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On the measure contraction property of metric measure spaces

Shin-ichi Ohta*

Abstract. We introduce a measure contraction property of metric measure spaces which can be
regarded as a generalized notion of the lower Ricci curvature bound on Riemannian manifolds.
It is actually equivalent to the lower bound of the Ricci curvature in the Riemannian case. We
will generalize the Bonnet—Myers theorem, and prove that this property is preserved under the
measured Gromov—Hausdorff convergence.

Mathematics Subject Classification (2000). 28C15, 53C21, 53C23.

Keywords. Measure contraction property, Ricci curvature, Bonnet-Myers theorem, Gromov—
Hausdorff convergence, Wasserstein space.

1. Introduction

The notions of lower and upper ‘sectional” curvature bounds on not necessarily Rie-
mannian metric spaces are introduced by Alexandrov by using the triangle comparison
theorems, and they are called Alexandrov spaces and CAT(K )-spaces, respectively
(see [ABN], [BGP], [G], [BBI], and the references therein). These spaces are quite
interesting objects themselves and, furthermore, they are turned out to be useful tools
to study limit spaces under the Gromov—Hausdorff convergence of sequences of Rie-
mannian manifolds with uniform lower or upper sectional curvature bounds. Now
the Alexandrov spaces and CAT(K )-spaces are ones of the most important objects in
metric geometry.

Once the importance of Alexandrov spaces and CAT (K )-spaces are understood,
a natural question arises: What about the lower bound of the ‘Ricci’ curvature? One
reason why this is a natural question is that the family of Riemannian manifolds with
uniform lower Ricci curvature and upper diameter and dimension bounds is precom-
pact in the Gromov—Hausdorff topology ([(G]). In their serial papers [CC], Cheeger
and Colding investigate the structure of limit spaces under the measured Gromov—
Hausdorff convergence of sequences of Riemannian manifolds with uniform lower

*Partially supported by the Grant-in-Aid for Scientific Research for Young Scientists (B) 16740034 from the
Ministry of Education, Culture, Sports, Science and Technology, Japan.
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Ricci curvature bounds, and consider the convergence of the Laplacian (Fukaya’s
conjecture, [F]).

One difference between the sectional and the Ricci curvatures is the role of the
dimension. Sectional curvatures care only two-dimensional subspaces, so that we do
not need the dimension of the entire space to define Alexandrov spaces. However,
for the Ricci curvature, the dimension plays an essential role. More precisely, as a
sequence of Riemannian manifolds with a uniform lower Ricci curvature bound can
collapse to a lower dimensional space, we consider a combination of a lower Ricel
curvature bound, say K, and an upper dimension bound, say V.

Recently, a breakthrough on this topic is given by Sturm [S2] and Lott and
Villani [LV] (see also [RS]). They independently introduce mutually slightly dif-
ferent conditions. More precisely, they consider the Wasserstein space on a metric
measure space and adopt the convexity of a (family of) functional(s) on that space
as a generalized notion of the lower Ricci curvature bound. However, there remains
a problem on the treatment of the dimension. Sturm’s condition does not contain a
term of the dimension and it can be regarded as the case of N = co. In addition
to it, Lott and Villani treat the case of N < oo, but only for K = 0. So that it 1s
still unclear how to define spaces with a finite upper bound on their dimensions and
with a nonzero lower Ricci curvature bound. TFurthermore, some basic questions
to justify their conditions are open, for instance, whether Alexandrov spaces satisfy
these or not.

In this article, we introduce another kind of generalization of the lower Ricci cur-
vature bound, the (K, N)-measure contraction property (Defimtion 2.1, the (K, N)-
MCP for short). Here K € R is the lower bound of the Ricci curvature and N > 1
is the upper bound of the dimension, so that we can consider a situation which is
not covered in [S2] and [LV] (K # 0 and N < o¢). This condition is defined in
terms of the contraction of a measure on a set to a point, and seems simpler and
more geometrically understandable. Indeed, we do not use the Wasserstein space to
define the (K, N)-MCP, and it is not difficult to see that Alexandrov spaces satisfy
the (K, N)-MCP (Proposition 2.8).

One of our mainresults is a generalization of the Bonnet—Myers theorem. Namely,
we shall show that, if a metric measure space (X, p) satisfies the (K, N)-MCP for
some K > Oand N > 1, then its diameter is less than or equal to 7./(N —1)/K
(Theorem 4.3). Moreover, for every point x € X, the set of points at a distance of
7/ (N —1)/K from x consists of at most one point ( Theorem 4.5). We also prove
a generalization of the Bishop—Gromov volume comparison theorem (Theorem 5.1).
In addition to these, we show that, for an n-dimensional Riemannian manifold, the
(K, n)-MCP is equivalent to that its Ricci curvature is bounded from below by K
(Theorem 3.2), and that the (K, N)-MCP is preserved under the measured Gromov—
Hausdorff convergence (Theorem 6.8). These results as well as the (K, N)-MCP of
Alexandrov spaces justify us to say that the (K, N)-MCP is a generalized notion of
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the lower Ricci curvature bound. Techniques developed in [RS], [S2], and [L.V] play
crucial roles in our discussions.

The article 1s organized as follows. We give the definition of the (K, N)-MCP
and consider some basic properties, such as the doubling condition, in Section 2. In
Section 3, we treat the Riemannian case. Section 4 is devoted to a generalization of the
Bonnet—Myers theorem. We prove a generalization of the Bishop—Gromov volume
comparison theorem in Section 5. In the last section, we consider the stability of the
(K, N)-MCP under the measured Gromov—Hausdorff convergence.

After this work was completed, I learned of a related work by Sturm [S3].

2. Measure contraction property

A metric space (X, dx) 1s called a length space if it satisfies dx(x, y) = inf,, £(y)
for all x, y € X, where £(y) denotes the length of y and the infimum is taken over
all rectifiable curves y from x to y. If, for every x, ¥y € X, there exists a curve y
which satisfies dx (x, v) = £(y), then we say that (X, dy) 1s geodesic. Note that,
if a length space is complete and locally compact, then it is geodesic. A rectifiable
curve y in a metric space (X, dyx) is called a geodesic if it is locally minimizing and
has a constant speed. A geodesic y : [0,1] — X is said to be minimal if it satisfies
£(y) = dx(y(0), y()). By taking a reparametrization of a curve which attains the
distance, every two points in a geodesic metric space are joined by a (not necessarily
unique) minimal geodesic.

