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Outer automorphism groups of some ergodic equivalence
relations

Alex Furman*

Abstract. Let R a be countable ergodic equivalence relation of type 111 on a standard prob-
ability space (X, ). The group Out R of outer automorphisms of R consists of all invertible
Borel measure preserving maps of the space which map R-classes to R-classes modulo those
which preserve almost every R-class. We analyze the group Out R for relations R generated by
actions of higher rank lattices, providing general conditions on finiteness and triviality of Out R
and explicitly computing Out R for the standard actions. The method is based on Zimmer’s
superrigidity for measurable cocycles, Ratner’s theorem and Gromov’s Measure Equivalence
construction.

Mathematics Subject Classification (2000). 37A20, 28D15, 22E40, 22F50, 46L.40.

Keywords. Ergodic equivalence relations, higher rank Lie group, lattices, outer automor-
phisms.

1. Introduction and statement of the main results

Let (X, 8) be astandard Borel space with anon-atomic probability Lebesgue measure
and let R be a countable measurable relation of type I1; on (X, 8, 1), 1.c. measurable,
countable, ergodic and measure preserving equivalence relation R € X x X. For
the abstract definition of this notion the reader is referred to the fundamental work of
Feldman and Moore [1], which in particular demonstrates that any such equivalence
relation can be presented as the orbit relation

Rxr={x,»)eXxX | -x=TI:y}

of an ergodic, measure preserving action of some countable group I' on the space
(X, 8, ). In most of the examples in this paper equivalence relations are defined
by ergodic measure-preserving actions of concrete countable groups I', namely irre-
ducible lattices in semi-simple connected higher rank real Lie groups.

*Supported in part by NSF grants DMS-0049069 and DMS-0094245.
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In the purely measure-theoretical context of this paper all objects are considered
modulo sets of zero p-measure, denoted (mod 0). Following this convention the
measure space automorphism group Aut(X, w) is the group of all invertible Borel
maps T: X — X with Ty = p, where two such maps which agree on a set of
full .-measure are identified. In a similar fashion two equivalence relations R, R’ on
(X, ) are identified if there exists a subset X’ € X with «(X’) = 1 on which the
restrictions of R and R’ coincide.

Given an equivalence relation R on (X, 1) consider the group of relation auto-
morphisms

AutR={T e Aut(X, ) | T x T(R) = R}

and the subgroup Inn R of inner automorphisms, also known as the full group of R,
consisting of such 7 € Aut(X, ) that (x, Tx) € R for p-a.c. x € X. The full group
Inn R is normal in Aut R and the outer automorphism group Out R is defined as the
quotient

1 — InnR — AutR — OutR —> 1.

Elements of Out R represent measurable ways to permute R-classes on (X, ). The
full group Inn R is always very large (see Lemma 2.1). For the unique amenable
equivalence relation R,y of type II; the outer automorphism group Out Ry, is also
enormous. The purpose of this paper is to analyze Out Ry r for orbit relations Rx
generated by m.p. ergodic actions of higher rank lattices, in particular presenting
many natural examples of relations R with trivial Out R. Such examples were first
constructed by S. Gefter in [6], [7] (Theorem 1.5 below).

Prior to stating the results let us define two special subgroups in Out R, in the
case where R is the orbit relation Ry r generated by some measure-preserving ac-
tion (X, u, I') of some countable group I'. In such a situation consider the group
Aut(X, I') of action automorphisms of the system (X, u, I')

Aut(X,T) :={T c Aut(X, 1) | T(y -x) =y - T(x) forall y € T'}.

This is the centralizer of I' in Aut(X, ). For a group automorphism t € AutI”
define

Aut’ (X, D) :={T e Aut(X, ) | T(y -x) = y" - T(x)}

and let Aut*(X,I") be the union of Aut’ (X, I") over t € AutI". (If the I"-action
is faithful Aut*(X,I") is the normalizer of I" in Aut(X, «)). We shall denote by
A(X,T') and A*(X, I") the images of the groups Aut(X, I') and Aut*(X, I') under
the factor map Aut Rx,r —> Out Rx,r. Observe that the e-image in Out Ry - of the
coset Aut™ (X, I') depends only on the outer class [t] € Out I" and therefore can be
denoted by Al*1(X, I'). The group A(X, I') isnormal in A*(X, I') and the factor group
A*(X,I")/A(X,T) is (a factor of) a subgroup of OutI". In general, the subgroups
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A(X,T) € A*(X,T') of Out Ry, depend on the specific presentation of the relation
R as the orbit relation Ry, of an action (X, p, I').

In this paper we are mostly interested in ergodic m.p. actions of higher rank lattices
and will be using the following terminology and notations:

« For locally compact, secondly countable group G a left-invariant Haar measure
will be denoted by mg. If I' C G is a discrete group so that G/ I" carries a finite
G-invariant measure we say that I" forms a lattice in G and will denote by mg,
the unique G-invariant probability measure on G/ T".

+ The term semi-simple Lie group will mean semi-simple, connected, center-free,
real Lie group G = [] G; without non-trivial compact factors, unless stated
otherwise. A lattice I in a semi-simple Lie group G = [| G; is irreducible if
I" does not contain a finite index subgroup I'” which splits as a direct product
of lattices in subfactors. By higher rank lattice hereafter we shall mean an
irreducible lattice in a semi-simple Lie group G with tkp(G) > 2.

+ A measure-preserving action (X, u, I') of a lattice I in a semi-simple Lie group
G =[] G; is irreducible if the action of every simple factor G; in the induced
G-action on (G xr X, mg,r x ) is ergodic. Clearly, if G is simple then any
lattice I' C G is irreducible and any ergodic I"-action is irreducible.

+ For an arbitrary group I' am.p. action (Xg, po, I') is a (I'-equivariant) quotient
of another m.p. action (X, u, I') if there exists a measurable map 7 : X — X
with 7o = poand 7 (y - x) =y - w(x) for u-ae. x € X andall y € I'.

* A measure-preserving action (X, ., I') of an arbitrary group I 1s called aperiodic
if every finite atomic quotient of (X, w, I') 1s trivial; equivalently if every finite
index subgroup I’ C I acts ergodically on (X, w).

Remarks. (a) Every mixing ergodic action (X, p, I') of an irreducible lattice I in a
semi-simple Lie group G is irreducible and aperiodic.

(b) By the result of Stuck and Zimmer [14] any ergodic non-atomic m.p. action
of an irreducible lattice I' in a semi-simple Lie group G with property (T) is free
(mod 0). Recall that a higher rank semi-simple G has property (T) iff it does not have
simple factors locally isomorphic to SO(n, 1) or SU(n, 1).

(¢) For any free, ergodic action (X, , I') of an irreducible lattice I' in a semi-
simple Lie group G the map

Aut(X,T) - AX, )
is an isomorphism and the homomorphism
A*(X,T)/AX,T) — OutT

is an embedding (Lemma 2.3 below).
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(d) It follows from the Strong Rigidity (Mostow, Prasad, Margulis) that for an
irreducible lattice I' € G % SL;(R) the automorphism group Aut I” is isomorphic to
the normalizer Nagtg(I') of T'in Aut G 2 AdG = G. Since 'y := Naweg(T') 2O T
is a closed subgroup properly contained in Aut G, it forms a lattice in Aut G, and
OutI’ =T, /T is always finite.

Thus for an irreducible aperiodic free m.p. action of a higher rank lattice I" the
analysis of Out Ry 1 reduces to the analysis of the quotient Out Ry r/A*(X, I') and
the subgroup A*(X, I') which, up to at most finite index, is isomorphic to Aut(X, I').

Theorem 1.1. Let G be a semi-simple, connected, center-free, real Lie group with-
out non-trivial compact factors and with tkr(G) > 2. Let I C G be an irreducible
lattice and (X, ., ') be a measure preserving, ergodic, irreducible, aperiodic, essen-
tially free I'-action. Assume that (X, ., I') does not admit measurable I'-equivariant
quotients of the form (G/1", mg,r, ") where I’ C G is a lattice isomorphic to T
and T acts by y : g — ygI"’. Then

OutRy.r = A*(X,T)
while A*(X,T) = Aut(X, T")/T.

More generally, we have:

Theorem 1.2. LetT" C G be a higher rank lattice as in Theorem 1.1 and (X, ., I')
be any measure preserving, ergodic, irreducible, aperiodic, essentially free I -action.
If A*(X,T") has onite index n > 1 in Out Rx,r then (X, u, I") has an equivariant
measurable quotient

n—1

m (X, 1) —> (G T mgnrypat) = [ [(G/ T, mgyr)

i=1
where the T"-action on (G"~1/ "1, MmGn-1,pn-1) is given by

-1 s -1
yi@)is e T
for some mxed automorphisms t; € AutG, 1 <i < n.
If A*(X, I') has innnite index in Out Ry r then (X, u, I') has an inBnite product
equivariant quotient space

w: (X, w) — [[G/Timgr)
i=1

with a diagonal I"-action on y : (x;){2; — (y%x;)72

AutG,i=1,2,....

| Jor some Oxed sequence t; €
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Of course, Theorem 1.1 is just a particular case of 1.2 (contrapositive formulation
for n = 1) since a v-twisted I'-action y : gI" — y*¢l" on (G/T', mg,/r) is measur-
ably isomorphic to the untwisted I'-action y : gI'V — ygI"" where IV = r~1(I").

Forand xd matrix Alet x (A) := Y_; log™ |A; (A)|, wherelog™ x = max{0, log x}
and A; (A) denote the eigenvalues of A. Given a semi-simple group G and 4 € N con-
sider all linear representations p: G — GL;(C) (there are finitely many equivalence
classes for any d) and let

3 nf X2
Wallyo= e Il T

Corollary 1.3. LetI" C G and (X, i, ') be as in Theorem 1.2. Denote by h(X, v)
the Kolmogorov—Sinai entropy of the single measure-preserving transformation y of
(X, p). Then

[OutRy,r: A%(X, )] <1 +yuéf1; x(Ad (y)

If X is a compact manifold with a C-action of a higher rank lattice ' C G which
preserves a probability measure v on X so that (X, i, I') is a free (mod 0) action
which is ergodic, irreducible and aperiodic, then

[OutRy : A*(X, )] < 1 4+ We(dim(X)). (1.2)
The function W satisnes We (d) < d*/8.

(LD

Remark. Theorem 1.9 below shows that the inequality (1.1) is sharp. However
the estimate (1.2) is probably not optimal, with a more plausible one being 1 +
dim (X)/ dim Lie(G).

Remark. Aswe shall see below, groups Out Ry, and A(X, I') can be very large when
considered as abstract groups, but in all cases below the quotient Out Ry r/A*(X, I')
is either finite or countable. This might be a general property of actions of higher rank
lattices. In fact, this property is known for essentially free ergodic actions (X, I') of
groups " with Kazhdan’s property (T). For such groups (and in a slightly more general
situation) Gefter and Golodets introduced a natural topology on Out Ry - with respect
to which Out Ry r is a Polish (i.e. complete separable) group and A(X, I') is an open
subgroup (sce [8], Theorem 2.3, and references throughout Section 2).

