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Conway irreducible hyperbolic knots with two common covers

Luisa Paoluzzi

Abstract. For each pair of copnme integers n > m > 2 we construct pairs of non equivalent
Conway irreducible hyperbolic knots with the same «-fold and m-fold cyclic branched covers.
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1. Introduction

This paper is devoted to the problem of understanding whether hyperbolic knots

are determined by any two of their cyclic branched covers. It is shown in [16,
Theorem 3] that hyperbolic knots are determined by their m-fold and n-fold cyclic
branched covers, for all integers n > m > 2 which are not coprime, and that this
remains true also for m 2 assuming in addition that the knots are n -hyperbolic or,
more generally, Conway irreducible (see [8, proof of Proposition 1]).

On the other hand, for any fixed pair of coprime integers n > m > 2, examples of
inequivalent hyperbolic knots with the same n-fold and m-fold cyclic branched covers

aregivenin[15],andform 2 and arbitrary n > 2 in [9] ; all examples constructed in
[15] and [9] are Conway reducible, so the above problem remained open for the most
basic class of Conway irreducible hyperbolic knots (which are exactly the hyperbolic
knots whose 2-fold cyclic branched cover admits no decomposition along spheres
and contains no incompressible tori), and for the subclass of n-hyperbolic knots.

The first main result of the present paper is the following theorem which presents
the first examples of inequivalent Conway irreducible hyperbolic knots which share

two common cyclic branched covers.

Theorem 1. Let n,m > 2 be two coprime integers. There exists a pair of non-
equivalent Conway irreducible hyperbolic knots with the same n-fold and m-fold
cyclic branched covers.
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More precisely, we shall construct non-equivalent n -hyperbolic knots with two
common cyclic branched covers.

It was claimed in [8] that Conway irreducible hyperbolic knots are determined by
their 2-fold and n-fold cyclic branched covers, for any n > 2, but the proof contains a

gap (see the Erratum [11]) and Theorem 1 shows that this is in fact not true. However
it remains true under some additional hypothesis:

Theorem 2. Let K and K' be two n-hyperbolic knots, and let n > 2 be an integer.
Assume that K admits a unique Seifert surface up to isotopy. If K and K' have the

same 2-fold and n-fold cyclic branched covers, then K and K' are equivalent.

To prove Theorem 1, we apply the method of construction used in [15], and we
shall show that this is the only possible way to obtain such examples (see Proposition

2).
Zimmermann's method consists in showing that to obtain pairs of inequivalent

hyperbolic knots with two common cyclic branched covers it suffices to construct
a three-component link with certain additional properties, namely a hyperbolic link
with prescribed symmetries. The three-component links considered by Zimmermann
in [15] are Conway reducible, and his choice is motivated by the fact that for these links
it is not difficult to check whether they are hyperbolic, to compute their symmetries
and to find infinitely many different examples. However, these links correspond to

pairs of non-equivalent hyperbolic knots which are Conway reducible.
On the other hand, if the three-component link is chosen to be n -hyperbolic, the

resulting pairs of non-equivalent hyperbolic knots are Conway irreducible (in fact

n-hyperbolic). In Section 2 we shall describe a standard method for constructing a

7T-hyperbolic link once a hyperbolic knot which admits a 2-periodic symmetry with
trivial quotient is given. Thus, producing n-hyperbolic links is fairly easy, though
there is no standard way to assure that they meet some extra requirements.

For this reason, although it is reasonable to think that for each fixed pair of coprime
integers n, m there exists infinitely many pairs of non-equivalent n-hyperbolic knots
with the same n-fold and m-fold cyclic branched covers, we are only able to exhibit
one single pair.

In what follows, we shall review in more detail Zimmermann's method and discuss

how it must be modified to obtain examples of non-equivalent Conway irreducible

hyperbolic knots with two common cyclic branched covers, before constructing
explicit examples (Section 2). In Section 3 we shall consider the case where one of
the covers is the double one. We shall then show that all the pairs of non-equivalent
7T-hyperbolic knots satisfying the conclusion of Theorem 1 for m 2 and n > 2 odd

are obtained via Zimmermann's construction. The last section will be devoted to the

proof of Theorem 2.
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2. Proof of Theorem 1

In this section we shall show how to construct, for each pair of fixed coprime integers

n,m > 2, two non equivalent Conway irreducible hyperbolic knots with the same

n-fold and m-fold cyclic branched covers. Recall that a knot is Conway irreducible if
it does not admit any Conway sphere, i.e. a sphere meeting the knot in four points and

such that the 4-punctured sphere obtained by removing the knot is incompressible
and 9-incompressible in the complement of the knot. Note that a Conway sphere for
a knot lifts to an incompressible torus of its 2-fold branched cover.