Throughout this article, without otherwise indicated, let (X, dx) be alength space,
and let x be a Borel measure on X such that 0 < pu(B(x,r)) < oo holds for every
x € X and r > 0, where B(x, r) (or BX(x, 7)) denotes the open ball with center
x € X and radius r > 0. The closed ball with center x € X and radius r > 0 i1s
denoted by B(x,r) or BX(x, r). Henceforth, we denote dx(x, y) by |x — y|x for
x,y € X, and write simply X instead of (X, dx).

As in [LV], let I" be the set of minimal geodesics, say y: [0,1] — X, in X
and define the evaluation map e;: I' — X by ¢ (y) := y(¢) for cach r € [0, 1].
We regard I' as a subset of the set of Lipschitz maps Lip([0, 1], X) with the uniform
topology. A dynamical transference plan I1 is a Borel probability measure on I, and
a path {s}re0,1] C P2(X) given by p; = (er).I1 is called a displacement inter-
polation associated to IT, where we define $2(X) as the set of all Borel probability
measures, say i, satisfying fX |x — y|%( du(y) < oo for some (and hence all) x € X,

For K € R, we define the function sx on [0, o¢) (on [0, w /+/K) if K > 0) by

(1/+/K) sin(~K1) if K >0,
sg(t) =11t if K =0,
(1/+/—K)sinh(/—K1) if K < 0.



808 S. Ohta CMH

Definition 2.1. For K, N ¢ Rwith N > 1, or with K < Oand N = 1, a metric
measure space (X, p) is said to satisfy the (K, N)-measure contraction property
(the (K, N)-MCP for short) if, for every point x € X and measurable set A C X
(provided that A C B(x, 7/ (N —1)/K) if K > 0) with 0 < u(A) < oo, there
exists a displacement interpolation {zif}re[0.1] C JDZ(X ) associated to a dynamical
transference plan IT = I, 4 sausfying the following:

(1) We have o = 8y and p1 = (u|a)~ as measures, where we denote by (pe]a)™
the normalization of 1|4, i.e., (t|a)™ = (A~ p)a;

(2) Foreveryt € [0, 1],

dog b (I {smm(y)/m )
= U sk ey VN =)

holds as measures on X, where we set 0/0 = 1 and, by convention, we read

{smﬁ(wa -1 }N‘l ,
sk (L()/VN =T)

N-1
} M(A)dn(l/)) (2.1)

if K <Oand N = 1.

Remark 2.2. The case where K > 0 and N = 1 is an exceptional one because, by
Theorem 4.3 and letting N tend to 1, then X should consist of only one point. So that
we do not intend to consider such a situation.

If there exists a measurable map &: A — 1" satisfyingego® = x,e; 0P = idg4,
and IT = D, [(ue]4) 7], then the inequality (2.1) yields that

sk (tlx —zlx//N — 1)
sk(lx —zlx/vN —1)
holds as measures on X. Here y4 stands for the characteristic function on A. This

is the case where, for each y € A, there exists an exactly one geodesic y € supp I1
from x to y.

N-1
dp > (e o CD)*(I{ } xa(z) du(@) (2.2)

Lemma 2.3. The inequality (2.2) is equivalent to that, for all t € |0, 1] and measur-
able sets A" C A, we have

N-1
sK(t|x—Z|X/m)} du(z). (2.3)

d(A’
H{er(PAD) Ef/f{ sx (% —2lx/V/N = 1)
Proof. Put W := ¢, o ® and

{SK(IIX —zlx/v/N - 1)

dv =1t
" sk (x —2lx/IN =D

N—-1
} xa(z)dp(z)
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in this proof for simplicity. We first assume (2.2). For a measurable set A" C A, we
have
p(W(A) = (W) (W(A)) = v(¥7 (W(A))) = v(A).

This implies (2.3). We next suppose (2.3). For a measurable set W C X \ W(A), we
immediately obtain @ (W) > 0 = (V,v)(W). If W C W(A), then (2.3) yields that

n(W) = p(U@HWY) = v(U~HW)) = (B0)(W).
This completes the proof. O

The inequality (2.3) can be regarded as a generalization of the Bishop inequality
under a lower Ricci curvature bound Ric, > K (see Theorem 3.1 below), and is a
reason why we say that (2.1) is a kind of measure contraction property. We refer [S1],
[KS1], [R1], and [R2] (see also [O]) for other kinds of measure contraction property
of metric measure spaces. Especially, an essentially similar condition to our MCP is
proposed in [CC, I, Appendix 2] (see also [G]).

Lemma2.d4. (i))The (K, N)-MCP of (X, i) implies the (K’', N')-MCP forall K’ < K
and N > N.

() If (X, dx, ) satisfies the (K, N)-MCP and ifa, b > O, then the scaled mefric
measure space (X, a -dx, b - ) satisfies (K Ja*, N)-MCP,

Proof. (1) By calculation, we see that

{SK(td/«/N —1) }N—l
sg(d/N —1)

i1s monotone non-decreasing in K for any fixed N > 1, and is monotone non-increa-
sing in N for any fixed K € R. This (together with Theorem 4.3 and L.emma 4.4 (i)
if K > () completes the proof.

(i1) It is clear by the definition of the (K, N)-MCP, 0

The following lemma is straightforward from the definition of the (K, N)-MCP,
and will be sharpened in Section 5.

