get the desired obstructions on L.

Consider now the universal cover 7: M — M and the induced projection
#:T*M — T*M. Denote by y +— gy the diffeomorphism of T*M defined
by the action of g on 71 (T*M) ~ m1(M). Since this is a right action, one should
keep in mind that g’(g”y) = (g"¢g")y. Let K be the kernel of the epimorphism
p: (L) — m(M)andlet 7: L — L be the cover of L associated to K. Accord-
ing to Remark 3.4 this is a 771 (M )-covering, so L is not compact. We prove

Lemma 3.5. There exists an exact Lagrangian embedding V: L — T*M which
is a lifting of L < T*M. Moreover, we have W(L) = 77 '(j(L)) and for any
gem(M) xel,

W(gx) = g - W(X).

Proof: Consider the pullback of 7: T*M — T*M by the embedding j: L —
T*M i.e. the restriction to L of the covering T*M — T*M. Since p: m1(L) —
m1{M) is an epimorphism, this space is connected. It follows that this covering of L
is isomorphic to L — L. We keep the same notation L and consider the canonical
maps W: L — T*M and 7: L — L. Note that, for g € 71 (M) we have

W(gx) = g - ¥ (x),
as claimed. Using the commutative diagram

—~

_
L——T*M
L——

J

s
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one easily checks that W is an exact Lagrangian embedding. The equality W(L) =
77 1(j(L)) is an obvious consequence of the definition of the pullback. O

Notations. We use the same notation L C T*M for the Lagrangian submanifold
which is the image W (L) of the embedding constructed above. To keep the notations
uniform, we will denote by a a lift to T*M of an objecta € T* M.,

Consider now a symplectic isotopy (¢;) on T*M which is defined by « + dH,,
as in Lemma 3.3. The following result is straightforward:

Lemma 3.6. The symplectic isotopy (¢;) lifis to a Hamiltonian isotopy (p)onT*M.
Moreover, if we denote L; = ¢ (L) and Ly = ¢;(L), then

LnL = | ) #7'.

xelnlq

Proof. leto+dH, be the closed 1-form on T* M whose symplectic dual X; defines
(¢;). Take its pullback 7*a +d(H; o7) on T* M. The flow of its symplectic dual X,
defines a symplectic isotopy ¢, which is actually Hamiltonian since T*M is simply
connected. It is obvious that 7« ()? 1} = X;, which immediately implies that (gz_‘),,«) is
a lift of (¢;). We have thus a commutative diagram
~ s ~
"M ——T*M

Ik

TM TT*M.

Now, following the proof of Lemma 3.5, we have L = 77 1(L), and using the
above diagram

Et = 951,‘ (]:) = Ql_(’t(ff_l(L)) = 7%_1(@(11)) = ﬁ_l(Lt)-

It follows that L
LNnL,=a"YLnNLy,

as claimed. O

3.2. The action 1-form. lLet L — 7™M be closed exact Lagrangian and let (¢;)
be a symplectic isotopy as above. Denote by u € H(M; R) the class Cal(¢;). We
suppose that 71 (T*M, L) = 0, using Remark 3.4,

For L; = ¢,(L), denote

Q(Lo, L)) = {z € €°([0, 1], T*M) | z(i) € L;, i =0,1}.
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Define a 1-form on Q2(Lg, L) by

1
w@@zﬁam@wxwmm.

The zeroes of v are the constant paths corresponding to the intersection points LoMN L.
Lety: St — Q(Lo. L) be aloop. We see this loop as amap y: S x [0,1] —
T*M . We prove

Lemma 3.7. We have

fv:—MNTXKM)
¥

In particular v is closed.

Proof. Letus evaluate . , V. We denote by (s, 1) the coordinates on S x [0, 1].

1 1 pl
f V= f v(dy/ds)ds = [ f w(dy/dt, dy/ds)dt ds = —f WM -
y 0 0o Jo y(S1x[0,1])

Using Stokes’ theorem we find that

fv = —f Am -|—f AM.
Y y(STx{1} y(S1x{0})

Since L = Ly 1s exact, the second integral in the right term above vanishes. The first
one can be written as follows:

/ Aym = [ drAMm
p(S1x{1}) o7 (r(S1x{1})

= [ AM —|—f (PTAM — Am).
¢y (S1x{1}) ¢1H(y(STx{1})

As above, the first integral in the right term is zero. Since ¢y Ay — Ay is a closed
1-form belonging to the cohomology class u = Cal(¢;) the second integral equals

u(@ (r(S" % {1}) = u(p(S" x {0}). Finally
[ v =—utrist x o)
Y

and the proof of the lemma is finished. [

Now let (fi ;) be the lifting of (L,) to T*M, like in the preceding section and
define ©2(Lo, L1) as above. Also define the 1-form v on €2(Lo, L1} in a similar way.
The zeroes of v are therefore in bijection with the intersection points Lo N L.
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For the canonical projection 7%: Q(Lg, L) — Q(Ly, L1) we obviously have
(%Y = b,

Also remark that v is exact by Lemma 3.7. Denote by 4 a primitive of .
There is an action of 1 (M } on €(Lo, L1}, coming from the action of 71 (M } on
T*M. We show:

Lemma 3.8. Lerz € Q(Lo, L1) and g € m(M). Then
Alg - z) = Alz) —u(g).

Proof. Let y be a path between z and g - z in Q(Ly, L) (which does exist since
T*M is simply connected). Denote y = 7% (7). We have

rA)(g-z)—a%(z):f?f):fyv.

Now ¥ is a loop in (Lo, L1) which has the property that y(S' x {r}) represents
g € m (M) foreveryt € [0, 1]. By applying Lemma 3.7, we get the desired relation.
L]

Alternatively, one may consider another action 1-form. If the isotopy (¢;) is
defined by the symplectic dual X, of «+d H; (definedby wps (-, X;) = (a+dH;)(-)),
we define a 1-form on 2(L, L) by:

1
v (V) = [0 wp (2 (1), V() + (e + dH)(V(2))dt.

The zeroes of ¥ are the flow trajectories starting from L, and ending in L at time
t = 1, which means that there are in bijection with Lo N Ly.
As in Lemma 3.7, for a loop y in Q(L, L) we have

1
fﬁ = —/ v —|—/ f (a + dH ) (dy/0ds)dtds
y S1x[o,1] st Jo

The first integral in the right term is zero, as in the proof of Lemma 3.7. The
second one equals

[01 [Sl a(dy/ods)dsdt = /01 ‘/]:(‘,,;)adt = [y(‘,o)a = u(y(-,0)),

since | y(..ry @ does not depend on 7.
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This relation implies that v is closed. Then, as above, one defines a 1-form on
(L, L) in the similar way and obtains that 75? = dA. As in Lemma 3.8 we infer

that any primitive A satisfies the equality
Alg-2) = A@) +u(g).
These two approaches are strongly related, as it can be seen from the following

remark.

Remark 3.9. Let v_ be the 1-form defined in the same way as v on (Lo, ¢7 ' (Lo)).
The map I'(z) = ¢; 'z is obviously a bijectionbetween Q(L, L) and (Lo, ¢7 " (Lo)).
We have the relation

Mv_ = 1.
The fact that this relation is given by a bijection which is defined using the form v_
and the isotopy (¢; 1) (whose Calabi invariant is —u) explains the change of sign in
the analogue of Lemma 3.8 above. The proof is straightforward.

3.3. The gradient. Let (J;);¢[0,1] be a family of almost complex structures on
T™ M which are compatible with wps. This means that g; (X, Y) = wp (X, J; Y ) are
Riemannian metrics on T*M . Define then a metric g% on Q(Lg, L1) by

1
gV, W) = [o g:e(V(t), W(t))dr.
The gradient of v with respect to this metric 1s given by
grad;,gﬂv = J;(z) 2.

