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Sérgio R. Fenley*

Mathematics Subject Classification (2000). Primary 20E08, 37E25, 58D19; Secondary
05C05, 57TM60.

Keywords. Essential laminations, foliations, pseudo-Anosov flows, hyperbolic 3-manifolds,
Dehn surgery, bundles over the torus.

1. Introduction

We analyse the existence question for essential laminations in 3-manifolds. The
purpose of the article is to prove that there are infinitely many closed hyperbolic 3-
manifolds which do not admit essential laminations. This gives a definitive negative
answer to a fundamental question posed by Gabai and Oertel when they introduced
essential laminations in [Ga-Oc¢], see also [Gad], [Ga5]. The proof is obtained by
analysing certain group actions on trees and showing that certain 3-manifold groups
only have trivial actions on trees. There are corollaries concerning the existence
question for Reebless foliations and pseudo-Anosov flows.

This article deals with the topological structure of 3-manifolds. Two dimensional
manifolds are extremely well behaved in the sense that the universal cover is always
either the plane or the sphere (for closed manifolds), the fundamental group deter-
mines the manifold and many other important properties. Similarly for a 3-manifold
one asks: When is the universal cover R?? When does the fundamental group deter-
mine the manifold? Are homotopic homeomorphisms always isotopic? An obvious
necessary condition is that the manifold be irreducible, thatis, every embedded sphere
bounds a ball. As for 2-manifolds, the existence of a compact codimension one object
which is topologically good is extremely useful. A properly embedded 2-sided sur-
face not §%, D? is incompressible if it injects in the fundamental group level [He]. A
compact, irreducible manifold with an incompressible surface is called Haken. Fun-
damental work of Haken [Hak1], [Hak2] and Waldhausen [Wa] shows that Haken
manifolds have fantastic properties, answering in the positive the 3 questions above.

Buthow common are Haken 3-manifolds, that is, how common are incompressible
surfaces amongst irreducible 3-manifolds? In some sense they are not very common.,

*Reseach partially supported by NSF grants DMS-0296139 and DMS-0305313.
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Recall that Dehn surgery along an orientation preserving simple closed curve é is the
process of removing a tubular neighborhood N (8) (a solid torus) and glueing back
by a homeomorphism of the boundary — which 1s a two dimensional torus 77 [Rol],
[Bu-Zi]. The surgered manifold is completely determined by which simple closed
curve in 77 becomes the new meridian, that is, which curve of 77 is glued to the null
homotopic curve in the boundary of N(8). Hence this is parametrized by a pair of
relatively prime integers (g, p), corresponding to the description of simple closed
curves in 77. When viewed this way, the set of relatively prime (g, p) 18 the Dehin
surgery space — a subset of Z> ¢ R?. The same can be done iterating the process
doing Dehn surgery on links [He], [Rol], [Bu-Zi]. Notice that all closed, orientable
3-manifolds can be obtained from S* by some Dehn surgery on an appropriate link in
S® [Rol]. So one can interpret how common a property is by verifying how many of
the Dehn surgered manifolds have that property. Along these lines some of the many
results on incompressible surfaces are: If K is a two bridge knot in S* then almost
all Dehn surgeries on K yield manifolds without incompressible surfaces [Ha-Th].
The same 1s true for any knot K in a manifold M so that M — K does not have
any closed incompressible surfaces [Hatl]. Notice that there are also results on the
other direction: for example Oertel [Oe] proved that for many star links in S3, then
any non trivial Dehn surgery yields a manifold with incompressible surfaces. There
are similar results for Montesinos knots [Ha-Oe]. Basically a lot of it depends on
whether the complement has closed incompressible surfaces or not. In many cases
the complement does not have such surfaces, yielding the non existence results for
most Dehn surgered manifolds.

This amongst other reasons led to the concept of an essential lamination as intro-
duced by Gabai and Oertel in the seminal paper [Ga-Oe] of the late 80s. A lamination
is a foliation of a closed subset of the manifold. Roughly a lamination in a closed
3-manifold is essential if 1t has no sphere leaves, no tori leaves bounding solid tort,
the complement of the lamination is irreducible and the leaves in the boundary of
the complement are incompressible and end incompressible in their respective com-
plementary components [Ga-Oe]. Gabai and Oertel proved the fundamental result
that essential laminations have far reaching and deep consequences: the manifold M
is irreducible, its universal cover is R?, leaves of the lamination inject in the funda-
mental group level, efficient closed transversals are not null homotopic; and there are
other consequences [Ga-Ka3]. In addition manifolds with genuine essential lamina-
tions satisfy the weak hyperbolization conjecture [Ga-Ka4]: either there isa Z & Z
subgroup of the fundamental group or the fundamental group is Gromov hyperbolic
[Gr], [Gh-Ha]. Genuine means that not all complementary regions are [-bundles, or
equivalently it is not just a blow up of a foliation. Brittenham also proved properties
concerning homotopy equivalences for manifolds with essential laminations [Br2].

In addition essential laminations are extremely common: Forexampleif K isanon
trivial knot in S then off of at most two lines and a couple of points in Dehn surgery
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space, the surgered manifold contains an essential lamination. This is obtained as
follows: first Gabai constructed a Reebless foliation % in (S — N(K)) which is
transverse to the boundary [Gal], [Ga2], [Ga3]. Reebless means it does not have a
Reeb component: a foliation of the solid torus with the boundary being a leaf, all
other leaves are planes spiralling to the boundary [Re], [No]. Then results of Mosher,
Gabai [Mo2] show that either there 1s an incompressible torus transverse (0 F or there
is an essential lamination in S® — N (K') with solid torus complementary regions. This
lamination remains essential off of at most two lines in Dehn surgery space [Mo2]
— see more on solid torus complementary regions later. Also Brittenham produced
examples of essential laminations which remain essential after all non trivial Dehn
surgeries [Br3], [Br4]. Roberts has also obtained many important existence results
concerning alternating knots in the sphere [Ro1], [De-Ro] (partly jointly with Delman)
and punctured surface bundles [Ro2], [Ro3].

So successful was the search for essential laminations that at first one might
wonder whether all manifolds that can (irreducible, with infinite fundamental group),
in fact do admit essential laminations. Given that an incompressible torus 1S an
essential lamination, the Geometrization conjecture [Th2] suggests that one should
only have to analyse Seifert fibered spaces and hyperbolic manifolds [Sc], [Th2]. The
Geometrization conjecture may well have been proved at this point: after this article
was written Perelman announced a proof of this conjecture [Pel], [Pe2] — this is being
very carefully scrutinized by the experts at this point.

The situation for Seifert fibered spaces has been completely resolved: Britten-
ham produced examples of Seifert fibered spaces which are irreducible, have infinite
fundamental group, universal cover R>, but which do not have essential laminations
[Br1]. Naimi [Na], using work of Bieri, Neumann and Strebel [BNS], completely
determined which Seifert fibered manifolds admit essential laminations.

For hyperbolic 3-manifolds there were two fundamental open questions:

1) (Thurston) Does every closed hyperbolic 3-manifold admit a Reebless foliation?

2) (Gabai-Oertel [Ga-Oe], see also [Ga4], [Ga5]) Does every closed hyperbolic
3-manifold admit an essential lamination?

In 2001 question 1) was answered in the negative by Roberts, Shareshian and
Stein [RSS] who produced infinitely many counterexamples. The goal of this article
is to answer question 2) in the negative. We now proceed to describe the examples.

Basically one starts with a torus bundle M over the circle and then performs
Dehn surgery on a particular closed curve. Let ¢ be the monodromy of the fibration
associated to a 2 by 2 integer matrix A, so that A ishyperbolic. Let R be a fiber whichis
atorus. There are two foliations in R which are invariant under the monodromy ¢, the
stable and unstable foliations. The suspension flow in M induces two foliations in M
with leaves being planes, annuli and Méebius bands. Suppose there is a Mdebius band
leaf. Blow up that leaf, producing a lamination A with a solid torus complementary
component with closure a solid torus with core § and with some curves n removed from
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the boundary. The curves n are called the degeneracy locus of the complementary
region of the lamination [Ga-Kal]. One can think of n as lying in the boundary of
N (&), which 1s a two dimensional torus. Let (1, 0) be the curve in dN(5) which
bounds the fiber in M — N(8). Under an appropriate choice for the curve (0, 1) of
dN(§) then n 1s represented by (1, 2). Do Dehn surgery along 8. If & is the new
meridian (the Dehn surgery slope), then results of essential laminations [Ga-Oe],
[Ga-Kal] show that the lamination A remains essential in the Dehn surgery manifold
Mg if the itersection number of & and 5 is at least 2 in absolute value. If & is
described as (g, p) then this is equivalent to | p — 2¢g| > 2. Therefore the open cases
for essential laminations are |p — 2¢g| < 1.

For simplicity of notation we omit the explicit dependence of M on ¢. Itis always
understood that M depends on the particular ¢.

In a beautiful and fundamental result, Hatcher [Hat2], showed that if p < ¢ then
the Dehn surgery manifold My = M,,,, has a Reebless foliation. This is done via an
explicit construction involving train tracks and branched surfaces. In 2001 Roberts,
Shareshian and Stein considered a particular type of monodromy, namely generated

by the matrix
m —1
A:[ 1 0i|, m < —3.

The eigenvalues of A are negative. Consider the point (0, 0) in R? and its pro-
jection O to the fibering torus R. Let 8 be the closed orbit of the suspension flow
through O. Because the eigenvalues are negative, the leaf of the stable foliation
through O is a Moebius band. When it is blown open into an annulus the degeneracy
locus is (1, 2) as described above. In a groundbreaking work, Roberts, Shareshian
and Stein [RSS] considered Dehn surgery on these manifolds and proved a wonderful
result: if p 1s odd, m is odd and p > g then M,,,, does not admit Reebless foliations.
In this article we consider a subclass of these manifolds and prove that they do not
admit essential laminations:

Main Theorem. Let M be a torus bundle over the circle with monodromy induced by
the matrix A above. Let § be the orbit of the suspension flow coming from the origin
and My, »y = My, be the manifold obtained by (q, p) Dehn surgery on 5. Here
(1, ) bounds the fiber in (M — N(8)) and (1, 2) is the degeneracy locus. If m < —4
and |p — 2q| = 1, then the manifold My, does not admit essential laminations.

The manifold (M — &) is atoroidal [Th4], [B1-Ca] and fibers over the circle with
fiber a punctured torus. By Thurston’s hyperbolization theorem in the fibering case
(M — &) has a complete hyperbolic structure of finite volume [Th3]. By Thurston’s
Dehn surgery theorem M, , 18 hyperbolic for almost all p /g [Thl1]. Therefore:

Corollary. There are infinitely many closed, hyperbolic 3-manifolds which do not
admit essential laminations.
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Another immediate corollary is:

Corollary. If m < —4 and |p — 2q| = 1, then the manifolds My, above do not
admit Reebless foliations.

About half of this result has already been established by Roberts, Shareshian and
Stein [RSS], namely the situation when m is odd. See more on m odd later on.
Another consequence is:

Corollary. If m < —4 and |p — 2q| = 1 then My, does not admit pseudo-Anosov
Jlows.

Forbasic definitions and properties of pseudo-Anosov flows consult [Mol], [Mo2].
This result provides infinitely many hyperbolic manifolds without pseudo-Anosov
flows. We stress that Calegari and Dunfield [Ca-Du] previously obtained conditions
implying manifolds do not admit pseudo-Anosov flows and showed for example that
the Weeks manifold does not admit pseudo-Anosov flows.

We remark that Dehn surgery on torus bundles over the circle has been widely
studied, for example: a) Which surgered manifolds have incompressible surfaces
[F1-Ha], [CJR]; b) virtual homology [Bk1], [Bk2]; ¢) geometrization [Jo], [Thl],
[Th2], [Th3], [Th4].

Finally we remark that there are algorithms to decide these existence questions.
Namely Jaco and Oertel [Ja-Oe] produced an algorithm to decide whether a 3-
manifold has an incompressible surface. Recently Agol and L1 [Ag-Li] did the same
for essential laminations. These are theoretical algorithms and so far for laminations
there are no manifolds which can be shown not to have essential laminations using
the algorithm.

The proof of the main theorem is as follows: assume there is an essential lamina-
tion in M, . This produces a non trivial action of the fundamental group of M, /, in
a tree (see preliminaries section). We then show that there cannot be any such action,

We stress that the results in this article provide the first and so far the only known
examples of hyperbolic manifolds without essential laminations of any kind.

The results of this article mean that the search for structures more general than
essential laminations, but still useful takes an added relevance. One idea previously
proposed by Gabai [Ga3] is that of a [oosesse lamination. We will have more com-
ments on that in the final remarks section.

The article is organized as follows: inthe next section we describe how an essential
lamination produces a non trivial group action on a tree. We also give background
material on group actions on trees and produce an explicit presentation of the group
which will be analysed: this is the fundamental group of the Dehn surgered punctured
torus bundle. In Section 3 we present the outline of the proof of the main theorem.
The proof is done by contradiction assuming there is a non trivial action of the group
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on a tree. The analysis is done in a case by case analysis depending on how certain
individual elements of the group may act on the tree. The outline is fairly explicit
and presents clearly what is done in much more detail in Sections 4 through 7. Since
the arguments in Sections 3, 6, and 7 are extremely involved, the outline also serves
as a good reference source while one reads these later sections. In Section 4 we deal
with the case that the tree 1s the real line. This 1s very simple, but even here some
fundamental ideas come up. In Sections 5, 6 and 7 we analyse 3 cases of the proof
depending on whether certain generators of the group act freely on the tree or not. In
cach case the arguments little by little produce a structure on the tree, which turns out
to be incompatible with the action. These sections complete the proof of the main
theorem. In the final section we mention recent activity in this area and also comment
on open problems for future analysis.

We are very thankful to Rachel Roberts who introduced the idea of considering
group actions in the foliations case and other ideas. We also thank the referee for
very good suggestions concerning the organization of this article.

2. Preliminaries

The proof of the main theorem is done by looking at group actions on trees. For
simplicity first consider the case of a Reebless foliation ¥ [No]. Novikov proved
that leaves of a Reebless foliation are incompressible and transversals to the foliation
are never homotopic rel endpoints into a leaf [No]. Hence the lift to the universal
cover F is a foliation by planes or spheres and its leaf space is a simply connected
1-dimensional manifold, which may not be Hausdorff. The fundamental group of
the manifold acts on this object. Roberts et al analysed group actions on simply
connected non Hausdorff 1-manifolds (and also on trees) and they ruled out the
existence of Reebless foliations [RSS] in a class of manifolds. Notice that the leaf
space of the lifted foliation ¥ is an orientable object and it makes sense to talk about
orientation preserving homeomorphisms.

Now consider essential laminations. Let A be an essential lamination on a 3-
manifold N. The results of Gabai and Oertel [Ga-Oe] imply that the lift X to the
universal cover is a lamination by planes in N. We will modify A if necessary (o
eventually obtain a group action on a tree which is roughly the leaf space of the lifted
lamination A. First, if there are any leaves of A which are isolated on both sides,
then blow each of them into an /-bundle of leaves — this needs to be done at most
countably many times. Now 7 is a lamination by planes with no leaves 1solated on
both sides [Ga-Oe].

Suppose L is a leaf of A which is non separated from another leaf F, that is,
there are L; leaves of A with L; converging to both L and F. We do not want that
L is not separated from some other leaf in the other side (the one not containing 7).
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If that happens, blow up L into an /-bundle of leaves. This can also be achieved
by a blow up in A. Since there are at most countably many leaves non separated
from some other leaf, we can get rid of leaves non separated from leaves on both
sides. If needed use blow ups so that non separated leaves of X are not boundary
leaves of a complementary region of X (on the opposite side). After all these possible
modifications assume this is the original lamination A.

Now define a set T, whose elements are: closures of complementary components
of & and also leaves of A which are non isolated on both sides. Then 7, is an order tree
[Ga-Ka2], [Ro-St2], also called a non Hausdorff tree [Fe]. The fundamental group
1 (N) naturally acts on T,. We now modify T, to produce an actual tree. If e is
any point of 7, which is non separated from another point ¢’, then collapse all points
non separated from e together with e. This is not problematic since no such e is non
separated on more than one side and e also does not come from a complementary
region of . The collapsed object is now an actual tree T and the action of 71(N)
on T, induces a natural action of 7r1 (N) on T'. In our proof we will let N be the Dehn
surgery manifold M/, and we will analyse group actions of § = m1(M,,,) on an
arbitrary tree T'.

Since we will be looking at group actions on trees we now describe some basic
material about actions on trees. First of all let us stress that the trees here are only
topological trees. There 1s no well-defined metric in the tree which is invariant under
the action. The arguments are entirely topological. The reader should be aware that
the term tree in this article differs from some other sources — where a tree may mean
a simplicial tree or an R-tree (both of which are metric trees and actions preserve the
meltric).

Notation. In the arguments of this article, group elements act on the right.

Definition 2.1. A group action on a tree 7" is nontrivial if no point of 7" is fixed by
all elements of the group.

A lot of results on group actions on trees are to rule out non trivial group actions
[Cu-Vol.
Given point a, b on a tree T let

(a,b) ={c € T | c separates a from b}.
Ifa = b, then (a, b) 1s empty, otherwise it 1s an open segment. Let [a, »] be the union

of (a,b) and {a, b}. Then [a, b] is always a closed segment.
One fundamental concept here is the following:

Definition 2.2 (bridge). If x is a point of a tree 7" not contained in a connected set B,
then there is a unique embedded path [x, y]| from x to B. This pathhas (x, y)NB = @
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and either y is in B or y is an accumulation point of B. We say that [x, y] is the
bridge from x to B. Also we say that x bridges to B in y or that x bridges to y in B —
whether y 1s in B or not.

For example if 7 is thereals and B = (0, 1), x = 2, then the bridge from x to B is
[2, 1]. Notice that for trees, connected and pathwise connected are equivalent. One
common use of bridges will be: if x is not in a properly embedded line / (for example
an axis as defined below) let [x, y] be the bridge from x to [. The crucial property of
the bridge is that given x and B, the bridge is unique. In various situations this will
force some useful equalities of points. Another fundamental concept is:

Definition 2.3 (axis). Suppose that ¢ is a homeomorphism acting freely on a tree 1.
Then g has an axis 4, a properly embedded line in 7', invariant under g and g acts
by translations on .

This is classical. Here y isin A, ifand only if yg isin (y, yg?), thatis yg separates
y from yg?. Thenitis easy to see that the axis must be the union of [vg’, yg' 1] where
1 € Z |Bal], [Fe]. To obtain an element in +4, consider any x € T'. If xg € (x, xg?)
we are done. Else there is a unique

y € [x,xg] N [x,xg?] N [xg, xg*].

v 1s the basis of the tripod with corners x, xg, xg2 [Gr], [Gh-Ha]. A simple analysis
of cases using free action yields y is in the axis of g.
Another simple but fundamental concept for us 1s:

Definition 2.4 (local axis). Suppose/ is a line in a tree 7" where a homeomorphism
g acts by translation. Then [ is a local axis for g and is denoted by £L#A,. The local
axis may not be unique, the context specifies which one we refer to.