Lemma 2.5. Suppose that (X, p) satisfies the (K, N)-MCP. Then, for everyx € X
and0 <r < R(<n /(N —-1)/K if K > 0), we have

p(B(x, R) _ R wp {SK(kR/«/N—_l)}N—l
w(B(x,r)) = 1 gzt | skr//N — 1) '

In particular, the set S(x,r) :={y € X | |x — y|x = r} has a null measure for any
x € X andr > 0 (provided that r < ns/(N — 1)/K if K > 0).
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Proof. The (K, N)-MCP withx =x, A = B(x, R), and t = r/R yields that

1(B(x.r))

ar//N —1) | ¥
= n(Bex, R)) 3 it :&g \/Ni_l))} ((ersm)aTLe, e, ) (BGx, 1)
- ro o [sgOr/YN =T |V .
= u(B(x. R)) g inf —T %N_l)} T((er/r) ™" [B(x,1)])
3 ro sk (/N —1) |V
_M(B(X,R))Eoé221 SK(AR/M)} I (supp IT)

N-1
v {SK()\I/«/N -1 } ,u(B(x, R)).

= — in

Ro<x=1 | sg (AR/A/N — 1)
Here the third equality follows from (eg) . I1 = 8y and (e1)4I1 = (1| g, k)~ . Indeed,
itimplies e,,g(y) € B(x,r) for [T-a.e. y. This completes the proof. O

In particular, the (K, N)-MCP implies the (local) doubling condition. Namely,
forany R > O(R<#a.,/(N—-1)/Kif K > 0),r € (0, R],and x € X, we have

w(B(x, 7)) _
p(B(x,r/2) =

where Ckx v r < o0 18 a constant depending only on K, N, and R. The doubling
condition implies that every bounded closed ball in X is totally bounded. Therefore,
if X is complete, then itis proper (i.e., all bounded closed sets are compact) and hence
geodesic.

K.N. R,

Corollary 2.6. If (X, p) satisfies the (K, N)-MCP and if it contains more than two
points, then the measure p is non-atomic.

Corollary 2.7. If (X, ) satisfies the (K, N)-MCP, then the Hausdor{f dimension
of X is less than or equal fo N.

Proof 1emma 2.5 yields that the function f(x) := limsup, 7" u(B(x,r))~! on
X is locally bounded. By [AT, Theorem 2.4.3], this implies that the N-dimensional
Hausdortf measure #” on X is also locally bounded. Therefore the Hausdorff
dimension of X is not greater than V. O

We end this section with a proposition which asserts that Alexandrov spaces
satisfy the MCP. As the Alexandrov space 1s considered as a metric space with a
lower ‘sectional’ curvature bound, this proposition supports us for saying that the
(K, N)-MCP is a generalized notion of a lower ‘Ricci’ curvature bound. See [BBI],
[BGP], and [KS1] for the definition of and terminologies on Alexandrov spaces.
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Proposition 2.8. Let X be an n-dimensional, complete Alexandrov space with cur-
vature > K, and #H" be the n-dimensional Hausdor{f measure on X. Then (X, #")
satisfies the (n — 1)K, n)-MCP.

Proof. This easily follows from [KS1, Lemma 6.1], we give an outline of the proof
for completeness. For a point x € X and a measurable set A C X, we define a map
X = CI>£A : A — I' by &®X(y) := y, where y: [0, 1] —> X is an arbitrarily
chosen minimal geodesic from x to y. Then we see that ®X is measurable as in the
proof of [KS1, Proposition 6.1], and we put IT := ($X)%[(|4)~]. The condition (1)
in Definition 2.1 is clearly satisfied and the condition (2) follows from the curvature
condition just as in [KS1, Lemma 6.1]. 0

3. Riemannian case

In this section, we consider the Riemannian case. See, for example, [C]] for fun-
damentals on Riemannian geometry. Let (M, g) be an n-dimensional, complete
Riemannian manifold without boundary and denote by d, (or |- —- | ) and v, the Rie-
mannian distance and the Riemannian measure, respectively, on M induced from g.
In addition, Ric, stands for the Ricci tensor with respect to g and the inequality
Ric, > K means that Ric, (£, £) > K holds for every p € M and & € S, M, where
SpM C T, M is the unit tangent sphere at p € M. For a point p € M and a unit
tangent vector § € S, M, we set

c(§):=sup{r > 0[|p—ye(r)lg =71}
where we define yg (r) := exp, r§. Define, for p € M,

C(p) = {re(c(&)) | £ € S,M},

D(p) := {r | £ € S,M, 0 <r < c(6)} C T, M,

D(p) = exp, D(p).
The set C(p) is called the cut locus of p. Recall that eXp, D(p) — D(p) gives
a diffeomorphism and that we can represent dvg(q) = (exp,)«[Ap(r: &) dr d&] on
D(p), where g = ye(r) and A, (r; &) denotes the density of the Riemannian measure
on S(p,r) induced from g. Recall that we set S(p,r) :=={ge M| |p—gqgls =1}

The classical Bishop comparison theorem asserts the following ([BC], cf. [Cl, Theo-
rem 3.8]).

Theorem 3.1. If (M, g) satisfies Ric, > K, then we have

1 dA,(r; &) - (n_l)s’K(r/«/n—l)
Ap(r; &) dr - sg(r/v/n—1)
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forallé € S,M and r € (0, ¢(§)). In particular, the function

Ap(r: &)
sg(r/a/n— -1

is monotone non-increasing inr € (0, c(£)).

Given a point p € M and a measurable set A C M, as in the proof of Propo-
sition 2.8, we define a map &M = CI>M A — T by CI)MA(q) = v, where
v . [0,1] — M 1is an arbitrarily chosen rmmmal geodesic from ptog. As C(p)
has a null measure, the map CD;}’{ 4 18 measurable and is uniquely determined up to a
modification on a null measure set.

Theorem 3.2. Let (M, g) be an n-dimensional, complete Riemannian manifold with-
out boundary with n > 2. Then a metric measure space (M, d,, ve) satisfies the
(K, n)-MCP if and only if Ric, > K holds.