The trajectories of the time dependent vector field X, = —grad? “von Q(Ly, Lq)
can be seen as maps v of two variables (s, ) satisfying the Cauchy—Riemann equation.
More precisely v is a solution of

&+ L =0,

v(s,0) € Lo, ()
v(s, 1) € Ly.
Forv: R x [0, 1] — T*M, solution of (x) one defines the energy £(v) by the
formula
v ||?
E(v) = —|  dsdt.
Rx[0,1] || 95 |l g,

One can easily see that

0
E@) = f v
Rx[0,1]

ot

2
dsdt = f v¥onm.
gy RX[O,l]
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Denote by M the space of solutions of finite energy:
M(Lg, L1) ={v e €°(R x[0,1], T*M) | v satisfies (x); E(v) < +o0}
For x, y € Lo N Ly define

M(x, y) = {U € C¥(R x [0,1.T*M) | v satisfies (*); EES—Foo 'f;((i )) i); }
s—>+00 s )

As in [4] (Proposition 1.b), [17] (Proposition 3.2), we have

Theorem 3.10.
M(Lo, L)) = | ) M(x.p).

x,yelLgnNLq

Note that the solutions of M (Lg, L1) with vanishing energy are exactly the critical
points of 4 g 1.e. the constant paths given by the intersection points LML ;. However,
for x € Crit{-Ag ) the space M(x, x) may also contain solutions of non zero energy.
It 1s useful to consider the spaces of solutions with non vanishing energy:

M(x, v) forx # v,

M y) = {M(x,x) \ {x} forx =y.

The family (J;)se[o,1] can be lifted to a family of compatible almost complex
structures (J_t)te[O,l] on T*M. We define then the spaces of solutions M(Lg, L)
and M* (X, y) as above. Note that M(X,Xx) = {X} (see the formula for the energy
below). The analogue of Theorem 3.10 remains valid.

Obviously, the projection 7 maps M(Lo, L) to M(Ly, Lq) and if 7(3) = v
then E(v) = E(v). Moreover, one can casily see that any solution v € M(Lg, L1)
lifts to a solution © € M(Lo, L1). Also remark that, if © € M (X, 7), then we have

+oc
ro)=- [ 2 @G, Firls s R — ALY,

R

Alternatively, we can consider the gradient of the 1-form ¥ with respect to a family
of metrics g, defined by a family of compatible almost complex structures (J;), as
above. This approach leads to the perturbed Cauchy—Riemann equation:

&+ DG — X () =0,
5(s,0) € L, (%)
v(s,1) e L.

We define the energy of the solution ¥ of () by the same formula and then analo-

gously the spaces of solutions M (L, L) and M(x, y}. The statement of Theorem 3.10
remains (rue in this setting.
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Again, for a solution © of (xx) joining X, ¥ € (L, L) upstairs, we have
E(0) = AF) — AF)
and these solutions are liftings of the solutions of () on 7% M

Remark 3.11. Let ¥ < M(L,L). Define v(s,t) = ¢; 1(¥(s,)). Consider two
families of compatible almost complex structures (J;) and (J;) on T*M which are
related by R

Je() = (@) (D)

Then one easily checks the equality

LB AL (¢t1)*[A+Jt(%—Xt(v))]

and, furthermore, the equality
E(@) = E(v).

We infer that the mapping ¢ > v is a one-to-one correspondence between EA//Z(L, L)
and M(Lg, ¢7 " (L)) for the given choices of the almost complex families.

One can see this bijection as a direct consequence of the relation I'*v_ = ¥ from
Remark 3.9 for appropriate choices of metrics on the paths spaces (-, ).

3.4. Transversality and compactness. Suppose that the manifolds Ly and L are
transverse. Then we can prove the following theorem in the same manner as in [6]
(see also [17]).

Theorem 3.12. Under the transversality assumption above, and for a generic choice
of J; the spaces M™(x, v) are finite dimensional manifolds of local dimension ;1 (v) =
the Maslov—Viterbo index of v (see [25] for the definition). The same is true for
M(X, v) (note that M(x,x) = {x}). The map 7 induces an embedding

7. M(X,7) > M(x,y),
for m(x) = x and 7 (y) = y.

Remark 3.13. Using Remark 3.11 we infer from the preceding theorem that the
spaces M™*(x, y) are manifolds for a generic choice of .J;.

The map o+ v(o + -, ) defines an action of R on M (x, y). Denote by £(x, y)
the quotient M*(x, y)}/R. Analogously, let £(x, y) be the quotient of M™ (X, v}. As
the action of R is free on M™(x, y), we infer from Theorem 3.12 that £(x, y) and
£ (x, y) are finite dimensional manifolds.
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In order to define the differential of Ce (L, L), we need to study the compactness
of the trajectory spaces £(x, y). Remark that, since 7% M is an exact symplectic
manifold, there is no nonconstant holomorphic sphere ¢: S? — T*M. Then, the
relation wpf |z, (r*m,1;) = 0 fori = 1,2 implies that there is no holomorphic disk
w:(D,dD) — (T*M, L;). Sobubbling does not occur in a sequence in M{(Lg, L1).
In this framework, Gromov’s classical compaciness result about holomorphic curves
can be formulated as follows:

Theorem 3.14. For A > Odenote M (Lo, L1) the space of solutions v € M{ Lo, L1)
with bounded energy E(v) < A. The space My(Ly, L1) is compact in the topol-

ogy €.

As a consequence, we have the corresponding Floer-type compactness result
which we will use in the sequel:

Theorem 3.15. Forx,y € LoN Ly and A > O let
My(x.y) ={ve M (x,y) | E(v) < A}

Let (vn) C Mi(x,y) be a sequence of solutions with constant index j1(vn,) = [Lo.
Then there exist a finite collection (z;);i—o, .k of points in Lo N Ly with zog = x
and zx = y, some solutions vl e My(zi—1,2;) fori = 1, ...k and some sequences
of real numbers (o]), fori = 1,...,k such that for all i = 1,... k the sequence
vals + ol 1) converges towards v' (s, t) in €.

Moreover, we have the relations

k k
DEG) <A and Y p() = po.

i=1 i=1

We say in this case that (modulo a choice of a subsequence) (v,) converges
towards the broken orbit (v!, ..., vK). This theorem is proved in [4], [17] for the
Hamiltonian case and stated in [18] for the non-exact one. Since there are some
differences between these two situations (for instance, the points z; need not to be
different here), we give a complete proof below.

Proof of Theorem 3.15. To simplify the notations, we will denote by v, (s) the path
Ue(s, ) € Q(Lg, Lq).

Denote by d the distance €° on Q(Lyg, L), i.e. d(a, B) = sup, 8(a(r), (1)),
where & is a distance associated to a fixed complete metric on 7*M . Lete > 0 be
such that the balls B(x, €) centered in x € Ly N L are mutually disjoint.

We may also suppose that every nonconstant holomorphic strip v € M™(x, x)
leaves B(x,¢). This is true for € small enough. Indeed, the contrary would imply
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that the image of v belongs to a contractible neighbourhood of x € T*M, which
means that it lifts to v € M(x, X) and therefore E (v} = 0 which is contradictory.

Now denote by v, (o) the point (in Q(Lg, L)) where the orbit v, (s) first leaves
B(x,¢). Itis given by

crnl =inf {s € R | d(x,v,(s)) > €}.

According to Theorem 3.14, there is a subsequence of v, (s + cr,%) which converges
in €2 to an orbit v! € M(Lo, L1). Since vy(o)) € 3B(x,€) and for any s < 0
we have v, (s + o) € B(x,e¢), the limit satisfies v!(s) € B(x,¢) for s < 0 and
v1(0) € dB(x,€). This implies that v! is a nonconstant solution in M(x, z1) (i.e.
vl € M*(x,z,)) forsomez; € Ly N L.

Let s, € R such that for all s > s, we have v!(s) € B(zy, €). It follows that for
n sufficiently large v, (s« + o) is in B(zy, €). If the orbit v, does not leave the ball
B(zy,¢€) fors > s, + o}, we infer that z; = y and that v!(s) € B(y,€) for s > s..
We claim that the proof is finished in this case: we will establish the relations on the
energy and on the Maslov index at the end of this proof.

Now if v, (s + s« + o,}) gets out the ball B(zy, €) for some s > 0 consider the
first exit point v(02) defined by

o = sup {U > Sx + 0p | va(s) € B(z1,¢€), forall s € |sx + 0,10[}.

Using again Theorem 3.14 we find a convergent subsequence of vy, (s + o2), whose
limit is denoted by v2.

We want to show that the starting point of v? is z;. Remark thato? — o, — +oc0.
Indeed, if this sequence was bounded, then on the bounded interval [s«, 02 — o}] the
sequence v, (s + o)) would converge uniformly towards v!. In particular v,(c2)
would be contained in the open ball B(zy, €). On the other hand, the definition of o2
implies that v, (0?2) € dB(z, €), which yields a contradiction.

Fix a number s < 0. For n sufficiently large we have

1 2 2
o, +8: <0, +5<0,.

According to the definition of o2, this means that v, (s + 02) € B(zy,¢€) for all
s < 0, therefore, v*(s) € B(zy,¢) for all s < 0. On the other hand, obviously
v2(0) € 9B(z1.€). We infer that v? is a non-constant solution in M*(zy, z5) for
some zy € Lo N Ly.