In specific cases, in particular in the standard examples of algebraic lattice ac-
tions, it is possible to compute the groups Out Ry r explicitly as we shall do in The-
orems 1.4-1.9 below. In Theorems 1.4-1.8 the systems (X, I') do not have G/ I’ as
measurable quotients and therefore by Theorem 1.1 wehave Out Ry - = A*(X, I') =
Aut*(X.I")/I". The latter groups are of algebraic nature, but their explicit descrip-
tions are cumbersome. Thus for readers convenience we have also presented the
groups Aut(X, I'), which have a more transparent appearance and have at most finite
(< |OutT'|) index in A*(X, I").
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Theorem 1.4. Let G be a simple, connected real Lie group with Qnite center and
tkp(G) > 2 and p: G — SLy(R) be an embedding such that p(G) does not
have non-trivial axed vectors and assume that G has a lattice U' C G such that
p(I'") € SLn(Z). Then the natural T'-action on the torus TN = RN /ZV is ergodic,
aperiodic and the orbit relation R~ - satishes

OutRypy 1 = A*(TV,T) = Nopy@ (p(T)/p(T)
A(TY, T) = Aut(TY, I") = Cory @) (p(G)) N GLy(Z).

Inparticular, for n > 2 the SL,(Z)-action on T" gives an ergodic relation Rn s1.,7)
which has no outer automorphisms if n is even, and a single outer automorphism given
by x — —x if n is odd.

Note that in the above theorem we allowed finite non-trivial centers to accommo-
date the standard example of I' = SL,(Z) acting on the torus T" for even n > 2.

To state the following results we recall the notion of aftne transformations of a
homogeneous space (these are needed only for the precise description of Out Ry ),
however the spirit of the results is captured by the finite index subgroup A(X, I')
which does not require this notion.

Definition. Let A be a subgroup of a group H, and let N := ();,c h~' Al denote
the maximal subgroup of A which is normal in H. Given an automorphism o of
H/N with o (A/N) = A/N and t € H/N denote by a, ; the map

dos: hA > 1o (h)A

of H/A. Such maps will be called afine, and we shall denote by Aff(H/A) the
group of all affine maps of H/A.

Replacing H by H/N and A by A/N one does not change the homogeneous
space:. H/A = (H/N)/(A/N). Thus hereafter we shall assume that N is
trivial. Under this assumption the map (o,¢) +— a, defines an epimorphism
Nawtg(A) X H — Aff(H/A) (which contains {(AdXx,A) | A € A} n its ker-
nel) and which maps H = {Id} x H isomorphically onto its image in Aff(H/A).
This copy of H in Aff(H/A) has index bounded by |Out H|.

We shall be interested in situations where some group (a higher rank lattice)
I" is embedded in H, p: I' — H, and acts on the homogeneous space H/A by
left translations. Then the normalizer Nagr(zr/a)(0(1')) in Aff(H /A) of this action
consists of those affine maps a, ; for which o € Aut H and ¢ € H satisfy

o(Ay=A and o(p() =t"p[)t.

In any case this group contains Ng(p(I")) as a subgroup of an index bounded by
|Out H|.
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Theorem 1.5 (cf. Gefter [7]). Let I" be a higher rank lattice which admits a dense
embedding p: I' — K into a compact connected Lie group K. Then for every closed
subgroup {e} € L C K the I'-action on (K/L,mg,1) is ergodic, irreducible and
aperiodic and the orbit relation Rk, satisfes

OutRg /1,1y = A"(K/L,T") = Nagk/r)(p(I))/p(T)
AK/L,T) = Aut(K/L,T) = Ng(L)/L.

In particular, if the compact group K has no outer automorphisms which normalize
L or if " has no outer automorphisms, then

Out RK/L,I" = Ng(L)/L.

Remark. A variant of Theorem 1.5 was proved by S. Gefter in [7]. This gave the
first example of type 111 equivalence relations without outer automorphisms (see also
Corollary 1.8, Theorem 1.10 and the remarks that follow below). Indeed, by a well
known arithmetic construction (cf. [17], 5.2.12) certain lattices I' C G := SO(p, q)
admit dense embeddings into the compact group K := SO(n) where n = p + gq.
Take p > g > 2 to ensure tkp(G) > 2 and let L = SO(n — 1) be the stabilizer of a
point in K = SO(n) action on the sphere S~ 1. Then Ng (L) = L and since SO(n)
has no outer automorphisms, Aff(K /L) = Nk (L), which shows that Out Rig /7.
is trivial.

In Theorem 1.5 the compact group K is taken to be connected to guarantee
aperiodicity of the action. Higher rank lattices can also be densely embedded in
other compact groups, namely profinite ones. Such embeddings give rise to ergodic
actions which strongly violate aperiodicity condition —they are inverse limits of finite
quotients. A typical example is the standard embedding

I :=PSL,(Z) 2> K := PSL,(Z,).

It was observed in [7] (Remark 2.8) that in this case Out Rx  contains a group
isomorphic to PSL,(Qp), in such a way that

A(K,T) = K = PSL,(Z,) C PSL,(Q,) < Out Rk p

so that A(K, I') has infinite index in Out Rg . We claim that the last inclusion is
essentially an equality. More generally, the following result holds:

Theorem 1.6. Consider the natural dense embedding of ' = PSL,(Z), n > 3, in
the pronnite group K = []'_, PSL,(Z,,) where {p1, ..., p;} is annite set of distinct
primes. Then Out Rg r is a Z/2 extension of

H = []PSL.(Qp)

i=1
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with the transpose map (ki, ..., k) — (K, ... kL) of K giving rise 1o the Z/2
extension.

Another family of standard examples is described by the following

Theorem 1.7. Let I' C G be a higher rank lattice as in Theorem 1.1, H be a con-
nected Lie group, A C H be a closed subgroup so that H/A carries an H-invariant
probability measure mp, and assume that H does not admit surjective homo-
morphisms o : H — G with o (A) € I'. Suppose that there exists a homomor-
phism p: G — H such that each of the simple factors G; of G acts ergodically on
(H/A, mpyp). Then for the I'-action on (H/A, mp,5) one has

OutReg/a,ry = A" (H/A,T) = Nagecayay(p(I))/p(I0)
AH/A,T) ZAut(H/A,T) = CAﬁ‘(H/A)(p(F)).

Corollary 1.8. Let I' C G be a higher rank lattice as in Theorem 1.1, H be a
connected semi-simple Lie group with trivial center, p : G — H be an embedding and
let A C H be an irreducible lattice. Assume that either p is a proper embedding, i.e.
G % H,orthat p: G — H is anisomorphism but A is not abstractly isomorphic to a
subgroup of bnite index in . Then the I'-actionon (H/A, mp ) by left translations
is ergodic, irreducible and aperiodic (in fact mixing) and the orbit relation Ry, r
has

Out Rez/a,ry = A*(H/A,T) = Nagrcaya) (p(1))/p ().

This group contains the centralizer Cy(p(G)) as a normal subgroup of Bnite index
dividing |Out A| - |Out I'|.

Remark. Corollary 1.8 also allows to construct ergodic equivalence relations with-
out outer automorphisms. Indeed if a simple Lie group G # SL,(R) has no outer
automorphisms, then maximal lattices I in G have trivial Out I as well. Choosing
two non-commensurable maximal lattices I', A in such a G one obtains an equiva-
lence relation Rg/ A, without outer automorphisms. Similarly, one can find proper
embeddings G C H where G and H are simple higher rank Lie groups with Out G,
Out H, Cy(G) all being trivial. Then for any choice of maximal lattices ' C G,
A C H, the I'-action on H/A gives Ry, without outer automorphisms.

Allthe examples discussed so far had the property that the original system (X, w, I')
did not admit measurable I"-equivariant quotients of the form (G /I, mg,r/, I'); and
therefore Theorem 1.1 allowed to conclude that

OutRy = A*(X,T) = Aut*(X, T)/T.

The following result analyzes what happens if this assumption is not satisfied.
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Theorem 1.9. Let " C G be a higher rank lattice as in Theorem 1.1 and let I'-act on
(G/ T, mg,r) by left translations. Then for the corresponding orbit relation Rg/r,r

[OutRg, . : A*(G/T,T)] =2
A(G/T,T) = Aut(G/T',T) = {1}
A*(G/T,T) = OutT’

OutR(G/r.r) = (Z/2Z) x OutT.

More generally, for any n € N the diagonal left I'-action on the product space
(G"/T™", mgn, rn) satisdes

[Out Rin/rery : A¥(G"/T", )] = n+1
AG"/T",T) = Aut(G"/T*", T = S,
AYG* /T TY =S, x OutT

Out R/ e, = Spt1 xOut

where S, denotes the permutation group on {1, ... n}.
For the diagonal I'-action on the inbnite product (X, nu) = (G/ T, mG/r)Z, the
index [Out Rex,r) : A*(X, I')] is inmnite countable

AX,T) E Aut(X, ") = Sy
A*(X,T) = Seo x Out T
OutRix r) = Seoq1 x Out I’

where Soo denotes the full permutation group on Z, and Sx+1 the permutation group
of Z U {pt} to suggest that the embedding A*(X, ") C Out Rx,r corresponds to the
natural embedding Soo C Seoy1 direct product with Out I'.

Let R be an ergodic 11, -relation on a probability space (X, ), and E C X be a
measurable subset with p(E) > 0. The restriction Ry := RN (E x E) of Rto E 1s
a II;-ergodic relation with respect to the normalized measure g = u(E)~! - ulg.
Since Inn R acts transitively on subsets of the same size (Lemma 2.1) forany F C X
with pu(F) = p(E) the relation Ry on (F, pur) is isomorphic to Rg on (E, ug).
Hence given a II;j-relation R, for every 0 < ¢ < 1 there is a well defined, up to
isomorphism, ergodic II;-relation R; obtained from R by restriction to a subset of
measure . (Realizing (X, p) as the unit interval [0, 1] one may think of R; as the
restriction of R to the sub-interval [0, 7]).

If R has an additional property that Ry 2 R; for all 0 < ¢ # s < 1, one says
that R has a trivial fundamental group. Orbit relations R = Ry, generated by
free, ergodic, irreducible m.p. actions of higher rank lattices I" always have trivial
fundamental groups (cf. Gefter and Golodec [8]). Recent work [5] of Gaboriau gives
other classes of such relations.
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Regardless whether the fundamental group of R is trivial or not, all restricted
relations R; obtained from a given ergodic II;-relation R have the same outer auto-
morphism group: Out R; = Out R (see Lemma 2.2). Hence

Theorem 1.10. LetT" C G and (X, i, I') be as in Theorem 1.2. For0 <t < 1letR;
denote the (isomorphism class of ) equivalence relation obtained from R := Rx r by
a restriction to a subset E; C X of measure (E;) = t. Then {R;}o<r<1 is a family of
mutually non-isomorphic ergodic equivalence relations of type 11| with the same outer
automorphism group Out R; = Out Ry . In particular, there exist uncountably many
mutually non-isomorphic ergodic relations with trivial outer automorphism groups.