Proof. We first assume Ric, > K and fix a point p € M and a measurable set
A C M. We shall show that the map ¥ = CDM defined as above satisfies (2.3)
with N = »n which implies the (K, n)-MCP. It follows from Theorem 3.1 that, for
any ¢ € [0, 1] and measurable subset A" C A,

vgler (@Y 4(A))) = f tAy(tr: &) dr dé

expy | (A)ND(p)
n—1
. sg(tr/a/n — )} A §)drd
_fexpp (AHND(p) {SK(V/\/”_ 1) &) drds
:[ [{sK<r|p—q|g/«/n— )}” 1dv 5,
sk (p —glg/vn— 1) ¢

Therefore &M satisfies the inequality (2.3).

Next we consider the converse, so that we suppose that (M, d,, v,) satisties the
(K,n)-MCP. Tix p € M, § € S, M, and an orthonormal basis {e1, ... ,e,} in T, M
with e; = £. We denote by k; the sectional curvature of the plane spanned by e
and ¢; foreach: = 2, ..., n. For a small r > 0, it follows from

sg(r) _l 52 4
SK(Zr)_2(1+ Y ))
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that

A,(r &) 1 ki +0(r) 2
Ap(2r: &) ~ o 11_[( + 0 ))

— 2”—1 (1 + 5’}2) + 00
=2

1 n
= 1 {1 + Zkirz} + 0@)
i=2

=5 {1+ Ricg (8, &)r*} + O(r?).

On the other hand, it is not difficult to observe that the (K, »)-MCP implies

Ap(ri§) _ { sg(r/v/n—1) }”‘1
Ap(2r: &) T lsg@r/n—1D)

and hence we have

. ) ZSK(r/\/n_l)}n_l_l 003
Ricg (&, &)r Z{SK(ZI"/ T +O0F”)
n—1
:{1+ K r2} — 14 0@)
n—1
= Kr?+ 0@).

Dividing both sides by 2 and letting r tend to zero, we consequently obtain
Ricg(§,8) > K.
This completes the proof. O

The following are easily derived from Lemma 2.4(1) and Corollary 2.7 together
with the theorem above.

Corollary 3.3. Let (M, g) be an n-dimensional, complete Riemannian manifold with-
out boundary.

(1) If (M, g) satisfies Ric, > K andn < N, then (M, dg, v,) satisfies the (K, N)-
MCP.

(i1) If a metric measure space (M, d,, v,) satisfies the (K, N)-MCF, then we have
n<N.
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4. Bonnet-Myers theorem

In this section, we shall show a generalization of the Bonnet—Myers theorem ([M]),
thatis, the (K, N)-MCP with K > Oand N > 1 implies that the diameter is less than
or equal to 7/(N — 1)/K. By rescaling the distance, we may assume K = N — 1
(Lemma 2.4(1)). Forx € X and s,t > O with s < ¢, we define A(x;s,1) =
B(x,t)\ B(x, s), where we set B(x, 0) := #. The symbol 6, g(5) denotes a function
depending only on « and g with lims_.o 6, g(3) = 0. Before beginning the proof
of the Bonnet—Myers theorem, we prove a useful lemma which holds for general K
and N.

Lemma 4.1. Let (X, ) satisfy the (K, N)-MCP and, for O <r <r' <00 (0 <
r<r <aJJ(N—DJ/KifK > 0), let t: (r,r") — (0, 1] be a C'-function
satisfving ' (DL + t (1) > O for all I € (r,r"). Then we have, for any point x € X,
any measurable set A C A(x;r,r"y with 0 < p(A) < oo, and for I1 =Tl 4 as in
Definition 2.1,

dp > (ef)*[{r’(ﬁ(y))ﬁ(y) +7(¢())}

« {SK(T(E(V))E(J/)/VN -1
sg((y)/VN —=1)

as measures. Here e.: I' — X denotes a map defined by e, (y) 1= erpi(v).

“4.1)

N—-1
} M(A)dn('}/)]

Proof. Choose an arbitrary measurable set W C X. It suffices to show

p(Ww) > [W) [{r’(aw)ﬁ(y) +r(e)}

» {SK(?(E(V))E(V)/«/N — 1
sg(E(y)/vN —1)

In the case of K > 0, without loss of generality, we may assume

W C B(x,m/(N — 1)/K — &)

for some ¢ > 0. Take alarge M € N, set 8§ := (' —r)/M and r,,, := r + md for
0<m <M, and put

N-1
} M(A)] dl(y).

o=, i W)N{y €T | ep(y) =x, e1(y) € Alx; ry_1, rm))
and Wy, .= e, (I'y,) for 1 <m < M. The hypothesis on 7 says that

[t =" (Dl + () > 0,



Vol. 82 (2007) On the measure contraction property of metric measure spaces 815

and hence W,, N W,, = @ holds if m # m’.
Foreach 1 <m < M, we denote by &k, € NU {0} the number satisfying

o 1 Ky
Fin—1 Fm—1
T(ry) Tm L T(rm—1)rm—1 < t(rp) Vg .

Fm Fm

Moreover, for each 1 < m < M, we can choose a,, by, € [Frm—1, rm | with a,,, < by,
and k;, > k;, such that

kL +1
a n
T(rm—1)rm—1 < f(rm)(bﬂ) rm = T(rm—1)rm—1+ f(rm)éz 4.2)

e

as well as

f {SK(f(rm)E()/)/\/N -1
I,

N-1
dll
sk () /YN =) } £

(4.3)
o bm—am [ {SK(T(rm)E(V)/x/N -1
CTm = Tm—1Jr, L Sg((y)/v/N—1)

N—-1
} dI(y),
where we put
Ly =" W)N{y €I eoly) = x, e1(y) € AGx: ap, b)) C L.
Note that, for all ! € (a,,, by) and 0 <k <k, ,

T(rm)rm { am kl Am 4l am k
B, (E) = (f(rm)rm(a) T (P )Pm (E) )

C (T(rm—l)rm—la ‘L’(Tm)i”m),

and hence

Ko

k=0
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Therefore we have, by the (K, N)-MCP,

k/

(W) = Z (W) = Z [Zu €t rm)rm /) (/B e U ))]

m=1 m=1 — k=0
M -k k
f(rm)rm dpmy
> Y| 3 (5
m=1 "= k=0
sk (T () + O} () /N = 1>}N‘1 }
A) dT1
Xfr{ s (0 /YN D A