Then we argue in the same way to find limit solutions v3, v#, . . .. Still we have to
prove that this iteration is valid only a finite number of times (which means, as above,
that zx = y for some &k and that v, (s + a,’,f) € B(y,e) for s > s4). Suppose the
contrary: there exists a sequence of sequences (o) such that v, (s + o) converges

towards v’ (s) and moreover o}*! — ol are positive and unbounded. Fix a point

4
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z; e T*M above; each z; and lift v’ to T*M with Z; as ending point. The starting
point of the lift v* will be g;z;_; for some g; € w1 {M). It follows that

E(v;) = E(v;) = A(giZi—1) — AZ;) = AZi—1) — AZ;) —u(g).

This energy is not zero, since v’ is non constant, and as u is rational it takes values
in a discrete set. Therefore, there is a constant ¢ > 0 such that

E(w') >c¢ foralli e N.

Let us show that 3_; E(v) < A to get a contradiction. Fix an arbitrary positive
8 < E(v') and real numbers s, < s;” such that

Lopst
E(vi)—&-:ff |dv? /ds||*dsdt.
0 Si_

Due to the €22-convergence we have for n sufficiently large (i.e. n > ng, where ng
depends on &; ):

+

1 S;r ' 1 ps, +of
E(v")—26; <f [ |0, (s+02)/ds|*>dsdt :[ f v (s)/3s | *dsd:.
0 Js;- 0 Js;

i
‘o,

Now, for n large enough we have that s;” + o2 > s | + ol v and 57 + o) <
Siyqp T+ ol Summing up the preceding equality for all i we obtain therefore

Y EQW')—28 < E(vp) < A

Put §; = §/2', to get 3; E(v') — & < A, so, since § is arbitrary, Y ; E(v;) < A,
which contradicts E(v*) > ¢ for all 7.

The required inequality on the energies i1s obtained as above. It remains to show
the relation between the Maslov—Viterbo indices. It is a consequence of the following

Lemma 3.16. Let y,: [—o0,+oc] — Ly the path defined by y,(s) = v,(s,0)
extended with x in s = —oc and with y in s = +oo. Fori = 1,....k let
)/i : [—o0, +00] — Ly the analogous paths defined by the holomorphic strips v'.
Then for n large enough y, andy = y' x y2 % -+ % y* are homotopic in L.

The same is true for the paths defined on Ly by vy, vl .., k.

Proof. Fori = 1,...,k consider the sequences (c}) defined in the proof of Theo-
rem 3.15 above. They satisty the following properties for some s, > 0O:

* v,(s) € B(x,e)fors < o).
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* v,(s) € B(z;,€) fors € [si + o}, ol T1].
* Uu(s) € B(y,¢)fors > s. —I—U,,if.
o vi(s) € B(zi_j.e)fors <0, foralli =1,..., k.
o vi(s) € B(z;,e)fors > s, foralli =1,... k.

* vu(s + ol) converges towards v’ (s) uniformly on [0, s«] (and more generally
on every compact interval).

The e-balls above are defined by the €°-distance d on Q(Lg. L) corresponding
to a complete metric on 7*M. Consider complete metrics on Ly and L, with
associated distances dy and . Define the distance ¢’ on (L, L) by the formula

d'(e, By = max{ d(a, B), do(e(0), B(0)), di(a(1), B(1)) }.

It is easy to see that we can write the first part of the proof of Theorem 3.15 for this
new distance, so we may suppose that the properties of v, and v’ above are valid for
the e-balls defined by d’. In particular, we can replace v, by y,, v' by y* and the
distance by dj.

Now let y: Lo — Lg be a continuous map which is homotopic to the identity and
satisfies y(B(z;,¢)) = z; foralli = 1,...,k. Obviously y, = x{(yx) is homotopic
to yr and ¥ = y(y) is homotopic to y. Let us show that y, is homotopic to ¥’ for
n large enough. We know that y, (s + o}) converges towards y'(s) uniformly on
[0, 5.]. Therefore, for n sufficiently large, y,(- + o) and y! are homotopic in L.
To see this, one has to write

Yals + Ur}) = EXPyl(y) Yu(s)
for some Yy, : [0, s+] — (y1)*T Ly, and then to consider the homotopy
A > CXPy1(s) AYn(S)

It follows that y(y,( -—j—o,l ))and y(y 1) are homotopic as paths defined on [0, 5. ]. Inthe
same way y(y.(-+o;)) and y(y") are homotopic foralli = 1,..., k. Summarizing,
we have for n sufficiently large:

o yi(s) =z fors € [s« —I—GIi,oéH]fori =1,....k—=1;y,(s) = xfors <o},
Yi(s) = y fors > s« + oF.

o x(y'(s)) = zi_1 fors € [—oo,0] fori = 1,....k; y(¥'(s)) = z; fors €
[s4, +oc[fori =1,... k.

» v/ (s +ol)yand y(y'(s)) are homotopic on s € [0, s,] fori = 1,... k.

One easily infers that for an appropriate parametrisation y/, and y’ = y(y! % y? »
.-+ % y*) are homotopic. The lemma is proved (the argument for the paths on L is
completely analogous). H
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Now we are able to finish the proof of Theorem 3.15. In [25], C. Viterbo proved
the following

Theorem 3.17. Let v, w € M(x,y). Consider the paths y: [—oc, +oc] — L; and
v [—o0, +00] = L; defined by the restrictions of v and w to R x {i}, fori = 0, 1.
Then

p(w) = () = pr, 7 * 7D = o (v % (7)™,

where i ; is the Maslov class of the Lagrangian manifold L; fori = 0, 1.

We apply the previous statement to the strips v, and v'#---#vX. The Maslov—
Viterbo index of the latter is obviously Y, s(v'). Then, by Lemma 3.16, the loops
in the right term of the relation above are null homotopic for » sufficiently large, so
this term actually vanishes for large n. Therefore

k
o =y ph),

i=1

and the proof of the theorem is finished. [

3.5. The differential of the Floer complex. Iet x,y € Lo N L. We define
an “incidence number” [x, y] like in Novikov theory (Section 2.2). We proceed
as follows. Denote by £°(x, y) the zero-dimensional component of £(x,y) =
M*(x,y)/R. Forany z € Lo N L, fixalift Z € T*M. For g € m1(M), consider
the subset £ (x, y) € £°(x, y) of trajectories which lift to £(gX. 7). We need the
following

Lemma 3.18. Under the assumptions of Theorem 3.12, forany x, y € Ly N L and
g € m (M) the set cfg (x, y) is finite.

If ng € Z/27 denotes its parity, then the sum ) ngg belongs to the Novikov
ring A_y,.

Proof. The elements of éﬁg (x, y) are classes of solutions v which belong to the
1-dimensional component of M*(x, y). Moreover these solutions have the same
energy:

E(v) = AX) — A() —ulg).

We can therefore apply Theorem 3.15. Since all the manifolds M™ (x, y) have dimen-
sions greater than one (because of the free action of R), a sequence of solutions vy,
of Maslov index g = 1 cannot converge towards a broken orbit. Therefore, it admits
a subsequence which converges in the sense of Theorem 3.15 towards a solution in
M*(x, y). This means that éﬁg (x, v} is compact, therefore it has a finite number of
elements.



Vol. 84 (2009)  Constraints on exact Lagrangians in cotangent bundles of manifolds 725

Let us now prove that ) n,g € A_,. Let C < 0. Our claim is proved if we
show that the set Uu(g)ZC :fig (x, ¥) has finite cardinality. It suffices to show that it is
compact. A sequence (w5) in this space lifts to a sequence (v, ) in an 1-dimensional
component of M*(gx,v). If u(g) > C, then the energy of the solutions v above
satisfy

E(vn) = A(X) — A(F) - C.