Since the construction will follow closely the method described in [15], we shall
start by briefly recalling Zimmermann's construction.

Assume that L is a three-component link satisfying [15, Property 5]:

Property (*). L is hyperbolic, each two-component sublink of L is a Hopf link (in
particular, each component of L is trivial) and L admits a symmetry which induces

a cyclic permutation of its three components but no symmetry which exchanges two

components while fixing setwise the third one.

Here and in the rest of the paper a symmetry denotes a finite order diffeomorphism
of the pair (§3, L) which preserves the orientation of the 3-sphere, but not necessarily
that of the components of L.

We shall explain how one can use L to construct two knots with two common
cyclic branched covers. Let n, m > 2 be two coprime integers.

Take the cover of S3 ramified of order n along one component of L, say L i. Since

every component of L is trivial, the resulting manifold is again §3. Moreover, since

each two-component sublink of L is a Hopf link, the preimages L2 and L3, on the

cover, of the remaining two components are two trivial knots whose linking number
is n (up to sign). Take now the cover of S3 ramified of order m along the lift L, of one
of the remaining components. This cover is again S3 and, since the order of the cover
and the linking number of L2 and L3 are coprime, the lift of Lj, i ^ j, is connected,
i.e. a knot K.

Remark that this construction corresponds to taking the Zn © Zm Znm -cover of
S3 ramified of order n along one component and of order m along another component
of L. Note moreover that, since L is symmetric, there are only two ways to take such

cover, resulting in two -possibly equivalent- knots K and K' in S3.
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By construction, K and K' have the same n-fold and m-fold cyclic branched

covers. Indeed, the n-fold cyclic branched cover (respectively m-fold cyclic branched

cover) of K and K' is the Z„ ©Z„ ©Zm-cover (respectively 7Lm ®7Lm ©Z„-cover) of
S3 ramified of order n, n and m (respectively m, m and n) along the three components
of L. Note that these covers are unique because of the symmetry of L. Remark that
these covers can also be seen in the following way: take the m-fold (respectively
n-fold) cyclic cover of §3 branched along one component of L and take the lift -say
Lm (respectively Ln)- of the remaining two components. The n-fold (respectively
m-fold) cyclic branched cover of K and K' is the Zn © Zn (respectively Zm © Zm)

cover of §3 branched along the two components of Lm (respectively Ln).
Assume now that K and K' are hyperbolic. If they were equivalent, the map

(83, K) —> (83, K') would induce a symmetry of Lm and of Ln exchanging the

two components and a symmetry of L exchanging two of its components while fixing
setwise the third one (see [15] and [16, Theorem 1] for more details); the converse is

obvious.
We shall need the following version ofThurston's orbifold geometrization theorem

(see [1], [4] for a proof).

Theorem (Thurston). A link L L\ U --- U Lk is hyperbolic if it is (2n/n\,...,
2ni'tik)-hyperbolic for some choice of n; > 1, i 1, ,k, and in this case it is

also (2n /n[, 2n /n'k)-hyperbolic for all choices of ni, i 1, k, such that
n\ > nt. Moreover, a hyperbolic link is 2nß-hyperbolic provided it is not the

figure-eight knot A\ in which case it is n/2-hyperbolic.

Recall that a link L L\ U ¦ ¦ ¦ U L^ in S3 is said to be (2tx/n\, 2n/nic)-
hyperbolic if the orbifold with underlying topological space S3 and singular set L,
where the order of singularity of L\ is n\, i 1, k, is hyperbolic. If n; n for
all i 1, ,k, L is simply called 2n/n-hyperbolic.

Suppose that L is a n -hyperbolic three-component link. Then, by Thurston's
orbifold geometrization theorem, L is (2it/n, 2it/m, 7r)-hyperbolic and also

(2n/m, 2n/n, n)-hyperbolic, and it follows from their construction that the knots K
and K' are n-hyperbolic.

To construct the desired examples it is then sufficient to find a n -hyperbolic link
satisfying Property (*) given above. Note that to build a n -hyperbolic link, one can use

a hyperbolic knot admitting a 2-periodic symmetry in the following way. Let K U Ä
be the image of the knot and of the axis of symmetry respectively in the quotient of
the 3-sphere via the action of the symmetry, and assume that K is the trivial knot.