For example if g acts in R by xg = 2x, then R, R_ are both local axes of g
with accumulation point x = 0. Another characterization of local axis: x is in a local
axis of g if and only if xg separates x from xg? (same definition as for axis except
requiring that g acts freely in that case). Another characterization: suppose xg is not
x and let YU be the component of T — {x} containing xg. Then x is in a local axis of
g if and only if Ug C U.

Let x be a point in a tree T. A prong at x 1s a non degenerate segment [ of T
so that x is one of the endpoints of /. Two prongs at x are equivalent if they share
a subprong at x. Associated to a subprong [ at x there is a unique component U of
T — {x} containing I — {x}.

Notation. If x, y, z are elements in a tree we will write x < y < z if y separates
x from z, or y is in (x, z). We say that x, y, z (in this order) are aligned. Also
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x < y < zif one also allows y = z and so on. Notice that this is invariant under
homeomorphism of the tree.

The following simple results will be very useful:

Lemma 2.5. Let x be a pointina tree T. Then two prongs 11, I at x are equivalent
if and only if the associated complementary components Uy, Uy are the same.

Proof. 1f I, I are equivalent, there is y in /1 — {x} also in [;. Then clearly y € U4
and y € U3, so U; = Uy. Conversely suppose Uy = Uy, If 17 18 not equivalent
to I, then 11 N I, = {x} because T is a tree and it also follows that x separates [
from I. This would imply U7, U disjoint, contradiction. O

Lemma 2.6. Let T be a tree and n a homeomorphism so that there are two points
x,vofT sothatx <xn <y <ynorx <y <xn<yn Thenxandyareina
local axis of n.

Proof. We do the proof for the first situation, the other being very similar. Let U
be the component of T — {x} containing xr. Using x < xn < y this is also the
component of 7" — {x} containing v. Apply #, then U is taken to the component of
T — {xn} containing yn. Then Un i1s contained in U and x 1s in a local axis. Apply
1 to yto get y is in a local axis as well. We stress the two local axes produced in
this way a priori may not be the same: there may be a fixed point of n in (x, y). O

Global fixed points. Here we consider the case that an essential lamination » on N
would produce a trivial group action on a tree 7.

Recall the notion of efficient transversal to a lamination: let ) be a transversal to a
lamination A. Then 5 is efficient [Ga-Oe] if for any subarc 1o with both endpoints in
leaves of A and interior disjoint from A, then g is not homotopic rel endpoints into a
leaf of A. Gabai and Oertel showed that if A s essential then any efficient transversal
cannot be homotoped rel endpoints into a leaf of A. Also closed efficient transversals
are not null homotopic.

Lemma 2.7. If & is an essential lamination in N then the associated group action of
mi(N)onatree T as described above has no global fixed point and therefore is non
[rivial.

Proof. Suppose on the contrary that a point x of 7T is left invariant by the whole
group. Look at the preimage of x in the possibly non Hausdorff tree 7. There are 3
options;

1. x comes from a non singular, Hausdorff leaf E of A. Then E is left invariant
by the whole group 71 (N).



256 S. R. Fenley CMH

2. x comes from the closure R of a complementary region of % in the universal
cover. Then R is left invariant by the whole group. In this case let £ be a boundary
leaf of R.

3. Finally x may come from a non Hausdorff leaf Z. Then the orbit of £ under
1(N) consists only of the non separated leaves from .

By construction of the tree 7 above, these 3 cases are mutually exclusive. It
follows that in any of the 3 options there is at least one component B of N — E which
does not contain any translate of E. In option 1) any component will do, in option 2)
choose the component not containing R — F and in option 3) choose the component
not containing leaves non separated from £.

Let A =x(E) where 7 : N — N is the universal covering map. Suppose first
that A is not compact. Then it limits on some leaves of A and there is a laminated box
where A intersects it in at least 3 leaves and the box intersects an efficient transversal
to A. Lifting to N so that the middle leaf is £ then the other 2 leaves are not E (efficient
transversal) and one of them is contained in B producing a covering translate of £
in B, contradiction. The same is of course true if A intersects an efficient closed
transversal.

Now A is compact. If A is non separating, then it intersects a closed transversal
(transverse to A, not necessarily to A) associated to g in 71(N) only once. Same
proof yields either Eg or Eg~1 in B, done.

Finally suppose that A is separating. Then C' = 7 (B U E) 1s a compact submani-
fold of N which has A as its unique boundary component. For any g in 71 (C) then
Eg is contained in B U FE, so by hypothesis it must be I and therefore w1 (A) surjects
in 71(C). As i 1s essential then 71 (A) also injects in 771 (C) [Ga-Oe], so w1 (A) 18
isomorphic to 71 (C). As C is irreducible [Ga-Oe], then Theorem 10.5 of Hempel
[He] implies that C is homeomorphic to A x [ with A corresponding to A x {0}.
This contradicts the fact that A is the only boundary component of C. This finishes
the proof of the lemma. O

Remark. Notice that leaves of essential laminations may not intersect a closed
transversal. For example this occurs for separating incompressible surfaces. It also
occurs for leaves of Reebless foliations which have a separating leaf (which necessar-
ily must be a torus or Klein bottle) — there are many examples of these. So Reebless
foliations which are also essential laminations need not be taut foliations!

The group. We now produce an explicit presentation of the group which will be

analysed. The group is the fundamental group of the Dehn surgery manifold M, .
Start with M the torus bundle over the circle with monodromy induced by

A= [m _Ol] where m < —3.
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For notational simplicity the dependence of M on A is omitted. The original
fibering torus is denoted by 72. The eigenvalues of A are

m+m?—4
2

which are both negative and the matrix is hyperbolic. The eigenvector directions
produce two linear foliations in R? with irrational slope which are invariant under A.
They induce two foliations in the torus 7. Since A is integral it induces a homeo-
morphism ¢ of T2, which leaves the foliations invariant. Let O in T2 be the image of
the origin of R. Let M be the suspension of ¢ and let F be (say) the suspension of
the stable foliation of 72. Then ¥ has leaves which are planes, annuli and Mdoebius
bands. Identify T2 with a fiber in M and let & be the orbit through O, which is a
closed orbit intersecting 72 once. Since the eigenvalues of A are negative, the stable
leaf containing & is a Mobius band. We do Dehn surgery on 8. We first determine the
fundamental group of M — N(8). To do that let

D=N@®)N T? (adisk), V = T*—D (a punctured torus).

Choose a basis for the homology of dN(5) = 17, which is also a torus. Let (1, 0) be
the curve in 77 bounding the fiber V of M — N (§). Blow up the leaf of ¥ through 4.
It blows to a single annulus and the complementary region is a solid torus with core 8.
The completion of the complementary region is a solid torus with a closed curve in the
boundary removed. The removed curve is the degeneracy locus of the complementary
component [Ga-Kal]. Since the leaf of ¥ was a Mobius band, the degeneracy locus
intersects the curve (1, 0) twice. Choose the curve (0, 1) so that the degeneracy
locus is the curve (1, 2) in this basis. After the blow up, the foliation ¥ becomes a
lamination A with a single complementary region, which is a solid torus.

Let now M/, be the manifold obtained from M by doing (g, p) Dehn surgery
on &. By results about essential laminations, the lamination A remains essential in
My, if |p — 29| > 2 [Ga-Oe], [Ga-Kal]. Let y be the curve (1,0) in 77 and 7 be
the curve (0, 1). The degeneracy locus is a curve associated (o yrz. Notice there
are two tori here: one which is a fiber of the original fibration (here denoted by 72),
another which is the boundary of N (&) (here denoted by 77). The Dehn surgery
coefficients refer to 77.

Suppose the disk D above is a round disk of radius ¢ sufficiently small. The
universal abelian cover of 72 — D is the plane with disks of radius & around integer
lattice points removed. Let E be the one around the origin. We pick 4 points in 9 F:

a=(—¢e0)., b=(0,—¢), c=1(0 and d=(0,e),

see Figure 1 (a). Let @ be the image of @ under A, etc., see Figure 1 (b).
The image of d £ under A is an ellipse which can be deformed back to 0 £, see
Figure 1 (b). Notice »’, 4" are in the x axis and ' = a.
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Let the image of @ in T2 — D be the basepoint of the fundamental group of
M — N (8) for simplicity still denoted by a and likewise for b, ¢, d. Let [ be an arc
along the image of o E under A, going counterclockwise from 4’ to a’.

(b)
Figure 1. Computing the fundamental group of M — N (§).

We pick a basis for 71(T? — D): Letw = ac = 1 (see Figure 1 (¢) where the
arc ac C d F is traversed in the counterclockwise direction and [y is parametrized as
{(t£,0) | e <t <1 —¢}. Here * denotes concatenation of arcs, where ac 1s traversed
first and then /. Let also

B = ado * I * bag,

where [ is parametrized as {(0,7) | ¢ <t < 1 — g}, and the subscript “clo” means
the arcs are traversed clockwise in 0 . We identify « and g with their images in
T, — D, so they generate the fundamental group of 7> — D. It 1s casy to see that the
curve

% :[a,ﬁ]:a*ﬁ*a‘l *6_1
1s just a counterclockwise turn around d ££. Then

ot =1 s alc 1 -1
where [ was defined above. The composition/ % a’¢’ is roughly one counterclockwise
turn around 3 so it is the curve y. The straight arc /] goes from ¢’ = (me, ¢) to
(m(1 —eg),1—¢) -roughly going one step up and |m| steps to the left. This together
with I~! can be isotoped to Ba™ (where we are identifying «, # with the appropriate
covering translates). We conclude that t~lar = yBa™. Similarly

tTBr =l ad go w1y« W go « 171

Here [} is a straight path from (g, 0) to (1 — &, 0). So in the same way it is easy to
see that 7~187 = o~!. Notice that «, T generate w1 (M — N(8)). Hence

(M —N@®) ={e, v | t ot =ppo™, e =a7!, vy = [a, B
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After (¢, p) Dehn surgery on § we obtain ¢ + pt is the new meridian or t?y % = 1.
Hence we obtain

The Group:
g =m(My) ={o, 7|t tar =yBa™, 7Bt =al, y =[a, B, TPy =1).

This group & with this presentation will be fixed throughout the proof. In the
proof we will use the relations above and the following variations of these relations
extensively:

r_lﬁt —a !, rarTl= ﬁ_l,

1.-1 _m—1

=1 =T T o ;

tlor = yBo” = ¢!

ot = tyBa™ = rafa™ 1,

off = yBa, or atalt7l = tya_lt_la.

From the above it follows that «”~! = 181" ¢ hence r~lur = wfa™ ! =
afr=1B1=". This is equivalent to ¢~ 'v~'@p™ ! = Br—! and therefore we have
ra e~ lgpm 1 = B~ or

'L'ﬁf_l — 6“6’”_1 — J/_ICK,Bm.

These and circular variations of these will be used throughout the article.

Since g, p are relatively prime there are e, f in Z with ep + fg = 1. Let
k = t/y~¢ Then « is a generator of the Z subgroup of § generated by 7, y and
r=x?,y =72,

3. Outline of the proof

As described above, the fundamental group of M,,,, with presentation §. is generated
by two elements « and 7. Actions of a homeomorphism on a tree are easy to under-
stand: either there is a fixed point or in the free case there is an invariant axis. The
proof of the main theorem i1s split into cases as to whether the generators above act
freely. There are 3 main cases to consider (when t acts freely it does not matter the
behavior of «). The proof subdivides into various subcases. Invariably the analysis
goes like this: apply a certain relation in the group to a well chosen point. One
side of the relation implies the image of the point is in a certain region of the tree
while the other side of the relation implies it is in a different region — contradiction!
Homeomorphisms with fixed points may have local axes. This is extremely useful in
a variety of cases.

A crucial difference from the case of foliations is that in the case of laminations
the tree does not have a group invariant orientation in general. Hence orientation
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dependent arguments cannot be used. This was very important and widely used in
[RSS]. In order to stay in the orientation preserving world they restricted to p, m
odd, which ensures the orientation hypothesis. Under these conditions on p, g (with
p > g also) they ruled out the existence of Reebless foliations [RSS].

Since we do not have an orientation here, the condition m odd does not play a role,
which allows us to consider m even as well. In addition if |p — 2¢| > 2 there is an
essential lamination in the surgered manifold, so the exact condition |p —2¢g| = 1 has
to appear in the analysis of the laminations case. Notice that |p — 2¢| = 1 obviously
implies that p is odd.

On the other hand there are many examples with p even so that M,,, has a
Reebless foliation — for example p =4, g = 1 or p = 8, ¢ = 3 (this has p > g!).
So when p 1s even, then to rule out Reebless foliations, some further conditions on
P, ¢ are necessary.

Except for ruling out trivial actions, the proof here is done entirely in the tree —
we never go back to the original non Hausdorff tree. For the sake of completeness
we state this result from which the main theorem 1s an easy corollary:

Theorem. Let My, be the manifold described above. If m < —4 and |p — 2q| =1,
then every action of w1 (Mp,) on a tree is trivial.

Given the presentation of § above, the proof of the main theorem is broken into
four cases:

+ Case R. R-covered case.

+ Case A. t acts freely.

+ Case B. « acts freely, t has a fixed point.
+ Case C. « and 7 have fixed points.

If a homeomorphism g acts freely on a tree, let 4, be its axis. If 4« has a local
axis, we denote it by LA,,. Unlike a true axis, a homeomorphism may have more
than one local axis. The context will make it clear which one is being considered.
Assume by way of contradiction that § acts non trivially on a tree 7.

Case R. The R-covered case is simple. Given that p is odd, this implies that T is
orientation preserving in R. The case « orientation preserving is simple. The other
case (which implies m is even) leads to p > 3¢ which for our purposes is enough.
It also leads us to move away from orientation preserving arguments. Orientation
preserving arguments were fundamental in the foliations analysis but in general cannot
be used in the laminations case. We note that there 1s an easy non trivial linear action
on R when p =4, ¢ = 1. Notice that in this case p is even.

Case A. This implies that « = v/ v ¢ also acts freely and 4, = ;. We analyse how
A intersects A, « and other translates (here A, « is the image of A, under «). Let
u = «ff. One uses the relation off = y B to analyse how A, intersects 4, # which
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breaks down into various cases as to whether this intersection is empty, a single point
or a segment. One particularly tricky case needs the condition m #= —3.

Case B. Let z be a fixed point of . First suppose that z is not in the axis 4, of «.
Suppose there is no fixed point of = between z and A, . Here let U be the component
of T — {z} containing +A,. The case Ut # U is easy to deal with. Tt follows that
Ut = U producing a local axis LA, of T which is contained in U and has one limit
point in z. The proof breaks down as to whether L+, intersects 4, or not. Empty
intersections are easy to deal with, the other case being trickier.

Then suppose z is in #A,. We remark this is a crucial case, because this is likely
what happens for the essential laminations we know (o exist when |p — 2¢g| > 2.
These come from the original stable lamination on the fibering manifold (a torus
bundle over $1). In that manifold, « acted freely and 7 had a fixed point in A,. After
the surgery « would still have at least a local axis, which contains a fixed point of 7.
So one knows the exact condition |p — 2¢| = 1 will have to be used here!

In this case consider U the component of 7' — {z} containing z« and U, the
one containing za~ b Ttis easy to show that Ut is not U; and that Uyt 1s in fact
equal to Uz. When U 7~1 = U, then one produces a contradiction just using that
p 1s odd. The case Uyt~ 1 # U or Urt # U 18 much more interesting. Here the
exact condition |p — 2g| = 1 is used to show it would imply Ut = U; which was
disallowed at the beginning. This actually has connections with the topology of the
situation, see detailed explanation in Section 6. This is a crucial part of the proof.
One very tricky issue is that a priori z is only a fixed point of ¢ and not of y — part of
the proof 1s ruling this out.

Case C. Generally an axis is good because it gives information about where points
go. The case of fixed points is trickier and one many times searches for a local axis.

Here let s be a fixed point of « and w a fixed point of « so that there is no fixed
point of either in (s, w). Notice there may be fixed points of 7 in (s, w)! Let ‘W be the
component of T — {s} containing w and 'V the component of 7 — {w} containing s.
The first part of the proof shows that Wr = W and Vo = V. This situation has
moderately involved arguments. This immediately produces a local axis £, of o
contained in 'V and with one limit point w. One does not have yet a local axis for t
because we do not know a priori that v has no fixed points in (s, w). Some technical
complications ensue.

One then shows that sc, sa™" are in 'W. Let z be the fixed point of 7 in [s, w)
which is closest to w — z could be 5. Using the previous results, we show that the
component U of T — {z} containing w is invariant under . Now this produces a
local axis LA, of T in U with ideal point z and some further properties. One then
shows that w is not in L4, and z is not in L A,.

We are now in familiar ground. If LA, N LA, has at most one point, then it is
casy. When £ A, N LA has more than one point we use arguments done in case B —

1
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this part of the arguments in case B is done in more generality using local axis (rather
than axis as needed in case B) and can be used in case C as well. This finishes the
proof of case C. This finally yields the proof of the main theorem. O

The arguments in this article are very involved. One possibility to read the article
and get a quick grasp of the proof is to first analyse the R-covered proof. Then go
to the proof of case B.2 — « acts freely and t has a fixed point in the axis of « — this
case admits essential laminations if |p — 2¢g| > 2 and the topology can be detected.
Then read the proof of t acts freely and the other proofs.

We note that Z actions on non Hausdorff trees had been previously analysed in
[Fe] and [Ro-Stl], [Ro-St2], with consequences for pseudo-Anosov flows [Fe] and
Seifert fibered spaces [Ro-Stl], [Ro-St2].

There is a large literature of group actions on trees which were brought to the
forefront by Serre’s fundamental monograph [Se]. The analysis usually involves a
metric which is invariant under the actions [Mo-Sh1], [Mo-Sh2], [Mo-Sh3] or actions
on simplicial trees [Se]. We stress that the tree involved in here is not simplicial and
it 1s not presented in general with a group invariant metric — unless there is a holon-
omy invariant transverse measure of full support in the lamination, e¢.g when there
is an incompressible surface. So the proof is entirely topological and in that sense
elementary. The topology of the manifold, particularly the condition |p — 2g| =1
plays a crucial role. Notice that in the foliations case there is a pseudo-metric ly-
ing in the background which is used from time to time to deal with some critical
cases in [RSS]. The pseudometric distance between two points measures how many
Jjumps between non separated points are necessary to go from one point to the other.
This pscudometric was analysed and used previously by Barbot in [Bal], [Ba2] with
consequences for foliations. In the laminations case, such a pseudo-metric does not
seem to give useful information, because in some sense the singularities or prongs
also allows one to “change” direction — there is much more flexibility.

4. Case R: the R-covered case

For the remainder of the article we consider the manifold M, ,, as described in
Section 2 with fundamental group 4. The goal is to show it does not admit an essential
lamination. Suppose then on the contrary that there is an essential lamination A on
M. Let T be the associated tree with non trivial action of § on it. Notice that since
a, T generate &, no point of 7' is fixed by both « and 7.