The sequence (w,,) is therefore contained in M (x, y) where A > 0 is given by the
right term above. As above, none of its subsequences converges towards a splitting
orbit. Therefore, by Theorem 3.15, (v,,) admits a subsequence which is convergent in
the considered 1-dimensional component of M} (x, y) (inthe sense of Theorem 3.15),
which means that a subsequence of (w,) converges in £°(x, y). Moreover, the rela-
tion between energies in Theorem 3.15 shows that the limit lies in (_,, (,)> ¢ :fig, (x,y).
This space 1s therefore compact and zero dimensional, 1.e. of finite cardinality. [

We define
[X,y]: Z ”g(xay)ga

gem (M)

where ng(x, y) = #Jﬁg (x, y) as above. Then, we consider the complex
Ce(Lo, Ly, J;) = Ay (Lo N Ly),

with differential

dx= ) [xyly= ), nglx.yey

yeLoNLg gem (M)
yelonl

To show the relation 0> = 0 we have to prove that for each g € 7;(M) and
x,z € LyN L{ wehave

Z ”g’(xsy)ng”(y,Z) = (.

yeLgnkLy,
ghgem (M)
glg’=g

This is a straightforward consequence of

Lemma 3.19. ler £ 51’, (x,z) be the 1-dimensional component of £4(x,z). Denote
by fgl’, (x, z) the union

iU ) £y x Loy, 2),

yeLonig
gle’ =g
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endowed with the topology given by the convergence towards broken orbits which
was defined in Theorem 3.15.
Then éﬁé (x, z) is a compact 1-dimensional manifold whose boundary is

U Ig,;(x,y) X xgn(y,Z).

yeLonig
gt

Sketch of the proof. To prove the compactness, let (w,) be a sequence in £ ; (x, z).
It admits a lift (v,) € M*(x,z) such that u(v,) = 2. By applying Theorem 3.15
we find that modulo the choice of a subsequence (v, ) converges either towards a
limit v¥ € M*(x, z) or towards a broken orbit (v!,v?) € M*(x, y) x M*(y, z) for
some y € Lo N L. Fori = 0,1,2 we denote by w’ the projections of v* on the
correspondent trajectory spaces L. In the first case, we infer using also Lemma 3.16
that (modulo the choice of a subsequence) (w") converges towards w® € £ (x, z).
In the last case we obtain using again Lemma 3.16 that (w,) converges towards
(w!, w?) e £7,(x, y) x £, (y,2) where g', g" € w1 (M) satisty g"¢’ = g.
Conversely, starting with (w',w?) € £7,(x,y) x £, (y,z) one may use the
usual gluing argument [5] to get a parametrisation W : [0, 1[— £!(x,z) which
satisfies lim,; W(p) = (w', w?). Using Lemma 3.16 we obtain that the image of
W is contained in the component £,,,,(x,z) = £4(x, 2). O

Remark 3.20. In a similar manner one can define a complex Co(L, L) which is
spanned by the zeroes of the 1-form 7, i.e. the trajectories of the flow of X starting
in L forr = Oandending in L for s = 1. To define the differential one has to use the
solution spaces M (x, v} defined by (xx) in Section 3.3. Recall that in the relation in
Lemma 3.8 written for #4 one has to change —u in u. This means that the complex
Ce(L, L) is defined over the Novikov ring A,,. We will denote it by Co(L, ¢¢, J;)
to emphasize its dependence on the symplectic isotopy and on the almost complex
structure. Using the correspondence from Remark 3.11 one easily infers that the
Ay-complexes Co(L, ¢y, J;) and Co(Ly, ¢7 (Lo}, J¢) are actually isomorphic.

In the next section we will only consider the complex Co(L, L) = Co(L, ¢, J¢).

3.6. Hamiltonian invariance. We denote by H.(L,¢;,J;) the homology of
Ce(L, ¢y, J¢). Recall that the symplectic isotopy (¢ ) is supposed to be defined by
a + dH;, with a closed 1-formon M and H compactly supported on 7 M x [0, 1].
We want to show that this homology does not depend on a generic choice of the
couple (J;, H;) which means that it only depends on L and on the cohomology class
[¢r] (see the analogous result for periodic orbits in [14], Theorem 4.3):
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Theorem 3.21. For generic pairs (H,, J;), (H], J]) there is an isomorphism

W Hy (L, 8 gy = H (L, g,

Proof. The proof 1s similar to the one in [14], following the standard arguments in
[4] and [11]. We consider a family of functions Hy;: T*M — R and a family of
compatible complex structures J ; which depend smoothly on (s, ¢) € R? and which
satisty (Hy¢, Js¢) = (Hy, Jy) for s < —R and (Hyy, Js;) = (H], J]) for s > R,
where R > 0 is fixed. In order to define W we consider the space Mg, 75, ,(L)
defined by

B B ao+dHg
e tJgr =X, ) =0,

v: Rx[0,1] > T*M |
v(s,i) e Lfori = 1,2, s € R,

E(@w) < —|—oo} .

The restrictions of an element v of Mg, , 5, (L) tos < —Rresp.tos > R are
solutions of (%) corresponding to the couples (H,, J;) resp. (H/,J]). One can
then infer the analogue of Theorem 3.10, namely the fact that any such v converges
towards a zero x of the action 1-form ¥ when s tends to —oo and towards a zero y
of the action 1-form v’ (corresponding to the Hamiltonian H,) when s tends to +o0.
Therefore My, , s, (L) is the union of the spaces Mg, , 5., (x, y) given by

o+ (G — Xty — o,
v:Rx[0,1] > T*M | v(s,i)e Lfori =1,2, s € R,
limS—>—OO U(S:v t) = x(t)’ 11mS—>+OO U(S’ t) = y(t)
Here x, y are zeroes of the action 1-forms ¥ resp. ¥’. The analogue of Theorem 3.12
is valid: For a generic choice of the couple (Hy;, J;) the spaces Mg, s, (x.y)

are manifolds of local dimension at v equal to the Maslov—Viterbo index p(v). We
will define a morphism of A,- complexes

Wa: Co(L, g 1) = Cu(L. gt P70 1)),

On the prescribed generators of Co(L, qbf‘+dH Jo

o(x) = Y mglx,y)gy,

gem (M), y

) it is given by the formula

where mg (x, y) € Z/27 will be defined below. For this purpose we have to consider
the zero-dimensional components M%,S T r(x, v). To count the elements of M°

we need a compactness result analogous to Theorem 3.15. We obtain indeed as in
Theorem 3.15 that any sequence (v, ) in

MHs,t,Js,t(x’y; A) — {U = MHs,t,Js,t(xv y) | E(U) = A}
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has a subsequence which converges towards a broken orbit (v ,.vz, ..., v5). Actually,
if the homotopy (H ¢, Js¢ )s 18 not trivial, only precisely one v* in the limit belongs to

MH”,JM(L); the preceding orbits v!,..., v~ ! are in MHt,Jt (L) and the last ones
pitl o vFarein MHf s:(L). More precisely, for j = 1,....k, v/ is the limit of

Vel + ol - )} where o}, = 0 and the sequences (Un) tend to —oo for j < i, resp. to
+o0 for j > 7. (Too see this one has just to pass to the limit in the Floer equation
which defines Mg, s, ,(L).) The energy and the Maslov index of the limit satisfy
the same relations as in Theorem 3.15.

As a consequence, we have

Lemma 3.22. For any A > 0 the set M%S 1., (v A) s finite.

Proof. Any sequence (v,,) € M? Hy o dss (x, y: A) has a subsequence which converges
towards a broken orbit (v!,..., k) as above. It follows that & = 0, since non-
constant orbits in Mg, s, (L) and in Mg, ;/(L) have non zero Maslov—Viterbo in-

dices. Therefore the space MIO{S T (x, v; A) is compact and zero-dimensional, so
it is finite. C O

As in the preceding subsection, fix a lift x in T*M of every zero x of the action
1-form ¥ and a lift y in 7* M for every zero y of v/, Consider for g € 71(M) and
any two zeroes x, y of ¥ resp. D’ the space

Mg,s(x, y) C MHSJ,JSJ (-x’ y)’

consisting of the orbits which lift to T*M starting from gx and ending at y. The
following proposition is crucial for the proof of Theorem 3.21

Proposition 3.23. The space Mg s(x, y)is containedin My, , j, . (x.y: A) for some
A>0.

Proof. We adapt the standard argument of [5] as in [14] (see also [4], [11]). Let
v € Mg s(x,y). Wefind an upper bound for £ (v). Note that in the inequalities below
(and actually in the definition of the energy) the norm is defined by the compatible
metric wps (-, Js((+)) (it therefore depends on (s, 1)):

9 9
E@) = f dsdt = f a)M( v U)dsdt
Rx[0,1] Rx[0,1] s "9

:[ . (8_” Ny XdHS-f)dsdz (2)
R x[0,1] aS ar

fa)M [ (a—i—stt)( )dsdt
Rx[0,1]

dv

as
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We see v: [—oc, +o¢] x [0, 1] as a path in (L, L) between x and y. Fix zy €
$2(L, L) and let w be a fixed path in (L, L) which joins y and zo. Denote by v#w
the concatenation of v and w. The path w lifts to a path in 7*M joining y and Zzy.