Consider now the n-fold cyclic cover of §3 branched over K: this is again §3 and, if
K is 2n/n-hyperbolic, the lift of Ä is a n-hyperbolic link. In the following we shall
choose an appropriate hyperbolic knot for which the aforementioned construction
gives a link satisfying the remaining requirements of Property (*).
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Let X be the knot IO147 (according to Rolfsen's notation [12]): it is a non elliptic
Montesinos knot, thus it is hyperbolic and 2n/3-hyperbolic, and admits a unique
symmetry p which is a 2-periodic symmetry (see [2]). Take the quotient of §3 by the

action of the symmetry p. The link X U Ä which is the image in such quotient of
X and the axis A of p is a two component Montesinos link, which admits a unique
symmetry of order 2, exchanging its components. Note that, by construction, this

link is (2tt/3, jt) -hyperbolic and since its two components are exchangeable it is also

(tt, 27r/3)-hyperbolic. The 3-fold cyclic covering of §3 branched along Ä is again
§3 and the preimage of X is a three-component n -hyperbolic link L.

Figure 1 shows the three links X, X U Ä and L; X U Ä is represented as the

quotient of X and as the closure of a 5-tangle around an axis. In Figure 2 we show

/ 7-7-

io147

/ y ¦., \ \

\ vV A. I J

Figure 1

how one can pass via isotopy from the first diagram of X U Ä (i.e. the quotient of JC)

to the second diagram (i.e. the quotient of L): the 5-tangle can be seen by cutting §3

open along the shaded disc bounded by the axis and pulling up the strands passing
behind.

Proposition 1. The link L verifies Property (*) and its symmetry group is Z3.
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Proof. To see that each two-component sublink of L is a Hopf link it suffices to look
at the picture. By construction, L admits a symmetry of order 3, a, which cyclically
exchanges its components. We thus have to show that L does not admit symmetries
which exchange two components and fix the remaining one. Let G be the group of
symmetries of L, then the normalizer of (a) in G coincides with (a). This follows
from the fact that the elements of J/g {a}/{a} induce non trivial symmetries of X U Ä
which fix setwise both its components. However, the only non trivial symmetry of

X U Ä is an involution which exchanges its components [2]. Note, moreover, that
there is a homomorphism from G to the symmetric group on three elements, S3,

defined by the permutation induced by the elements of G on the three components
of L. To end the proof of the first part of the proposition it is then sufficient to show

that this homomorphism is not surjective.
Since a has non-empty fixed-point set, Thurston's orbifold geometrization

theorem implies that G is linear, i.e. a finite subgroup of SO(4), moreover it does not
contain the central involution. The list of all such groups can be found in [5, page 57]
and a case by case check shows that elements of order 3 always have non trivial nor-
malizers unless the group is either cyclic of order 3, Z3, or alternating on 4 elements,

A4. However, these two groups do not surject onto S3.

Now we only need to prove that G cannot be A4. Indeed, all three involutions of A4

are conjugate and must fix setwise each component of L. Since each two-component
sublink of L is the Hopf link, each symmetry fixing setwise the components of L must
either preserve or reverse the orientation of each component and since the involutions
are all conjugate and each one of them is the product of the remaining two, they all
must preserve the orientations of the components of L. There are two cases to be

considered: either the fixed-point set of each involution is non-empty and coincides
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with one component of L (a different component for each involution) or they all
act as non trivial translations along each component of L. The latter case is not
possible since the product of two order 2 translations would be the identity, against
the hypothesis. We can thus assume to be in the former case. Let r\ be the involution
fixing pointwise the first component L\ of L. Consider rj as a symmetry of the trivial
knot Z,2. Using [6, Theorem 5.2] we find a fibration by discs of the solid torus S3 \ L2
such that each fibre is invariant by the action of r\. Observe now that L3 is also

invariant by the action of r\ but this is impossible since the linking number of L2 and

L3 is 1 (note that lk(L2, L3) is the algebraic intersection of each disc of the fibration
with Li).

Using Week's program SnapPea, one can check directly that G Z3.