[ Tmrm 1= (ap /byt
z::[ m I — (am/bm)

sx (T 0(y) /N = 1) }N‘l } }
g5 A)dI1 .
<[ oo | +oop@me)

Furthermore, it follows from (4.2) and (4.3) that

T t(rm)rm 1 = (g /by ot
Z |: bm 1 — (am/bm)

sk (trp)l(y) /N =1) }N‘l } ]
+ 605 A)dTl
IR (s B

M ’
-3 [r(rmrm 1 — (am/bm)n*! by — ap

b 1_(am/bm) Fm — Fm—1

m=1

X

— Y N—1
fr {{SK(f(rm)E(J/)/«/N 1)} —I—Q((S)}M(A)dl'l(y)}

sg(Ly)/vN =1)

%[ mmym TUn-tlnot o, )5}
m=1 m — Fm—1 "

sm(rm)f?(y)/\/*)}f"l } }

+ 68 A) ATl
f{{ sg(t(y)//N=T) ko) pd Al L)
sk (L) /N =) |V
A (E(J/))E(J/)—Ft(ﬁ(y))}{ oL } Ay dl)

as M diverges (o the infinity. We remark that, to see

/ {sK<r<rm>ﬂ<y>/JN—1>}N‘1
r | sk(Cy) /N =1)

lim 7(ry)3
M—

n(A)dll(y) =0
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in the last implication, we used the fact that

f t(ﬁ(y)){SK(T(E(V))E(V)/\/N -1
r sgEy)/vN = 1)

sfru(A)dn(y) _ 4(A) < o0

N-1
} n(A)dIl(y)

holds if K < (), and that

f I(Z(y)){sN_1<r<E<y>>z<y>/\/7N —1)
r sN—1(E(y)/vN = 1)

_ sin(z (Jx — ylx)lx — ylx) | ¥

_[At(IX—yIX){ Ry T—— } du(y)
{ﬁ sin(|x — y|x/2) }N—l distnh

sin(|x — y|x)

N-1
} n(A) dll(y)

< u(ANB@.n/2) + [

ANA(x;m/2,7)

; N—1
AGir/zm 21 sin(lx — y[x)

< pu(Blr, 7w/2)) + 2V VR u(A(x: 7 /4, 7 /2))

< o0

holds if K = N — 1 > 0. We used the (N — 1, N)-MCP in the fourth implication.
This completes the proof. O

Next we prove a key lemma in this section.

Lemma 4.2, Let (X, p) satisfy the (N — 1, N)-MCP. Then, for any x € X and
s, 1 €[0,m/2lwiths < 1, we have

M(A(x; s, t)) > /,L(A(x; T—t, 7T — S)).

Proof. Take alarge M € Nandsetd = (t —s)/M and ¢, .= s+mdforQ) <m < M.
For 1 <m < M, we define a function 7, : (7 — t,, 1 — 1;,—1) —> (0, 1] by

[ —7 4ttty

Tull) 1= l

Note that

rm(ﬁ = tm) i (777 — tm) = lm-1, fm(ﬁ = tm—l) $ (777 = tm—l) = Im,

d
E[rm(l)l] =1.
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Applying Lemma 4.1 toeach A,, := (x; 7 — t,,, 7 — t,;—1) and 7, we have

M
u(Alxis,0) =Y (A ty—1. in))

. f / {sN_1<rm<ﬂ<y>>£<y>/m>
=y sN—1(E(y) /N =T)

_ ifA {sin(rmux—y|x>|x—y|x>}N‘1dm)

sin(|x — y[x)

_ %L {smux—y|x—n+rm_1+rm>}N—1dm)

sin(|x — y|x)

. sin(r — |x — y|x) |V
— (8| d
ZfAm H sin(lx — yly) } M ()] )

N—1
} p(Ap) dl 4, ()

as M diverges to the infinity. O

Theorem 4.3. (Bonnet—Myers theorem) If a metric measure space (X, p) satisfies the
(K, N)-MCP for some K > 0 and N > 1, then we have diam X < m+ /(N —1)/K.

Proof. 1t suffices to consider the case of K = N — 1. Suppose that there exist two
points x, y € X with |[x —y|y = w4 ¢ for some ¢ > 0. Since X is a length space, for
any small & € (0, &), we can take a unit speed curve y: [0, 7 + & + 8] — X such
that y (0) = x, y(mr +e+38") = y,and that 8’ € [0, §]. If weput zs := y (e +25+8"),
then we find

e+28<|x—zs|lx <e4+25+48, m—-28—-8<|zs—y|lx <7 —25.

Put
Tr—8—28 —§
f = P , A= e/ (supp Hza,B(y,S))'

Then it follows from the (N — 1, N)-MCP that

: B 51y 1 V-1
H(A) > r{ e } (B, ) (Tl 5y0)) (A)

e4+8+8\ (sin(r —e —28 —8) V!
3(1_ T — 8 ){ sjn(n-_35_5/) } M(B(y,@))
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: N-1
z(l_s—i—%){sm(n—s—%)} ,u(B(y,S))

T —3 sin(r — 48)
B e+ 28\ (sin(e +38) 1 V!
"(1_:r—5){ Sin(4) } B0, 8).

On one hand, we observe

ACB(z5,1(z —ylx+8) CB(x, e +254+8 +1(w —8))
= B(x, 7).

On the other hand, for any & € supp I[1;; p(y.s), We see

x — &) x = [x —§()|x — (1 —1)&(§)
> (T +8) —6—(1—tX|zs —ylx+95)
>7+e—38—(1—1)(m —9)
=m+4+&—-8—(e¢+8+8)
=7 —285—§

> — 36

and hence A C B(x,n) \ B(x,7 — 358). Thus we have, by Lemma 4.2 and the
doubling condition (Lemma 2.5 with K = 0),

p(A) < p(A(xm —38, 7)) < u(B(x,38)) <3¥u(B(x, ).
Therefore we obtain, since N > 1,

”(B(x’(s))>3—zvl e+ 28\ [ sin(e +38) | V!
P(B(y.8) = (_H—S){ sin 48 } -

as & tends to zero. However, this is a contradiction because we can exchange the roles
of x and y. O

Recall that weset S(x,r) ={ye X | |x —y|x =r}forx €e X and r > 0.