The conditions on the parameters are |p — 2g| = 1 and m < —4. They will not
be used in full force for all the arguments. Many times all we need is p > ¢ or p odd
or m negative or none of these. The proof is done by subdividing into subcases and
showing each subcase is impossible leading to various contradictions.
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In this section we assume that 7" 1s homeomorphic to the real numbers and study
non trivial actions of ¢ in R. Notice that since y is a commutator, it i$ an orientation
preserving homeomorphism of R, As t#y9 = 1d, t# 1s also orientation preserving.

We use the relations from the group presentation of § or variations thereof.

Suppose first the action is orientation preserving on R:

Case R.1. «, t are orientation preserving.
As f = tar~! then B also is orientation preserving and so is the whole group §.
We subdivide into subcases:

Case R.1.1. 7 has a fixed point x.
Then xe 1s not x. Orient R so that x > x. As y is orientation preserving then
xy = x. Then applying yrf¢™ = at to x:

PP =l ==

which uses t orientation preserving. Hence xf¢” > x or xf > xa™ > x (as
—m > 0). Hence xf~! < x. But also

1 1 -1

xﬁ_lzxtozt_ =NET AT =K.

This is a contradiction, ruling out this case.

Case R.1.2. 7t acts freely, « has a fixed point x.

Assume t is increasing in R. As r = «9 and g is (always) positive then « is
increasing. Here use xat = xtv = xyrfce™. Hence xta™ = xytf. Asxt > x
then xte™™ > x. Hence xyt > xf~ 1. Usey =« Pand yr =«x977, Asqg < p
then ¢ — p < 0 and yt is monotone decreasing or constant. Hence

x,B_l < xy1 < Xx.

Omne fact that will be used in a lot of arguments 1s that under the condition p > g when
v, Tactfreelyandxt > x thenxy < xz L, Noticethatxt_l,é’ = xa~ 17l = xr 1L,

On the other hand

xf =xaff =xyfa < xt_lﬁa =xt o < xa =x,

leading to the contradiction that both xf and xf1are < x.
Notice a lot of these arguments are using orientation preserving homeomorphisms.

Case R.1.3. 7 acts freely increasing in R and « acts freely, also increasing in R.
Take any x in R. Then xot > x soxytfa™ > x. Soxytf > xa™ > x. Since
xyt < x this implies xp > x. On the other hand,

xp = xraelrTh e xrr =,

contradiction.
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Case R.1.4. 7 acts freely and increasing in R, « acts freely and decreasing in R,
This implies zo~! > z for all z in R. For any x in R, x8 = xre™lz7! >
xtt~! = x. Alsoxt~

Lyt < x for all x. Hence

xapa™ = xr 7 lar < x,
for all x. Hence xaff < xaa™ < xu for all x (—m > 0). But this contradicts
(xa)B > xo because £ 1s increasing everywhere as proved above.
This finishes the analysis of T homeomorphic to R and orientation preserving
action.

We now deal with orientation reversing cases. The general case of t orientation
reversing is hard, so we use one of the hypothesis to discard it as follows: t# = y~¢
is orientation preserving as y always is. We are mainly interested in |p — 2¢g| = 1,
which implies p odd and if p is odd and r# orientation preserving then t is also
orientation preserving. We now deal with the case « orientation reversing.

Case R.2. « orientation reversing, T orientation preserving.

Let x be the unique fixed point of «. As xt # x, assume xt > x. AS « 18
conjugate to A3, then f also reverses orientation. Then r ot = ySa™ implies that
™ is orientation preserving. Equivalently, m is even.

As 7 = «? and ¢ > 0, this implies « is increasing in x. Notice that xz ! is the
unique fixed point of 8. The subcases depend on the relative position of x7« and
x7~L. Notice that xt > x, $0 xTa < xe = x.

Case R2.1. xta < xt— L,

Then xret ! = x~1 < xr~2. Notice
xtyBa” = xar = x1v > x

soxtyf > xa~" = x. This is because o =" 1s orientation preserving. As S reverses
orientation, then

XTYy < x,B_l < xt2

orxtly < x. As 1 =k and y = « ¢, then x4 ~P < x. As « is increasing in x
then 3g — p < O or p > 3¢g. Arguments such as this will be used in various parts of
the proof. Since in the end we want p = 24 £ 1 we can discard this case.

Remark. What we really wanted was to rule out this case without using p = 2g £ 1,
but we were unable to do that. Our partial results (without using p = 2g & 1) show
that xta® > xta so x < xta? < xt. Also there is a fixed point of ¢ between x 7
and x72 and ” acts expandingly (away from x) in some point. Something similar is
also true in the following case.

Case R2.2. xta > xt— L.
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First notice that x8~1 < xt~1. Use

(xt)ryBa™ = (xT)at > x1 lr =x

m

s0 x72yB > xa~™ = x (m even) and

xrzy < xﬁ_l < xr7 L.

We conclude as in the previous case that xt3y < x or p > 3q, also disallowed.
The reader may think we just got lucky to get p > 3¢ as we have the hypothesis

p = 2q £ 1. The remaining case explains why this has happened.

Case R.2.3. xtao = x77 1,

This case is much more interesting. First

xar = xtafa™ L.

Since xta = xr ! this is left invariant by f, so the right side is xtaa™ ! = xra™

equal to xt. Since m is even, @™ preserves orientation, therefore xta? = xt. Also
xte = xra~! = xr~!. Now notice that

xtyBa™ = xat = x1, 80 xty = xra "R,

or xty = xtf~'. Now we show that x> = xt 2. To show this use xg v =
xta = xt 1, hence x~! = xt~2. Use

- I W B

applied to x:
X'L'_zﬁl'z — XCdl_mﬁ_la_l

orxp 1872 =xp~ e s0

X1 = x1t fa),
Then
X1 % = x7rtq = (xT)Ta = xrﬁ_lr = XEPT
or
xyr4 = ¥.

As seen before this implies p = 4q or p = 4, g = 1. This is disallowed by p being
odd.
We remark that in this case the group in fact acts non trivially in R. For instance
let
xee = —x, xt=x++1.

It is ecasy to check they satisfy the equations if m is even!
It may be true that this is the only possibility and when xto # xt~
perturbation of this, namely that p is close to 4¢g and in fact p > 3g.

I we get a
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5. Case A: 7 acts freely

In this section we consider the case that t acts freely in 7. This implies that «¢ acts
freely in the tree, and therefore « itself acts freely. In addition the axes are the same
A, = ;. Here we will use the relation ¢ff = y S in the following form, defining
an clement u of §.:

1 1.-1

u=uopf =urte = vBa = yra T .

We will consider the intersections A, N A, and A, M A, u. The axis +4, 1s home-
omorphic to the real numbers. Put an order < in A, so that x < x7 for any x in A.
This induces an order <, in A, « so that x < y in A, if and only if x¢ <, yo in
A, and similarly put order <, in A, u sothatx < y in A, if and only if xu <, yu
n A, u.

Case A.1. A, N A, has at most one point.

If the intersection is a single point x, let y = x as well.

If they are disjoint, there is a single point x in 4, bridging (0 +,c. For instance
x is the unique point so that there is a path from x 0 A, « intersecting 4, only in x.
Another way to characterize x, it is the only point so that x separates the rest of A
from A,c. In other words the components of T — {x} containing +,« and the rest
of A, are all disjoint. In the same way there is a single y in 4, « which is the closest
to A,. Then [x, y] is a path from A, to A« so that (x, y) does not intersect either
Ay or Ao — this 1s an equivalent way to get the segment [x, y]. This path [x, y] is
called the bridge from A, to #4,«. This extended notion of bridges will also be used
in the article. It is invariant by homeomorphisms of the tree. The bridge between
connected sets 1s also unique.

We now use the relation above. The proof is very similar to ping pong lemma
arguments. Since A, 1s invariant under y and r, the right side says that A,u =
A Koe_l rla.

The bridge from A, 0 A, 18 [x, v] - degenerate [x, x| when they intersect in
a point. Therefore the bridge from A,Ca_l to oA, 1S [xoe_l, ya‘l], see Figure 2 (a).
Then the bridge from AKOé_l‘L’_l to oA, 18 [XOé_l‘L'_l, yOd_l‘t_l]. This implies that

the bridge from A 7y 10 A is et e, ya_lt_la].

Notice that ye~tz~! is not yo~!. Therefore yo~lr 1o is not v, but ya v~ lo is

in Ao as yve~lt =l is in A,. It now follows that

1,.-1

the bridge from Acu = A 't e 10 A is [xe lr 7, x].

On the other hand use that A, u = A,{ara‘lr‘l. The bridge from A, a7t 0 A, 1S
[yr, xt], see Figure 2 (b). The bridge from s, ate™! to A is [yre™!, xta™!]
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i Aot

Ao Ty

xcx’ltfla

yoF1 -—(xa1
o L
-1,.-1
yo =T -_(xcxltl
o%,ccx’lr’l

(a)

Figure 2. The case A, N Ao = . The same arguments can be used for intersection a single
point. (a) Using Acu = Ace 't 'e. (b) Using A u = Acara 7L

1 1

and the bridge from A,(a‘l to oA, 18 [xa‘l, ya‘l]. Since x¢™ " isnotequal to xTa ™
then the bridge from ATl (0 Ay iS [yra_l, yoz_l]. Finally

1

the bridge from Acu to A is [yre~ '™l yae~ e

Since the bridge from A, u to A, 1s uniquely defined this implies

1_-1 1_-1 —11,—1

ye T =x, yId T @ =X .
Soy =x7re and
vt g = xrara_lr_l, or va 't lara = xtar.
Use 7~ latr = a¢fe™ 1, so
ot gt = e oo™ o = B =y e,
so xy "t~ lar = xtar, or xy~ 1t~ = xz. This implies xyt? = x and as seen

before implies p = 2g. This is disallowed by p odd.

We now consider intersections with more than one point.

Case A2, A, N A.x = [x,y]. Here x is not equal to y and x < y in #A,. We
include some ideal point cases: x could —oc and y could be +o0, in which case
the intersection 1s a ray in 4. On the other hand we can never have A, = A, «.
Otherwise o, t leave A, invariant, so the whole group does. But 4, is homeomorphic
to R — this was disallowed by no actions on R.
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Since the intersection is a non trivial interval one considers separately whether
the orders <, <, agree on the intersection.

Case A.2.1. The orders < and <, agree on A, M A«.

It is easy to check that this is equivalent to xa~! < ya~! in #,, by applying «
to the pair xa—1, yor™! both of which are in A,

We now consider #A,u (with ©« = «f as in case A.1). We first use sAqu =
A"t 1w (see case A.1). Notice that

e N ,A,Ca_l = [xcz_l, yoe_l] SO A,Coe_lt_l N A = [xa_lr_l, ya‘lt_l],

in the correct order. Hence

A N A = [xoe_lt_loe, ya_lr_la].

1._-1 1.-1

In addition xo¢™ 't 7w <4 YT T
1_—1 1.—1

Notice that xe~'v~! < xe~! in #A,, hence xa~ 't~ 1o <, x in A, Also
ye~tt~la <, yin Aca. Given this there are 3 options:

DIf ye vl <, x in Ao then sAcu N A, = # and the bridge from A, to
A is [x, ya~ 't~ la], Figure 3 (a).

D If ya~lr 1o >, x in A then yo~lt— 1 is in (x, v) and Acu N A =
[x, vt~ le]. Inaddition the orders < and <, agree on 4, N A, «, see Figure 3 (b).

3 If yo lv o = x, then s, u N A, = [z, x]. In addition if z is not x then the
orders < and <, disagree on A, N A, u, see Figure 3 (c). In this case both x and y
are finite. The last option can occur because #,u can enter 4, 1n x but rather than
going up, it will go into the opposite direction — the one containing x7~!.

Notice that the 3 options are mutually exclusive. We now consider A,y =
Aate L Use

Au N A, = (At N .A)Koe)oe_lt_l.

Here #A,at N A, = [x7, yr]. So whether A,¢te~! and A, intersect, depends on
the relative positions of xt and y. Notice that xt > x in Ay.

YIf xt > yin s, then s ot N A = @, 50 Acata ' N A, = @. Therefore
At N A = @ and the bridge from A, 0 sAcu is [ye~'v71, xtae~1r71], see Fig-
ure 4 (a). Notice the bridge from A, ot t0 A, 18 [x7, ¥], so bridge from Aato !
to A, is [xta~!, ye~1]. Here x, y finite.

VIf xt < yin oA then Acet N e = [x7, v], then A N Agu is [xre 171,
ya‘l ‘L'_l] (the first term smaller in A ), and the orders < and <, agree on A, N A, u,
see Figure 4 (b).

3 If xt = y, then Aot N A = [y, v]. Notice we may have v # y. So
A N A = [ye v~ w], where w = ve~'v~!. Here x and y are finite and
if w is not equal to xte ™1z ~!, then the orders < and <, disagree on A, N A,u.
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\

e
syt

(c)

vars

11:*104 T

Figure 3.  Evaluating Agu N A, using A.u = e Tt l, (@) yoao©

®) vt e »q x, (©) yo v e = x.

Notice that order in A, goes from v to y, so the increasing order <, in A, u from
w = va~lt7l to yo~lr~1, see Figure 4 (c).
Notice that again all 3 cases are mutually exclusive. Therefore we can match the

2 pairs of 3 possibilities to get 3 mutually exclusive cases:

L vo 't lo <, xin A, 0r xT > yin A, and A, N A.u = . In this case

X, o ey = a_lt_l,xta_lr_l].
Y y

1.-1

II. yo '17 ' > x In A Or X7 < y in A, and

A N A =[x, yoe_lr_loe] = [xta_lr_l, ya_lr_l].

M. yo 't~ lo = xorxt = y. Then
A N A = [z, x] = [ve~ 71 w.
If z is not x then the orders < and <, disagree on A, N A, u.

We now deal with each situation separately.

Situation II. Here xto = x7 and x7 is in (x, y). Let Uy (respectively U») be the
component of 7" — {x7t} containing y (respectively x). Here [x, y] = A, N A,
x7 18 in the interior of [x, ¥] and then the orders <, <, agree on [x, y]. Notice that
Yo >4 xTe = x7 and y is in s« s0 yo isin U . It follows that the prongs [xz, v],
[xT, y] are equivalent. By Lemma 2.5, Uy« = Uy. In the same way xa~lisin Uy
and U = U,. This situation is disallowed by the following lemma.
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Ay AT A s T
yT / yr ’/EAKCET
//AKG
¥ 9 _
AT =Y ™ e
XT g——""""" X 4
AKO! \
X g—"— A
e}‘e,{ot_lf_l E
oL /
1 1 w:voflffl
yoa© T
) R ya—1lp—1
xra—le~1 "__\:
u
yo 1yl ¢ L K
A lr™L ® X T
(a) (b) (©)

Figure 4. Using A u = Acatae lrl (@xr = v, D) xT < v, () xT = y.

Lemma 5.1. Suppose that £ is a local axis for k and r is a point in L withra = r.
Suppose that Uy (U respectively) is the component of T — {r} containing rt (rr ="
respectively). Then at least one of U1 or Uz is not invariant under «.

Proof. On the contrary suppose that U; = U; fori = 1,2, We will arrive at a
contradiction. Let V; = U;z~'. Then the conjugation of A with ¢~! by 7 implies
that V;6 =7V;,i =1, 2. Use

rt et = ryBa™.

Since p > ¢, then ry < rt—1lin £ (with 7 increasing in L) and so ryf is in
V,y U {r7 1} contained in U,. Therefore ryBa™ is in Us. Consequently

rt ot € Uy and rt e e Uzt_l = V. (%)
On the other hand ry € Vo U {rr=1}, s0

el =ryB e VU lrr™ 1,

1

sort~lisin [rBa~!, r). Apply « to obtain

rt Yo € [rB, r). (%)

Now

1

rB =rra tlandrre Wi = rra ey = rp = rre vl e vy,
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As r is also in Vy, it follows from () that =~ e is also in Vy. This contradicts ()
above and finishes the proof of the lemma. O

Remark. Later on, in the proof of Lemma 7.3 we prove that this is actually true if
L 1s only a local axis for 7, as opposed to being a local axis for «. The proof 1s more
involved and the stronger result is needed for case C.

Situation III. Here A, u N A, = [z, x] with z < x in A,. Then
At Ny = Acara™ N, = [z7, x7] = [27, ¥].

Hence A, at N Ao = [zT7a, ya] and y = z1a <, yo in A« — this is the crucial
fact, see Figure 5. Now

x;v_loz = xﬁaﬁ_l = xra_lr_laﬁ_l

1 1

=ya e laf™ = x7 = xrar7! = yar~h

Here the bridge of yo to #A, 1s [yer, ¥] (which a priori could be the single point y).
So the bridge from var 1o A is [yer ™!, yr71] = [yar 1, x]. On the other hand
y < xy~Lin A, (using p > ¢), s0 yo <4 xv ' in A . It follows that the bridge
from xy ~'e t0 A, is [xy ~le, y]. By the above formulas, xy ~! = yat ™!, so this
would imply x = vy, contradiction.

1

AT
yT u/
o XT
XT =Y ¢ _
yo Yy Lo
o O

Figure 5. Situation III leading to a contradiction.

Situation I. Surprisingly this is the most difficult case. Here

yoz_lt_loz <g XIN A, XT > VIN Ay,

X = ya_lt_l, yoe_lr_loe —xra el
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As yva~lv7la <, x in Ao then yo~l v~ is not in #A,. Also

xe = (yoz_lr_l)oe = xra lr7l = xp,

s0 xa = xB — this is a crucial fact in this proof. The bridge from x« to A, 1S [xw, x].
Notice also that

xa vl <y yoe_lt_la <4 X In A,

1

so the bridge from xc ™ o to Ay 18 [xoe‘lt‘la, x]. It follows that

1 1_-1 1_-1

the bridge from xot™ ot 0 A, 1S [xo™ T ar, x7] =[x T at, ya 1.

Now

1_-1

va 't ot = (ko HaBa 1 .

m=l _ vqa™ 1 = xo.

M=l _ xBa

Here xo < x < y < ya~ ! — they are aligned. It follows from Lemma 2.6 that x, xa
are in a local axis LA, for «, similarly y is also in a local axis. Since y isin [x«™, x],
then also y, ye~ ! are in LAy In the same way (LANT L = LAg 18 a local axis
for B and xp, x, xt ! are in LAg. Now

x8 =xra 7 = xa, so xat =xta”! = ya 2.

-1 1

Apply efe™ 1 = 7 lar to ya I

(yva Depa™ 1 = yBa™ ! = (yo D7 lar = (xv)v ot = xar = ya 2.
The conclusionis y8 = ye~"~landitisin L£LA,. Now yisnotin £ 4 g and the bridge
from y to LoAg 18 [y, x], s0 the bridge from yB to LoAg 18 [yB, xB] = [ye~ "L xal.
Therefore LA, and LAg split away from each other in xa = xf3, or

Loy NLoAg =[x, xa] =[x, xB].