Remarks. (a) In [3], Theorems D (1)—(2), it is shown that for an ergodic action
(X, i, I') of a lattice I in a simple higher rank Lie group G, there is a countable set
Mxr C Rsothatfort € (0, 1)\ Mx r the relation R; cannot be generated by a free
(mod 0) action of any group. Therefore Theorem 1.10 provides a variety of examples
of such exotic relations without outer automorphisms.

(b) In a recent work [11] Monod and Shalom develop a new type of “higher rank™
superrigidity theorems for products of hyperbolic-like groups. Using this new tool and
the methods of the current paper Monod and Shalom construct uncountably many non
weakly equivalent relations R of type II; with trivial Out R (see [11], Theorem 1.12).

Organization of the paper. Section 2 contains some general facts about I1; -relations.
In Section 3 we discuss the Measure Equivalence point of view which provides a con-
venient framework for the study of Out Ry r/A*(X, I'). Special features of higher
rank lattices, especially superrigidity for cocycles, are used in Section 4 in a construc-
tion of I'-equivariant standard quotients w: (X, u) — (G/T', mg,r) associated to
every [T'] € Out Ry,r \ A*(X, I'), which provide the proof of Theorem 1.1. In Sec-
tion 5 we recall some ergodic-theoretic applications of Ratner’s theorem for actions
on homogeneous spaces. These results are used in Section 6 to assemble the standard
quotients for the proof of Theorem 1.2, and in Sections 7 and 8 to compute the outer
automorphism groups for the standard examples. Section 9 contains the proof of
Theorem 1.6.

2. Generalities

Let R be an ergodic II; relation on a non-atomic probability space (X, ). Forreaders
convenience we include the proof of the following standard fact

Lemma 2.1. For every measurable E, F C X with u(E) = u(F) > 0 there exists
T € Inn R so that w(TEAF) = 0.
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Proof. By [1], Theorem 1, there exists an action (X, i, I') of some countable group
I" so that R = Rx,r. Such an action is necessarily measure-preserving and ergodic.
For any measurable subsets A, B € X let c(A, B) := sup, u(yA N B). Ergodicity
mmplies that c(A, B) > 0 whenever (A) > Oand w(B) > 0. Let Eg := E, Fy := F
and define by induction on n > 1 measurable sets E,, F;, € X and elements y, € I’
as follows: given E,, F, choose y;, so that

w(ynEn N Fy) > c(Ey, I)/2

andlet £, = E, \;vn_an, Fui1 = Fy\wE,. SetEx :=NE,, Fyx, :=NF,. We
have p(E~) = n(Fso) because u(E,) = n(Fy,) for all finite n. In fact u(E~) =
1(Fso) = 0. Indeed, otherwise one would have ¢(E,, F,) > ¢ := c¢(Eso, Foo) > 0
for all n, contrary to the choice of y, at the stage where ;1 (E, \ E,41) < ¢/2. Hence
E = Ey\ Epy1 and F) := F, \ Fy41 constitute measurable partitions of E and F
respectively. Defining 7' (x) to be y, - x if x € E} and T'(x) = x for x ¢ E, we get
the desired 7 € Inn R. O

Given an ergodic I1;-relation R on (X, 1), and a positive measure subset £ € X
we denote by Rg the restricted relation RN (E x E) on (E, ug), where ug =
pw(E)™ - plg.

Lemma 2.2. For a measurable set E € X with u(E) > 0
Out Rg = OutR.

Proof. Firstobservethatany 7' € Aut Rg canbeextendedtoaT € Aut R. To see this
choose some measurable partition X = EUX U---UX ysothat0 < p(X;) < u(E);
and choose measurable subsets E; € E with u(E;) = p(X;). By Lemma 2.1 there
exist S;, R; € InnR so that S;(X;) = E; and R;(X;) = T(E;). Define T by
T(x) =R 'oToSi(x)forx € X; and T(x) = T(x) for x € E to get a desired
T € AutR.

This extension procedure is well defined on the level of outer classes. In other
wordsif 7, S € Aut R are some extensions of some 7, S € Aut Rg, then [T] = [S] €
Out Rg iff [T'] = [S] € OutR. Indeed for p-a.e. x € X choose y € E so thatx ~ y
and observe that

Tx)~Ty) =T() and S =S») ~S).

Hence T (x) ~ S(x) for p-a.e. x € X iff T(y) ~ S(y) for pug-ae. y € E.

Thus there is a well defined injective map Out Rz — Out R, which is casily
seen to be a homomorphism of groups. To verify its surjectivity, note that given any
T € AutRthereis an S € Inn R with S(T(E)) = E. Thus 7’ := S o T maps E to
itself, and [7'] = [T'] € Out R appears as an extension of [77|z] € Out Rg. o
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For the rest of the section we consider a free (mod 0) ergodic m.p. action (X, w, I')
of some countable group I', denoting by Rx r the corresponding orbit relation.

Lemma 2.3 (Gefter [7], Lemmas 2.6, 3.2). Let (X, i, I') be a free m.p. ergodic ac-
tion of a countable group T.

(a) If T has Inanite Conjugacy Classes then Aut(X, I') L A(X,T') is an isomor-
phism.

(b) If T has the property that any T € Aut " with y™ = y on abnite index subgroup
y € I'g C T has to be the identity, then

Ker(Aut*(X,T) = A*(X, 1)) = {x > y - x},er =T

In particular, the conclusions of (a) and (b) hold for any free ergodic action (X, ., I')
of an irreducible lattice T" in a semi-simple Lie group G % SL,(R).

Proof. (a) Any T € Aut(X,I") N Inn Rx r has the form 7: x — & - x for some
measurable x — &, € I and satisfies T(y - x) = v - T'(x). Hence

Ve x=y - Tx)=T(y x) =&,y x

which gives &, = y&.y~! because the action is assumed to be free (mod 0).
Thus the distribution &, of & on I' is conjugation invariant, and therefore is uni-
form on mnite conjugacy classes of I', 1.e. supported on e. Hence T(x) = x and
Ker(Aut(X, ') —> A(X, T)) is trivial.

(b) Any T € Aut* (X, T") N Inn Ry r satisfies

T(x)=&x, Ty -x)=y" Tx)

which gives &,.x = Tyl For & € T let Ee '={x € X | & = &}. Then
yEe = E g1 Observe that for § # &' € I" one has u(Eg N Eg/) = 0 because
the action is free (mod 0). Hence choosing & € I' with u(Eg) > 0 we have
Y&y ' = & (equivalently & 1y7&, = y) for all ¥ in a mnite index subgroup
I'g € I'. It follows from the assumption that y* = &y &, ! for all y € I, so that
T:x— & -x.

Finally, for an irreducible lattice I' € G % SL,(R) the ICC is a standard fact
(easy for the group G itself and follows for I" using Borel’s density theorem), while
the condition for (b) follows from the Strong Rigidity Theorem. O

Given T € Aut Ry r define a measurable map o7 : I' x X — I' by

T(y x)=ar(y,x) -T(x). 2.1
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Note that a7 (y, x) 1s well defined (mod 0) due to the freeness assumption on the
action. Furthermore, one easily verifies the cocycle property

ar(yayi, x) = ar(y2, v1 - x)ar(y1, x)

forall y;,y, € I' and p-a.e. x € X. The cocycle ay: I' x X — T will be called
the rearrangement cocycle associated to T € Aut Ry . Rearrangement cocycles (as
opposed to general ones) have the following special property: for p-a.e. x € X the
correspondence y € I' +— a7 (y, x) € I' is a permutation of I" clements.

Two (general) cocycles o, B: I' x X — T are said to be cohomologous in I if
there exists a measurable map x — &, € I, such that

a(y,x) =& By, )&

forall y € T and p-ae. x € X. We denote by [«]r the equivalence class of
all measurable cocycles cohomologous (in I') to «. Note the very special cocycle
c1: I'x X — I'givenbyci(y, x) = y,andforageneral 7 € Autl" letc;: 'x X —
I" stand for the cocycle ¢, (y, x) = y7.

Proposition 2.4. Let T, S in AutRx  be relation automorphisms, [T'], [S] in
Out Ry, the corresponding classes, and let ar,us: I' x X — I' denote the as-
sociated rearrangement cocycles. Then

(@) ares(y,x) = ar(as(y, x), S(x)).
®) ar =c1 & T e Aut(X, I').

©) ar =c; & T € Aut* (X, IN).

@) [erlr = [cr & [T]1e AFl(X, T).

Proof. For T, S € Aut Ry compute
ToS(y x)=T(as(y,x) Sx)) =ar(as(y, x), Sx)) - T(S(x)).

This proves (a). Statements (b) and (c) follow from the definitions.

Proof of (d). Any [T] € AFl(X,T") can be represented by 7 = A o J where
A e Aut" (X, I") and J € InnRr is given by J: x — Sx_l -x. Thenforall y € T’
and p-ae. x € X

Ty -x)=A¢ Ly %) = (&)  A®)
=) VE AET D) =50y TR
where &, = (§,)" € I'. Hence
ar(y,x) =6, v i (2.2)

and [ar]r = [ce]r.



170 A. Furman CMH

On the other hand, assuming that the rearrangement cocycle oy associated with
T € AutRr satisfies (2.2) for some © € AutI" and a measurable x — &, € T, set
& = (Q)T_1 and consider the map A: X — X, defined by A(x) := & - T(x). We
have

Ay -x) = Cyx - T(y x)= éy‘xéy_.ylcyrfx -T(x)
=y" (& -Tx) =y Ax).

The pushforward measure A, 1 1s absolutely continuous with respect to p (recall that
I" 1s countable) and I"-invariant. Ergodicity of the action implies that A, = p, so
that A is invertible. Thus A € Aut”™ (X, I"), while themap J := A~ o T is a measure
space automorphism. Since

E-Jx) =& AT T @) = AN - Tx) =x

the map J(x) = £ - x is an inner automorphism. O

3. Measure Equivalence point of view

The following notion of Measure Equivalence Coupling, introduced by Gromov in
[9], 0.5.E, and considered in [2] and [3] by the author, provides a very convenient
point of view on orbit relation automorphisms.

Definition. A Measure Equivalence Coupling of two (infinite) countable groups I'
and A is an (infinite) Lebesgue measure space (€2, m) with two commuting, free,
measure preserving actions of I' and A , such that each of the actions has a finite
measure fundamental domain.

We shall use left and right notations for the I" and A actions
Yo Yo, Ao 0OA

in order to emphasize that the actions commute. For our current purposes we shall only
need self ME-couplings (2, m) of I, 1.e. Measure Equivalence Couplings of I" with
itself. Given such a coupling (2, m) let X, Y C Q be some fundamental domains
for the right and the left I"-actions on (€2, m) respectively. Define the associated
measurable maps

A=Ax:I'xX—>T, p=py:YxI'>T

by requiring that for ae. x € X (resp. y € Y) one has yx € Xi(y, x) (resp.
yy € p(y,v)Y). The left I'-action on /" (resp. the right I'-action on I"\2),

[33E2]

always denoted by a dot “-”, can be identified with the measure preserving I"-action
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on X with the finite Lebesgue measure my = m|x (resp. on Y with my = m|y)
defined by

yox =yxiy.0)7 vy =p0.v) yy.
With respect to these left and right I'-actions A x and py become measurable left and
right cocycles respectively, namely satisfy:

Ayiye, x) =My, 2 - A2, x), p(y.viva) = p(, ve (Y - Y1, v2).