3. Double covers

We have seen that, for each fixed odd n > 2, it is possible to produce pairs of non
equivalent n -hyperbolic knots with the same 2-fold and n-fold cyclic branched covers.
In this section we wish to show that all such knots, which constitute counterexamples
to the main result of [8], can be obtained via Zimmermann's construction, as the

following result shows:

Proposition 2. Let n > 2 be an odd integer and K and K' two non equivalent n-
hyperbolic knots having the same 2-fold and n-fold cyclic branched covers. Up to

conjugation, the covering involutions for K and K', acting on their common 2-fold
branched cover, commute and have disjoint axes. In particular K admits a 2- and

an n-periodic symmetry with disjoint axes A, B. The quotient of(S3,KUAUB)by
the action of these symmetries gives a three component link satisfying Property (*).

Proof. In [16] Zimmermann proved that if a hyperbolic knot is not determined by its
n-fold cyclic branched cover, then it must admit an n-periodic symmetry with trivial
quotient, thus both K and K' admit n-periodic symmetries, moreover there exists a

link with two trivial components K U K' such that K (respectively K') is the lift of
K (respectively K') to the n-fold cyclic cover of S3 branched along K' (respectively

K). Let M be the hyperbolic manifold which is the common 2-fold branched cover
of K and K'. Consider the following isometries of M: r respectively x' are covering
involutions for K respectively K', while h respectively h' are lifts of their n-periodic
symmetries. Note that r and h, respectively x' and h' commute. It was proved in
[10, Claim 2(e)], that h and h' are conjugate in the isometry group of M. Thus,

up to conjugation, the isometries h h', x and x' generate a group isomorphic to
Z« © D2d, where T*2d denotes the dihedral group of order Ad generated by r and x'.
Remark that its maximal cyclic group cannot have odd order, else r and x' would be
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conjugate, against the hypothesis that K and K' are non equivalent. Let r (xx')d
be the central involution. Consider now the involution rx, which commutes with r.
A straightforward computation shows that this involution is conjugate to t, if d is

even, or to x', if d is odd. Note that the fixed-point set of rx cannot meet that of r
since rx and h commute, in other words rx cannot be a strong inversion for strong
inversions conjugate periodic symmetries to their inverses. If d is odd, we can then
choose x' rx and the assertion follows.

We can thus assume that d is even and that rx (respectively rx') is conjugate to

r (respectively x') and commutes with r (respectively x') and h. This means that

both rx and rx' induce involutions of the hyperbolic link K U K' with non-empty
fixed-point set and acting as 2-periodic symmetries on both components, in particular
the two involutions they induce must coincide. Indeed, if this were not the case, the

product of the two symmetries would fix pointwise a two-component link against the

fact that fixed-point sets of diffeomorphisms of prime order acting on a homology
sphere must be connected according to Smith's fixed-point theory.

Call 4> the involution thus obtained. Let L\ U L2 U L3 denote the three component
link which is the image of K U K' and Fix(</>) in the quotient of S3 via the action
of <f>. Let K U Â be the images of K and the axis of the 2-periodic symmetry of K
induced by r x in the quotient of S3 via the action of the 2-periodic symmetry. Define
in a similar way K' U Â' for K' and rx'.

Note now that, since rx is conjugate to r, the two components of K U A are

exchangeable and project to L1U L3. Analogously, the two components of K' U Â' are

exchangeable and project to L2 U L3. This means that the components ofLiUL2UL3
are exchangeable, too, and K and K' are equivalent which is against the hypotheses.

Let L L\ U L2 U L3 the link obtained by quotienting K via its 2-periodic
and n-periodic symmetries. Any easy check (compare [10, §3.1]) shows that its
three components must be cyclically exchangeable. To see that each two-component
sublink of L is a Hopf link one uses the fact that, given a periodic symmetry of a

trivial knot, the knot together with the axis of the symmetry form a Hopf link (see

[10, Claim 1]). D

The situation described by Proposition 2 is very special because the covering
involutions acting on a common double branched cover of two non-equivalent hyperbolic
knots need not commute up to conjugation (see [7]) and, even if they commute, their

fixed-point sets may intersect (see [15, §5]).

4. Proof of Theorem 2

First of all note that Theorem 2 is true if the knot K is Conway irreducible but
not n-hyperbolic [8, proof of Proposition 1] or if it is n-hyperbolic but n is even
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[16, Theorem 3] even without assuming that K admits a unique incompressible Seifert
surface up to isotopy.