Denote by A and A’ the primitives of (7)*v resp. of (7*)*v’ which vanish in Zy.
We have

f - f ¥ = (A(Zo) — AgR) — (A'Go) = A (7)) = —oh(gh) + AG). 3)

On the other hand, as in the computation in the proof of Lemma 3.8 at the end of
Section 3.2, we have

L= L¥
v#w w
= —[ WM —1—/ (o + dH,;)(a—w)dsdt
vHw Rx[0,1] 0
—i—[ (a + dHt)(a )dsdt —i—f WM — f (o + dH’)( )dsdt
Rx[0,1] ds Rx[0,1]

—[a)M —I—f —(H,;(w) + H,(v) — H(w))dsdt —i—[ a(a—)dsdt
v R x[0,1] ds Rx[0,1] ds

Jv
— fow [ Hio)~ Hi) — Ho) + B+ [ o s
v [0,1] Rx[0,1] ds

Denote by C the term f[o 1 H(zo) — H](z0)dt which does not depend on v. Using
(3) we get

Agx) — A'(7)
=—-C —|—[a)M f ( )dsdt [ —H,(x)+ H/(y)d:
Rx[0,1] \0S [0.1]

d
— 4 f o — f ( )dsdt [ ° H,, (v)dsdt @)
Rx[0,1] \0S Rx[0,1] 05
oH
_ ¢ —|—fa)M f (a+dH”)( )dsdr [ 22 st wdsidt
Rx[0,1] Rx[0,1] 05
JH
=—C + E(v) —/ —(s,r,v)dsdt
Rx[0,1] ¢S
by the equality (2).

The equality (4) implies that

” = JH
E@)=C+ A(gx) — A'(y) + [ — (s, t,v)dsdt.
Rx[0,1] 0¥
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Since dH /ds: R x [0, 1] x T*M — R has compact support, we infer that
E(v) < A(gx) — A'(5) + K = AGF) — A'(3) + ulg) + K. 5)

for some K which does not depend on v. It follows that M, (x, ¥) is contained in
My, .1, (x,y: A) for some A > 0, as required. O

A straightforward consequence of Proposition 3.23 is that the set

‘Mgr,s(xa y) = Mg,s (X, y) M M?‘ISJ,JS,; ()C, y)
has finite cardinality. This enables us to define the morphism

a+dH!

We: Co(L, " T 1)) — Co(L, 7 7, 1))

by the formula

Do(x) = > mglx.y)gy.

gem (M), y

where mg (x, y) is the parity of ,Mg,s (x, y). Note that by Proposition 3.23 the coeffi-
cients Y, () Mg (X, ¥)g belong to Ay. Indeed, forany B € R, the inequality (5)
above shows that Uu(g) <B M .(x, y) is contained in M? Hy o ds, (x, y; A) for some
positive constant A4, so it 1S ﬁmte according to Lemma 3. 18,

The fact that ¥, commutes with the differentials can be proved in the usual way,
by studying the compactness of the 1-dimensional components of Mg, s, ,(x,¥)
like in the proof of Theorem 3.15. (a sequence in this space either admits a convergent
subsequence, or converges towards a broken orbit (v!, v?)). The proof is similar to
Lemma 3.19.

Finally, to show that W, induces an isomorphism in homology, one again uses
the standard method of Floer theory from Theorem 3.15 (construct a morphism

To: Co(L,¢™ 0 17y = Cu(L. g2 *H | J,) and than prove that W,T and Ta W,
are homotopic to the identity, using a two-parameter homotopy .5+ ).

The proof of Theorem 3.21 is now finished. W

Remark 3.24. The complex Co(L, ¢, J; ) defined in the previous subsection is free
over the Novikov ring A _,,. As we noted in Remark 3.20 one can infer the existence of
a similar complex over A,,. We showed above that the homology of these complexes
onlydepends on L and onu. Butthe goal of our theorem 3.1 was more general, namely
the existence of a complex which is free over A+, (spanned by the intersection points
L N ¢:(L)). In the next subsection we show how to adapt the previous construction
in order to get this conclusion.
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3.7. The Floer-Novikov complex over A ,=,. The idea is the following. Consider
the intersection points L M ¢4 (L), viewed as points in L. For two such points x, v,
any holomorphic strip v € M(x, y) defines a path y: | — oo, +oc[— L which joins
x and y:

y(s) = v(s,0).

Look at the collection of intersection points and take the paths y as above, defined
by the strips v which belong to the one-dimensional component of M(x, v} (which
corresponds to the zero dimensional component of £(x, y}). This collection of points
and paths joining them is sufficient to re-construct the complex Co(L, ¢p;, J;): one
just has to fix lifts ¥ € L for any point and then lift the lines y from gx to y. We get
thus the same “incidence number” [x, y] € A_,, as above. Therefore we obtain the
same complex.

Now, instead of lifting these lines to the covering space L, we lift them to the
universal cover L. If we start with fixed lifts ¥ € L of the intersection points, we
get thus a new incidence number [x, y]™ which belongs to the Novikov ring A _ .
This enables us to define the desired complex.

This idea can be formalized as follows: Let L be a closed manifold and let €
be a finite set of points on L. Consider a (possibly infinite) collection § of paths
v [—o00, +oc] — Lsuchthat y(+o0) € €. Let p: m1{L) — G be an epimorphism
onto a group G and let u: G — Z be a group morphism. Consider the covering
space L — L associated to Ker(p) C m;(L). For any x € € fix alift x € L. For
x,y € €,and g € G, denote éﬁg (x, v) the set of the paths ¥ € § which have a lift in

L which joins gx and y. Denote by A,, the Novikov ring Z /2 [G].,. Now we prove:

Proposition 3.25. Suppose that:
(a) forany x,y € € and g € G the space éﬁg, (x, v) is finite and

e, y] = Y #:25(x, y)g € Ay
geG

(b) The formula

dx = Y [x, ¥y

yeT

defines the differential of a A_,,-free complex Cq spanned by €. Note that this
is equivalent to the fact that for any x,z € € and g € G the space

) £y ) x £ (y.2)

ye€.g"g’'=¢g

has an even number of elements.
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(¢) The space above is a disjoint union of sets with two elements {(y1, y2), (1, V5)}
with the property that the paths yy * ya and y| * y5 are homotopic in L.

Then there exists a free A _ p+,-complex C,, spanned by € such that p: m1(L) —

G induces a morphism from C. 10 Cs via the natural ring morphism p: A_p*y —
.

Proof. Tix lifts ¥ € L of the points x € €. For any / € 71(L), denote by f,g (x,y)
the set of paths y € ¢ which lift in L to paths joining /% and 7. Then define

.y = Y hEh(x. )k
hemx (L)

Remark that [x, y]™ belongs to A_,+,. Indeed it is obvious that for any g € G we
have

L9 (x.y) = U &
hew (L), plh)=g

dx = Z[x, ¥ y.

ye€

Now define

Like in the case of the statement (b), the relation d o d = 0 is equivalent to the fact
that for any x,z € € and 4 € m{(L) the number of clements of the sct

U £y x £ (y.2)
yeC. W =h

is even. Let (y1, y2) be an element of this set. Then the set equality above implies
that

(yl:yZ) € U Ig’(xsy) Xéﬁg”(y9z)9
Y€€, g"g'=g

where g = p(h), g’ = p(h'yand g" = p(h"). Let (y{, y5) as in the hypothesis (c).
Since y1 * y2 and y] * y5 are homotopic, it follows that

vixvye ) £y xE.(.2).
yeC, hh'=h

Therefore, using (¢), the latter has an even number of elements. This implies that
d o d = 0 and proves the proposition. O

We apply Proposition 3.25 to € = L N ¢1(L) and § defined by the paths
v(s) = v(s, 0), where v are the holomorphic strips belonging to the zero-dimensional
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components of the trajectory spaces £ (x, ¥). In order to check the hypothesis (c) of
Proposition 3.25 recall that the space

U ff,g,,(x, y) x cfg,” (v,2),

ye€,g"g’'=g

1s the boundary of a one-dimensional closed manifold (as was shown in Lemma 3.19),
so 1ts elements can be viewed as the disjoined union of the boundaries (consisting
of two elements) of the connected components of this manifold. Such a couple
(1. Y2). (y1. y5) has the property that y; * y, and y{ * y5 are homotopic in L. This
is an immediate consequence of Lemma 3.16. We get thus a free A, -complex,
as in Proposition 3.25.