The homeomorphism t conjugates the action of @1 in £, to the action of B in
LAg (see Figure 6). Now apply vte™ = typ to x:

7] i3 2—m

(xar)a " = (yoe_z)a_ = ya = XTRh.

As xa is in LAg, then xat is in LA, and it follows that xtyp is in LA, If

xty < x7~1in A, then the bridge from xty to LAg 18 [X‘L')/,X‘L'_l] and so the
bridge from xtyf to LoAg is [xtyf, xt 18], But xt 718 = xe 1z 7! and

xa~ 7l < ya_lt_l =x in A,.

This would imply xty B 1s not in £+, contradiction. Hence xyt > xr Vin oAy

Notice

1

xﬁ_l =XxtHT = yt_l € (xv:_l,x).
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xa lrlor = xa™

XT = yu L

& st

xr ! ’\
Lokg

e

Figure 6. Situation I, the hard case.

If xty isin [xt =L, x8~1) then xtyB is in [xt 18, x) and not in £ 4, either, con-
tradiction again. Therefore xty is in [x~1, x]. The case xty = x can only occur
when p = g = 1. This case can also be ruled out by a further argument, but as we
are mainly interested in |p — 2g| = 1 we assume here that p > g. Then xty is in
[xA~L, x) and xtyB is in [x, xB). We conclude that

ya TP € [x, xa).

Claim. ytyBisin LA,
If vty > xin Ay, then x < yry < yin A,. So yryfisin (xS, yB] or

yTyB € [xa, ya "1 € LA,

Notice xtyf € LA,. If on the other hand yty < x in A, then xty < yry < x
n A,, and
yryp € (xtyp, xp) = (xtyp, xa) C LAy

and again yryf isin LA,.
Therefore the claim is proved.

It now follows that yryBa™ = yarisin LAy, Here ya isin LA, and ya <4 ¥
in LAy If yo >4 x in LAy, then ya is in A, and yo > x in A, as well. Then
YT > X7 = yo ) in A, and yar is not in LA, contradiction.

Therefore ya <, x in LA, and so yo 18 in [x, x¢). But ya
Since y is in a local axis for « it follows that

—2m e [x, xa).

yo =ya 7" or m=—3.
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Since we are assuming m < —3 this rules out this case as well.
This finishes the analysis of situation T and completes the analysis of the situation
that orders < and < agree on A, N A, . This ends case A.2.1.

Case A.2.2. The orders < and <, disagree on A, N A, .
Notice this is equivalent to yo ™!
yra 't~ la. Then

< xa~lin A, Againuse u = ara 1t =

At N A, = (A,Coeroe_l N AK)I_I = (At N 040,(06)0(_11’_1.

There are the following possibilities:
1) If xt > y in A, then Aot N Ay 1s empty and the bridge from A ot

to Aga 18 [xt, y]. Therefore A,u N A, = @ and the bridge from A, u (0 A, 1S
1

1

[xra~le™!, ye= 1], see Figure 7 (a). Notice that

Axa_lt_l N Ay = (AN AKOé‘E)Oé_l‘L'_l = [xE; y‘L’]Oé_l‘L'_l.

oy o T Ay T
-1 _1/ /
X T ¢ ot vT AT
gyl g v
Ay lt y=XT1
=1, =1 Ao
yo T u\< X
yroa v e T Ao
(a) (b) (c)

Figure 7. The orientation reversing situation, (a) xt > v, (b) x1 < y, (¢) x7 = y.

2)If xt < yin A, then A, a1t N A = [xT, y]. Hence
Akara_l N A = [ya_l,xra{_l],
where the first endpoint is smaller than the second in A, . Finally

e Mo, = [ya_lt_l, xra‘lt_l]

and the orders <, <, agree on A, u N A, see Figure 7 (b), because ya b < xo!
in A, and their images under u satisfy yra Tt <, xra~ el in A,

3)Finallyif xt = y, then A axtNA o = [y, v], wherev <, yin A, . Itfollows
that the intersection s, et~ N = [va~!, ya™1], the first point precedes in #,.
And then

A N A, = [va_lt_l, yoe_lr_l] = |t, ya_lt_l].
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Here if ¢ is not yo~'v~! then < and <, disagree on 4, u N 4, , because yr e~ ! <
vt e~ Lin Ay

Now use sAcu N A, = (A lt7 N Ao Da. Here Aca™ N A, =
[yae~!, xa~ 1] the first term precedes in #,. Again there are 3 possibilities

INIfxae '™ < yo=lin A, then A 171N A1 = Band the bridge from
Acae~lr7 o A is [xa~ v !, ya~!]. Hence #A,u N A, = @ and the bridge
from A u to A, is [xa~ "L, v], see Figure 8 (a).

N If xae~te™l = yolin A,, then Ao v N Aol = [yo !, xa— 17!
and hence

A N A, = [xa_lr_la, v]

and the orders < and <, agree on /A, N, because x < yin A, andxe~ 7 la <,
ya~lt~ 1o in A.u, see Figure 8 (b).

N Ifxa v = yol then A~ N = [e, ye1Tand A, unc, =
v, z] where z = cw. If z is not equal to y, then the orders < and <, disagree on
At N Ay

A,Cafl
=1 Xa
Yo T PR Ay Aga !
xa vy A xa el o1
* 1 1 X0t _1
¥ yo £ e
—1.-1
A,CLL yaflffl eA}KOf T xail‘[il p v
el — ya_l
x 1.-1 A,Ca‘ill’il
b\ad‘wa yo T yailffl
¥ AKQ/ \
A a“t),cail‘fil
K ey W
(a) '] O (c)
A
(b)

1 | -1

Figure 8. Using Au = Acara 7l (@) xa vl < ya™l, (b) xe™ et » yal,

©) xa vl =yl

Notice that both pairs of the three alternatives are all mutually exclusive. We
match them and obtain three possible situations:

I xt > yin s, xe 't~ < yo~!in A, and

AatNA =0, [y lt L xra e =y, xa 1t 1o
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II. xt < yin AK,xa_lr_l > ya~lin oy
y y

1 1

A N A, = [yoz_lr_l, xTa r_l] = [xa™ t_la, v]
and the orders < and <, agree on A, u N A,.
L xt =y, xa~ 't = yo—! and
At N o =y, 2] =[1, ya~ 't 7",
If z is not y then the orders <, <, disagree on A, u N A,.

We analyse each case in turmn:

Situation II. Here x7 < vy, xa~'t™1 > yo~l and

1_-1 _1t_1

y=xTt¢ T =, Y« = xa 1t

Suppose first that [ye ™1, xa~1N[x, y] = @. Since yt = xte~ !, then [y~ !, xa™1]
1s contained in the set of points > y in A,

In addition yo is in Age — A, and y <4 ya. Hence yisin (ya™1, ya), producing

a local axis £ 4 of @ which contains y. Now use t ™ot = are™ 't 1”1 applied
to xa L

v 't lar = xe lara el = xro e L
Substitute xta~'z~! = v in the last term and xo~!'v~lo = yo~lv~! in the first

term to get

fpa b = et = gy

or y = ya™. This is impossible because y is in a local axis of « and m is not zero.

From now on in situation IT suppose that [ye™!, xa~!1 N [x, ¥] is not empty.
Since xta~! = yr > yin A, then xa~! > xta™! > yin A,. It follows that
ya~l < yin A,.

Suppose first that yo™" < y in #A,. Here x, ya‘l, vy, xa” " are all in A, which
is a line. In addition [x, y]e~! is a subset of A, and yo~! < y < xa~! in 4, and
x < yin 4Ag. It follows that there is » in [yoz_l, v] M [x, y] which is fixed by «.
Either r is equal to y or r < y in #A,. Let U (respectively U, ) be the component of
T — {r} containing r (respectively r=~1). Since

1 1

xa e Ui, x € Uy then Uja = Us.

If » < yin A, then also we have Urae = U . Otherwise Uz = Uz which is
another component of 7" — {r} which is not U1, Uy. We will rule out this case, but
the result will be used later on as well, so we state it in more generality:
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Lemma 5.2. Let LA, be alocal axis for k. Let r in LA, which is fixed by «. Let
Uy (respectively Usy) be the component of T — {r} containing rt (respectivelyrt™1).
Then Uy« is not Uy and Uy is not U .

Proof. The proof is as follows: suppose that either Ujo¢ = U7 or U = Y and
arrive at a contradiction.

First assume that Uy = Uy, Either U = Uy or Usw 1s another component
Uz of T — {u}.

Let V; = Uit~ L. Since ViB = Vitae~lt~l = Ui~ lc~! # ¥y, we have that
V18 is contained in Uy. Therefore rA is in Uy and rBa™ ! is in U1, Also

rt v ar = rapa™ ! = rBa™ 1

Asrt~! € Uy then rr e is in Uaer, which is either U5 or Us. Therefore rr Lot

is eitherin U1t C Uy orin Usr, againa subset of U1. Sorr~lar € Uy. Therefore
U™ N Uy # . But both are components of T — {r}, because ra¢ = r, so it
follows that they are equal. As Uz = U« then

U™ = Uy, or U™ = U, Uza™ = Us, Use™ = Uz if needed.

In case r # y this immediately implies m even.
Now use rryBa”™ = rat = rv € Uy. Therefore rryp € U™ = Uy, It
follows that

rrl < r < rtyp:

recall this means r separates r~! from rryf. Applying =1 one gets

rrl < rﬁ_l <FrTy. (%)

Use rf~! = rrar—1:

1

rteU; = rroe U, rﬁ_l —rralr7l e V.

As rt~1 is an accumulation point of V,, equation (%) above implies that rry is in
Voorrry < r~1in oA,, which immediately implies p > 2g.

As in the R-covered case, look at rre. If rre isnotin Vo, then rrat ¢ U», and
hence

FTHT = (7"!72)1'_106‘!7 — (rrz)yﬁam ZUz and rryp & Usz.

Sorr~!

<r=<rdyBandrrly <87 <rr7l As B = rrar! € Vo, then
2 2 -1 -
rty € Vo, sortty < rt” 0 in A,

As seen before this implies p > 3¢, which is disallowed and finishes this case.
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Ifrra e Vythenrf~! € Vyr—l. By (%) rtl <7l <rry,s0
rty € vl = FTy < rT72 i A

As seen before this also implies p > 3¢, contradiction.
This finishes the analysis of the case U« = Us.

Now suppose that Ure = Up. If U = U», then this is taken care by the
previous situation. So now assume Ui = Us which 1s not Up or Uz, As before
assume V; = Ut L

Here use rtlat = refa™ ! = rra~ e~ 1oL, First

rel e Uy = rt o e Ut = U1 = rt lat € U.
On the other hand

rt ey = rra”l € ‘ula_l =U = rra it € Uzt_l C Uz

= rra lt ™ € Upa™ L

From which we conclude that Usa™ ! = U; = Usra.
Now use rt ot = ryBa™. The left side is in U; = Use. Then

ryf e Ure™" = uzoé_l = U3z C V.

Sory e vip~l=Uit7 187 = Uyt = Vs,

The fact that U»e ! is not U implies that V; 8 is not Vq, hence 'V, 8 1s contained
in U,. We know that ry is < rr ! in LA, so it is either in 'V, or is equal to re L
Hence ry g is either rz~! oris in 'V, 8 — in either case it is in U,. Finally ryBa™ is
in U™ which must be U;. But then U™ = U™ !, contradiction.

This finishes the analysis of the case Upe = U1 and so finishes the proof of

LLemma 5.2. O

This finishes the analysis of situation II.

Situation I. In this case xo~ !t~ < yo~!in A, and y < x7 in 4. In addition

VT = yoe_l, xo vl = xra T (%)

1

1 1

Here xa™ > yo™' = yt in A, (orientation reversing case) So xo ™ =l > yvin A,
Therefore xa~ 1t~ € (v, ya™1). Also xt < vyt = ya~! in #,, so one concludes

xa 77l xr e (v, yot_l).

— yr,onehas y < yo ! <xe !, soye <y <x

I <y < yo and v is in a local axis £,

On the other hand since yo~!

and ya 1s in A, o — A, . Itfollows that yo™
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for «. This implies that the translates [yo', ye! T are all disjoint (as ¢ varies in Z).
Use the relation 7 1ot = et~ ta™ ! in the form

o b lgra! ™ = ro 10!

applied to x to get

1

yo ltleyrel ™ = xre e L stk
(

Now apply the second equality of () to both sides of () to get

(xre e D™ =xa v le or (x)e™ = (et D
But xt € (y,ya~ 1), so xta™ € (y,ya~ Do, Similarly xa~'r "l is in
(v, ya~De. Since they are equal then —m = 1 or m = —1, impossible.
Situation III. Here xt = y, xo~'t~! = yo~! and

Acu N o =y, 2] =1, ya 71

and if t # y, then <, <, disagree on A, u N A,.

Notice that v < z = ye~'¢~!

t=lsoy < yo~lin A, and yo!
Also y7 < ya~lin #4,. Now

isin A, — A, .

y < yoe_l <xa™l = x< y < ye, all points in A c.
Hence yo <, y in #.e and ye is in A« — A,. Hence y is in (yva~!, y&) and
there is a local axis LA, of @ with y in Ls,. Consider the relation t ~ler =
afa™1, Substitute 8 = ra~'r~! and rearrange the terms to get ¢ 't e =
rae o™=l Now apply it to x:

y=xo vt g = xra el e

1—m

or yra! ™™ = ye~lt=1. Now vyt € [y, ya~!], so yr is in LA, and

80 yTel ™™ is not in 4. But ye~ 1t ~1 is in 4, contradiction.

This finishes the analysis of A, u N A, = [x, ¥] with x not equal y. Consequently
this finishes the analysis of Case A, © acts freely, which we now proved cannot happen.

6. Case B: 7 has a fixed point, @ acts freely

Here « has an (actual) axis 4, and so does g with axis Ag = A, 7L, Let Fix(t) be
the set of fixed points of v. As usual there are various possibilities. This case is very
interesting because the topology of the manifold M, will play a key role.
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Recall that if x is a point not in a connected set B of the tree 7', then the segment
[x, u] 1s the bridge from x to B if the subsegment [x, #) does not intersect B and if
u is either in B or 1s an accumulation point of B. Again the important fact is that the
bridge from x to B is unique: it is the only embedded path from x to B because 7' is
a tree. As in case A this will be explored here. If u 1s in B we say that x bridges to u
in B,

We say that a point a 1s an ideal point of a local axis [ if a is not in [ but is an
accumulation point of /. Obviously this implies that / is not properly embedded in 7
in the side accumulating to a.

There are two main cases depending on whether Fix(t) intersects +, or not.

Case B.1. Fix(t) N A, = 0.

Then « also has a fixed point s. Choose s with sk = s and s closest to A, that
is, the bridge [s, c] from s to 4, has no other fixed point of «. Let z in [s, c] fixed by
T and closest to #4,, that is, the bridge [z, ¢] from z to 4, has no other fixed point
of 7 besides z. A priori we do not know whether z is equal to s or not. Let U be the
component of T — {z} containing A,

Then s is a subset of Ut and z bridges to 7! in Ag.

Case B.1.1. Suppose Ut # U.

Then Uz~ # U as well. Apply et = reBa™ ! to z: the point z bridges to ¢ in
Ay, SO zo bridges (0 co in Ay. AS co 18 not ¢ then ze 18 in U, S0 zeeT 15 1in U, see
Figure 9 (a). On the other hand ;7o = zo is in U and hence 7 separates it from Ag.
Tt follows that ze also bridges to ct=! in A 4. Then

zaff = zrap bridges to et 1B in Ag and et 1B #£ et so zrap e Ur~L

Therefore zraf bridges to ¢ in Ay, 5o zzeBa™ ! bridges to ca™ ! in A,. This
implies zreBa™ ! is in U, impossible since it is equal to zar € Ur.

We conclude that Ut = U, which will be assumed from now on in this proof.

Choose a prong n at z which 1s a subset of [z, c]. This prong is associated to the
component U of T — {z}, hence the prong nt also is associated to the component
U = Ur and n Nyt 1s not just z. Let e be another point in the intersection. Then
et~ e are both in 5 and er ! is not equal ¢ — by choice of z as the fixed point of
T in [z, ¢] closest to A,. So either e iSin [z, eT) Or eT 18 in [z, ). In the first case
(say) apply 7 to get et is in [z, er?) and it now follows that e < et < er?. The same
alignment of points happens in the second case. We conclude that there is a local axis
LA, for 7, with e in the local axis.

This construction of a local axis is crucial in case B and also in case C of the

proof.

Conclusion. If Ur = U and there is no fixed point of 7 in (z, w], then there is a
local axis LA, of T contained in U with one ideal point z.
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Figure 9. (a) The case Ut # U, (b) the case LA, N Ay = .

Case B.1.2. Suppose that LA N A, 1s at most one point.

Let [d, c] be the bridge from LA, t0 Ay —here d = c if LA, N Ay 1S a single
point. We do the proof for LA, N A, = 1, the case of single point intersection being
entirely similar. Once more we use

ot =zt = zaBuo

m—1 )
Here zo bridges to c in 4, and bridges to et~ in g see Figure 9 (b). Therefore
zaf brides to et~ 18 in A g and so zaB bridges to ¢ in A,. Therefore zaBa 1
bridges to ca™ 1 in A,.

On the other hand notice that z« bridges to d in LA, and so zot bridges to dt in
LA and consequently zat bridges to ¢ in A,. This contradicts the equality above.
This finishes the proof of case B.1.2.

We conclude that LA, N A, 1s more than one point. Since A, is properly
embedded in 7" and z is not in A, then there is a in LA, N #A, closest to z. From
now on in case B.1 let LA; N A, = [a, b], with a # z and a closest to z. By an
abuse of notation # can be 400, meaning the intersection is a ray in £LA;. Put an
order < in LA, sothata < b in LA,. Also let <, be the order in A, witha <, b.

From now on in case B.1 the proof will depend on whether Uy is equal to U
or not. The arguments here are also very similar to what will be needed for case C,
therefore we will make the arguments in more generality so that they can be used in
case C, namely when « has a fixed point but has a local axis with certain properties.
We first specify the conditions under which the analysis works.

Conditions. Consider two conditions:

Condition F. 7 has a fixed point z, « acts freely and z is not in the axis A,. Let A,
be in the component U of T — {z}. There is a fixed point s of « so that s is either z
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or z separates s from 4A,. Let [s, c] be the bridge from s to A,. Then (s, ¢] has no
fixed point of « and (z, ¢] has no fixed point of 7. Also Ut = U and there is a local
axis LA, of 7 in U with ideal point z. Finally LA, N A, = [a, b] where a # z and
aisin(z,b).

Notation. Givenu, v distinctin 7" let 7, (v) be the component of 7 — {u} containing v.