We shall say that a self ME-coupling (€2, m) is ergodic if the I"-action on (X, m|x)
is ergodic, which is equivalent to the ergodicity of the I' x I'-action on the infinite
space (2, m) (see [2], Lemma 2.2).

With the fundamental domain X C Q for Q/I" being fixed, all fundamental
domains X’ C Q for Q/I" are in one-to-one correspondence with measurable maps
x > & € I': given a fundamental domain X’ one sets &, = y, if xy € X/, while
given a measurable x — &, € I' one takes

X' = {x& | x € X}.

The left I'-actions on X’ and X are naturally identified via6: X — X', 0: x > x&,,
and the cocycles Ax: ' x X — I', Ax: I' x X’ — T are conjugate

A (v, 0(x) = & hx (¥, x)&x. 3.1

Similar statements hold for the right actions, their fundamental domains and the
associated cocycles.

If X C Qis a fundamental domain for both left and right I"-actions, we shall say
that X is a two-sided fundamental domain.

Lemma 3.1 (see [3], Theorem 3.3). Let (2, m) be an ergodic self ME-coupling
of some group I, and let X,Y C 2 be right and left fundamental domains for
Q/ 1 and I'\Q2 respectively. Then 2 admits a two-sided fundamental domain Z iff
m(X) = m(Y).

Proof. Obviously all left fundamental domains have the same m-measure and the
same holds for right fundamental domains. Thus the existence of a two-sided funda-
mental domain Z implies m(X) = m(Z) = m(Y). Now assume that m(X) = m(Y).
It 1s well known that ergodic m.p. actions on finite or infinite Lebesgue spaces the full
group acts transitively on sets of the same measure (Lemma 2.1 for the finite measure
case). Using the ergodicity of the I' x I"-action on (§2, m) the condition m(X) = m(Y)
implies that there exist measurable partitions X = U, ; X ;, ¥ =, ; Y1, and el-

ements y/ € I'and y € I', so that ¥; ; = yi/_IX,-,jy]/.’. Then

U X7/ and | /¥,
sl i,j
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give the same set Z C . Being formed by piecewise right I"-translates of X = Q/ T,
the set Z 1s a right fundamental domain for 2/ I"; and at the same time being formed
by piecewise left I'-translates of ¥ = '\, the same set Z is a left fundamental
domain for I'\ 2. O

Now consider a free m.p. action (X, u, I') of some countable group I" and let
Rx,r be the corresponding orbit relation. Given T° € Aut Ry r consider the infinite
measure space (2, m) := (X x I', u x mr) with two commuting I"-actions, as usual
written from the left and from the right:

vix,y) = x,ar(yi,x)y), &,y = (x, vy

where a7 : I' x X — I is the rearrangement cocycle associated with 7 € Aut Ry, r.
The space (€2, m) with thus defined I" x I"-actions forms an ergodic self ME-coupling
of ', because X := X x {er} C € is a two-sided fundamental domain. The fact
that X is a right fundamental domain is obvious. To see that X is a left fundamental
domain recall that for a.e. x € X the map y — ar(y, x) is a bijection of I', so for
m-a.e. (x, yp) there is aunique v € I' with a7 (y, x) = yl_l which gives

vy =y -x,ar(y, x)y1) € X = X x {e}.

Also observe that
A’)_('()/?‘X) :(XT(%X)- (32)

Lemma 3.2. Let (2, m) = (X xI', u xmr) be a self ME-coupling corresponding to
T € AutRx,r. Thereisaone-to-one correspondence between two-sided fundamental
domains X' < Q and

T’ ¢ AutRxr with [T'] = [T] € OutRx 3.3)
where X' = {(x, &) | x € X} corresponds to T': x — Sx_l - T (x). Moreover
aT/(y7 X) — }“)_(/(yv ()C, SX)) = ‘i:y_)lc}")_((y, ()C, e))‘gx = ‘i:y_)lcaT(yJ x)gx'

Proof. Suppose that X’ ¢ Q = X x I is a two-sided fundamental domain. The
fact that both X = X x {¢} and X’ are right fundamental domains implies that X’ is
of the form {(x, &) | x € X} for some measurable £: X — I'. In order to verify
(3.3) forthemap 77: X — X, T’: x +> £71 - T(x), it suffices to check that 7" is
one-to-one (mod 0), the relations between the cocycles a7/, A5, A5 and a7 being
straightforward.

Assume that 7/(x) = T’(y) which means &' - T'(x) = &' - T(y). Then T'(x)
and 7 (y) are on the same I"-orbit in X, and so are x and y, i.e. y = ¥ - x for some
y € I'. Thus

X

TV Tx) =61 Ty x) =& ar(y.x) - T(x)
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which means that &,.. = ar(y, x)&. In © we have
y(xv S)C) e (',V c X, OlT(}V,x)Sx) — (y c X, S)/'X)

with both (x, &) and (y -x, &) in X'. Since X' is a two-sided fundamental domain,
in particular a left fundamental domain, it follows that y = ¢ and x = y. Hence
T’ is indeed a measure space automorphism of (X, p) and the rest of its properties
follow automatically. The fact that 77 as in (3.3) gives rise to a two-sided fundamental
domain X is proved by back tracking the above argument. O

Next consider an equivariant quotient map & : (2, m) — (R0, mo) of self ME-
couplings of ", 1.e. a measurable map ®: 2 — Qg such that

bim=my and P(yioyr) =y P(@)y;.

Observe that the preimage X := &1 (Xg) (resp. ¥ := d~1(¥y)) of any right fun-
damental domain Xo C ¢ (resp. any left fundamental domain Yy C ¢) is a right
(resp. left) fundamental domain in 2. If X = &~1(X,) we shall say that X <  and
Xo C Qo are d-compatible. Note also that if (€2, m) 1s an ergodic coupling then so
is (20, mg), and if (2, m) admits a two-sided fundamental domain then

mo(Xo) = m(X) =m(Y) = mo(¥o)

so that (29, mg) also admits a two-sided fundamental domain Zy, and taking Z :=
d~1(Zo) we obtain a two-sided fundamental domain for (S, m) which is d-compat-
ible with Zy C Qo.
Observe that for $-compatible right fundamental domains X C @ and Xy C Qg
one has
}‘X(y’ ) = }"Xo(ya CID(a)))

Realizing the natural left I"-action on (€2, m)/I" by the I"-action
yix >y ox =yxix(y,x)”

on a ®-compatible fundamental domain X C €2, one obtains a I"-equivariant quo-

tient map X 2 x o which is a concrete realization of the left I'-equivariant map
(2,m)/T — (Qo,mg)/ " defined by ®. This discussion is summarized by the
following

Proposition 3.3. Let (X, i, I') be a free, ergodic, measure preserving action, T €
Aut Ry r and let ([, m) be the corresponding self ME-coupling of I'. Assume that
(2[r1, m) has an equivariant quotient ME-coupling ®: (Q[r7, m) — (S0, mg). Fix
a two sided fundamental domain Xo C o, denote by (Xo, o, I') the left I'-action
on (Xo, o) = (RQo, mo)/ T, and let

T . (X,M, F) — (Xoy 1o, F)
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denote the F-equivariqnt quotient map induced by ®. Then there exists a T e
Aut Rxrwith[T]=[T] ¢ Out Rx.r so that

ap(y,x) = Axo (v, m(x)).

4. Superrigidity and standard quotients

In this section we specialize to actions of irreducible lattices I" in higher rank semi-
simple Lie groups G.

Proposition 4.1 (see [2], Theorem 4.1). Let G be a semi-simple, connected, center-
free, real Lie group without non-trivial compact factors and with tkp(G) > 2. Let
I' C G be an irreducible lattice and (X, i, I') be a measure preserving, ergodic,
irreducible, essentially free I'-action. Given any T € Aut Ry r let (1], m) be the
associated self ME-coupling as in Section 3. Then there exists a well dedned class
[t] € Out G so that given any representative t of [t] there exists a measurable map
& Qrr) — G denned uniquely (mod 0) so that

P(yion) =y P@y: (.2 €l)

and one of the following two alternatives holds:
(a) either ®.m coincides with the Haar measure m¢ on G, normalized so that I’
has covolume one, or
(b) ®.m is an atomic measure of the form

1 k
zzzagﬁ/

i=1yel

where {gi}llC C G are such that {g11, ..., gkI'} is a single mnite v (I")-orbit on
G/ . In particular, I has a subgroup I'1 of index k so that T(I"1) has index k
in glI‘gl_l, and T (') and I" are commensurable.

If the T-action on (X, ) is aperiodic, then either (a) holds or in alternative (b) we
have k = 1 which means that

(b’) ®ym coincides with the counting measure mr on I'' = ©(I') C G where
(T = glg™! for some g € G.

This proposition is essentially Theorem 4.1 in [2], the proof of which is based
on Zimmer’s superrigidity for cocycles and Ratner’s theorem. In [2] the statement
is formulated in a slightly different form and only for lattices in higher rank simple
Lie groups. Since we need some details of the proof to be used later, we include the
main arguments here.
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Proof. FixaT € Aut Ry r representing [7'] and consider the rearrangement cocycle
ar: ' x X — I' € G as a G-valued cocycle. This cocycle is Zariski dense in G
(this 1s a form of Borel’s density theorem, see [17], p. 99, or [2], Lemma 4.2). Thus
the assumption that I is a higher rank lattice with an irreducible action on (X, pt)
allows to apply Zimmer’s superrigidity for measurable cocycles theorem [17] (in [2],
Theorem 4.1, we did not use irreducibility of the action and therefore had to restrict
the discussion to lattices in higher rank simple groups G). Hence there exists a Borel
map ¢: X — G and a homomorphism 7: I' — G, so that

ar(y,x) = ¢y -0~y d(x) “.1

fory € I' and p-ae. x € X. By Margulis’ superrigidity © extends to a G-automor-
phism and we denote by 7 € Aut G this extension. Defining the map

P:Q=XxI' > G

by
Dx,y) =px)y 4.2)

one verifies

D(i(x, v)y2) = Py1 - x, ar(y1, x)vya) = ¢(y1 - X)ar(y1, X)vya
= ¢ )P )Y dE)y
=y P(x, ¥)n2.

Choose F C G a Borel fundamental domain for G/T" and let X' := ®~1(F).
Hence X’ C Q7 is a fundamental domain for Q[7)/ I" so that m(X’) = 1. This im-
plies that the pushforward measure mg := ®.m on G has my(F) = 1 (inparticular m
is finite on compact sets) while the restriction mg | p defines aregular Borel probability
measure g on G/ I, which is invariant and ergodic for the left = (I")-action.

An application of Ratner’s theorem (see [2], Lemma 4.6, with an casy modification
needed to handle semi-simple rather simple Lie groups) implies that 14 is either (1)
o = mg,r — the normalized Haar measure m g/, or (i1) is an atomic measure.

In case (i) the map & defined in (4.2) clearly maps m on Q[r] to the Haar measure
m¢ as in Proposition 4.1 (a). The uniqueness statements in Proposition 4.1 follow
from [2], Theorem 4.1.