For n odd and K n-hyperbolic the proof is the same as that of [8, Theorem 2].
Some care is needed to apply [8, Lemma]. In fact, in the proof of [8, Lemma] it
is incorrectly assumed that, one can choose a minimum genus Seifert surface which
is equivariant by a cyclic group G of symmetries preserving the orientation of the

knot in such a way that the quotients of the surface via the action of two distinct
subgroups of periodic symmetries of G are again minimum genus Seifert surfaces for
the quotient knots. This is nevertheless the case if the knot admits a unique Seifert
surface up to isotopy:

Lemma 1. Let h and g be two commuting periodic symmetries of a knot K which

generate distinct subgroups and let Kh (respectively Kg) be the quotient of K by
the action of h (respectively g). If K admits a unique Seifert surface up to

isotopy, it is possible to find a minimum genus Seifert surface for K which is (h)- and

(g)-equivariant and such that the quotients of the surface by the action of h and of g
are again minimum genus Seifert surfaces for Kh and Kg respectively.

Proof. Let H (respectively %) be a minimum genus Seifert surface for Kh (respectively

Kg) which is equivariant by the action induced by g (respectively h). The
existence of such surfaces is proved in [13, Theorem 6]. Let F and F' be the equivariant
Seifert surfaces for K obtained as lifts of H and %. According to the equivariant loop
theorem-Dehn lemma F and F' are incompressible and, because of the hypothesis,
are isotopic and have minimum genus.

It is now sufficient to use the fact, which was pointed out to the author by
M. Boileau, that two isotopic equivariant incompressible Seifert surfaces are equiv-
ariantly isotopic. We shall propose here the proof of this fact which follows the lines
of [3, Proposition 4.5] where the case of Z2-actions is considered.

Lemma 2. Let F and F' be two incompressible isotopic Seifert surfacesfor a knot K
which are invariant by the action of a finite cyclic group G. Assume that the elements

of G preserve the orientation of §3 and ofK. Then there exists an equivariant isotopy
between F and F'.

Proof. By a general position argument we can assume that F and F' intersect transver-

sally only in a finite number of simple closed curves. Notice that we can assume that
dF dF' K. We shall now reason by induction on the number of connected

components in F n F' and apply several times the following result due to Waldhausen

[14, Proposition 5.4]:

Proposition (Waldhausen). Let F and F' be two incompressible surfaces contained
in an irreducible manifold M such that dF dF' and such that their intersection
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consists ofmutually disjoint simple closed curves with transversal intersection outside
dF dF'. Assume that F and F' are isotopic. Then there exists a surface S and an
embedding S x / —> M, such that S x 0 S c F, d{$ x /) \ S x 0 S' c F'
and that moreover S n F' dS, and either S' n F dS' or S and S' are discs.

If F n F' dF dF', then, by the above proposition, there is a product region
between F and F', i.e. an embedding of F x [0,1] such that the image of F x {0} is

F, that of F x {1} U 9 F x [0, 1 ] is F'. It is easy to see that the product is invariant by
the action of G, since the elements of G preserve the orientation of the sphere and of
the Seifert surfaces. Using [6, Theorem 4.1], we see that the action of G preserves
the product structure and we are done.

If the intersection consists of more than one component, again by [14, Proposition

5.4], we can find a product region between two subsurfaces of F and F'. Take an
innermost product region P, i.e. one that does not contain any other product region,
between two subsurfaces S and S' of F and F' respectively. According to the above

proposition, two situations can arise. Assume first that SC\F' dS and S'n F dS'.

In this case, since the elements of G preserve the orientations of F and F' and

preserve F n F', we have that the G-orbit of P consists of pairwise disjoint product
regions (i.e. two translates are either disjoint or coincide). In particular, the above

argument applies to reduce equivariantly the intersection.
We can thus assume that both S and S' are discs and that, without loss of generality,

S' intersects F outside dS', while S n F' dS, i.e. S is innermost. In particular
P is a ball whose interior does not intersect F'. Since S is an innermost disc, the

elements of G either fix S setwise or send it to another innermost disc disjoint from
S. Consider a connected component C of F n P, contained in the interior of P. We

want to show that C cannot be a disc. If C were a disc, 9C would bound a disc A
on S'. C and A would then bound a ball inside P, against the hypothesis that P is

an innermost product region. In particular, the G-orbit of S intersects P only in S.

This implies that the G-orbit of P consists of pairwise disjoint balls. Since P does

not meet F' in its interior, S' can be equivariantly isotoped onto S in such a way as

to diminish the number of curves in F n F'.
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