Using the equivalent approach (see Remark 3.20), we obtain a free A =, -complex
Co(L.¢p;, J;) spanned by the intersection points L N ¢q(L), as claimed in Theo-
rem 3.1. In order to show that its homology only depends on L and on v one has to
prove that the morphism of A, -complexes

Wa: Co(L, g2t 1) — Cu(L, g T 1)

defined in the previous subsection lifts to a morphism between the corresponding

A p+y-complexes. This is obtained using the same argument as above. We also prove

that the lifted morphism yields an isomorphism in homology in an analogous way.
The goal of this section, Theorem 3.1, 1s now achieved.

4. Floer homology and Novikov homology

Denote by FH(L, u) the homology of the Floer complex Co(L, ¢;,J;) defined in
Section 3.7. Denote by H(L, p*u) the Novikov homology of L and of the class
p*u, where p: L — M is the projection on the base space of 7* M . The aim of this
section is to show that

Theorem 4.1. FH(L, u) is isomorphic to the Novikov homology H(L, p*u).
Theorem 1.1 and Corollary 1.2 will be inferred from this theorem.
4.1. Proof of Theorem 4.1. Again, we follow the ideas of [14]. We prove

Proposition 4.2. Let v € H'(M) There exists an € > 0 (depending on u) such that:

(a) Torall |o| < €,
FH(L, (1 4+ o)u) ~ FH(L,u).
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(b) FH(L,ou) ~ H(L, p*u).
Proposition 4.2 immediately implies Theorem 4.1 since the set
E = {0 €]0,+o0[| FH(L,ou) ~ H.(L, p*u)}
is non empty, open and with open complementary, so it equals ]0, +o0].

Proof of Proposition 4.2. Consider the A, -complex Co(L, ¢y, J;) defined in Sec-
tion 3.5 (using Remark 3.20). We showed in Section 3.6 that its homology only
depends on L and on u. Denote this homology by FH(L, u). Also consider the
Novikov homology associated to p*u and to the covering L — L (this covering was
defined in Section 3.1 as the pull-back to L of the covering T*M — T*M; it cor-
responds to Ker{p)} C my(L)). This homology, defined as explained in Remark 2.5,
will be denoted by H(L — L, p*u). In order to show Proposition 4.2 we prove first
the analogous result for the Floer homology FH(L, u), namely:

Proposition 4.3. Letu € H' (M) There exists an € > 0 (depending on u) such that:

(a) Torall |o| <€,
FH(L, (1 + o)u) ~ FH(L, u).

(b) FH(L, ou) ~ H(L — L, p*u)

Then, using the same method as in Section 3.7, we show that the isomorphisms
in Proposition 4.3 (a) and (b) can be lifted to the isomorphisms in Proposition 4.2 (a)
and (b), respectively, proving thus Proposition 4.2.

Proof of Proposition 43. leta € u a closed 1-form. In order to compute FH(L, u)
we choose a symplectic isotopy ¢f+dH’, as follows. let v;: T*L — T*L the
symplectic isotopy defined by ¥, (x) = x 4+ tp*«. Now we use the following well-

known result

Lemmad.d. If L C T*M isexact Lagrangian there exists a (non-proper) symplectic
embedding ®: T*L — T*M, extending the given embedding of L. In particular,
O Ay — Ag, is an exact one form dG.

Proof. By Weinstein’s theorem there 1s a symplectic embedding @ of a tubular neigh-
bourhood U of 07 whose restriction to Oz, is the given embedding of L. Since L
is exact the difference Apr — (®~1)*Ap is an exact 1-form on ®(U). This enables
one to extend (®~1)* Az to a primitive of wps on T*M . The symplectic dual of this
primitive is a vector field whose restriction on ®(U} is the image of the canonical
Liouville vector field on U C T™*L. Denote by &; the flow of this vector field and by
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p¢ the flow of the canonical Liouville vector field on 7* L. Then the embedding ® is
defined by the formula

O(x) =& o By o p_(x),

where r > 0 is sufficiently large to ensure p_,(x) € U. It is easy to see that this
definition does not depend on ¢ and that ® is an exact symplectic embedding as
claimed. [

Consider now the Lagrangianisotopy ®ov;|r,: L — T*M . Thereisasymplectic
isotopy (¢;) on T*M which extends ® o 1/,. To see this, one has to consider the
isotopy x;: T*M — T*M defined by y;(x) = x + ra. It is casy to scc that
(x—¢We)*Apg is an exact 1-form on L, so y_; ¥, is an exact Lagrangian isotopy.
Consider a Hamiltonian extension (I'y) of y—¢. Then y,I'; is an extension of ;.
Therefore we can consider a symplectic extension of ® o ,, which we denote by
(¢¢). The Calabi invariant of the extension is clearly v = [¢] = Cal(y,) since (I';)
1s Hamiltonian and & is an extension of an exact Lagrangian embedding.

Using Lemma 3.3, we may suppose that (¢;) is defined by « + d H;, where
H:[0,1] x T*M — R is compactly supported. We will use this isotopy for the
definition of the Floer complex. Note that the intersection points L N ¢, (L) are the
zeroes of p* o in L and therefore they are fixed with respect to 7. In other words, the
zeroes of the action 1-form v are constant paths in Q(L, L). Note also that when «
is Morse (which we will always suppose) the intersections L M ¢, (L) are transverse,
so the isotopy (¢, ) is generic in this sense.

We will also need the following Palais—Smale-type lemma (see [14], Lemma 5.1)

Lemma 4.5. Let L, = ¢,(L), as above and denote by {x1, ..., xy} the intersection
points L N L; fort > 0. Fixa ball B; C T*M around each x; and denote by B the
union | ); B;. Then there exist c > O such that for any smooth z € Q(L, L), whose
image is not contained in B we have

12/(¢) — X T (1)) 2 = e

Proof. Thenorm L? in the statement above is defined using a fixed complete metric on
T*M . Suppose the contrary of the assertion: there exist a sequence (z,) € Q(L, L)
of paths whose images are not contained in B, such that

lim_||z,(t) = X5t (2, (1) |2 = 0.

n—+00

As H, is compactly supported and ¢ is defined on M the norm || X% (z)+X 45 (2)]| >
is bounded uniformly with respect to z, so there isa constant K > Osuch ||z, ||;2 < K
forall n € N. Let d be the distance defined on 7* M by the metric we considered.
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For arbitrary 7y < t; in [0, 1] we have

2] 1

d(zx(t0), zn(t1)) 5[ Iz, ()| dr :f i1z, @)l d2
e 0

% ||Z:1||L2||1[ro,tl]||L2 < Kt1 —1o.

The family (z,) is therefore equicontinuous. Since (z,(0)) € L admits a convergent
subsequence, we may apply Arzela—Ascoli to get a subsequence of (z,) which con-
verges towards some zo, € Q(L, L) in the topology €° ([0, 1], T*M). It follows that
XetdHr((z,) converges towards X*T9H1 (z.) in the topology € and in particular
in the norm L2,

But ||z, (r) — X atdHe(z ()| 7.2 converges (o zero, so we have

lim |z, (0)ll;2 = | X (2o (1))
n—+00

Embed T* M is some Euclidean space R and see the vectors fields in the equality
above as elements of €°([0, 1], RY) (depending on the variable r). Obviously the
last convergence is valid in L2([0, 1], R"). Then one can write for ¢ € [0, 1]

Zp (1) — 2, (0) = L zr (t)dt

= [ 2@ = X e+ [ X (@)
0 0

Using the Cauchy—Schwarz inequality, we find as above

< ||zi — X*TH (2 ) 1247,

t 2 () — Xl (7 (e))d e
i

in particular this integral converges to zero. We infer that when n goes to 400 the
preceding equality can be written as

Zoo (1) — Zoo (0) = [Ot Xt dHi (20 (1)d .

In particular, zo is €' (and hence €, by an obvious bootstrapping argument) and
satisfies

zi = Xt (7 ),

This means that zo is a zero of the action 1-form ¥, hence it is a constant path
which belongs to {xi1,...,xz}. But this is contradictory, since the image of z,
is not contained in B, so the sequence (z,) cannot converge towards an element
Zoo E{X1y.ee, Xk} O
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Now we are able (o give the

Proof of Proposition 4.3 (a). Recall that we have a generic isotopy (¢:) which is

defined by X @+dH: The intersection points L N ¢, (L) are fixed with respect to ¢;

we denoted them {x1,...,xz}. Asin Lemma 4.5 we fix a collection of balls around

these intersection points and we denote its union by B. We also consider the constant

¢ given by this lemma. Recall also that v € H (M) is the cohomology class of o,
Choose 7 € u such that | = 0 and fix € > 0 such that

ellnll < ¢/3.

