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Rigid resolutions and big Betti numbers

Aldo Conca, Jürgen Herzog and Takayuki Hibi

Abstract. The Betti-numbers of a graded ideal / in a polynomial ring and the Betti-numbers
of its generic initial ideal Gin(/) are compared. In characteristic zero it is shown that if these
Betti-numbers coincide in some homological degree, then they coincide in all higher homological
degrees. We also compare the Betti-numbers of componentwise linear ideals which are contained
in each other and have the same Hubert polynomial.
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Introduction

Let if be a field of characteristic 0 and S K[x\,..., xn] the polynomial ring over
K with graded maximal ideal m (xi,..., xn). Denote by ßi{M) Torf (if, M)
the «th Betti number of a finitely generated graded module M and by Gin(J) the
generic initial ideal of a graded ideal / with respect to the reverse lexicographical
order.

In this paper we answer (positively) a question raised by the first author in [8].

We prove that if a graded ideal I C S has ßi(T) /3j(Gm(/)) for some {, then
ßk{I) /3fc(Gin(/)) for all k > i, see Corollary 2.4. For i 0, this theorem was
first proved by Aramova, Herzog and Hibi [2]. More generally, we show that the
same statement holds if Gin(I) is replaced by either any generic initial ideal of /
or by the lex-segment ideal associated with /.

Given a finitely generated graded ^-module M, a generic sequence of linear
forms yi,... ,yn and an integer p, 1 < p < n, we define the generic annihilator
number ap(M) of M tobe dimK((yi,...,j/j,-i)M :M yp/(yi,...,yp-i)M and the
generic Koszul homology Hi{y\,...,yp; M) to be the «th-homology of the Koszul
complex over M with respect to y\1..., yp.

In the first section of this paper we show that there is an upper bound for the
Betti numbers of M in terms of the generic annihilator numbers of M. We show in
Theorem 1.5, that among other equivalent conditions, this upper bound is achieved
for all i if and only if müj(yi,... ,yp; M) 0 for all« > 0 and p 1,..., n.
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The above mentioned Corollary 2.4 is a consequence of the more general Theorem

2.3, proved in Section 2, which says that if the «th Betti number of M achieves
the upper bound given by the generic annihilator numbers, then the upper bound
is also achieved for jth Betti numbers with j > i. For the proof of this theorem the
following interesting annihilation property of Koszul homology is required:
suppose that for a generic sequence y y\,..., yn of linear forms and some i one has

mHi(yi,...,yp; M) 0 for all p then mHk(yi,... ,yp; M) 0 for all k>i and for
all p.

In the last section of the paper we show that if two componentwise linear
ideals / C J C S have the same Hilbert polynomial then ßi(J) < ßi{I) for all
i, see Theorem 3.2. This theorem was inspired by a question of Eisenbud and
Huneke: suppose char(if 0 and / is a graded m-primary ideal in S with / C md

for some d. Is it then true that the number of generators of Gin(J) is greater than
or equal to the number of generators of md? As an application of Theorem 3.2 we
show in Corollary 3.4 that this is indeed the case. Moreover, we show that Gin(J)
and md have the same number of generators if and only if / + (y) md + (y) for
a generic linear form y, see 3.4.

Not all results in this paper require that if is a field of characteristic 0. However

in those results which refer to generic initial ideals we need this hypothesis,
otherwise they are false.

We would like to thank MSRI in Berkeley for its hospitality while part of the
research for this paper was carried out. The results and the examples presented
in this paper have been inspired and suggested by computations performed by the
computer algebra system CoCoA [7]. We would also like to thank Giulio Caviglia
for useful discussions regarding 3.6.

1. An upper bound for Betti numbers

Let K be an arbitrary field, unless otherwise stated, S K[x\,..., xn] the polynomial

ring in n variables over K with each dega^ 1, m [x\,..., xn) the graded
maximal ideal and M a finitely generated graded S'-module.

The ^-modules Torf (if, M) are finitely generated graded if-vector spaces. The
numbers

ßi(M) dimK Torf (if, M)

are called the Betti numbers of M. They are invariant under base field extensions,
so that, without any restrictions, we may assume that the base field is infinité.
We will consider also the graded Betti number ßt0 defined as the dimension of the

degree j component of Torf (if, M).
We want to relate the Betti numbers of M to another sequence of numbers,

ai(Af), a.2(M), • • •, which we call the generic annihilator numbers of M.
The property of a linear form to have a minimal finite length annihilator with

respect to a module is a Zariski-open non-empty condition on the space of linear


