Condition N. 7 has a fixed point z; « has a fixed point s and « has a fixed point w so
that (s, w) has no fixed point of either x or ««. In addition either z = s or 7 € (s, w)
and (z, w) has no fixed point of 7. In addition let U be T, (w) and 'V be Ty, (z). Then
Ut = U and Vo = V. There 1s a local axis LA, of v in U with one 1deal point
z and a local axis LA, of ¢ in 'V with ideal point w. The intersection of LA, and
LA 18 [a, b] where a is the closest point to z and b can be +00 in L A;.

Here condition F is for free action of « (which is used here) and condition N is for
non free action of « (which is used in Case C). In either case the order <, in LA,
corresponds to a < b. This implies the orders <, <, coincide in the intersection.
Beware that here the order <, here is in LA, and not in (A, )« as in case A.

Caution. An axis is also a local axis. For the sake of simplicity and to use it for case
C, we will use the notation £+, even in the case of « acting freely for the rest of the
proof of case B.1. In case B.2, we will return to use the notation 4, for the axis of «.

Case B.1.3. Uy # U.

Claim. Under these conditions Uy N U is empty.

Recall that 0U = z and zt = z. Notice we do not know a priori that zy = z.
If zy = z then y permutes the components of T — {z} so one has Uy N U = .
Suppose then that zy is not z. Recall that there is a fixed point s of « with z € [s, w]
—maybe s = z. If zy # z, then

[s,z1N[s,zy]=[s,t] with t € [s,z), hence 1 € (z, zy).

In particular z is not equal to s. Notice ¢ may be equal to s. Here z separates U from
s, hence z separates U from r. Also zy separates Uy from s, hence zy separates Uy
from ¢. It follows that ¢ separates U from Uy and U N Uy = ¥. Also z separates
U from Uy and so does zy. This proves the claim.

Situation I. Suppose au <4 a in LA,.

Situation L.1. Suppose aa~l >4 b in Loy, see Figure 10 (a).
This implies that a« 1s not in LA, see Figure 10 (a). This also implies b is finite.
Notice that
et =z B8y =z P rar Ty L
The point z bridges to LAy in a. Hence zz~le~! = zo~! bridges to LA, in

ac~ !, so za~tisin U and zee~ !t is also in U, which is invariant under 7. Since
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Figure 10. The case LAy N LA = [a,b]: (a) Case ax <4 a, b <4 aa !, (b) Case
b=ar =aa !, (c)Case at > b.

Uy NU =@, then
za"re ¢ U andit bridges to LAy ina = za ™r bridges to LA, in ac™!

and hence bridges to L+, in b. But za=™ bridges to LA, in ac™™ so bridges to
LAy ina. So zo™" 1 bridges to LA, in at. This implies at = b and also that 7 is
increasing in (LA, <).

In addition

LAg = (LANT 50 LA N LA =[ar™! a]l =[ar™!, b1

and ap~! = bt~ isnotin £ A, and bridges to LA, inar 1. So this point bridges
to LA, In a and aﬁ_la_l bridges to LA, In ac~ !, As aresult aﬁ_la_l isin U.
Also aa™! bridges to LA, in b = ar. Hence it bridges to £LAg in a. This
implies that a«~! B~ bridges to LAg in af~! so again ae~!B71 is in U. Now
(afp~ ey = ae~'B~!. Which implies Uy N U is not empty. This contradicts
the above claim.
Situation 1.1 cannot happen.

Situation L.2. Suppose ac™! <, bin LA,.
Similarly to the arguments in situation 1.1, za™
U so

Lo is in U, so z& ™™ ra is not in

za "t bridges to LA, in a, za™™r bridgesto LA, in ax”l.
Also ac™1 <, bin LAy, hence ac™ ! is in LA, and ax™! < b in LA, as well. On
the other hand za™™ bridges to LA, in a so za¢~ ™t bridges (0 LA, in at. From
this it follows that at > aa~! in LA,. In particular t is increasing in (LA;, <).
There are two possibilities:
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The first possibility is that ae~! # b. In this case zo~™t bridges to LA, in
ac~! which is in the interior of [, b], hence this point also bridges to LA, In aa !,

It follows that

at =aa”' = ap™' =ar”! bridgesto LA, in a.
Then af~'a~! bridges to LA, in ae™! soisin U. As before consider a1,
Here a1 is either in LA g or bridges to LAg in br~! (the top intersection of
Log with LoA;). If ae™!is in LAg then aa~! B~ is in LAy so in U, as above
contradiction. 1If it bridges to Log in b1 then ac™' 71 bridges to LAz in
br—1p~1 = bar~1. Since in this case

1

ba > a in Ly, then bar™! >ar™! in LA, = aa‘lﬁ_l € U,

again a contradiction.

The second possibility is that e~ = b. Here we have to split further into two
options:
Recall that at > ao~! in LA,. First consider the case that at = ac™!, see
Figure 10 (b). We have the equalities af~! = arar~! = ar~!. Use
(ad™t o lr =aa™e™Bly T =aply T =ar ly T g WL
Hence ae”t ™! is not in U and bridges to LA, in 2, ax™r " bridges to LA,
in ac. But

ad™ € LAy = ad™t7l e LAy = LAy N LoAg = [a, aal,

see Figure 10 (b). Now evaluate y ™1 = Bap~la~! onar™!:

(ar™Hy ' = (@pHBap et = awpiah.

Notice that aw is in Lsg s0 agf™1 is in Lg. Fither aef~! is in LA, and then
acfe isin LA, C U (contradiction) or

a1 & LA, sobridges to LA, ina and aaBfa™! bridges to LA, in ac™!

and again this point is in U. In either case Uy N U # ¥, contradiction.
The last option of the second possibility ae™! = b is that at > b = aa™
LA, Then

Lin

brl=ar7p<ain LA, = LA, NLAs =0,

see Figure 10 (c). Here use a7 = rafa™ ! applied to z: The point z« bridges to a in
LA, and zot bridges to at in LA, Since at > b, then zot bridges to b = ac™!
in LoAg.
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On the other hand z« bridges to br~=lin LA g hence zaf bridges to br~'8 in
Lo g, hence o a in Lo, Finally zopfa™ ! bridges (o ac™ ! in LA,. Since m is
not O this 18 a contradiction.

We conclude that situation I cannot happen.

1

Situation II. ac™' <y, ain LA,.

Situation IL.1. g " is not in L+4A,. Here use

ot =z el = 2o M rar Ty !

isin U, so zo ™" re is not in U. It bridges to LA, in a, hence zo~" 1 bridges to

LAy in ac™! and hence bridges to LA, in a. On the other hand z™™ bridges to

LAy Inac™™, so bridges to LA, inb. It follows that zo~™ ¢ bridges to LA, inbr

which then must be a. Soa < at~! in LA, and T is decreasing in (LA, <).
Notice LAgN LA, 1S equal to [at‘l, bt_l] and this intersects £ A, inar! =b.
Suppose first that ae is not at~! = b. Here

aﬁ‘l bridges to LAg in ar_lﬁ_l, so bridges to LA, In ar~ L.

Then af =1~ bridges to LA inar~la™! #£ a. It follows that af 1o~ is in U.

On the other hand ae~! bridges to LoAg in ar~! = b, so ae™1 B! bridges to
LAgIn bA~! whichis not b and it follows that ace =18~ is also in U. As seen before
this implies Uy N U is not empty, contradiction.

The second option in situation II.1 is that ax = at~!, see Figure 11 (a).

LA
LA

-1
- s - at
br=l =ar=lg], Ly

v

/ DCAﬁ
A
o Loy a
_1 ace™ ™ i
b=ar™" =aw? B LAy
Pl ac ¢
70T 8
RY . Log
aon
M
o Mt

Loy
z .\ar—Za—l - (b)

Figure 11. Case au™! <4 a in Lo, (a) Picture when ae™™ & LA, ax = at . (b) Picture
when o ™™ € LA, at 18 & LA,

Apply ¢ B~ 1y~ = r=la=7 10 ae™. The left side becomes ap~'y~!. Here

B el = ap Iy legU = at el g U
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and bridges to L A in a. It follows that ac™ r ~! bridges to LAy inaw = ar™' = b.
Butae™ isin L, soac™r~1isin LAg. Consequently Lo, NLAg = at~! =b,
see Figure 11 (a).

The point a8~ is in U, hence

aﬂ_ly_l = aaﬁ_la_l = ar_lﬁ_la_l = ar e
1

is not in U. Moreover, also af =1y ~1 is not equal to z, since otherwise some point
near af ! in U will have image under y in U, which is disallowed. Then

2

z€(a,at” oe_l) = zu € (aq, ar_z) = (at_l, at_z) = zuT € (a, at_l).

In particular zot is in LA, and zata! ™™ is in LA, as well. This point is equal to

zaf3.
On the other hand

zoear Lar ™) =@r Lar B = zape(ar ar7IB).

But then zog is not in L A, contradiction.
This finishes the analysis of situation I1.1, ae™" is not in L A;.

Situation IL2., a0 ™ isin LA.

In particular a« is in (a, b]. Here za "B~y = ze7 1o~z is in U. As usual
this implies z =" rr is not in U and bridges to LA, in a and zo ™" ¢ bridges to £ A,
in a1, see Figure 11 (b); so zo™™ 1 bridges to LA, in a. So

1

za™™ bridges to LoA; in at™l = at7! > a in LA,

and again t is decreasing in (LA, <). Notice za~" bridges to LA, in ax™". If
ac™™ < bin LAy, then zo™ also bridges to LA, in ae™ and ax™ = ar~L
If

— m

ace™™ = b then zo™™ bridges to LA, inapoint > ae™ ",

that is, at~! > aa ™™ in LA;. In any case acx~ " < atVin LA, and ax < ar ™!

mn LA,

Now compute ay = acfa~tB~L. Here aw is in [a, at~!] and bridges to LAg
in at—!. Hence aaf bridges to £ 4 g In at~!8. There are two options: First if
at~1B is not in L£ A, then awp bridges to a point v in LA, and v € (a, ar~'f) —
see Figure 11 (b). Here v could be in LA;. Also v > ace™ in LA,. Then

aafe™! bridges to a point va~! in LA, = itbridgesa point cin LAz,

where ar~!8 does not separate ¢ from LoA,. It follows that ay = acfa~'p~!
bridges to a point in £ 4 g which is not at ™! hence ay is in U, contradiction.
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Figure 12. Analysing za 1 € K: (a)Picture when at € [z, a). (b) Picture whenat ! € [z, ).

The second option here is that ar~ 1B is in LA,. Here ar ! isin L4,. Then
consider at~la~! which is in £ 4, and hence in U. Then

(at_la_l)aﬁa_l = at_lﬁa_l
is in Lo, and at_lﬁa_l e ar‘lﬁ in £ A,. Therefore
atr~1Ba~! bridges to a pointin £LAg contained in (b1, ar~18).

Apply B! — the resulting point bridges to a point in £ g which is not ez ~!, hence
(ar~le=hy is in U, again a contradiction.

This finishes the analysis of situation II. Hence this finishes the analysis of case
B.1.3, Uy is not equal to U.

Case B.1.4. Suppose Uy = U.

Since the boundary dU in T is the point z this implies that gy = z. Since LA
is a prong at z it follows that (LA, )y N LA, 18 not empty. Choose cy in this
intersection. So ¢, ¢y are disjoint and in LA, It follows that z, ¢, ¢y are aligned
(the particular order is not important) and ¢ is in a local axis of y. Butcy ™ = ct?
1s also in LA, and 1t follows easily that the local axis 1s contained in and therefore
equal to the local axis LA, of 7 so y, v and hence « leave LA invariant. This sort
of argument will be used from time to time from now on.

Here the ideal would be to apply the proof of case A, where t acted freely and 4,
was invariant by y and r. We already have £, invariant under y and t, however
LA, is not properly embedded in 7" - at least in the z direction. In order to apply the
proof of case A, we analyse the relative positions of (LA ), (LA )t and so on.
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In particular for that analysis to work we must have (L4, )« contained in Y and so
on. So first we do preparation work, showing all images of the local axis are in U
and then we can apply the proof of case A.

For simplicity of notation in case B.1.4 we do the following: K will denote the
local axis £, which is contained in U and has an ideal point z. Again as we want
to use this 1n section C as well, we will consider a local axis LA, for . The key
result is the following:

Lemma 6.1. We have Xa c U, Ko™ ' ¢ U and Kara™! C U.

Proof. The proof will be done considering each problem in turn. When the problems
do not occur we show after the lemma that we can use the proof of case A to deal
with case B.1.4. We treat each problem in turn:

Problem 1. Is Ko C U?

Suppose not. Then as aw is in LA, contained in U there is ¢ in K with te = £
or ze~! is in KX, see Figure 13 (a). Here z bridges to a in £y s0 zoz~! bridges to
ac™lin LoA,. So ze~! can only be in X if b is in (z, ze™!) and ae~! = b. Tn
particular ax <, a in LA.

There are two possibilities depending on whether r is expanding away from z or
not:

First suppose at 1sin [z, a), see Figure 12 (a). As za bridges to @ in K then zot
bridges to at in K and bridges to a in LA,. Then zara™" bridges to ae™ in
LAy. The point zota™ is equal to z8 (because zy = z) and bridges to a in KX so
bridges to a1 in LA 4. But z also bridges to at ~! in LA g, contradiction.

The second option 1s at > a in K, see Figure 12 (b). Here zf8 —1 bridges (o
atr~!p~Vin LA and so to a in LoA,. Hence

B le~! bridges to ao™! in LA, = z87la"! e U.

On the other hand zee=1~! =z 1rar 1. Here

2 lreX = zale(zelt) = alra g U = a7l E U
Butz8 la~ly =z~ 1871, leading to Uy # U, contradiction to case B.1.3.

So we obtain ze~! € U is impossible. Hence K« C U. This shows that

Problem 1 does not occur.

If X« intersects K in at most one point we can use the analysis of Case A.1 to
disallow it. To use that notice that KX is a local axis for « and K« has to bridge to a
point x in X and not to z.

So assume from now on in case B.1.4 that & N K« is more than one point.

Suppose fora moment that X« is containedin X . Apply r ~late™ = yra=lr~!
to K. If K is not equal to K then the right side is strictly contained in K and the
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left side strictly contains it. Impossible. So the only possibility is that X« = K. But
that implies that X is left invariant by the whole group and this reduces to case R — the
tree is R. We conclude that Ko C K cannot happen. In the same way Ko~ ¢ X
cannot happen either.

Consider first the situation that

KN Ka=I(z,t]; thenT K, K« share a ray.

As before ¢ could be 400 in LoA;. The orientations in K and K« may agree or
not. If the orientations agree then zoe = z. This implies that z is a global fixed point,
impossible by non trivial action.

Suppose then that the orientations in J and K« disagree. If (z, 1) = LA, then
there is a fixed point r of w in LA, = K. Let Uy (respectively Uz ) be the component
of T'—{r} containing r  (respectively rt~ 1. The condition KeNXK = (z, 1) implies
that Uy = U,. This is now disallowed by Lemma 5.2, notice that LA, is a local
axis for «.

Finally suppose that ¢ is finite. Notice that KXo C K is disallowed. If fo 18
in LA, then the orientation hypothesis produces a fixed point r of « in (z,7]. In
addition with U1, U, defined above then U« = U, and this is again disallowed by
Lemma 5.2. The remaining case to be analysed here 1s that f« 18 not in LA, . In any
case since there 1s a ray in L4 ; not limiting on z whose 1mage under « limits on z,
it follows that LA has another limit point v. Then va = z. Also vk = v.

Now compute vt~ 't = vefa™ 1. The left side is vt lur = vor =27 = z.
The right side is

m—1 _ UOd‘ECK_l‘C_chm _ ZO!_l‘L'_lolm_l _ Uam—l’

vafa
or z = za™ ™%, But this case implies that z bridges to ¢ in £, and so this cannot
happen. That is, we cannot have Ko N K = (z, 1].

Suppose now that K has a ray [ (not limiting to z) so that l¢ C LA, and the
orientations disagreeing. Then LA, has another limit point v (with vk = v) and v
is in (z, ¢) (the difference here is that we are assuming ve is not z). As above we have
to isnot in K and « has a local axis with ¢ in it. Also re~! is in X and closer to v
than 7 is. Use

vt lare™™ = vyra~le L

L+=1 This shows that v expands

The left side is vaere™ and the right side is v~
fromztovin K and e~ tr=1 = 1. Nowuse rtlatrlar = te~lr 1”1 The
right side is ro™ 1. We analyse the left side. Then rz~isin (z, ) and t7 "o~ Lisin
(re~1, 7) (which is a subset of X). Apply 1o get a point in K which is in (¢, v).
Then apply « to get a point that bridges to KX in a point o in (z, ¢]. Finally apply 7 to
get a point that is contained in (z, vee™1). This cannot be 1~ 1.
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We conclude this cannot happen. This analysis shows that £, N LA, has a
point ¢ which is the closest to z.

Given these facts we now consider the general situation that K has another limit
point v. As seen above vk = v. Suppose first that v is in L£LA,. Here we split into
cases: if o acts freely then v 1s a fixed point of 7 in the axis of « and this falls under
case B.2 which we will consider latter. Consider then the case that « does not act
freely. Let w be a fixed point of « which is a limit point of A,. Choose w so that
(w, v) has no fixed point of « (as v is in LA, ) and also no fixed point of 7 or y.
Also T, (v) 1s invariant under « and 75, (w) is invariant under . Then v in LA, 18
disallowed by Lemma 7.4 (notice we do not need to use Lemma 7.2, because in this
situation we have ve = v).

It follows that v has the same properties as z. In any case one obtains that
KaN K =[t,r], tF#r t closestto z

and 1if X 1s not properly embedded in the other direction then r 1s an actual point
in K. Then Kot N.K = [tT, r7]. So the intersections are the same as occurred in
case A so far.

Problem 2. Is Koo' ¢ U?

This is similar to problem 1. As before if K ~! not contained in U, then z €
Ko™l and zo € K. Recall that LA, N K = [a.b]. This can only happen if
be(z,za),ae =band ae™! <, ain LA,

First suppose that at~! € [z, a]. Then

ar o € [za, ac] = [b, za] = at lae X = ar lar e X

and this last point bridges to b in £ 4. Then ar~!

in LA,. But

ata” ™ = ayp bridges to ba™"

ba™™ <, b in LA, = ayp bridgesto bt~ =ain LAg.

On the other hand ay € [z, ar~!] and bridges to at~! in LAz, so ayp bridges to
atr~1Bin LAg. Since ar !B is a point in LsAg — K it is not equal to bt ~!, leading
to a contradiction.

1

The second option is at ~" > a in K. Here use

zﬁ_l —zar e K, zu € (Z,Zﬁ_l) = Z,B_lot_l Z U.

On the other hand zo~! bridges to ae™! in LA, so bridges to ar~! in LAg. SO
za~ 1~ bridges toar =1~ in LA and is in U. As above this is a contradiction.
We conclude that Problem 2 does not occur.
After some analysis as in problem 1, this implies that

Ko 'NK =/, r], with ¢/ £+, t' £z
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and if K not properly embedded on the other side then »” has to be finite in K.
Then clearly Ko~ 'r =1 ¢ U and intersects K in a segment.
The last problem is the following:

Problem 3. Does Kora™! ¢ U?
Suppose not, that is, Kate~! ¢ U. We have to be careful here. First a prelimi-
nary claim:

Claim. z € Kata™!.