In case (i1) the atomic 7 (I")-invariant measure 19 on G/ I has to be concentrated
on a single finite t(I")-orbit {g[, ..., gx['} with equal weights 1/k. Let I'y be the
stabilizer of g1I" € G/I". Then [I" : I'1] = k and =(I'1)gi1I" = g1I" 1.e. =(I"7) has
mdex k in gngl_l.

The preimage 21 = d~'(giI") is I} x I'-invariant set which gives rise to a
measurable I';-invariant subset X of X with p(X;) = 1/k. If I'-action on (X, u)
is aperiodic, then necessarily k = 1 and mg = Zyer 8gy and T(I') = glg~1. O
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Remark. The uniqueness of ®[7jin particular implies that the rearrangement cocycle
ar can be written in the form (4.1) with the measurable map ¢: X — G being
uniquely defined (mod 0) as soon as a representative T € Aut G of [t] € Out G is
chosen. Hereafter this unique “straightening” map ¢ will be denoted by ¢7 ;.

Theorem 4.2 (Standard Quotients). Let G be a semi-simple, connected, center-free,
real Lie group without non-trivial compact factors and with tkp(G) > 2; I' C G
an irreducible lattice and (X, i, I') be a measure preserving, ergodic, irreducible,
essentially free I'-action. Then every [T] € Out Rx r deBnes a unique class [t] €
Out G such that given any representative t € AutG of [t] there is a measurable
map . X — G/ T, demned uniquely (mod 0) and satisfying

Ty -x)=1(y) m(x)

for p-a.e. x € X and all vy € T'. There are two alternatives.

Either the following equivalent conditions hold:

(al) the distribution of ¢ (x) on G is absolutely continuous with respect to the
Haar measure mg,

(a2) o = mgr —the G-invariant probability measure on G/ T,

(@3) there exisis T € Aut Ry p with [T] = [T] and 7 (x) = ¢ (x)I';

or the following equivalent conditions hold:

(bl) the distribution of ¢t (x) on G is purely atomic,

(b2) mop = k71 Zlf 8g,r where {g11, ..., gxI'} is a Onite ©(I')-orbit on G/T', I’
contains a subgroup I'1 of index k so that T(1'1) is a subgroup of index k in
gngl_l; and X1 = n_l({glI’}) is a I'1-ergodic components of (X, u) with
n(X1) = 1/k; )

(b3) there exists T € Aut Rx r with [T] = [T] and

¢; ., (x) =g1 for p-aex € X; CX.

IfU-action on (X, p) is aperiodic then conditions (al)—(a3) above are equivalent to
(ad) [T]1 ¢ A*(X,T),

while their alternatives (b1)—(b3) are equivalent to

(bd) [T] e A*(X,T);

moreover in (b2)—(b3) one has k = 1 and these conditions take the following form:
(b2') 74y = Sor where g € G satisnes T(I') = glg™1;

(b3') there exists T € Aut Ry r with [T] = [T] and

¢s (x) =g for p-ae x €X.
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Proof. Consider the self ME-coupling (€2[77, m) with the corresponding outer class
[t] € Out G. Given a choice T € Aut G of [7] let

P: Q= G

be the v (I") x I'-equivariant map as in Proposition 4.1. Then ¢ uniquely defines a
measurable map

7 (X, u, T = Q) m)/T - G/T, n(y-x)= y'om(x).

Let us show that the alternatives (a) and (b) in Proposition 4.1 yield mutually exclusive
conditions (al)—(a3) and (b1)—(b3) respectively.

In case (a) where &,m = mg, (al)—(a3) follow from Proposition 3.3 and the
construction (4.2) of ®.

Case (b): dym = k! Zle > yer Ogy where {g11, ..., g¢I'} is a single 7(I)-
orbit on G/T". Condition (bl) is clearly satisfied. Let

Ii={yel|y'al=gl} and X;=7""({al'}.

where w: X — {g1I', ..., gx['} 1s the I"-equivariant map above. Then conjugate
groups ['; have index k in I", and I" permutes the disjoint sets X; (and so u(X;) = 1/k)
while each X; is [';-invariant for i = 1, ..., k. Moreover I'; acts ergodically on X;
because Ry, r; = Rx,r N (X; x X;). This proves (b2).

The set Xg = {g1, . .., g} forms a fundamental domain for the 7 (I") x I"-action
on G. The corresponding cocycle Ay, satisfies

Axo(v,g) =g g1 (neTl).
Applying Proposition 3.3 we obtain T € Aut Rx,r with [T]1=[T] € OutR x,r and
g (v, x) = hx, (v, w(x)) = gi ¥ &1 4.3)

forally e Ty andae. x € X; = n 1 ({giI') = &7 1({e1}). We deduce that
¢f7r(x) = g for x € Xy, proving (b3).

If the I"-action (X, ) is aperiodic, one has k = 1 so that (b2), (b3) take the form
of (b27), (b3”). Condition (b3) follows from (4.3) and Proposition 2.4 (c). The latter
also explains why (b4) is incompatible with (al)—(a3). O

Proof of Theorem 1.1. Fort € Aut G the I"-action on G /7 ~!(I") is isomorphic to the
r-twisted ["-action on G/ I, both with the Haar measure. Since (X, u, I') is assumed
not to have these actions among its measurable quotients, any 7" € AutRy - fails
condition (a2) in Theorem 4.2, while satisfics the alternatives (b1-4), which means
that [T] € A*(X, T). m]
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5. Some applications of Ratner’s Theorem

In this section we recall some applications of Ratner’s Theorem (see [12] and refer-
ences therein). Note that in these results there are no restrictions on the rank of the
semi-simple group G. In fact the results remain true whenever G is a connected Lie
group generated by Ad -unipotent elements and I' C G is a closed subgroup so that
G/ T carries a G-invariant probability measure.

Theorem 5.1 (cf. Ratner, [12], Theorem E2). Let I' be an irreducible lattice in a
semi-simple connected real Lie group G, A and A’ be lattices in some connected
Lie groups Hand H', p: G — H and p’: G — H' be continuous homomorphisms
such that the I'-actions

yihA = p(WEA, y:i KA — p' ()N

on (H/A,mpsn) and (H'/AN',mpi 1) are ergodic. Assume that there exists a
measurable " -equivariant quotient map

m (H/N, mpyn) — (H'/A  mgin).

Then there exists at € H' and a surjective continuous homomorphismo : H — H’
such that

(1) o (A) is a onite index subgroup of A’,

(ii) w(hA) =to(h)A' fora.e. h € H,

(i) o op(y) =1p'(y)t~" fory €T.

If 7 is one-to-one theno : H — H'isanisomorphismand o (A) = A’. In particular,
for the above T'-action on (H/A, mya)

Aut*(H/A, mp/a, T) = Naga/a) (p(I)).

In [15] Witte considers amore general question of a classification of all measurable
equivariant quotients (H/A, mg,a) — (Y, v) showing that (¥, v) has an algebraic
description (slightly more general than H’/A’ as above). However Theorem 5.1
suffices for our purposes. It is deduced from the more general Theorem 5.2 below
by considering the measure v on H/A x H'/A’ obtained by the lift of m g/ to the
graphofw: H/A — H'/A'.

Theorem 5.2 (cf. Ratner [12], Theorem E3). Letr ' € G, A C H, A’ C H/,
0:G — Handp': G — H’ be as in Theorem 5.1. Let v be a probability measure
on H /A x H' /A whichprojects ontom ;s and m g ar, and is invariant and ergodic
for the diagonal T"-action

v (WA W'A) — (p(v)hA, p'(v)R'A).
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Then there exist closed normal subgroups N <« H, N' <« H', an elementt € H'/N’
and a continuous isomorphism o1 from Hy := H/N to H{ := H'/N’, so that
(i) Ay :=AN C Hyand A} := AN’ C H] are lattices;

(i) there are Bnite index subgroups Ay € A1, A} € A} so that o1(A1) = A};

(iii) o1 0p(y) =1p'(y)t7" fory €T;

(iv) the measure v is N x N'-invariant and its projection vi to H1/A1 x H{/\}
can be obtained from the lift m y of mp, /A, to the graph of Hy /Ay Ay Hi/Aj
where f(hA1) = to1(h) Ay, byvi = pym g where p is a Onite-fo-one projection

(Hy/Ay) x (H{/A}) =5 (Hy /Ay) x (H{/A)).

Theorem E3 in [12] and its corollary E2 were proved by M. Ratner as an application
of the main theorem ([12], Theorem 1). In all these results the acting group is assumed
to be generated by Ad -unipotent elements. In order to deduce the results for actions
of lattices I' C G, needed for our purposes, one uses the suspension construction
replacing the I"-invariant measure v on H/A x H’/A’ by the G-invariant measure U
on G xp H/A x H'/A’ and applying Ratner’s classification of invariant measures
([12], Theorem 1) to the action of the semi-simple group G which is generated by
Ad -unipotents. The reader is referred to the paper [13] of Shah (Corollary 1.4) or
Witte ([15], proof of Corollary 5.8) for the precise argument.

6. Proofs of Theorem 1.2 and Corollary 1.3

Proof of Theorem 1.2. LetT" C G and (X, u, I') be as in Theorem 1.2, and let n :=
[OutRxr : A"(X,I")] € {1,2,...,00}. If n = 1 there is nothing to prove. If
1 < n < oo set Ty = Id and choose representatives 7; € AutRxr, 1 <i < n, for
the cosets A*(X, I')\Out Ry . In other words choose 7; so thatfor 0 <i # j <n
we have

[TNT17" ¢ A*(X, T).

Since [T;] € A*(X,T") for 1 <i < n, by Theorem 4.2 (a) there are 7; € Aut G and
measurable maps 77;: X — G/ satisfying

(mi)spt =mgyr, 7wy -x)=y" mx).

It remains to prove that the map

n—1

7 X — []G/T. 7(x)=m@), m@),...)
fi=1
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takes 4 onto the product measure mgn-1, a1 = ]_[?z_l1 mg,r. We shall prove by in-
duction on mnite k intherange 1 < k < nthatthemap 7 ® (x) := (1 (x), ..., me(x))
satisfies

ﬁik)u = Mgk, k- 6.1)

(Note that this is sufficient even if n = 0o because the infinite product measure
is determined by its values on finite cylinder sets). The case k = 1 is covered by
Theorem 4.2 (a2). Assuming (6.1) for k — 1 we apply Theorem 5.2 to

H:=G1 A.=T%1 pPi=Tp X X Th—1
H =G A =T o=

and the probability measure v := nik)u on H/A x H'JN = G¥/T*. By the
induction hypothesis v projects onto m g7/ 4 in the first factor, and as [7}] ¢ A*(X, T"),
v projects onto m g,/ in the second factor. If N = H = G*=1 then necessarily
N’ = H' = G, so that

V=mg/A X Mg\ :I’I’le/pk

proving the induction step.