Then pick ¢ < € and consider the symplectic isotopy () defined by X @+on+dH:,
The constant € > 0 is chosen small enough to ensure that v, (L) is still transverse to L
(actually we may even suppose that the intersection points are {x1, ..., Xt} but this is
not needed in the proof). Now fix a compatible almost complex structure J on 7* M
which yields a complete metric. Then choose compatible complex structures J; and
J/suchthat the couples («+dH;, J;) and (e +d H;+on, J;) satisty the transversality
assumption of Theorem 3.12. By genericity, we may suppose that ||J; — J| < 4 and
|J, — J|| < & where § > 0is a (small) constant which will be specified later. The
norm here is defined by the metric gy, induced by J. Like in the previous section,
define the A,-complexes Ca(L,¢ ™ 1,y and Co(L,y2 " He 17y (we use
here that A, = A4y, forany © > 0).

To finish the proof of Proposition 4.3 (a) we have to prove that the homologies of
these two complexes are isomorphic. We proceed as in Section 3.6 by constructing
a homotopy between the pairs (¢ + dH;, J;) and (@ + on + dH;, J/). Denote by
(a + y(s)on + dH;, J; 5) this homotopy. Here x is a monotone increasing smooth
function on R which vanishes for s < —R and equals 1 for s > R. We chose
the homotopy of almost complex structures such that: J;; = J; fors < —R and
Jsr = J/ for s > R. We may also suppose that forall s € R ||J;; — J| < é. In
order to define a morphism between the two complexes above we need to consider
the solutions v: R x [0, 1] — T*M of the system

g_g 4 Js,z(g—? - Xa+dH;+x(s)crn(v)) =,
v(s,i)e L fori =0,1,
E(v) < 400,

where F (v) is the energy of v with respect to the norm defined by J (or equivalently,
to the norm defined by Js,). As in the previous section, each solution v of this
system satisfies limg—, —~c v(s, 1) = x(¢)and limg— 4o v(s,¢) = y(r), where x(r) €
Q(L, L) is an orbit of X*+t4H: and y(r) € Q(L, L) is an orbit of X« ton+dH:
(equivalently, they are zeroes of the corresponding action 1-forms). The genericity
assumptions ensure that the spaces My, . (x, y) of solutions with the indicated limit
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conditions are manifolds of local dimension z(v). As in Theorem 3.15, the zero
dimensional subspaces M ?{, Tos (x, v; A) of solutions with energy uniformly bounded
by A are compact and those of dimension 1 are compact up to breaking into (v, v?)
where only one of the v* ’s is a solution of the equation above, the other being a solution
of the Floer equation corresponding either to (¢« +dH,, J;) orto (w +on+dH;, J}).
We want to define a morphism

F.: C.(L’d);)l-i-dH;’Jt) s C.(L’wfl—l-an—l-dﬂr’.]t/)

by the formula

Fx)= Y  mglx.y)gy,

gem(M),y

where mg(x, y) is the number (modulo 2) of elements of the space Mg, J(x,y) C

M?C, 7, . (x, ) of solutions which lift to T*M starting form gx and ending at  (as
previously, we fixed lifts X and ¥ for all the zeroes of the two action 1-forms).

The crucial point is the following statement, analogous to Proposition 3.23. It
implies that (Mgas(x, v) is finite and that for any y the sum dem(M) me(x,y)g
belongs to Ay, :

Proposition 4.6. The space Mg (x,y) is contained in My, j, ,(x,y; A) for some
A >0

Proof. Letv € Mg (x,y). As in the previous section A and A’ are the primitives

of the pull-backs to T* M of the two action 1-forms © and ?’. Denote by o the lift of
v to T*M . The proof of the proposition is implied by the estimate

E(v) < 3[A(X) — AF) + u(@)]. (6)

Let us prove this inequality. In the estimations below the scalar product (,) is
gr(-,') = wm(-,J-) for the fixed structure J and the norm | - || is defined by
this metric. We have

R . +oc 3
M) = AG) =~ [ LA s

—00

+00 a +oo ad
— _[ ﬁ(—v)ds = —f (—U,gradé‘z’“’f))ds (7)
i BS —00 aS
+o0 1 J 0
_ _[ f <_U J(_U — Jas ik (U))>dtds.
oo Jo \0s ot

In order to prove (6) we have to find a lower bound for the right term of the
previous equality. Let us fix s € R. Recall that B is a fixed union of balls around
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the intersection points L N ¢, (L) such that Lemma 4.5 is valid. We consider the
following cases:

Case 1. Im(v(s,-)) € B. Using that v is a solution of the parametrized Floer
equation, we get

[ (Gors (G - xevem)a

d d
_ f (81) J(Jt ) BU i Xa+x(s)crn+dHf ('U) . Xaf,+dH; (U)) di
0 S

since 7|p = 0 (s0 X*©)9% () = 0). It follows that

[, (ers (G - xmvemo)a

Ly oy dv dv |12 Ly v Jv
fo(as ‘as>[ foas “L/(a(’ )as>[
1 8 2 1 8 2
s—f i dr+5f Ul dr = —(1 -
0 as 0 aS

Choosing § < 2/3 we get

iy (0
J, (e (G - xeveme)ar <-val 5

Case 2. Im(v(s,-)) ¢ B. Proceeding as above we obtain

J (e (G- xmo)

1
- f (gz J(Jt ng + Xa+x(s)an+dH; (v) XoH—dH; (U)))dt
0

1 113
:f (%,JJtsa—v)dmL[ (—U,JXX(”"”(v)>dt
o \0s * ds o \ds

Ly 9 NG
:—f (J—” o U>dr f a)M( 0 XX(S)"”(U))dt
0 ds’ s 0 ds’

av |2

e (8)

:_fol gz dr+f1( I (J”—J)—>dr [le(s)an(g—z)dt
2
—(1—5)
12




740 M. Damian CMH

We apply the Cauchy—Schwarz inequality to the last integral and the fact that € was
chosen to satisfy €||n|| < ¢/3. We have therefore

fo (557 (5 = Xt ) ar = —(1 -

We have not used the condition Im(v(s, )} ¢ B yet. Note that it implies using
Lemma 4.5 that

¢ || dv

5l €))

Jv
X(I+dH; >
‘ ot (@) «
We infer:
‘ 8_U — 7 t(av Xa+x(s)an+dH;)
as 12 P\ Ot L2
> J (31; Xa—l—x(s)crn—l—dH;) H (J JS t)( XQ+X(S)(T?7+dHt) .
> (1— v Xa—l—x(s)an—l—dH;
= ¥z
> (1 — 5‘)( a_v _ X“"‘dHr _ ‘ XX(S)UTJ ) (10)
- L2 L2
S o e )

> (1-8)(c—¢/3) = 2(1-d)c,

using Lemma 4.5. Letus come back to the inequality (9). Using (10) we find that for
& small enough we have

c| dv v |2
—(1 — —||= <—1/3
( ds 12 / ‘85
Indeed, this is equivalent to
2 dv
i)l =
(3 dsliez — ¢/

which, using (10), is implied by

2(1—5)@—5) > 1

and this is true if we take for instance § < 1/10.
This means that in the case 2 we also have

2
; (1)

LT Jv VdH v
— & ¢ —1/3|—
fo (as’J(ar X (”))>dt5 aF

SIIL2
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and (8) and (11) imply that the above inequality is valid for any s € R. Now we
integrate this inequality with respect to s and we get using (7) that

- - oo gy |2 1
A(gx)— A(y) > 1/3 ‘— ds = —E(v).
€)= AG) =13 [ || L ds=3Ew)
This implies the inequality (6) and finishes the proof. O

Therefore the space Mg’S (x,y) 1s finite. Moreover, if mg (x, y) is its parity, the
inequality (6) in the proof of Proposition 4.6 shows that the sum

Z mg(x’y)g

gem (M)

belongs to Ay. This enables us to define the morphism
Fo: Co(L. i 5 1) — Co(L ot 4He g1y,

The fact that I's commutes with the differentials is proved by studying the compactness
of the 1-dimensional components M;,,S (x,y). The proof is analogous to that of
Lemma 3.19. To show that I's induces an i1somorphism at the level of homology,
one should proceed as usual: Take a homotopy between (o + on + dH;, J]) and
(¢ + dH,, J;). This yields a morphism

T Co(L, w2 oMl g1y s (L, ¢ T e8: 1)),

Then, using two-parameter homotopies asin[11] one can show that I'e I' is homotopic
to the identity and also that I',I"s is homotopic to the identity. This shows that the
homologies of the complexes are isomorphic, and the proof of Proposition 4.3 (a) is
finished. -

Proof of Proposition 4.3 (b). Replace overall in the proof of Proposition 4.3 (a) the
I-form « € u with an exact 1-form df where f: M — R. We get then in a similar
manner a A, -morphism

T: Co(Logf 1) — Co(L, g TomtaHe g,

which is an isomorphism in homology. The first complex above is actually a A-com-
plex with coefficients extended to A,,. Replace it by A,, ® o Ce(L, gbtd 4 +dH”, Jt)
Now the Hamiltonian invariance implies that the homotopy class of the A-complex
Comiloboss qb‘td ! +dHf, J;) does not depend on the choice of a regular pair (df +dH;, J;).
On the other hand, the classical Floer argument [7] provides a regular pair (H?, J )

.