Tf this is not true then Kora~! N U = @. Notice that
KatNLoAy 0 = Kate ' NdLy £9 and Kete ' NU £ 4,

contrary to assumption here.

So consider Kot N LA, = @. Also here Ker N K is a non trivial segment.
If Kot bridges to a in LA, then Kere~! is contained in U and we are done. Tt
follows that K «t has to bridge to b in LA, and hence za has to be in the this bridge.
But then z¢ is in K, which was disallowed in problem 2. This proves the claim.

We now analyse what happens when
z€ Kata™ so zt7V=z¢e Kap and z87 07! € X.

Also z8 a1y = ze 18 Lis in K as well.

1

Situation I. ca™" <, ain LA,.

Situation I.1. ar < ain X.
Here za~! bridges to ac™! in LA, so it bridges to at ! in LAg. Also

zot_lﬁ_l e X and at™' <a <ae” ! < zo7 L

As A~ moves points up along X, it follows that za~ 17! > bin X andat™ 1871 =

br~! Here aw™! € [ar ™!, ze™ 1], see Figure 13 (a). Then
ar_lﬁ_l =br ! < aﬁ_l < aoe_lﬁ_l =] < za_l,B_l = vy

and all are in X. Alsoaf™' € (b, ae™'871) ¢ X and z8~! bridges to X in ap~!
so bridges to LA, in b. Then zﬁ_la_l — vzy_l € JC bridges to a in LA, and
ap~la=l = vy~ Visin (z87 '« ", a), see Figure 13 (a). Then

zﬁ_la_l < aﬁ_la_l < aa_lﬁ_l < zoe_l,é’_l,
all points in K. This contradicts the fact that y acts as a translation in K.

Situation I.2. a7t > a in X.
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Figure 13. Situation ac™" <, a in LAy: () Picture when at < a in K. (b) Picture when

atr ! < ain X.

Here za~! bridges to a in X, see Figure 13(b). If @ > br~!in KX then zo™!

bridges to a point ¢ > bt~ !in Lg, s0
ze~ 181 bridges to LAg 1napoint >g br=18~1 and za~1p7! & X,
o

contradiction. Hence @ < br~!in X and ze~! bridges to @ in LoAg so zo !B
bridges to af ! in LA and as zo~ !B~ is in X then

za '8 > br~lin X and e~ =br~ ! or ara =b.
Now
-1 _ -1 _ =11 ~1. _
aB™ =bt7" s0 ae =atr” BTt <aBf” 1 =b,

in particular a« is in K. Also zf bridges to a in £ 4, and so does z. But z8« = zuf
and z« bridges (0 aw in LA,. Since ax < b, then ze, zap bridge to ax in LA, as
well.

If ae < br~'in X then za, zoB bridge to aw in L4 5, impossible — they have (o
bridge to distinct points in LAg. If

bt~ e (a,a) = zo, zaf bridgeto bt~ in LAg,
again contradiction. Therefore ace = bt ~! or aut = b. Now

acta~lt7 = ba~ 1t =4, s0 ay =ac~1p7L.
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Notice that ay € [z, at~']. But aw~! bridges to a in LAg, SO aa~' =1 bridges to
ap~t = bt~ in LAg and a1~ cannot be ay, contradiction.

This fimishes the analysis of situation I.

The remaining options are extremely similar and have shortened proofs.

Situation II. ao <4 a in LA,.

Situation IL1. a7 ! < ¢ in X.

This is as situation 1.1 above. Here z8~! bridges to a in £ A, 50 78~ e~ ! bridges
to ac~!in LA, and ae™! = b. Tt follows that

b <ar ol < ar_lﬁ_la_l =< zﬂ_la_l,

all points in JC.
Ontheotherhandat e~ € (b, (ar™ D)~ a1 C K. Thepointzoe‘1 bridges
to (at a1 in K. It follows that

za 1 <@t e B < (arHp e < 870
all points in J. As before this contradicts the fact that y acts as a translation in K.

Situation I1.2. a7 < ain X.
This is very much like situation I.2. Here z8~! bridges toat ™' in X. Ifat~! > b
in K, then

z8 e~ bridges to a point >, bin LA, = zB8 la”! ¢ K,
contradiction. Hence
at ™V <bin X, 287 ¢V > b in X and ar el =b or a = bar.
In addition,
za, 7 bridge to Log in at™! = zBa = zop, 7B bridgeto LA in ar”!p,

and similarly to situation .2, this implies ar "B =bora =brw. Thenbaf = b and
by =ba~1g71 Buthy > br~!in X and bo~! bridges to b in LAg, so ba~! g1
bridges to b8~! = ar~in L Ag and cannot be equal to br—1,

This contradiction shows that problem 3 cannot occur. This finishes the proof of
Lemma 6.1. O

It follows from Lemma 6.1 that Xetae™! € U, so Kep < U asis KyBa. So
all of the sets X, Ko, Kat, Kata !, Kap, Ko™, XKe 1z~ Vand Ko v~ 1o
(whichis XBe = Ky 'ap = Kup) are contained in U and none has z as an ideal
point. If K has another ideal point v, then v has the same properties as z and the
same situation occurs with respect to this other ideal point.
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Given these facts, an analysis exactly as in case A.2 can be applied here. That
analysis then shows that case B.1.4 is not possible.

Hence case B.1.4 is disallowed. This also finishes the proof of case B.1.

For case B.2 we return to the study of « acting freely using the axis 4.

Case B.2. Fix(t) N Ay £ @.

This is the key case of the proof for essential laminations. In this case the topology
will be important, in particular, the exact condition |p — 2¢g| = 1 will be used in a
crucial manner. Let z € Fix(r) N Ay. Let Uy (respectively Uz ) be the component
of T — {z} containing z« (respectively za~1). A priori we do not know whether z is
also a fixed point of . In some subcases, the tricky part will be in fact to show that
Yy =2

Case B.2.1. U1t = U1.
Notice that U« is contained in U . Here use zat = zrypa” = zypa™.

weU = zat €U = zatae " e U™ CcU1 = zvB € Ul

So zyra_lt_l 1s in U and then zyaz_l is in Uq or zy 1s in Uy. In particular

7 < za < 7y, see Figure 14 (a). We stress that in this case zy 1s not equal to z!

o @
T o 1z 1Y zef)
i 1—0—1—'
z8 B?
R |
ZOt_l ®
za™ ¢
Uy | o zapad™ ! = zat
Zotm_l [ ]
b
. ®)

Figure 14. Case B: (a) Picture when Uit = U;. (b) Picture when Uit~! = Uy and
[z, zB8]1 N [z, za] = [z, 1] .

Use now zat = zafa™ ! = zara~ e 1am1,

et ™" € U = zora vl e U = zata~l e U = zot € U

1 1

In particular z < zo < zat and 7 < zot™ < zo and SO ZoT™ ale (za‘l, z). In

other words

zoet_la_l = Z‘L’Odt_loé_l = zﬁ_lod_l € (zod_l,z).
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1 1

Then zB la~lisin Uy so z8 e~y isin Uyy. Notice z8~' = zrar™
with zer € Uy, zeer 1 also in U;.

Recall that zy # z. If Uy C U this implies that z is in a local axis for ¢ con-
tradicting zy ¢ = zv~% = z. Therefore U;y is not contained in U; and consequently
Uy 1s contained in U and so zy separates Uy from z. Hence

= 7T

zo separates Uqy from z and zﬁ‘la_ly e Uyy.

But zﬁ_la_ly = za_lﬁ_l = za lrar~!. Now zo separates z from za lrar—!

which is in Uyy. Apply 7: zat separates z from za~'re. Then
ot € U1a = o o € U = wlr e U1 and e Ul‘L’_l = U.

But this contradicts zo~! is in Us. This is an impossible case.
We conclude that Uit # U;.

Case B.2.2. U1t # U>.

Then zot is not in Uy, which implies zatal™™ is in Uq, or zaf € Up and
zete 't~ is in Uj. By assumption zat ¢ Uj, hence zere™! € U, and
zate 't e Uyr~l. This would imply Urt™! = Uy or Uit = Ua, so the
assumption is incompatible.

We conclude that Ut = Us.

Case B.2.3. Uit~ ! = Us.

This is a very interesting case. Here we only use the fact that p is odd.

First consider z8 = zta Y7l = zo7l¢~1 which is in Uzr~! = U;. Then
zw, zf are in the component U1, hence [z, z], [z, z8] share a subprong. Suppose
first that

[z, 28] N [z, za] = [z, t]. ¢ # za, zB, thatis za € [z, zB], 2B € [z, 2]

see Figure 14 (b). Notice that $ has a local axis through zt ! = 7. Hence zB is in
(z.z8%) and zop bridges to 1 in Ay. Also zafa™ ! bridges to Ay in 1o~ which
is a point in (z&™, za™~1). But

m—1 1_-1

=T = o T 1

oo €lz,z20) = p=za v ez, za),

contradiction.
So either z8 € [z, ze] or z € [z, ZB].

Situation I. zo isin [z, z8].
Use z81 = zral = zo7l Aszo isin [z, zB], then zut € [z, z87] = [z, za{_l]
and zatal ™™ € [zo™™, za7™]. But

zatal™ =zt latal ™ = zaB, so zaB € [zo™™, zalTM] C A,.
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We stress that zaB € A,. Here z8~ ! < z < zo, hence z < z8 < zaB. It follows that
zB € Ay and zB € [z, zef]l = zaPal € [ze "Lz ]

We want zy = z or zoff = zB«. We first analyse the other two possibilities.

Situation L1. zeBa~! > z8 in A,.
Then z8 < zefo~ ! < zaB,soz < zy < za,or zy € (z,z), 80 zy € Uj.
Clearly zBx € Ay. Here zof > zB8wx in A,. Then

z<zBa < zaf allinA, = 87! <z80p7! <za and 7l <2yt <2

But z8~! = zat™! € Uy, hence z8~ ta~tisin Uz. Now zy € Uy, 2y~ € Ua,

therefore z is in a local axis for y, hence zy? # z, contradiction.

Situation L2. Suppose z¢ff <, 78c.
Then
7 < zaﬁa_l <z = zﬁ_l <Zy < Z.

As z87! = zerlisin Us, then zy isin Us.
Now zaff <, zfa. If Ag contains elements in A, above zof, thatis, Ag Moy D
[z, 1) witht >, zaf and f <, zB«, then

1 1

7 <z < tﬁ_l < zﬁaﬁ_l = z < t,B_loe_ <zy .

1 1

Here t8~ o~ ! bridges to e >4 zeBa™! >, zin A,. SotB e isin s, and 7y~
is in U1 and not in U;.

On the other hand if Ag escapes A, in zof, then zBap~! bridges (o Ag in
za, hence bridges to 4, in zo as zo € (g, zef). Hence zBuf~! ¢ Use and
Paplal =751 bridges to #4A, in z and zy “Lisnotin Usz. In any case v Lis
not in Uy and zy is in U3 so z separates zy from zy L and z is in a local axis for »,
impossible.

We conclude that zaf = zB« or that 7y = z.

Situation L.3. zy = z.

Then y leaves invariant the set of components of 7 — {z}. Recall that Uit =
U, and Uit = U, in situation 1. Use z8 la~ly = zo~ 18~ The left side is
ztat‘la_ly = zat‘la_ly.

1 1

zx € U1 = ot e ‘ulr_l # U1, $O zat™ ol e Uy and zat™ a(_ly e Usy.

On the other hand the right side is ze 'zt

Za_l € Uy

1 1 1

= za teUt=U, zo T € Uy and zo~ rar”! € Ult_l = Us.
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So Uy N Uy # @. Since y now preserves the set of components of T — {z} it
follows that Uy = Uy and Uy = Uzrty = Uyt = Urt = U1. Now we use p
odd and t#v? = id:

U = Uy?e? = Ut? = Ulrp(mOdz) =Uprt.
This contradicts Ut # U and finishes the analysis of situation .

Situation I1. z8 € [z, z«].

This is very similar (o the previous case if we think of it in the appropriate way.
The trick here is to switch the roles of « and £, which can be done. Notice first that
e U and z871 = zrer™! = zar 7 Lisin Uy, So the component of 7" — {z}
containing z8 (respectively z8~1) is the component U; (respectively Uz). First
rewrite the relations as

rar L =p71 Bl =y lep™ = Bapm L.
AszBisin [z, z]then zB7 Visin [zv !, zer 1= [z, 287 ]. So

2Bt Il = BBl = B e [287, B Ag.

As zp € [z, za], then zB« is in [z, zaz] and

za € [z, 78] C [z, 281 C Ap.

Therefore zo is in Ag and similarly zef, zBa are in Ag.

From this point on the proof is entircly similar to the analysis in situation I
consider whether zoff <p zBu, zaff >p zfa, or zaff = zfa, with completely
analogous proofs.

Therefore this case is disallowed. This finishes the analysis of the case B.2.3,
Urr = U

Case B2.4. Uit = Uy, Uz} = Us.
This is the most interesting case which relates to the topology in a crucial way.
Use z8 '~y = zo=1B~L. Theright side is zrat a1y = zar a1y,

lo=l e Us.

e U = war e Ulr_l U = zut”
Hence z8 a1y isin Uay. On the other hand ze~1p~! = za~Lrar 1L

Lveus = zolrarteur! #= Ua.

o7l € Upt = U = za~
We conclude that

Uzyﬂult_l =W, or ultyﬂUﬂ'_l * . ()
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What we actually want is that these two sets are equal. A priori we have to be careful
because y may not preserve the set of components of 7" — {z}, or equivalently we
may have zy # z. So we first deal with this case. We will need the following useful
lemma:

Lemma 6.2, Let n be a homeomorphism of a tree V so that n™ has a fixed point c,
where n is not 0. Then there is a fixed point of n in [c, cn).

Proof. Consider cn?. If cp? is in [¢, en] and not equal to cn, then 5 sends [c, ¢r] into
itself and has a fixed point there, done. If ey is in (¢, cn?) then ¢ is in a local axis
of 5 and cn” is not ¢, impossible. If ¢ is in (cn, en?), then ! sends [c7, en?] into
itself (into [c, cn]) producing a fixed point there, done.

We can now assume cn2 bridges to [c, cn] in a point » which is in (c, cn), see
Figure 15 (a). If iy = r we are done. Assume rn # r. Then ry is in [en, cn?].

C c 4
r il :g rm cn?
h e r
7772"_' 5774
rn [ ]
(a) o (b)
cn ¢
e

Figure 15. (a)rn € [r,cy), (b)ry € (r, en?l.

Suppose first that r# 1s in [r, cn], see Figure 15 (a). Then ri? is in [rn, cn?] so
either [rn, r] 1s contained in its image under n or vice versa. As seen above there is
a fixed point of n in [r, rn].

Suppose now that r is in (r, cn?] see Figure 15(b). Hence ¢ < r < rn and
en < rn < rp%. Thenr € (en, rn) and rn € (r, rn?), so r is in a local axis for 7.
This implies that cn’ # ¢ for any nonzero ¢ in Z, contradiction. This finishes the
proof. O

We are back to case B.2.4.

Situation I. 7y # z.

Suppose first that zy € U>. Notice Uzt # U7 and also # Uy. Since zy? =z,
the previous lemma shows that there is ¢ in [z, zy] fixed by ¥ s0 ¢ 1s in Up. This
implies

Uty C Uy = ‘ultzy C Uy, or Uity C Uj.
But by (%) Uity N Uir~! # @, which now implies Uz~ N Uy # B. This is
impossible and rules out this case.
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The second possibility is that zy € Uy. Here Uy C Uy so Uity C Uy, As
Uity N Ut~ #£ @ then Uit~ N U7 # ¥, also impossible.

The final option is zy ¢ U1 U Uz, zv € U3 (which may be U, t or not). Here
there is y fixed by y with y € Uz. Here first use

Usy C U, or Uity C Uz = Uit ' NU3 #Band Uit~ = Us.

Also
Uiy C Uz = Uity C UaT.

By (), ulr_lﬂ?,(gl’ = @()I’Ult_l = Uat. Then U3 = Uzt Orul‘f_l = Ult_z,
so Uyt = Uy, which is impossible. This rules out this final option.
We conclude that:

Situation II. zv = z.

This is a crucial case. In fact there is an essential lamination in M, ,, whenever
|p — 2g| = 2 and this essential lamination may satisfy these properties: t has a fixed
point, « has an axis (or at least a local axis) which contains the fixed point of 7. See
more below. So here is a part of the proof where the specific condition |p — 2g| =1
needs to be used. See remark below on the topological significance of this condition.

Here is the proof. As zy = z, ¥ permutes components of T — {z}. So Uty N
Uz~ # @ implies

Uity = Ult_l or ‘ulytz = U1.
We now compute
Uy = UitPy? = Ut? 200297 = Yy (yc?)9eP™2 = Y P2,

When |p — 2¢| = 1 then either U; = Ujr or U; = Upr~!. So in either case
U1 = U t! But this contradicts that we proved in case B.2.1 that Ut 1s not equal
to Uq. This is a contradiction showing that case B.2.4 cannot happen. This is quite
straightforward, but it needed all the previous steps.

This finishes the proof of case B: Fix(t) # #, Fix(«) = 4.

Remark. We now analyse the topology of this situation. Consider the original stable
foliation in the torus bundle over the circle (the manifold M). After blow up of the leaf
through 4, this produces a lamination A1 in M — N (8). The solid torus complementary
component of A1 has degeneracy locus (1, 2), which corresponds to y v2. This means
the ¥ t2 is a curve in the boundary leaf of the complementary component and it also
preserves the “outer” side of this complementary component. Now do p/g Dehn
filling on M — N (&) and look at the tree T produced. The leaf through § collapses to
a fixed point z of 7 (and y too). Usually neither 7 nor y preserves the complementary
components of z, but the above fact about the degeneracy locus means that y 2
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does preserve these components — if U is one such component of T — {z} then
U1yt? = Uy After (g, p) Dehn surgery, the leaf space T of the lamination has a
singularity at z with exactly | p — 2¢g| prongs. The transformation r rotates by one in
the set of prongs, hence T2~2¢ preserves each of the prongs. This is also detected by
yt? preserving the set of prongs and r”y¥ being null homotopic. All is well when
|p — 2gq| > 2, because we have 2 or more prongs and the lamination 1s essential and
the action is very nice. However when |p — 2¢| = 1 there is only one prong and
the lamination is not essential. It is amazing that this sort of difficulty can still be
detected on the level of group action on trees. Notice that this is exactly what the
proof shows that Uyt = Uy, which must happen if there is only one prong.

7. Case C: « has a fixed point and 7 has a fixed point

Let s in Fix(x), w in Fix(«) with (s, w] N Fix(x) = ¥ and [s, w) N Fix(«) = . The
following notation will be very useful in this section. Given u # v in 7" recall that

T, (v) = {component of T — {u} containing v}.

Let
W="7T,(w), V=T,(>).