It remains to show that the other alternative, namely N < G*~! and N’ < G being
proper normal subgroups, cannot occur. By Theorem 5.2 (i) A = 'N’ c G/N’
forms a lattice in G/N’ which is possible only if N’ = {e} because I' C G is
irreducible. Thus N < G¥~! is such that G¥=1/N = G and I'*~! N forms a lattice in
G*=1/N = G. This means that for some j € {1, ...,k —1}

N={&n ...&-1) €G"|gj=¢}
o1((g1, -+, g-1)N) = o (g})

where o € Aut G is such that forsome t € G, 0 07j(g) = trr(g)t ' and o (A) = A’
for some finite index subgroups A, A’ C I'. In this case the distribution v; of the
pairs (7 (x), mx(x)) on G/I" x G/ T is a projection under the finite-to-one map

G/A xG/N — G/T xG/T
of the measure m ¢ which is a lift of mg,A to the graph of
fi1G/A— G/A, f(gA) =to(g)A.

By Theorem 4.2 (a3) there exist f"j and Ty € Aut Rx,r with [fj] =[T;]. (T3] = [Tx]
so that for i = j, k the rearrangement cocycles

api=ap: 'x X — T

i
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satisfy «; (v, x) = ¢i(y - x)"lyTig;(x) with m; (x) = ¢;(x)[". The structure of
the distribution vy of (77 (x), 7 (x)) described above implies that the distribution of
(qu(x)")_lqﬁk(x) on G is purely atomic. Let S := Ty o Tj_l € AutRy r and let
o’ € AutG and ¢ = g, : X — G be such that

as(y, x) =¥y - )7y ().

Applying Proposition 2.4 (a) to Ty = S o fj we obtain that for all y € I" and p-a.e.
xeX

Gy - x) Ty Fr(x) = ax (v, x) = as(ej(y. x), Tj(x))
= (i, x) - T50)) a0 (T
= (Ti(y - 0) (50 -0 ;) W (T ()
= (pi(y -0 W (T (v - x0) "y (i (1) W (T (x).

Replacing o/ by o € Aut G (so that 7z = o o 7;) and changing ¢ = ¢, to ps 5
accordingly, we deduce that

br(x) = ¢ (x)° 5,0 (T} (x))
(;()) L (x) = ps.o (Ti(x)).

Since the distribution of (¢; (0)?) 1 (x) is purely atomic, it follows from Theo-
rem 4.2 (b) that [S] € A*(X, I") and

[S1= [Tk o ;"1 = [TAIT;]7" € A*(X,T)

contrary to the choice of [7;]-s. Hence the induction step is verified and the proof of
Theorem 1.2 is completed. o

Proof of Corollary 1.3. Suppose that [Out Ry : A*(X,I")] > n > 1. Theorem 1.2
provides a I"-equivariant quotient map

(X, 1, ) — (G T mg ypaer, T)

where in the righthand side I acts diagonally in each of the factors (G/ I, mg,r, I'™).
For diagonal actions the entropy is additive, so for every ¥ € I one has
WX, y) = WG/ T mga pact, v)

n—1

=Y WG/T,mg/r,y™) =(n—1)- x(Ady)
i=1

which gives (1.1).
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In the context of smooth actions of I on a compact d-manifold X another ap-
plication of superrigidity for cocycles allows to express the entropies 2 (X, i, ¥) of
elements y € I viaeigenvalues of d-dimensional G-representations. More precisely,
(see Furstenberg [4], Theorem 8.3, or Zimmer [17], 9.4.15) either 2(X, u,y) = 0
forall y € I', or h(X, u, y) = x(p(y)), v € I', for some representation p: G —
GL,4(C). In particular one has

L h(X L, y) . xpy)
o Ady) = oS, Ay ©62)

Let us point out that in the above cited references the I"-action on X and the measure

u were assumed to be C2-smooth, in order to apply Pesin’s formula. However for
the inequality (6.2) one only needs the upper bound

h(X,pu,y) < max x(o(y)), yel
dim p<d

which, being based on Margulis—Ruelle inequality, holds under C'-assumption on
the action and does not require any regularity assumptions on the measure z.

Using Borel’s density theorem one may extend the inf in (6.2) from y € I' to
g € G, obtaining the claimed estimate

[OutRy,r : A*(X, )] < 14 Wg(d).

For a given G the function W¢ (d) can be computed explicitly in terms of the weights
of irreducible representations, but here let us confine the discussion to a general
estimate W (d) < d?/8, suggested to me by Dave Witte, whom I would like to
thank. For k > 2 let oy denote the (unique !) irreducible representation oy of SL; (R)
in dimension k. If & denotes the element diag(e, e~ 1) € SL;(R), then the cigenvalues
of o (h) are {XT172 | i = 1,..., k} so that

X)) = > (k+1-2i) < k*/4.
i<k/2

Given a d-dimensional G-representation p choose a subgroup SL;(R) >~ Gy C G,
and let g € G correspond to i € G above. The restriction p|g, of p to Gy splits as
a direct sum of irreducible Go-representations oy, with > d; = d. Thus

x(0(g) =) x(oa(h) <1/4) d} <d*/4.
At the same time x (Ad ¢(g)) > x (Adsr,@®)(h)) = 2, which gives

W (d) < d*/8. 0
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7. Standard examples without G/ I" quotients

In this section we prove 1.4-1.8 applying Theorem 1.1.

Proof of Theorem 1.4. Let us first verify the ergodicity and aperiodicity of the I'-
action on TV, Let f € LZ(’]I‘N Y > f € 2(Z") denote the Fourier transform. For
AeSLy(Z)onehas foA = Al'f. Therefore if f € L*(T*) is an invariant vector
for a subgroup A C SLy(Z) then f € ¢2(ZV) is a A’-invariant vector, and f is
supported on finite A’-orbits on Z%. Thus if I fails to act ergodically on TV, then
p(I")! has a non-trivial finite orbit on Z", and for some finite index subgroup I € T’
there is a non-trivial fixed vector for p(I'")" in Z¥ ¢ R¥. Since p: G — SLy(R)
is rational, Borel’s density theorem implies that all of p(G)! C SLy(R) has a non-
trivial fixed vector, and since p(G) is totally reducible o (G) also has non-trivial fixed
vectors contrary to the assumption. Thus I" acts ergodically on T, and since the
arguments apply to any finite index subgroup of I, this action is aperiodic.

The I'-action on TV can be assumed to be free. Indeed SLy(Z) acts freely
(mod 0) on TV and so does p(I') = T’

Next we claim that the system (T, T") does not have (Ad G/I",AdT) as a
measurable quotient. In the case of I' C SL,(Z) acting on T", n > 2, this is casily
seen from the entropy comparison: for y € SL,(Z) with eigenvalues A1, ..., A, one
has

h(T", y) = log* |ail, h(AdG/T',y) =1 log* |ni/a)l
,~ -

where I/ is any lattice in Ad G = PSL,(R). Since |dety| = 1,1e. > log|r;| =0,
one has a strict inequality 2(T", y) < h(AdG/T", y) as soon as y has at least one
eigenvalue off the unit circle. For the general case we resort to a more complicated
argument described below.
Now Theorem 1.1 (or rather its simple modification needed to handle finite center)
gives
Out Rpw - < A*(TV, T') = Aut*(TV, I')/T.

Evidently any o € GL y(Z) which normalizes p(I") gives rise to the map 7, : x —
o (x) of TN which lies in Aut*(TV, I).
Claim 7.1. The correspondence o — Ty is an isomorphism

NeLy @ (p()) = Aut*(TY, T).

The correspondence 0 — T is clearly a monomorphism of groups. To show
its surjectivity consider a general T € Aut™(TV,T") and let v denote the lift of the
Lebesgue probability measure mqy on T to the graph of 7. Thus v is a probability
measure on TV x TV = (RN x RN)/(ZN x ZN) which is invariant and ergodic for
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the (p x pot)(IM)-actiony : (x,y) — (p(¥)(x), p(¥)(y)). Witte’s Corollary 5.8 in
[15] (based on Ratner’s theorem) allows to conclude that v is a homogeneous measure
for some closed subgroup

M < (pxpor)l) x (RY x RY).

The connected component My of the identity of M can be viewed as a subgroup of
RY xRV The fact that v is a lift of mqw to a graph of am.p. bijection 7: TV — TV,
and the fact that RY is connected while Z" is discrete, leads to the conclusion
that Mo ¢ RN x R¥ projects onto RY in both factors in a one-to-one fashion.
Hence My = {(x,0(x)) | x € RY} where ¢ € AutRY which preserves Z", i.e.
o € GLy(Z), and T has the form: T (x) = o (x) + t where t € T is such that

gop(y)x)+t=py o) +1).

The latter means that ¢ is p(I")-fixed and op(y)o~! = p(¥7). An argument similar
to the one for aperiodicity of the action (based on the assumption that p(G) has no
non-trivial fixed vectors), implies that ¢ has to be trivial, so that T is of the form T,
where o € Ngryz)(0(I")). The claim is proved.

It remains to show that TV does not have Ad G/ I" as a measurable I'-equivariant
quotient. It follows from Witte’s Corollary 5.8 ([15]) that measurable I"-equivariant
quotients of TV = R¥/Z¥ have the form K\RY /A where Z¥Y < A € RV isa
closed I'-invariant subgroup and K is a closed subgroup of Aff(RY /A) centralizing
I'; moreover K is acting non-ergodically on RY /A The latter space can be identified
with a quotient torus T”, n < N, on which I" still acts by automorphisms, so that K
becomes a subgroup of GL,(Z) x T". We claim that the I'-action on K\T" cannot
be measurably isomorphic to the I'-action on Ad G/TI"” because the former cannot
be extended to a G-action. In fact the I'-action on K\T" cannot be extended to a
measurable action of the smaller group — the commensurator

A:=Commg(I) ={geG|[[:g ' TgNT] < oo}

which is a dense subgroup in G (this follows from Margulis” arithmeticity results
[10]). Indeed, let g +— T, g € A, denote a hypothetical extension of the I"-action
on K\T" to some measure-preserving A-action. For any g € A there are finite index
subgroups I'1, I’ € I' so that 752 y — gyg~!is an isomorphism I'; — I'. Thus
T, satisfies T (y - x) = 14(y) - To(x) fora.e. x € K\T" and all y € I';. Arguing as
in the proof of Claim 7.1 one shows that such 7, has to have an “algebraic” form, i.c.
to be induced by a lincar map p(g) € SL,(R) which has to preserve the lattice Z".
The fact that the embedding I' — SL,(Z) cannot be extended to the commensurator
A DT gives the required contradiction. O

Proof of Theorem 1.5. By Margulis’ Normal Subgroup Theorem ([10], (4.10)) the
homomorphism p: I' — K is actually an embedding (recall that G and hence I
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are assumed to be center free). Thus without loss of generality we can assume
that the proper subgroup L C K does not contain non-trivial normal factors of K
(otherwise dividing by these factors we still remain in the same setup). This means
that the K-action k1: kL. — kikL is free (mod 0) and so is the ergodic ["-action
(K/L,mgyr,T'). This I'-action is aperiodic: being connected K admits no proper
closed subgroups of finite index, and therefore any subgroup I'; C I' of finite index
has a dense image p(I'1) in K and acts ergodically on (K, mg) as well as on its
quotient (K /L, mg,r). Furthermore, such an action is irreducible — see Zimmer
[16], Proposition 2.4. Clearly the discrete spectrum I"-action on K /L cannot have
equivarient quotients of the form G/I". Hence Theorem 1.1 gives

OutRg/r,m = A*(K/L,T).