Lemma 4.4. Ler (X, ) satisfy the (N — 1, N)-MCP for some N > 1.
(1) For everyx € X, the set S(x, ) has a null measure.

(1) If x,y € X satisfies |x — y|x = 7, then we have, for any € € (0,7 /2),

p(B(x,e)) = u(B(y, &)).
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Proof. (i) We can suppose that S(x, ) # @, in particular, X contains more than
two points. Fix an arbitrary ¢ > 0 and let {XI} ; be a maximal 2e-discrete set in

S(x,3e),1e., {x1}1=1 C S(x,3e), |x; —xj|x > 28 holds ifi # j,and {B(xi,z(c:)}lz1
covers S(x, 3¢). Note that B(x;, ¢)’s are mutually disjoint. For any y € S(x, ),
there exists a point z € S(x, 3¢) such that |y — z|x < m — 2¢, and |7 — xj|x < 2¢
holds for some i. For such i, we observe

ly —xilx <y —zlx +lz —x|x < m,

ly —xilx = |y —x|x —|x —x;j|x =7 — 3s.

Namely, we see y € A(x;; m — 3¢, ). Combining this with Lemma 4.2, we obtain

1 (S(x, m)) <,u,(UA(xl, 38,77:))
M - M
Z (Axi;m —3e,m)) < Z,u(B(x,-, 3¢))

<3NZM B(x;,e)) = 3V (UB(XI,S))

i=1
< 3% u(B(x,4e)) — 0

as e tends to zero by Corollary 2.6. This completes the proof.
(i1) It 1s a straightforward corollary to Lemma 4.2 through Theorem 4.3 and (1) of
this lemma. Indeed, we have

,u(B(x, 8)) > ,u(A(x; T — &, 71)) = ,u(X \B(x,m — 8)) > M(B(y, 8)).
The converse inequality is obtained similarly. O

We remark that Lemma 4.4(i) is not covered by Lemma 2.5. Now we obtain a
result concerning the maximal diameter situation.

Theorem 4.5. If a metric measure space (X, ) satisfies the (K, N)-MCP for some
K > 0and N > 1, then, for any x € X, the set S(x, w /(N — 1)/K) consists of at
most one point.

Proof. Suppose that K = N — 1 and that there exist two points y, z € S(x, i) satis-
fying ¢ := |y — z|x/2 > 0. Then, by Lemma 4.4, Theorem 4.3, and by Lemma 4.2,
we obtain

2u(B(x.#)) = u(B(y. &) + pn(B(z. &) = u(B(y. &) U B(z.¢)
<u(A(x;m —e, 7)) < u(B(x. ).

This contradicts to p(B(x, £)) > 0, and hence we complete the proof. O
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5. Bishop—Gromov volume comparison theorem

This section is devoted to proving an analogue of the Bishop—Gromov volume com-
parison theorem. See [Cl, Theorem 3.10] for the Riemannian case.

Theorem 3.1. (Bishop—Gromov volume comparison theorem) Let (X, p1) be a metric
space satisfying the (K, N)-MCP. Then, for any x € X, the function

wof{ [ (=)

is monotone non-increasing inr € (0,00) (r € (0, w/(N —1)/K) if K > 0).

Proof. The proof 1s based on the discretization of that in the Riemannian case (roughly
speaking, the integration of the Bishop inequality). Take r > 0. By Theorems 4.3
and 4.5, we can suppose r < /(N —1)/K it K > 0. For asmall t € (0, 1)
and any [, m € N with [ < m, it follows from the (K, N)-MCP with x = x,
A= A(x:t'r, (71, and t = " that

,u(A(x; t"r, tm_lr))

T {sK(st’”_lr/«/N—l)
- t<s<1 | sg(st!~lr//N —1)

<o M (G
mr s — sup s —
- 1521 "\ YN -1 ;5321 VN1

® ,u(A(x; iy, tl_lr)).

N—-1
} ,u(A(x; tlr, tl_lr))

Thus we have, foralll < j <m —1,

o0
(Al t/r, tf'—lr))ztf inf sg(stflr/W/N = HV 1
— t<s<l1

< { Z,u(A(x; tir, ti_lr))}tj sup sK(stj_lr/x/ﬁ)N_1

r<s<l

I=m

p(Bx, ("7 I)) e sup sk st/ /N — DV L

t<s=<l
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Therefore we obtain
,u,(B(x, tl_lr))

m—1

= u(B(x, tm_lr)) + p{Ax; t'r, tj_lr))

J=I

m-1 o=, \N-1 o gfi=lp \N-1
< |1+ 7 sup s ) }/{ t inf s ( ) H

X ,u(B(x, tm_lr))

> sti=1p \ V-1 8 spi—l, \ V-1
=< t) sup sg| —— / tfinf s ( ) H
_[{Z rgsgl K( N—l) } {Zm t<s<l1 & N — 1

]=l
X ,u(B(x, tm_lr)),

and hence

00 1. \ N—1
,u(B(x, tl_lr))/{ JZ:;(tj_lr — tjr) sup SK( St]i] —rl) }

r<s<1

1 — i1 i st A\

m— Tl — I

< p(B(x, 1 "))/{Z“ ' ”)zgsl;SK( N—l) }
I=m

This completes the proof by letting ¢ tend to 1 as well as [ and m go to the infinity,. O

6. Stability and compactness

In this section, we consider the behavior of the (K, N)-MCP under the measured
Gromov—Hausdorff convergence. The Wasserstein space will play a crucial role. See
[[F] and [KS2] for the measured Gromov—Hausdorff convergence, and see [LLV], [S2],
and [V] for the Wasserstein space.