This notation for ‘W, V will be used throughout this section. First in this section
we will try to prove that ‘W is invariant under v and 'V is invariant under «. This
will produce local axes for ¢ and (eventually) for r and we will see how the 2 axes
interact.

Case C.1. Suppose Wt # W.
Notice that Wt is a componentof T — {s} as st = sy =7.

Case C.1.1. Suppose w € [s, s].
This is equivalent to Vo # V. Notice s # w. Here seff = sfu, and spfo =
sa‘lt_la, SO
-1 -1 -1_-1 -1
sa” gV = s eW = sg T eWrT CV

= se 't lveVacW = spa e W.

On the other hand s = sera~tz~1, Here
se e VaC'W = seateWrCcV = sat_la_le"Va_lcw

and seB 1s in ‘Wr. These two facts together imply ' W = W, contrary (o assumption.
Conclusion: if Wt # W, then Vo = V.
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Case C.1.2. s~ ! ¢ [s, w], sa & [s, w].

This implies s, sa~ ! are in ‘W. For otherwise if s¢ is not in ‘W, then s is in
(w, se] and so s~ s in [w, s]. In this case se~ ! bridges to [s, w] in a point r with
r € (s, w) —the important fact is that r is not one of the endpoints which would occur
if s~ ! is not in ‘W or V. Then

re(w,s)N (w,sa_l) = ra e (w,sa_l).

Notice 7o~ ! is not equal to 7. If ra~!isin (r, se™ 1), then see =2 bridges to [r, s~ ! ]

in re~1, hence sa=? bridges to [s, w] in r. The same happens for all s with n
negative. If on the other hand ra~! is in (w, r) then s=2 bridges to ra ™1 in [s, w]
and s bridges to [s, w] in ret! for all n negative. Notice that ro are all in
(w,r) C (w,s). The important conclusion is that under the hypothesis sc, so~ 1
both not in [s, w] then any se™ bridges to [s, w] in a point in the interior of [s, w],
Hence all s¢™ are in ‘W and V.

Use st~ lat = syBa™. Here s isin W, so sat isin Wr. Also s = s~ r~!
isin Wr—! and bridges to s in [s, w]. Hence spa™ bridges to sa™ in [sa™, w]. But
sa™ 1s in ‘W and bridges to [s, w] in a point in the interior of (s, w). This implies
sBa™ is in ‘W, contradiction.

This case is impossible.

Case C.1.3. Suppose s¢ € [s, w].
This implies for instance that W < ‘W and Ty (wr=)~! < Ty(wr™").

Case C.1.3.1. Suppose se~! € Wr.
Then s~ ! = sarVisin (s, wr™1) ¢ Wr~l. Also se™! = spa~1p~1. Here
sB=sa v Visin W.

In this case suppose first that sg 1s not in V. Then

w e [wr_l,s,B] and wﬂ_l € [wt_l,s] =4 wﬂ_loz_l e Wr,

1 1

as s~ ! is in ‘Wr. This implies that w8 ~'e~!is in Wry. Notice wf~'e~!isnot s.

On the other hand
wﬁ_la_l;v = wa_lﬂ_l = wﬁ_l isin Wzl
Notice if wB~! = s, then

-1 1

wﬁ_la_l = w,B_ly_l =gy " =8 = Wh",

contradiction because s is not fixed by «.
Collecting all of this together: wB e~y isin Wry. Butwpgla™ly = wp~! e
Wr~!. Hence

Wry = Wr~! or Wrly =W, impossible when |p — 24| = 1,

as in case B.2.3.
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The second option in case C.1.3.1 is that s8 € V. Recall that s~ 'z~ = 5B is
in ‘W. Notice that

Log = (LoAy)T ™! has asegment [wr~!, 5] Wr=lU (s}
and then 1t goes into ‘W, as sg 1s in ‘'W. Then either sp =t € (w, s) or s bridges (0
[w,s]int € (w,s), so bridges to ¢t in LA,. In either case sPa! bridges to fa~ !
in LA, oris te~t. If m—l is in [ w s), then sBa~! bridges to ta=! in LAg, see
Figure 16 (a). Here te~ ! is in [ 1 sy, If
s € [te ), w] then sﬁa‘l bridges to LsAg In r, with r € [s, wr 1,
This depends for instance on whether Wr = Wr~! ornot. Inany case sBa~! bridges

to LAg in a point in [wt‘1 sp). It follows that sBa~ 181 bridges to a point y in
LAg with yin [wr™ 15), thatis, sBe— 1A~ 1isin Wr~!. Then

sa”l e wr, sﬁa‘lﬁ_l = sa_l'y cewr! = Wiy = wrl,

contradiction when |p — 2¢g| = 1.
This shows that case C.1.3.1 cannot occur.

9w ? w

sp
, (/," So 9

£ by

S,Bofl w;fl o
foe ! /‘
b1 T
5 !Tﬁ T
-1
[ Yo
sa !

spa—1p~1 (b)

*—n Iailﬁil I e

® Sﬁ_l of rf?ﬂ Saﬁ:: spo

Lop 1 (a)

® 0T

Figure 16. (a) Case C.1.3.1, (b) Case C.1.3.2.

Case C.1.3.2. so~!isnotin Wr.
Here s8 = se~ 't~ lisnotin W. Also s~ = sar™
‘Wr L. 1t follows that

1 js not in ‘W and is in

LoAgN[w,s] = {s},
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so s bridges to LAg in s and saf = sPa bridges to LAg in sB. Hence [s, s8] C
(sce, sPa) and there is a fixed point r of « in (s, s6), see Figure 16 (b). Tt also implies
that

sa”t e s, r] and se”! € To(sB) = Ts(sP)t,
1

=1 and sa! is in T (sB), see Figure 16(b). Also r contracts
1—m

because sf = s~
s, s8] towards [s, se™']. Now apply ref = ate! ™ tor: rraf = rra
As spt = se~land r € (s, sB), then

rte(s,sa) = rree(s,sa) = rrap e (B, saf) C Th(sP).

As rrecisin (s, s~ 1) < T, (s) and T, (s)o = T,(s). This implies rral™™ is also in
T, (s). Therefore r separates rral™™ from rrap, contradiction.
This shows that case C.1.3, s¢ € [s, w] cannot occur. Finally consider:

Case C.1.4. Suppose sa~! € [s, w].
This implies that Wa™! < ‘W and (W= < (Wr—1h).

Case C.1.4.1. Suppose s & Wr—1,

This case is very similar to case C.1.3.2. Here sp € T, (wr 1) which is not equal
to either T (sa) or Ty (sa~1). Hence sB bridges to LA, in s and sfo = s bridges
to Loy In s, Hence

sB <5 < sa < sap

and there is a fixed point 7 of B in (s, s&). Then s~ € (s,7) C (s, s&). Now use
pr1pl=" = =18 applied to r: re= 18" = re 7 Ba. As ser™! = 587! then

rerl e (s, 87 so re T IBIT € (r 5B C T (s).
On the other hand rr~!Bu is in (sa, sBa) C Tr(sa). As Ty(sa) # Ty(s), this is a

contradiction, ruling out this case.

Case C.1.4.2. sxisin Wr—1l.
This is similar to case C.1.3.1. Suppose first that Wr—! = Wr. Then sar ! =
sB~lisin W. Also WB~! is contained in 'W. It follows that

sa_lﬁ_l e W and sa_lﬁ_ly_l = sﬁ_la_l e w.

Hence Wy = W, Wr? = W, leading to contradiction when p is odd.

Suppose now that Wr—! £ Wr. Then so € Wr—! and ser ™! = s~ ! is notin
W. Also sp~!isin ‘Wr—2. So sp~! bridges to s in LA, and sp~ e~ bridges to
sa~lin LA, implying s~ o™ isin W,

Also s~ la™ly = sa~ 171 Here sa~! bridges to s in LoAg, se~! 71 bridges
tosp~!in LAg. But

sBlewr™? = se”lplewe™? = wy =we 2

As in case B.2.4 this is impossible when |p — 2¢g| = 1.
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This finishes the analysis of case C.1.4, sa—l e [s, w].

We conclude that case C.1, Wt £ W is impossible. This implies Wr = 'W. We
stress that this does not yet produce a local axis of r in ‘W, because we may have
other fixed points of 7 in (s, w).

Case C.2. Suppose that Vo # V.

Here we will use set = sBa™ = safo™!

many times.

Case C.2.1. Suppose wr, wr~! are notin [s, w].

The bridge from wr to [s, w]is [wr, f], where ¢ is in (s, w). Since s« € V, then
sat bridges to 7 in [s, w], so sar is in V. Hence seto™" is in V™. This point is
equal to s8 = s~ !t ™!, In the same way s~ is not in 'V and bridges to [s, w] in
w. It follows that s~ 7! bridges to a point » in [s, w], where 7 is in (s, w), hence
sB € V. Therefore Va™ = V.

On the other hand

m—1 1_—-1 m—1

ST = safa =suTte T«

The point st 18 in 'V and bridges to ¢ in [s, w]. So sata Visin Vo~ ! and bridges to

win [s, w] so sete ™'t ~! bridges to r in [s, w] (r as above) and as a result this point
is in V. Hence safa™ ! is in Vo™~ and Vo™ = V™1, contradicting Vo # V.

Case C.2.2. wr— ! e [s, w].

Here V! is contained in 'V,

The condition implies that w 1s in a local axis LA, of = (this case will be ruled
out, we only establish the existence of a local axis of  in ‘W later). Beware that s may
not be a limit point of LsA,. Putan order < in LA; S0c < din LA ifs < ¢ <d—
the order decreases as points get closer to s.

Case C.2.2.1. wt € Vo, wr ¢ Va~!, see Figure 17 (a).

Here Var C Va.

The conditions imply in particular that Vo # Va~!. Here sat € Vo, so
sPa™ € Va. Also se~! bridges to Lo, in w so sf = s« 77! bridges to LA, in
wr L. It follows that s8 is in 'V and sBa™ is in V&, Hence Vo™ = Va.

On the other hand sat = seBa™ !, Use saf = sara~lv~!. Here

st € Vo = sata ey = seta it eV,

Finally sefe™ 1 isin Va1 So Va™ ! = Vo and V = Ve, again contradicting
the assumption in this case.

Case C.2.2.2. Suppose wr is not in Vo and wr is not in VoL,
Then wt is in R another component of T — {w}. Then sat is in R. Now
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sBa™ = sa~ 't~ ™. But

wt & Va~l = so~! bridgesto LA, in w

= se~'t7! bridges to LA, in wr!

and s8 is in V. Therefore sBu™ € Vo™ = R. Notice Ra~! #£ R because
R =Va" and Vo~ £ V. Use

m—1

saT = safa — sare 't 7™ ! and sateT! € Ra! £ R.

Hence saro™! bridges to LA, in a point < w in LA, (it is in [s, w]) and sap
bridges to L in a point < wr~! in LA,. Hence

saf eV = safd™ e Ve = Vo = VoL

contradiction. Notice that here it doesn’t matter whether Vo = Va~! or not.

s L ] Ky
® wﬁfl &
w el ]
wT e ese !t wffl e 50t
® ® S
w saTa ! w
SOt_l
wr sp SUT
ST
wt
4 wr el = wple™!

so (a)

St (‘b)

Figure 17. (a) Case C.2.2.1, (b) Case C.2.2.3.

Case C.2.2.3. wr isin VoL, see Figure 17 (b).
This implies Vo~ 17 is a subset of V™!,
Use sat = sBa” = sa 't 1™ = safe™ !, Here

1

sa ¢V = sut € Ty(wr) =V @ = sata” ! € Va2 = Vol

so it bridges to a point r in LA, with r < w in LoA;. Hence s¢f 1s in 'V and
safa™ 1isin Va1 Hence Vo1 = Vo=l or Vo™ = V.
On the other hand set = sBe™ is in Va ™!, so

se el =58 isin Va7 = val.
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Then s bridges to a point > w in LA,. Butsg = se~'r~!, so se~! bridges to a
point > wt in LA,, which implies wr € (w, see™1). Tt follows that wta € (w, s)
and w1 = wrar lisin(wr~ L, s)and soisin W andin V.

The following arguments use the strategy of case R.2:

Now wB~le~ly = wp~lisin (s, w) C ‘W and therefore

w,B_la_l =wr a7t isin (soe_l, w) C Vol

Since sy = s, this implies that Wy = W and wB 'a~! is in a local axis for y
and hence so is w. Because ¥ = y~7 and the local axis for v and r intersect
in w, it follows that these two axis are equal. In particular (LA;)y = LA, and
wBlaly = w1, wplaLare in LoA;.

Since wra = wﬂ_lr, then wre 18 In LA, If wra < wr~ ! in LA, then
wﬁ_l — wrar! < wr ™2 in LA, Also wr, wﬁ_laz_l are in LA, and wr <
wB e~ in LA,. Hence

wWTy < wﬁ_loe_ly = wﬁ_l <wr?in LA = p > 3q,

contradiction to |p — 2¢| = 1.

Ifwre > wr ! in Lo, then wrar™ ! = wp=! e (wr™2

,wr ). Here use

1

(wr)ypa™ = wrar € Ty(wr) = Vo' = wriyp e Vo,

because Vo™ = V. Therefore wtlyf bridges to v in LA, with v > w in LA;.
Hence w2y < wh™lin LA, and as wB~! < wr~! we also obtain p > 3g,
contradiction.

This rules out the case C.2.2.3 and hence finishes the analysis of case C.2.2,

wr ! e [s, w]. The next case is:

Case C.2.3. wr < [s, w].
This implies that Vr C V. The case is similar to case C.2.2.

Case C.2.3.1. wr !l e vo=l, wr! Z Va.
This implies that Vo't~ ¢ Va1
Here wrla isin V, wr —lat isin V so waBa™ ! = wpa™Lisin V. Also

1 1 1

wra e Vol = w=wra v e Vol = wpe" ! € Va2

which must be equal to V.
On the other hand s¢t = sBa™. Here s € Vo and bridges to w in LA, SO
sat bridges to wr in LA, and sat € V. Also

sp=sa r7l e Vol and sBo™ € VoL

It follows that Vo™ ~! = Va2, contradiction to V #£ V.
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Case C.2.3.2. wr— ! ¢ Vel wr~! ¢ V.

Use st = sBa™ = safe L. In this case the point s« brides to w in £ A and
sat € V. Alsosa™! bridges to w in LA, and sp = se~ !t~ bridges wr ™! in LA,
SO

spisin R = Ty(wr™) £ Vo, Vo™l = spe™ € R = V.

So in particular R # Re.

On the other hand sete™! € Ve~! and bridges to w in LA; 50 sef =
sata~'v~! bridges to wr~! in LA, and is in R. Then safa”™! ¢ Ra™~! =
Va~!. This would imply 'V = V™!, contradiction.

The final case in C.2.3 1s:

1

Case C.2.33. wr~! € va.
Let [sc, ] be the bridge from s¢ to LA, with 7 in LA, Thenr > w in LA,
Here we have to subdivide.

Situation I. risin (w, wr ™).
Then sat bridges to LA inrt € (w, wr) and set € V. Hence

sata !l ¢V = sata 't = saf € Va = safa”™ ! € Vo = V = V.

On the other hand sBa™ = se~ 't~ 1e™. Here se 't~ is in Ve s0 sBe™ is in

Va1 implying Ve = Vet again a contradiction.

Situation I, » = wr !,

Here st bridges to LA, in w hence ser ¢ Vo and sot € V. So sar isin R,
another component of 7" — {w}. Also

selgV = sB=sa v eVa = sBd™ e V"t = R =va"tL

On the other hand seBa” 1 € Vo™t so sep € Va?. Now Va? # Vu so
Va2t is contained in V. Hence sara™ = sofr is in V. This would imply s is
in Ve, contradiction to the first conclusion in this case.

Situation IIL. wr~! < rin LA,.
This is a little more tricky. Here sar € Va. Also

wﬁ_l —wrat™ € Vo C W.

Now use wBla~! = wr~la~1r. Here

by (w, s)

1

wr e (w,sa) = wr

= w,B_loz_ N = (s, wr) CW.
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So wple~! and wp™" are both in ‘W, with the implication as in case C.2.2.3 that
Wy = W and y leaves L, invariant. As w8 le~! and wB~! = wrer~! are in
LA, then wro 18 1n LA as well.

The proof is now analogous to previous arguments. If

1 1 -2

w<wr S <wie = wrt =~ < Wt <wtat_1:w,8_1.

But
wﬂ_la_ly = wﬁ_l and w,B_la_l € (s, wr)

implies as before that p > 3¢, contradiction. Same arguments show that wr~! =

wre implies p > 3q.
On the other hand if w < wra < wr~!, then wr=! < wrer~! = wp=! <
wr 2 all in LA;. Here sat € V. Now sBa”™ = sa~ 1t~ 1a™. Also

1

sa gV = sa”lt7l e Vo = 5™ e Vo't = Vo = Va" T or V = Vo
Now use wr?yBa™ = wrat. Here

wr < wrat <w in LA, = wrat €V, wtzyﬁ cVa™ " =7V,

Sowr?y < wp™! < wr~! < w, implying again p > 3¢, contradiction.

This finishes the analysis of case C.2.3, wt € [s, w] and so proves that the case
Vo # 'V cannot occur. From now on in case C assume:

Case C.3. Wr=Wand Vu = V.

Since there is no other fixed point of « in (s, w), this immediately implies there
1s a local axis LA, of « contained in 'V with w as an ideal point of LA, . We stress
that at this point we do not yet have an axis for r, because there may be other fixed
points of 7 in (s, w).

1

Lemma 7.1. so, sa~ ! € W, s0 s, sa~L are not in [s, w).

Proof. Suppose first that se 1s not in 'W. Then

sal e (s, w)yCcw = sa el e we =W,

So sp € W and bridges to [s, w] in a point r which is in (s, w]. Then sBa™ bridges
to [s, w] in ra™ and sBe™ is in ‘W. Therefore st isin W and s is in Wr—! = ‘W,
contradiction.

On the other hand suppose that se~! ¢ W. Then s € (s, w]. Also sB =
s 11 ¢ W, so bridges to [s, w] in s. Then sBa«™ bridges to [s¢”, x] in se™.
Since s ¢ ‘W this implies spa™ ¢ W, therefore sat ¢ 'W. But then s« is not in
‘W, contradiction. This finishes the proof. O
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We conclude that se, se~! are in WN V. Let sa bridge to r in [s, w], hence

r € (s, w) and s~ ] bridges to [s, w] in a point ¢ also in (s, w).
Let z be the fixed point of t in [s, w] which is closest to w. Then z may be equal
to s, but is not w. Let U = T;(w). One important goal is to prove that Ur = U.

Lemma 7.2, Let U = T, (w). Then Ut = U. If 7 # s then zy, wy & W, and z«,
za! ¢ (z, w).

Proof. It z = s then U = W and the result follows from case C.1. For the rest of
the proof of the lemma assume that s # z.

We first analyse the possibility that zy € W. As « fixes s then zy~
If zyv = z, then z& = z, contradiction.