In Theorem 1.5 K /L 1s a homogeneous space (recall that being connected K has
to be a Lie group). However, Theorem 1.7 (or Ratner’s theorem, in general) does
not apply to this situation because the acting group is not generated by Ad -unipotent
elements. Yet the following general result describing Aut*(K /L, T") can easily be
obtained by direct methods.

Proposition 7.2. Let K be a compact group, I’ C K a dense subgroup and L C K
a closed subgroup. Then the left I'-action on (K /L, mg L) is ergodic and

Aut(K/L,T") = Ng(L)/L
Aut®(K/L,T) = Nasrx T

Remark. In the particular case of L = {e} the first assertion, i.e. the isomorphism
Aut(K,T") = K, is casy scen as follows. Any T € Aut(K, mg) can be written as
T k) = ktk_1 where k — 1, € K is a measurable map. Then T(y - k) = y - T (k)
translates into an a.e. identity #,.; = #;. Since I" acts ergodically on (K, mg) the
map k — 1 is a.e. aconstant t € K, i.e. T(k) = kt. The correspondence 7' €
Aut(K,T") — t € K is easily seen to be an isomorphism of groups.

Proof of Proposition 7.2. Given T € Aut* (K /L, I") let v be the lift of m g, to the
graphof T on K/L x K/L, and let

R:={(ki, k2) € K x K | (k1, ka)sv = v}.

R € K x K forms a closed (hence compact) group, containing {(y, %) | ¥ € I'}.
The projections p; (R) of R to K are closed and contain I"'. Hence R projects onto K
in both coordinates. We claim that

Ri:={keK|(ke)e R}, Ry:={keK|(ek)eR}
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are closed normal subgroups in K. Indeed, for r; € R; and k € K there exists a
ky € K so that (k, ky) € R, and

(k, k)" Y(ry, e)(k, kp) = (k" 'rik,e) € R

shows that k~'r1k € Ry. Thus R; < K and similarly R, < K.

Since v disintegrates into Dirac measures with respect to mg /7, under the pro-
jections p;: (K/L) x (K/L) — K /L, the R;-actions on K /L should fix mgr-a.c.
point of K/L. This means that R; € L, and since L is assumed not to contain
non-trivial normal factors of K, R; = {e} fori = 1, 2. Hence R has the form

R ={(k,0(k)) | k € K}

for some bijection 8: K — K which has to be a continuous isomorphism, because
R C K x K i1s aclosed subgroup.

By definition of R forall k € K andm gz -a.e. k1L, the point (kky L, 6 (k)T (ki L))
is on the graph of 7', 1.e. T (kk;L) = 6(k)T (k;L). Thus T has the form 7 (kL) =
6(k)tL where t € K is such that 9(L) = tLt~'. Such T can also be written as
T (kL) = to (k)L where o (k) = t~'0(k)t, in which case ¢ € Naux(L). Thus
T comes from an afane map a,; € Aff(K/L). We conclude that Aut*(K /L, T")
coincides with Nagrx /) (I").

Finally, an affine map a, ; isin Aut(K/L,I") ifforall y € I" and a.e. kL

yio(HL = to(yk)L = to(y)o (k) L.

In view of the standing assumption that L does not contain normal subgroups of K this
means thato (y) =t~ 'yrfory € I'. Since I isdense in K we have o (k) = ¢~ 'kt for
all k € K and 0 (L) = L means ¢t € Ng(L). Hence as;: kL +— (tt~YktL = ktL
and t,t' € Ng (L) give rise to the same map of Aff(K /L) iff t't~! € L. This gives
the desired identification

Aut(K/L,T) 2 Ng(L)/L. O
This completes the proof of Theorem 1.5. o

Proof of Theorem 1.7. By Theorem 5.1 the system (H/A, mg/a, ") has a I'-equi-
variant quotient map

7 (H/A,mpjp) — (G/T' ,mg,r)

only if there exists a surjective continuous homomorphism o : H — G witho (A) €
I T and 0 o p(y) = tyt~! for some t € G. An existence of such a homo-
morphism o was explicitly excluded by the assumption, so that Theorem 1.1 gives
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OutRy/ar = A'H/A,T) = Aut*(H/A,T')/T. To identify Aut*(H/A,T") we
mvoke Theorem 5.1 again to conclude that

Aut*(H/A,T) = Nagayay(p(I))

which presents A*(H/A,TI') as the quotient of Nag(z/a)(p (")) by the image of
r-% g Aff(H/A). One also has Aut(H /A, T") = Caga/a)(p(I)). O

Proof of Corollary 1.8. If p: G — H is an embedding (or isomorphism) of G into
another semi-simple real Lie group H (center free and without compact factors) and
A C H is an irreducible lattice, then the G-action on (H/A,mg,A) is free and
by Howe—Moore’s theorem is not only ergodic but actually mixing. Hence also the
restriction of this action to I'-action is free and mixing, and in particular irreducible
and aperiodic. The assumptions of the Corollary guarantee that there does not exits
an epimorphism o : H — G with 6 (A) C T, so that Theorem 1.7 applies showing

Out Rpz/a,r = A*(H/A,T) = Aut"(H/A, T)/T" = Nagca/a) (0 (T)/p(T).

Recall that Aff(H/A) contains H as a subgroup of finite index dividing |Out A|.
Hence, upon passing to a subgroup of index dividing |Out A [, the group Out Ry /o r =
Nasecryay(p(I')/p(I') can be reduced to Ny (0 (I')) /p(I'), which contains the cen-
tralizer Cy(p(I")) = Cy(p(G)) as a subgroup of index dividing |Out ['|. O

8. Proof of Theorem 1.9

Case (G/ T, T'). Choose a two-sided fundamental domain X C G for I" and define
the transformation /: X — X by I: x +> x~'I"N X. Note that both X and X! are
two-sided, in particular right, fundamental domains and therefore I is a measurable
bijection of X. Moreover,

Iy -x) = I(yxi(y,x)™) = My, )27 'TNX =y, x) - 1(x)

which means that / € Aut R, r,r) and the corresponding rearrangement cocycle 7
isA=2ax:I' x X - I'. Observe that

y -x =yxi(y,x)"! meansthat A(y,x)=(y x)"lyx

(with the usual multiplication in G on the right hand side), so that the embedding
X — G is precisely the “straightening map™ ¢ corresponding to the cocycle ¢y = Ax
and the trivial automorphism 7p: y +— y; in other words ¢, (x) = x. From
Theorem 4.2 (al) we conclude that [/] € A*(G /T, I") and therefore

[Out R, r.ry : A*(G/T, )] > 2 (8.1)
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while Theorem 1.2 (or Corollary 1.3) show that this index is at most two proving an
equality in (8.1). Theorem 5.1 gives

Aut*(G/T.T) = Nagw/r)(T).

Note that an affinemap a, ; € Aff(G/T') (a;: gI' — to(g)I' whereo € Nayg (1)
and ¢ € G) satisfies
aa,t(y gl = '.Vr 'aa,l(gr)

iff o (y) =t~ 12 (y)t, in particular t € Ng(I"). Thus
Aut*(G/T',T) = Nagr/ry(T) = Naw (),

with gI" +— g"I", 7 € Nawtg(I') = Aut I, giving all twisted action automorphisms.
Hence A*(G/T',T") Z AutI'/T" = OutI". Since this group commutes with [/], we
obtain

Out Re/r.m = 7Z/27 x Out (I')

as claimed.

Before turning to the systems (G"/I'", T") for general finite n > 1, observe that
G/ T can be viewed as the factor of Gg ={(g,¢g71) € G x G| g € G} modulo the
relation (g, g=1) ~ (g1, yl_lg), y1 € I'. With this identification G/I" = (G2/ ~)
the left I"-action on G/ I corresponds to the quotient of the action y: (g, g~ 1)
(yg, g~ 'y~1) modulo ~, while the map I arises from the flip (g, g~!) — (g1, g).

Case (G"/T",T),n € N. Given a general finite n consider the set
Gt i={(g0, .- &) €GL | g0 gu = ¢}
with the natural measure and an equivalence ~ defined by
20, 81y - > 8ne1, &) ~ (0¥] L V181¥5 s+ -os Yac18n¥s s Yngn)
foryy, ...,y € I'. Themap p: Gg“"l — (G/I)" = G"/T™" given by
p:(go, ..., 8n) = (gol', gog1l', ..., gog1 - - gn—1I')

factors through a bijection ¢: (G?*T!/ ~) — G"/T'". Note that the following I'"-
action on G+1

Y (goygl’ --wgn—l:gn) = (ygov 81, -‘wgn—lygn'}’_l)

descends to an action on (G*!/ ~) which is isomorphic, via ¢, to the diagonal
["-action on G™*/T'"

vi(all, ..., glD) = (yail', ..., vgaDD).
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The cyclic permutation 7° of order (n + 1)

T: (80, 815+ 81, 8n) > (81,825 - -+ &n> &0)

is easily seen to preserve the I'-orbits on (G’ZJrl / ~) Z G"/T™ and thereby defines
a relation automorphism 7" € Aut Rgn,rn r with [Tt e A(G"/T", T).

We would like to present 7" as an explicit transformation of (G" /I, mgn,rn) as
follows. The cocycle Ax: I' x X — I corresponding to the two-sided fundamental
domain X C G can be extended to a cocycle of G,1.e. A = Ax: G x X — I still
defined by gx € XA(g, x). The left G-action on X = G /T can thus be written as

g-x=gxh(g, %)

where on the right hand side we use the usual multiplication in G. Using these
notations and viewing x € X C G both as points of the space X and as G-clements
one obtains an explicit form for 7'

T:(x1,...,x) > (xl_l ‘x2,x1_1 'X3,...,X1_1 <X, 1(x1)).
Observe that
T(y (x1, ..., x0) = T(yxih(y, x0) 7 o yxah(y, 1) ™)
= My, x0)xptxo, Ay, x0T X, Ay x1) - L (x)
= A’(V’ Xl) E T(Xl, e yxn)'

Hence T € Aut R(gn/r» ry with the rearrangement cocycle being
ar(y, (X1, ..., %)) = Ay, x1).
A similar computation shows that for 1 < k < n one has
ok (Y, (X1, - .., X)) = AV, Xk)
and therefore the corresponding “straightening™ map is given by
brk gy (X1, ..o, Xn) = Xk € G

It now follows from Theorem 4.2 (al) that 7% ¢ A*(G"/T", ") fork =1,...,n. In
particular
[Out R(Gn/pn’p) : A*(G”/F”, F)] >n—+1

which is, in fact, an equality due to the upper bound (n + 1) provided by Theorem 1.2
(or Corollary 1.3).