0
such that the complex Co(L, qbf H; , J2) coincides with the Morse complex defined
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by a pair (g, &) — where g: L — R is a Morse function and £ is a generic pseudo-
0
gradient on L — in the following sense: the complex C, (gbef , J ) is spanned by the
intersection points L N (L + dg) in T*L C T*M and the map
v(s, t) — v(s,0)

1s a one-to-one correspondence between the holomorphic strips which define the Floer
differential and the trajectories of & which define the Morse differential.

It is then easy to see that the above Morse complex is identical to Co (L — L, £),
where L — L is the pull-back of T*M — T*M: this is the Morse complex defined
using (g, £), by lifting the trajectories of £ to L, as in Section 2.2 (see Remark 2.3).
Moreover, the Novikov ring which defines the Novikov homology associated to the
class p*u and to the covering L — L is the same as A,,. Finally, if we denote by ~
the relation of homotopy equivalence between A, -complexes we get

dHO _
Au®aCol L, TH 1y o Au@ACo(L, gy 7, J?) ~ Ay®pCo(L — L, g, E).

The latter complex defines the Novikov homology H (L — L, p*u) corresponding
to the covering L — L. We therefore have the isomorphism

FH(L,ou) ~ H(L — L, p*u),
and the proof of Proposition 4.3 (b) is complete. [

End of the proof of Proposition 4.2. We argue as in Section 3.7. The holomorphic
strips of the moduli space Mg,’s (x, y) define paths on L from x to y by the formula:

v > v(s,0).

For fixed lifts %, § € L, such a path lifts to L to a path joining ~% and § for some
h € m(L). We define thus the spaces Mg ,(x,y). Obviously, we have

My ()= | ) M (xy).

hem (L)
rih)=g

In particular, any set J\:ig ,(x, ¥) has a finite number of elements (by Proposition 4.6)

and the formula N
Foy= Y malxphy
hem (L), y

— where my{(x, v} is the number modulo 2 of elements in M;g J(x,y) — defines a
morphism of A ,+,-complexes

Tot Co(L.gf T 7)) — Co(Lyf ot )
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which is a lift of the morphism I"y defined in the proof of Proposition 4.3. Using the
same argument we show that it induces an isomorphism in homology, proving thus (a).
Then, we proceed analogously in order to define a lift of the morphism I"? of the proof
of Proposition 4.3 (b). For the particular choice (H?, J) in Proposition 4.3 (b), the
lifted complex C. is the Morse complex defined on the universal cover L. Therefore,
the same argument as in the proof of Proposition 4.3 (b) yields an isomorphism

HF(L,ou) ~ H(L, p*u),
completing the proof of Proposition 4.2. [

As we explained, this immediately implies Theorem 4.1.

4.2. Proof of the main results

Proof of Theorem 1.3. If M 1s the total space of a fibration over the circle and L C
T*M is exact, we consider a non-vanishing closed 1-form @ on M and we define
the symplectic isotopy W;(p.q) = (p + tag.q). Obviously Wr(L) N L = @ for
T sufficiently large. Without restricting the generality we may suppose that 77 = 1.
The Floer complex defined in the previous subsection is empty so FH(L,u) = 0,
where v 18 the cohomology class of «. Using Theorem 4.1 this implies Theorem 1.3,
ie.,

H.(L, p*u) = 0. (12)

Note that since p: m1(L) — m1(M) is an epimorphism the class p*u is not zero.
Ll

Proof of Theorem 1.1. (a) Let < g1,82,...,8p|r1,-...74 > be a presentation of

m1(L). If p —q > 2 then by Proposition 2.3 (a) we have that H,(L, p*u) # 0,
contradicting (12). We infer that p — g < 1, as claimed.

(b) If 7;1(L) = G % G, for some non trivial groups G;, then we have again
H(L, p*u) # 0, by Proposition 2.3 (b), and the proof is finished. n

Proof of Corollary 1.2. (a) Suppose that there exists an exact Lagrangian embedding
LxP < T*(0 xS,

where y(L) # 0 and 71 (P) is finite. As above, we obtain H,(L x P, p*u) = 0,
where u is the class of the nonvanishing closed 1-form d6 on Q x S!. Since 71 (P)
is finite, we obtain p*u € H'(L,R) ¢ H'(L x P,R). We apply Proposition 2.6
and we obtain H.(L, p*u) = 0. But this contradicts Remark 2.7.

(b) Suppose that there exists a Lagrangian embedding

(L1#Ly) x P < T*(Q x S1).
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We show that either L, or L, is a simply connected Z /2-homology sphere. Asn > 4,
the fundamental group of L = L1#L5 is the free product 71(L1) * m1(L2). We get
from Theorem 1.1 that one of the L;’s is simply connected. Suppose 71(L1) = 1.
By Theorem 1.3 we know that H.(L, p*u) = 0, where u is the class 46 on
M = O x S! and p is the projection. We show that this Novikov homology cannot
vanish unless L is a simply connected Z /2-homology sphere.
Denote D; C L; two embedded open r-disks and write L as

L\ Dy | " x[0.1) | L2\ Da).
sn—1 Sn—1

Choose a CW-structure on L which fits to this decomposition and which is the standard
product structure on S*~! x [0, 1] (we take the decomposition with one O-cell and
one (n — 1)-cell on S™1). Denote by De the Z /2-free subcomplex spanned by the
cells of Ly \ D;. Consider the Novikov complex Co{L, p*u) which is by definition
the tensor product A+, ®7 21z, ()] Co(L). Since L1 is simply connected, L is the
connected sum of L, with 771 (L) copies of L. Using this fact and our choice of the
CW-structure, we get that the complex

Ap*u ®Z/2 leofn—l

is a direct summand in Co (L, p*u). In particular, since the Novikov complex is acy-
clic (by Theorem 1.3}, the homology of D,, whichis the homology H; (L)\ D1 ; 7Z/2),
vanishes indegrees 2 < i < n—2. Then, L1\ D is simply connected so the homology
H{(Ly\ Dy) vanishes, too. Using Poincaré duality, we find that

Hp—1(L1\ D1) ~ H'(L1 \ D1,3D1)
and the latter vanishes since L \ D; is simply connected. We also have
Hn(Ll \Dl) ~ HO(Ll \ Dl, 8D1) =0.

Therefore, the groups H,—1 and H,, are also zero, so L1 \ D has the 7Z /2 homology
of the n-disk.

Using Mayer—Vietoris we find that L is a Z/2-homology sphere.

(c) Denoteby H C HY(T™ x Q;Z) the subgroup H (T x {pt}; Z). The group
H is isomorphic to Z™ and any cohomology class # € H \ {0} obviously contains
a closed non-vanishing 1-form on 77 x Q. It follows by Theorem 1.3 that

H.(LxT' p*u)=0

for every u € H \ {0}.
Recall that we may suppose (using Remark 3.4) that p is an epimorphism, which
implies that p* is a monomorphism. Consider H (L) ¢ H'(L xT"). We show that

H(L)n p*(H) # {0}.
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If not, then the composition
7"~ p*H — HY (L xTH S BY(TH ~ 7

is a monomorphism, which is impossible, since / < m. We infer that there exists a
nonvanishing class p*u = v € HY(L) ¢ H'(L x T') such that

H*(L X Tl,U) = (.

By applying Proposition 2.6 we obtain then H,. (L, v) = 0. Finally, we apply Propo-
sition 2.3 to get the desired conclusions on 1 (L) and finish the proof. n
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