6.1. Measured Gromov-Hausdorft topology. We first recall the Gromov—Haus-
dorff distance between compact metric spaces. See [G] for more details. For two
closed subsets A and A” in a metric space Z, the Hausdorff distance d [Z{ between them
is defined by

dG(A, A) :=inf{e > 0| A C B(A'.¢), A’ C B(A, &)}

More generally, for two compact metric spaces X and Y, we define the Gromov—
Hausdorff distance dc g between them by

dom(X.Y) := inf df (p(X), ¥r(Y)),
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where the infimum is taken over all metric spaces 7Z and isometric embeddings
p: X — Zand yr: Y — Z. If we denote by € the isometric classes of compact
metric spaces, then (€, dggr) 1s a complete metric space. The topology of € induced
from dg g is called the Gromov-Hausdorff topology. 1t is convenient to estimate
the Gromov-Hausdorff distance in terms of the e-approximating map. For metric
spaces X and X', a (not necessarily continuous) map ¢: X — X’ is called an
e-approximating map for ¢ > 0if it satisties BX (p(X), &) D X’ and if

lp(x) — Wy — Ix = ylx| <&

holds for all x, y € X. Note that a O-approximating map is nothing but an isometry.

Lemma6.1. Let X, Y € Cande > 0.
(1) Ifdou(X,Y) < &, then there exists a 2e-approximating map from X to Y.
(11) If there exists an s-approximating map from X to Y, then dgp(X, Y) < 2e.

In particular, a sequence {X;};2; C C converges to X € C if and only if there
exists a sequence of g;-approximating maps ¢; : X; — X withlim;_. » ¢; = 0. For
the later use, we recall an easily proved lemma.

Lemma 6.2. Let {X;}72, C C be a sequence of compact, geodesic metric spaces
converging to a compact metric space X € C in the Gromov—Hausdorff topology
with a sequence {&;}72 tending fo zero and s;i-approximating maps {p;};c,. For
a sequence of minimal geodesics y; : [0,1] — X;, i € N, if the sequences of
end points {@; (i (0)}72, and {@i(yi(1))}72, converge to some points x,y € X,
respectively, then a subsequence of {¢; o y;}i2, converges to a minimal geodesic
from x to y uniformly.

We next recall the measured Gromov—Hausdorff convergence introduced in [F].

Definition 6.3. (Mecasured Gromov—Hausdorff convergence, [F]) A directed system
of metric measure spaces {( X« (o) fue.4 18 said to converge to a metric measure space
(X, ) in the sense of the measured Gromov—Hausdor[f convergence if there exists a
directed system of positive numbers {&, }xc.4 satisfying the following conditions:

(1) {eqtaueca converges (0 zero;

(2) For each ¢ € A, we have a Borel, measurable, and g,-approximating map
Pu: Xo — X;

(3) A directed system of push-forward measures {(@q)s(pe)}e converges o p
weakly, 1.e., forany f € C(X), we have

tim [ 7 d((0a))) = [ 1 i
weA Jx X

Here C(X) denotes the set of all continuous functions on X.
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If we define CM as the isomorphic classes of all compact metric spaces equipped
with Radon measures, then the measured Gromov—Hausdorff convergence gives a
topology on CM, and we call 1t the measured Gromov—-Hausdor{f topology. We
know that this topology is Hausdorff ([FF, Proposition 2.7]) and that the projection
CM(V) — C is proper, where we set

CMV) :={(X,p) € CM | u(X) =V}

for V > 0O (IF, Proposition 2.10]). For K e R, N > 1,V > 0,and D > 0, we define
CM(K,N,V,D)C CM(V) as the isomorphic classes of compact metric measure
spaces (X, ) in CM(V) satisfying the (K, N)-MCP and diam X < D. The follow-
ing is an easy corollary of Gromov’s precompacitness theorem ([G, Proposition 5.2])
by virtue of Theorem 5.1.

Theorem 6.4. Let {(X;, ui)}72; C CM(K, N, V, D). Then it has a subsequence
which is convergent in the measured Gromov-Hausdorff topology.

If we denote by (X, np) € CM that limit space, then we immediately observe
(X)) < Vand diam X < D. To show that (X, 1) also satisfies the (K, N)-MCP,
we need to recall the Wasserstein space and some results in [LV].

6.2. Wassersteinspaces. Let X be a complete, separable metric measure space, and
recall that 2 (X) denotes the set of all Borel probability measures, say 1, satisfying
f 5 lx — y|§( du(y) < oo for some (and hence all) x € X. Given two probability
measures o, v € P2(X), aBorel measure ¢ on X x X is called a coupling of p and v
if, for any measurable set A C X, wehaveg(A x X) = u(A)andg(X x A) = v(A).
For example, the product measure g x v 1s a coupling of p and v. We define the
L2-Wasserstein distance dy on P*(X) by

1/2
dw (e, v) = inf {([ |lx — y|§(dq(x, y)) ‘q : coupling of p and v}
AxX

for p, v € P2(X), and we call (P2(X), dw) the L-Wasserstein space over X. Then
(P2(X), dw)isa complete and separable metric space (see [S2, Proposition 2.10]).
Furthermore, (P2(X), dw) is compact or a length space if and only if so is X, re-
spectively. In particular, if X is compact and geodesic, then so is (PZ(X), dy).

Proposition 6.5 (cf. [V, Theorem 7.12]). A sequence {j4;};2, C PEX) converges

i

10 u € PA(X) with respect to dy if and only if p; converges to u weakly and

lim sup f % = & dpi(y) =0 6.1)
X\B(x,R)

R—00 el

holds for some (and hence every) point x € X.
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We observe that (6.1) automatically holds true if X is bounded. The following
two results obtained in [LLV] will play key roles in our discussions.

Proposition 6.6 ([LV, Proposition 4.1, Corollary 4.3]). If ¢: X — X'is a Borel, ¢-
approximating map, then s (PHX), dw) — (PH(X"), dw) is E-approximaling
with

& = 4e + {e(2diam X’ + &)} /2.

In particular, if a sequence of compact metric spaces {X;};0, converges to a com-
pact metric space X in the Gromov-Hausdor[f topology equipped with Borel, &;-
approximating maps ¢;, 1 € N, then the sequence [(P2X)), dy)}72, converges to
(P2(X), dw) in the Gromov—Hausdor(f topology with & -approximating maps (¢;)-.
Proposition 6.7 (|LV, Proposition 2.10]). Let X be a compact geodesic metric space.
Then any minimal geodesic in (P*(X), dw ) is given by the displacement interpolation
associated fto some dynamical transference plan.