To identify A*(G"/I'", I") we invoke the second part of Theorem 5.1 with H :=
G" and A :=I'" and note that affine maps of G"/I'" have the form

(a1l ..., gl) — (tlg;;l(l)r, iy lng;n(n)r)
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where p € S, 1s a permutation of {1, ...,n}, 7; € Nawg(I') ZE Autl"and 1; € G.
One casily checks that such a map normalizes the diagonal ["-action iff 77 = - -+ =
,=tandf = - =1, =t where r € Ng(I'). Hence Aut*(G"/I'", I') consists
of the maps
Spri(&l, .. gnl) = (g;(l)r, cees g;(n)r)
where p € S, and v € Nawg(I')). The obvious relation Sy ¢ o Spr o/ = Sppr o
gives Aut*(G"/T", T) = S, x Naw (I') and
A*(G"/T",T) Z 8y x (Naw (I')/T) = S, x Out ().

Out Rgn/ ) is generated by [7'] and A*(G"/I'", "), and the explicit form of T
and S, . allows one to check that

Out R(Gn/ rn,I) = n+1 X Out (I')
as claimed.
Case (G*/TI'*,T). Finally, let us turn to the case of n = o0, i.c. the diagonal

I-action on (X, @) := (G/T, mG/r)Z. Choose a two-sided fundamental domain

X C G,sothat X :X_Z,ancl_letk:kxz GxX —>Tand: X — X beas before.
Consider the map 7: X — X defined by

-1 —1
T:(..,x_1,%0,%1,...) = (..,x; ~x0, [(x1), %] - x2,...)

so that for k # 0
(T*z); = xt xipe i #£1—k
1(xz) i=1-k

and observe that
Ty - 3) = My, x) - THE).

As before, for k # 0 we have azi(y, x) = A(y,xi) and ¢pr . (¥) = xi so that
[TT* ¢ A*(X, ).
Claim 8.1. Out Ry - is generated by [T'] and A*(X,T).

(Note that in previous cases similar statement followed immediately from the upper
bound provided by Corollary 1.3). Choose an S € AutRg . \ A*(X,T") and let

7:X > G/T, mp=mgr, aly %)=y 7%
be the standard quotient map provided by Theorem 4.2.

Lemma 8.2. 7(x) = x; for some k € Zand v € Nay (D).



Vol. 80 (2005) Outer automorphism groups of some ergodic equivalence relations 191

Proof. Denote by 7 the probability measure on (G/T)% x (G/T') obtained by the
lift of [« to the graph of 7. Fix anr € N, let

H::IL[G A ::ﬁr‘
—r —r

and let p: G — H be the projection on {—r, ..., r}-coordinates. Denote by v
the p x Id-projection of vVto H/A x G/T'. Then one can deduce from Theorem 5.2
that either

(i) V) =mp/a x mg,r, or
(i1) thereexistsk € {—r,...,r}, 7 € Naywg (') sothatforany F € C.(H/A x G/T")

/de“) :/F(xl,...,xk,...,xn,x,f)dmc/p<x1)...de/pocn).

As r — 00 case (1) cannot persist forever, because that would imply that v =
it X mg,r which is impossible. On the other hand as soon as (i1) occurs, the index
k and v € Nay (') do not change. This proves the lemma. O

With the explicit form of 7: X — G/T provided by Lemma 8.2 we invoke
Theorem 4.2 (a3) to conclude that there exists S € Aut Hig 5 with [S] = [S], T €
Nawe(T) and k # 0 € Z so that

b3, (O = ()T

Recalling that also for 7% we have $rk ,(X) = x one concludes that [S] = [S] e

[T¥1A* (X, I') using the same argument as in the proof of Theorem 1.2. This completes
the proof of Claim 8.1. O

Any permutation p of Z and any v € Nayg(I') give rise to the map S, €
Aut’ (X, )
Sp,r3 (&ilMiez = (g;(i)r)ieZ-

On the other hand if S € Aut*(X,T") let v on X x X be the lift of /z to the graph
of S and let V" be the projection of this measure to [[", G/T x []_, G/T". Then
applying the Joining Theorem 5.2 to this mnite dimensional situation successively for
r — 00, one concludes that such S has to be of the form S, .. Hence

Aut*()?, ') 2 Seo X Nawa()
A*(X,T) = Soo x OutT.
Finally, the explicit form of [7'] and [S), ;] allows to conclude that

OutR(X,T") = Spoy1 x OutT
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where the symbols S, and S+ 1 can be interpreted as the inclusion of the permutation
group of Z in the permutation group of Z U {pt}.

9. Proof of Theorem 1.6

Throughout this section I' = PSL,(Z), G = PSL,(R) and n > 3. Let Sy =
{p1, ..., pr} be a given finite set of primes and consider the ergodic I"-action on the
compact profinite group K = [], .5, PSL.(Zp). We denote H = [],c5 PSLA(Qp)
and A = PSL,(Z[S, 1]) C H. Then A is a dense countable subgroup of locally
compact totally disconnected group H and I' = A N K.

Following Gefter [ 7] we first observe that Out Rg  contains /. Indeed restricting
the type Il relation Ry A to K weobtain atype II; relation Rg - = Ry AN(K x K)
and

OutRgr =OutRya 2AH,A)=H

using the straight forward Il -type generalizations of Lemmas 2.2, 2.3(a) and the
remark following 7.2 respectively.

We need to find explicit representatives 7, € AutRgx r for & € H, so that
h +— [T;] 1s the above imbedding. Since K is open and A is dense in H, given any
h € H,there exist g € A and ky € K so that i = Agkg. The maps

Tp:x > xh and T,{:kaalxh (x e H)

are in Aut Ry A and (T)] = [Th/ ] € Out Ry, 4. Denoting the open compact subgroup
)»OK}\O_I N K by K, note that

T/(K1) € K because Tj(x) = Ay 'xhoko € (Ag ' K1ro)ko C K.
Thus for x, y € K1 we have
(x,y) € Rer =Rpalx iff  (T](x), T/(»)) € Rualk = Ri.r-

Therefore T,;|K1 is a restriction of some 7}, € Aut Rg r, with its outer class [77,] €
Out Rg,r being uniquely defined by the initial 2~ € H. Denoting I'y := Ao’ 'nr
a finite index subgroup of I' which is dense in K1, we observe that the restriction of
the rearrangement cocycle ar, to I'y x K is

ar, (v, ¥1) = Ay'mre (11 €71, ae. x1 € Ky). ©.D

The automorphism y; > A 1140 of the lattice I'; C G extends to an inner (given
by A9 € G) automorphism of G, so in terms of the Standard Quotients Theorem 4.2
the class [t] € Out G associated to such [7},] € OutRg r is always trivial. On
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the other hand the transpose map Ty: (ki, ..., k) > (ki, ..., k!) which is clearly
in Aut Rg  defines the unique outer element [r] € OutG (take r(g) = (g/)~1).
One casily checks that the group generated by [7o] and [77,], h € H, in Out Rg r is
Z./2-extension of H.

We shall now prove that the latter group is all of OutRg . Take any [T'] €
Out Rg . Possibly composing with 7p we may assume that [r] € Ouwt G = Z/2
associated with [7] is trivial, and will show that such [T] is [7},] for some h € H.
Applying the Standard Quotients Theorem we may take t to be the identity on G.
Since (K, I') cannot have (G/I', mg,r, I') among its measurable quotients, we de-
duce the following:

(1) There exists a finite [-orbit F = {g1I', ..., g['} € G/ T, and a measurable
I'-equivariant map 7 : K — F with

m(yx)=vya(x) (yel, xeK).

2) LetI'; =T'n ging_l, i =1, ..., k—these are conjugate subgroups of index k
in I'; the sets X; = 7~ '({gI"}) C K are I';-invariant and ergodic measurable
subsets with u(X;) = 1/k; if K; is the closure of I'; in K then X; = K;y;
(mod 0) — cosets of K;-s; as the latter are open and compact subsets of K we
obtain an open partition into disjoint sets which we still denote by X;. Up to
reordering we may assume that X; contains the identity of K, 1.e. X; = K.

(3) There exists T ¢ Aut Rk, with [YA"] = [T] € Out Rg r so that
ap(vix) =g vist (n €T1, x1 € Xy).
Note that the last formularesembles (9.1). Property (1)meansthatg; € Commg(I") =
PSL,(Q).
Claim 9.1. g € A = PSL,(Z[1/p1, ..., 1/p,]) = PSL,(Z[S; ).
Proof. Let us expand the notations slightly: for an arbitrary finite set S of primes let

Ks=[]PSLu(Zy). As=PSLu(ZIS™'])
pes

and let ;g denote the normalized Haar measure on Kg. We shall denote by F_IS the
' I'in Kg. The I'j-ergodic
component X1 C K = K, is a coset of the open compact subgroup TTISO of K and
by (2)

closure of the index k subgroup I'y = I' N g1 l'g;

1 _
£ = 1) = gy (T,

Let S; be the set of primes appearing in the denominators of g; € PSL,(Q), 1.e. S;
is the smallest set of primes (possibly empty) such that g1 € Ag,.
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It follows from the Strong Approximation Theorem thatif S = $'1S” is adisjoint
union of two finite sets of primes, then

— — ——
FIS:FIS XFIS ngl XKS// :KS’

and T% = K if and only if S N S; = . On the other hand if S; C S then it is
casy to see that

oL ]
s =g Tk
Writing S = Sp U S1 = Sp U Sy where S = S\ So we have
1 _ _ - — 1 1
7 = Hs0) 2 wsy (00 sy (M7 = s () = g = 1

So MSZ(TTISZ) = 1, that is ITISz = Kg,, which means that S = @ and S} € Sy as
claimed. O

Having proved that g1 € A, we recall that by (3) the original 7 € Aut Rk r can
be replaced by 1" with [T'] = [T'] € Out R so that

Tnx) = g7'niarT (x1) 9.2
for all vy € 'y and p-ae. x;1 € X;. We have also made sure that X1 = K; — the
closureof 'y ="' N gngl_l in K.

Claim 9.2. f"(k) = gl_lkglzlfor some Mxedz1 € K and a.e. k € K;.

Proof. The map y; — gl_lylgl is an isomorphism between finite index subgroups
'y —» I} = gl_lrgl NT of I'. It extends to an isomorphism K; — K/ between
open compact subgroups of K, where K| is the closure of I'] in K. (Note that
Ki=Kn 81K81_1 and K| = gl_lKgl N K as subsets of H).

LetX| = T(X1) C K. Inviewof (9.2), X 1 is one of the I'} -ergodic components
of X1, and therefore is a single K{-coset, X| = K}y forsome y € X|. Let R: K1 —
K1 be the composition of the following maps

Ki=X - X, —> K| - K1, Rk =giTk)y g
In view of (9.2) we have for all y € I'1 and p-ac. k € Ky:
Ryk) = gigy ' varT )y gy = yR(k).

Since I'; is dense in the compact group K, we have R(k) = kko for some fixed
ko € Ky and a.e. k € K (see Proposition 7.2 and the following remark). This allows
us to compute

T(k) = gy 'kkog1y = g7 'kg1z1 where 21 = (g7 'kog1)y € K. 0
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Taking 2 = g1z1 € H we observe that the map 7}, € Aut Rg r, discussed in the
first part of this section, agrees with 7" on a positive measure subset K; C K, and
therefore (as in the proof of Lemma 2.2)

[T]=[T]=[T4] € OutRg

which completes the proof of the theorem.
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