Suppose that zy or zyVisin[s, z). Thenassy = s, it follows that z is in a local
axis for y and zy? # z, contradiction to z fixed by . Hence zy, zy L & s, z].

Let [zy, r] be the bridge from zy to [s, z]. Notice that r is in (s, ), because
zy, zy " Lare notin [s, w]. Then

I« w also.

1

rels,zlN(s,zyl = ry " € [s,zl.

Ifry =r,thenrt? =ry=9 =r. But([s, z])t = [s, zl, so this would imply rt = r.
Together these imply r« = r, contradiction to s the fixed point of « in [s, w] which
is closest to w.

We conclude that ¥y # r. But as sy = s, this implies that r 1s in a local axis
LAy, of y. Compute ry™, n € Z. Assume without loss of generality that ry™?
moves away from s as n — +0o¢. Then

ry™ =7 ¢ [s,w], forall n,and ry™ — ¢ € (s,z] as n — +o0.

Hence cy = ¢ and also ¢t = ¢, contradiction.

This contradiction shows that zy € W is impossible. Notice that if zy is not in
W, then zy separates Wy from s and hence from ‘W, It follows that Wy N'W = {,
so wy ¢ ‘W. This proves one assertion of LLemma 7.2.

We now consider where zo and za~! are. The proof of case C.2 shows that they
are both in V. Remember that for the rest of the proof s # z.

Situation I. Suppose first that zo € (z, w).

Use ot = typa™, applied to z. Here za is in U so zat is in Ur. Suppose first
that zee—! is not in Ut. Then zot bridges to LA, in a point in [z, w] and hence
a = zata” " bridges to LA, in a point in [z~ , w] and a is in Y. Here

= Z¥h = zyag_lr_l = zyaf_l € Ur #U.

zata ™

Again zya‘l bridges to LA, in apointin [z, w] and it follows that zy is in U, hence
zy € ‘W contradicting Wy N''W = .
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wrt s wy 5 p——a Wy
4 wr lart
-1 _ =1 ;=1 Z
wr ot =wh T« % o . 5 I .
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« 1 I
—1 e wrla ! -1
wr " bo" wr o
20t 4 rdo A { ¢
® (b)
b
C (@ wppen A0

Figure 18. (a) Situation I, (b) Situation III.

The remaining possibility is Ur = Ty(ze~ 1), so in particular Ut # U, see
Figure 18 (a). Consider wr~'a~!7. The point wr~! is not in U, hence it bridges
to £ A in a point not in (z, w]. Therefore wre ™! bridges to £, in a point not in
(za~ !, w],so wra~lisin T.(za~') = Ur. Hence

wt ol = wﬁ_la_l isin Ur? #= Ur, T;(s).
Notice that

(T, (s))t = T (s), since st =s, so Ty(s) £ Ut>.

In particular wﬁ_la_l is in ‘W and also bridges to LA, in a point which is in [z, w].

Then wp ! bridges to LA, in a point which is in [z, w] so in particular wp —Llisin
U c W. But then w~'e~1 and we™! are both in U, contradicting Wy N W = @.
This finishes the analysis of possibility z« € (z, w).

Situation II. Suppose zo~! € (z, w).

Consider first the case when ze € Ur 1, that is Ty (zew) = To(wt ™). This is
very similar to situation I, second part. Since zo is not in U, this in particular implies
Ut # U. Here wr ¢ U, hence it bridges to LA, in a point which is not in (z, w].
It follows that wro bridges to L4, in a point which is not in (ze, w]. This implies
that wre is in Ty (ze) = T (wr 1), Hence

wp™l =wrar! isin T,(wr™?) £ T,(s), T,(wr™h).

The first fact means that wg~! is in 'W. The second fact means that w8~ is not in
T (za), hence wp gl bridges to £ A, in a point contained in [z, w]. Hence wp g1
bridges to LA, in a point contained in [z~ !, w] and is in 'W. As wB‘la_ly —
wp~!, this would imply Wy = ‘W, again contradiction. Hence this cannot occur.
Now we know zw is not in 7, (wr~!). The point z8 = z&~ 't~ isin T, (wr™"),
hence it bridges to L4, in a point contained in [z, w]. It follows that zB«™ bridges
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to LA, in a point contained in [z¢”, w]. But

1 1

w"eUl = B eU = zy lar e U or zy o € Tr(wr ™)

and bridges to LA, in a point in [z, w]. It follows that zy 1 bridges to LA, in a
point in [ze~ !, w], hence zy ~! € U ‘W, impossible.

We conclude that situation II cannot occur. This proves the last 2 assertions of
the Lemma 7.2. Tt also implies that the following situation must occur:

Situation ITL. zo ¢ (z, w), ze~' ¢ (z, w), see Figure 18 (b).

What 1s left to prove of Lemma 7.2 1s that Ut = U. So suppose that Ut # U.

Here zo~! bridges to [z, w] in a point » which is in (z, w). Also z« bridges to ¢
in [z, w] with ¢ also in (z, w).

The point wy is not in ‘W, so it is in 7% (s) and bridges to [wrL, z]in z. Hence
wy P bridges to [wr~!, z8]in zB8. But z8 = za~ 1z ™! bridges to [z, wr~inrr~L.
Then wy g bridges to [z, w] in z (this uses Ut #= U!). Then

wyPBa™ bridges to [z, w] inapointin (z, w) so wype™ € U.

On the other hand wt~! bridges to [z, w] in z $O wr o bridges to [z, w] in a
point in (z, w) and wr "l is in U. Then wr ~lat isin Ur. Of course this implies
Ut = U, contrary to assumption.

So in any case we conclude that Ut = U. This finishes the proof of Lemma 7.2.

U

This lemma is very useful. Since there is no fixed point of 7 in (z, w) and
T.(w)r = T, (w) itfollows that there is alocal axis L A, of T containedin U = T (w)
with an ideal point z.

Lemma 7.3. w is notin LA,.

Proof. Suppose not, that is, w € LA,. Notice that L4 15 a local axis for r and w
is a fixed point of «.

1 is not

Claim. At least one of the components of T — {w} containing wr, wt ™~
invariant under «.

We first prove the claim. Suppose the claim 1s not true. If L+, 15 also a local axis
for x, that is (LA )k = LA, then we can apply Lemma 5.1 and prove the claim.
Suppose then that « does not leave LA, invariant or equivalently (LA;)y is not
equal to LA, If LA, were an axis for t (as opposed to a local axis), then T would
act freely and so would « and « would leave L4, invariant, contrary to assumption.,
It follows that LA is not properly embedded and has limit points in 7°. In the same

way « does not act freely and it has a fixed point ». Then r bridges to LA, in a
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point v. Here rt = r bridges to vt in LA, hence vt = v and v is a limit point of
LA,

Let s be the point of [p, v] which is closest to v and fixed by «. It might be that
s = v. Let € = T,(w), which contains JLA,. First we show that Cy is not equal
to C. Suppose by way of contradiction that €y = €. TFirst consider the case that
s =wv. Then C =T, (w) and

Cy =C, Cr = C implies Ck = C,

and consequently « has a local axis in 7, (w). As seen before this axis must be equal
to LA;, which was dealt with before. Suppose then that s, v are distinct. Let 7 in
[s, v] be the closest point to v which is fixed by y. Then

tt? =1y™ =1 and ([s, v])t =[5, v] imply 17 = 1.

Therefore t« = ¢ and by the defining property of s then ¢ = s. It follows that y fixes
no point in (s, v]. Then if Cy = € it follows that ¥ has a local axis LA, in C with
ideal point s. But again ([s, v])y? = [s, v] and (s, v] intersecting L4, implies the
existence of a fixed point of y in (s, v], contradiction.

We conclude that Cy 1s distinct from € and consequently 1t 18 disjoint from € as
we wished to prove. We continue the proof of the claim. Let

Uy = Ty(wr), Uy = Tp(wr™h.

The assumption of the claim is that U;«¢ = U; for 1 = 1, 2. There are two options:

Option 1: v is a forward limit point. Suppose v as above is the limit of wt" with
n — +0o0.

In this case v is in U ;. Notice that U C € and U, is not contained in €, but
since Cy M C 18 empty 1t follows that Cy 1s contained in U;. Here we use

—11_—1 1

(wr_l)y T = wt_zy_ ot = wt_lﬁam.

1 1

isin Uz. Hence wr 1 Ba™ isin U™ = Us.
2y—lisin @y < U;. Therefore

Now S leaves wr ~ invariant and wt ~
On the other hand wt 2 is in C so wr ™

1 1

wr 2y~ le isin Uy and wr 2y ot isin Uit C Uy,

This is a contradiction and cannot happen.

Option 2: v is a backward limit point. Suppose that v as above is the limit of wt”
with n — —o0.

In this case v is in U ;. Notice that U1 C € and U, is not contained in C but Gy
is contained in Uy. We use wat = wryBu”™. First wat is wt which is in U ;. We
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now consider the right side. Here wr isin Uy C Csowrty isinCy C Upr—!. The
set Uo7 ~1 is invariant under 8. Therefore

wryB isin Upr~! € Uy and wryBa™ isin Use™ C Us.

This contradicts that wat 18 in Uj.
These two options show at least one of Uy # Uy or Urr # U, has to hold.
'This proves the claim. We now continue the proof of Lemma 7.3.

Situation L. wr—1 € (z, w).

Here V = T,,(z) = Ty (wr ™) is invariant under «. By the claim above the set
R = Ty (wr) 1s not invariant under . Notice that R« 1S not equal to 'V either.

Use wat = wr = wraefe™ 1. Here

wreR = wixe Re#YV = wrtut € Rt C R

= c=wrare ! € Ra”! = R.
So ¢ bridges to w in LA, and then wrara v ~! = wrep bridges to wr ! in LA,
and is then in V. Finally wrafa™!isin Va1 = V. This is not R, contradiction.

Situation Il. wr € (z, w).

Here V = T, (wt) = T, (z) is invariant under «. In this case let R = Ty, (wr 1),
which is not invariant under . Use wr et = waBa™ 1. Then wr 1 isin R, so
wt Lo is not in R or 'V and bridges to w in £ ;. Then wr ~lat bridges to wt in
LA, and 1s in V. Tt follows that

1_-1

=m — wap = wp =wra 7! isin V.

wr_lata N

1

Hence wro™" is in V. This implies

wre Tl < wT <w = Wwr <wre <w = w<wrer | = w,B_l < wr L.

In particular wp Visin R and wp~la™!

is in Re~! which is not equal to V. Also

wp~la=! = wrla~!v. Here wr—'o~!is in Re~! and bridges to w in £ 4, and

so wr ~le~ !z bridges to wr in LA, and sois in V. As V is not equal to Ko~ this
1s a contradiction.

We conclude that situation II cannot happen either. This fimishes the proof of the

lemma. O
Now we know that w 1s not in £ A+ .

Lemma 7.4. 7 is notin L A,.
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Proof. Suppose not, that is, z € £Ls,. This implies that either zo or zee~! is in
(z, w). Then Lemmma 7.2 implies that s = z.
Suppose first that zo € (z, w]. So za~ ! ¢ T.(w) = U. Use zat = zfu"™ As

za € U, then zat 1s in U also. Then
g U = zalr~ 1 ¢gU = zB bridgesto [z, w]inz

and zBa™ bridges to [za™, w] D [z, w] in z&™. Tt follows that zB«™ is not in U,
contradiction,

Suppose now that zoe= " is in [z, w]. Then zo™ 1 = zp is in U and bridges
to [z, w] in a point ¢ which is not z. Then z8«™ bridges to [z, w] in t&™ and zB«™
1s in U. On the other hand z« is not in U and so zat 1s not in Y either. This is a
contradiction,

This finishes the proof of the lemma. O

1 1

Summary in case C.3. So far we have proved: suppose that we = w, sk = s, no
fixed points of « or @ in (s, w). Let z € [s, w), the closest to w with zt = z. Then

(Tz(w)t =T (w), (Ty(2)a = Tw(z).

If LA, LA, are the corresponding local axes of Tt and e then z € LA, w & LA,

Case C.3.0. Suppose that LAy, N LA, has at most one point.

This is simple. Let [c, d] be the bridge from LA; t0 LAy, Where ¢ = d if the
intersection is one point. First notice that ¢ 18 a point in LA, and not a limit point.
The reason 1s: 1if ¢ 1s equal to z then z 1s a limit point of LA, hence it 1s fixed by
« contradiction to no global fixed point. Suppose that ¢ were another limit point of
LAr. As LA N LA, 18 at most one point, this would imply that ¢ separates w
from z and contradicts the fact that z 1s the closest fixed point of t to w. This shows
that ¢ 1s an actual point of LA, and similarly 4 1s actual point of LA,,.

We do the proof for ¢ # d, the other is very similar, Use z7~lat = zofw
The right side is zot. Here zo bridges to LA, in do, hence bridges to LA, in c.
So zot bridges to LA, incT.

Hence zot bridges to £ A, ind s0 zata~! bridges to LA, in da~ 1 and o LA
inc. Sozara~lrl = zaf bridges 10 LA, In ¢t~ hence to LAy in d. Finally
zafa™ ! bridges to LA, in de™ ! hence to LA, in c. Since ¢ # cr this is a
contradiction.

m—1

Case C.3.1. Now assume LA, N LA, has more than one point. We will use the
analysis done in case B.

If Uy is not equal U then we use the proof of case B.1.3 — which was also done
for the case of local axis of «. This disallows this case.
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The remaining case is that Uy is equal to U. As explained in case B.1.4 this
implies y leaves £ A invariant. Here we consider the intersection 8 = LA, NL A
First notice that z 1s not in & as z 18 not in LA,. Also it was shown in case C.3.0
that z is not a limit point of 8. If LA; is not properly embedded on the other side
let v be the other ideal point of L4A;. Then

vt =v,  (Ty)a =Ty), (Ty(w))t =T, (w).

Also (w, v) has no fixed points of 7. Suppose that v is in L A,. Then (w, v) also has
no fixed points of «. But then v has the same properties as z and this case is ruled out
by Lemma 7.4. It follows that v is not in L oA,. So if LA, has another ideal point v,
then B is [r, t] with 7 an actual point in £ A:.

Now we can apply the analysis of case B.1.4 which was also done for « with a
local axis. The analysis rules out this situation.

This shows that case C.3.1 cannot happen either.

This finishes the proof of the main theorem.

8. Remarks

Recent activities. There has been a flurry of activity in this area recently. We describe
the results in more detail here and how they relate to the results in this article.

Calegari and Dunfield [Ca-Du] approached the existence problem for foliations,
laminations and pseudo-Anosov flows from a different point of view. Following ideas
and results of Thurston [Th5], [Th6] concerning the universal circle for foliations
they showed that a wide class of essential laminations also possess a universal circle.
One consequence is that tight essential laminations with torus guts (see [Ca-Du]
for detailed definitions) have universal circles. Tight means the lifted lamination
to the universal cover has Hausdorff leaf space. Hence the fundamental groups
act on the circle. Under certain conditions related to orderability of a finite index
subgroup, then the action lifts to a non trivial action in R and they obtain nonexistence
results for these types of laminations. For example they can show that the Weeks
manifold does not have Reebless foliations, pseudo-Anosov flows or general tight
essential laminations. The results on manifolds (eg the Weeks manifold) are computer
assisted and so far there are computer capability restrictions to extending them (o
other manifolds. In addition these results use heavily the tight hypothesis, except for
pseudo-Anosov flows.

A more recent article is that of Jinha Jun [Ju] who used the techniques of Roberts,
Shareshian and Stein to analyse Dehn surgery on the (—2, 3, 7) pretzel knot in §*. He
proved that there are infinitely many hyperbolic Dehn surgeries on this knot, which
yield manifolds without Reebless foliations.
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Another more recent result (October 2003) is from Kronheimer, Mrowka, Ozvath
and Szabo [KMOS]. This result is part of a very wide program to use techniques of
analysis, symplectic and contact geometry to analyse 3 and 4-manifolds. Results of
Eliashberg and Thurston [F1-Th] allow one to perturb a Reebless foliation to a tight
contact structure. Using this the above authors show that infinitely many hyperbolic
manifolds do not have Reebless foliations [KMOS]. In particular there are infinitely
many Dehn surgeries on the (—2, 3, 7) pretzel knot which satisty this. The techniques
are extremely complicated and it is yet unclear whether they can be extended to study
essential laminations.

The tools and arguments in this article are more closely associated to those in
[RSS], in that both look at group actions on simply connected 1-dimensional spaces.
However, as we explained before there are 2 critical differences: the lack of transverse
orientability for general essential laminations and the lack of a useful group invariant
pseudo-metric in the leaf space, both of which were extremely useful in [RSS].

Open questions. There are a lot of interesting questions still open. First we discuss
some internal questions about the proofs in this article. The proof of the R-covered
case uses p > 3q for ¢ orientation reversing. It would be useful to get a more general
proof — for instance showing that p must be equal to 4 or that p has to be even.
We obtained some preliminary results, but not conclusive. The same argument and
condition p > 3g are then used in various places of the article so it would be very
2o0d to discover a more general proof.

Also the best possible result for the manifolds M, ,, described in this article
would be the following: If p > ¢, p odd, m < —4 then the only possible essential
laminations are those coming from either stable or unstable lamination in the original
manifold M — these remain essential whenever |p — 2g| > 2. One way (o interpret
such a goal is a rigidity result— all laminations in this manifold have to be of this type.
Notice that Brittenham’s results for Seifert fibered spaces [Brl] are of this form. Also
Hatcher and Thurston’s results for surgery on 2-bridge links [Ha-Th] are along these
lines.

Now on for more general goals: How far can the methods of this article be
generalized? Can they be used whenever M is a punctured torus bundle over S! with
Anosov monodromy and degeneracy locus (1, 2)? Probably a mixture of topological
methods and group action methods needs to be used. How about surface bundles,
where the surface has higher genus? What about other degeneracy locus as discovered
by Gabai—Kazez [Ga-Kal]?

Since essential laminations do not exist in every closed hyperbolic 3-manifold,
one looks for useful generalizations. One possible idea was introduced by Gabai in
[Ga5]: alamination A in M, compact, orientable, irreducible is loosesse if A satisfies:

() A has no sphere leaves, and
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1) foranyleaf L of A, the homomorphismy (L) — 71 (M) induced by inclusion is
injective, and for any closed complementary region V', the homomorphism 1 (V) —
1 (M) induced by inclusion is injective.

Gabai [Ga5] conjectureg that under these conditions with M closed, then n is
a product lamination and M is homeomorphic to R3. One test case is the class of
manifolds M, studied in this article. When |p — 2g| = 1 the lamination coming
from the stable lamination has monogons. The leaves are either planes or have Z
fundamental group. The complementary region is a solid torus. Then in order to
check for the loosesse conditions one only needs to understand if leaves inject in the
fundamental group level.

Another direction involves general group actions on trees. When does a group acts
non trivially on a tree? Perhaps there are theoretical characterizations of when such
an action exists. Here we are in some sense dealing with one dimensional dynamics,
because a tree is a one dimensional object.
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