6.3. Stability and compactness. Now we prove the stability of the (K, N)-MCP
under the measured Gromov—Hausdorft convergence. The idea of the proof 1s as
follows. If we consider the dynamical transference plan IT = Il 4 as a family of
geodesics in X, then, as it contains uncountably many geodesics, it is impossible to
control the behaviors of all of them simultaneously. However, we can regard it as one
geodesic from 8, to (p]|4)” in the Wassestein space (P2(X), dw), and then usual
techniques are applicable. All spaces in this subsection are assumed to be compact.

Theorem 6.8 (Stability). A measured Gromov—Hausdorff limit, with a positive total
mass, of a sequence of metric measure spaces satisfying the (K, N)-MCP also satisfies
the (K, N)-MCP.

Proof. We first assume K < 0. Let {(X;, p;)}72, C CM be a sequence of metric
measure spaces satisfying the (K, N)-MCP. We suppose that it converges (0 some
metric measure space (X, p) with w(X) > 0 in the measured Gromov—Hausdorft
topology, so that we have a sequence {&; }7° ; tending to zero and a Borel, measurable,
and &;-approximating map ¢; : X; — X, ¢ € N, as in Definition 6.3.

Fix a point x € X and a measurable set A C X with u(A) > 0. For each (large)
i € N, we choose a point x; € ¢ (BX(x, ¢;)) and put A; := ¢ (A). We remark
that, by the definition of the ¢;-approximating map, ¢, 1 (BX(x, &;)) is not an empty
set. Moreover, as ((A) > 0, we know w;(A;) = ((¢;)+i)(A) > 0 and hence A;
in not empty for large i. By the (K, N)-MCP, for each i € N, we have a dynamical
transference plan IT; = Iy, 4, such that the displacement interpolation associated to
it satisfies the conditions (1) and (2) in Definition 2.1. Note that

(Wi)*((eO)*Hi) = (¢i)sdx; = Bpp(xy) — O
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and, by Proposition 6.5,

(@)« ((eD)TTi) = ()4 (pila)™ = (@D« (udlla) ™ — (ula)”

in (P2(X),dw) as i diverges to the infinity, respectively. Thus it follows from
Lemma 6.2 and Proposition 6.6 that a subsequence of {(@;)«[(er)«I1;1}icf0.17, 1 €
N, converges to a minimal geodesic {v};e[0,1] between 8, and (£]4)~. Again we
denote this convergent subsequence by {(¢;)«[(er)+I1i1}tc0,17, ¢ € N. Moreover,
Proposition 6.7 implies that {v; };<[0,1] 1S the displacement interpolation associated to
some dynamical transference plan I1 = I1, 4 which clearly satisfies (eq).IT = 6,
and (e1)4IT = (p|a)™.
Now we consider the condition (2) in Definition 2.1. We fix ¢ € (0, 1) and put

v — (et)*(t{SK(tﬁ(V)/vN — D
sg(E(y)/vN —1)
dy e (et)*(t{SK(tﬁ(V)/vN — D
sg(E(y)/vN = 1)

on X; and X, respectively. Since (¢;).[(e;)4I1; ] converges to (e;),[1 weakly and X;
converges to X in the Gromov—Hausdorff topology, we find that (¢; )..(v;) converges
to v weakly as i diverges to the infinity. The (K, N)-MCP of (X;, u;) yields that
@i > v; holds as measures for every i. Therefore we have ;o > v and hence (X, )
satisfies the (K, N)-MCP. This completes the proof in the case of K < 0.

If K > 0, then we take A ¢ BX(x, m/(N — 1)/K) and set, for each i € N,

Ai =9 AN BN (x5, 7 (N = 1)/K).

Then a completely similar discussion proves the theorem. 0

N-1
} Mi(Ai)dHf(;V)),

N-1
} M(A)dl'l(y))

Combining this stability with Theorem 6.4, we obtain the compactness of the
family

CMK,N,V,V.D)={X e CMK,N,V,D) | n(X) =V},
where ) < V/ < V.

Theorem 6.9 (Compactness). For any K ¢ R, N = 1, V > V' = 0, and any
D > 0, theset CM(K, N, V', V, D)iscompact in the measured Gromov-Hausdorff

fopology.

In particular, the family CM(K, N, 1,1, D) (i.e., spaces with probability mea-
sures) is compact.
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6.4. Non-compact case. Thediscussion in the previous subsection is also applicable
to the non-compact case by weakening the measured Gromov—Hausdorff convergence
to the pointed one. We suppose that all metric spaces appearing in this subsection are
complete.

Definition 6.10 (Pointed measured Gromov—Hausdorff convergence). A directed sys-
tem of pointed metric measure spaces {(Xu, Mo, Zo) Juea 18 said (o converge o a
pointed metric measure space (X, p, z) in the sense of the pointed measured Gromov—
Hausdorff convergence if there exist two directed systems {ey }yes and {ry }yec4 sat-
isfying the following:

(1) {eq}wen tends to zero and {ry }yc.4 diverges to the infinity;

(2) For each @ € A, we have a Borel, measurable, and &,-approximating map
P - BXe (Zo» Tar) — BX(Z, a)s

(3) A directed system of push-forward measures {(¢y)+(ta)aca converges to p
vaguely, i.e., for any f € Co(X), we have

tim [ £ d((p)eu) = [ fdu
e X X

Here Co(X) denotes the set of all continuous functions on X whose supports
are compact.

Theorem 6.11. A pointed measured Gromov-Hausdorff limit, with positive total
mass, of a sequence of pointed metric measure spaces satisfving the (K, N)-MCP
also satisfies the (K, N)-MCP.

Proof. Take a point x € X and a measurable set A C X. As X is proper, we can
apply the discussion in the proof of Theorem 6.8 to each A N B(x, m), m € N. This
completes the proof. O
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