Zeitschrift: Commentarii Mathematici Helvetici
Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 79 (2004)

Artikel: Quaternions, octonions and the forms of the exceptional simple
classical Lie superalgebras

Autor: Elduque, Alberto

DOl: https://doi.org/10.5169/seals-59505

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 02.05.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-59505
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

Comment. Math. Helv. 79 (2004) 208-228 © 2004 Birkhiuser Verlag, Basel
0010-2571/04/010208-21
DOIT 10.1007/s00014-003-0790-9 [ Commentarii Mathematici Helvetici

Quaternions, octonions and the forms of the exceptional
simple classical Lie superalgebras
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Abstract. The forms of the exceptional simple classical Lie superalgebras are determined over
arbitrary fields of characteristic #£ 2, 3.
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1. Introduction

The purpose of this article is to determine the forms of the exceptional simple
classical Lie superalgebras, that is, of the Lie superalgebras G(3), F'(4) and the
one-parameter family D(2, 1;a), o € F'\{0, —1}, (see [K]). Unless otherwise stated,
F will denote a ground field of characteristic # 2,3 and F will be an algebraic
closure of I'. The definition of the above mentioned superalgebras over such fields
is the same as for fields of characteristic 0.

All these forms are intimately related to quaternion or octonion algebras, so
let us first review some of their properties.

A quaternion algebra is a central simple associative algebra of degree 2 over I,
that is, a form of the algebra Mato(F). In what follows, all the (unlabeled) tensor
products will be over F'. Then, identifying ' ® Q with Maty(F), it turns out that
the trace t(z) and the determinant n(x) of any x € Q are in F' (not just in F') and
hence, for any = € Q, 22 —t(x)z +n(z)1 = 0, and the map = — Z = t(z)] —z is an
involution of @ (that extends to the canonical symplectic involution on Mato( F).
Then z +z = t(x)1 and zz = zz = n(z)] for any z € . The subset of trace
zero elements QU of a quaternion algebra @ is closed under [z,y] = 2y — yz and
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is, therefore, a form of the simple Lie algebra Ay = sly(F). It is well known that
the converse is valid too. A quaternion algebra is either a division algebra, if its
norm does not represent 0, or it is isomorphic to Maty(F').

Any octonion algebra (or Cayley—Dickson algebra) over F' can be built starting
with two copies of a quaternion algebra: C' = Q® Qu, and a nonzero scalar o € F,
with multiplication given by the fact that ) becomes a subalgebra of C' and

z(yu) = (yz)u = (yu)z  (2u)(yu) = ayz

for any x,y € @ (see [ZSSS, Chapter 2|). The trace ¢, norm » and involution of ¢
are extended to C' by means of
tae+yu)=tz) nlzt+yu) =n(z)-a’nly) Tryu=2-yu

for any z,y € Q and, in this way, the degree two equation z% — t(z)z + n(z)1 = 0
and the properties z 4z = ¢(z)1 and 2z = zz = n(z)1, are still valid for any z € C.
As for quaternion algebras, there is exactly a Cayley—Dickson algebra whose norm
represents 0, which is said to be the split Cayley—Dickson algebra. All the other
octonion algebras are division algebras.

One of the interesting features of the octonion algebras is that the forms of the
exceptional simple Lie algebra Gg, over fields of characteristic # 2, 3, are precisely
the Lie algebras of derivations Der C' of the octonion algebras. Moreover, the
subspace of trace zero elements C9 = {x € C : t(x) = 0} is the unique seven
dimensional irreducible module for Der C (see [],9]).

Moreover, given an octonion algebra C, the linear map €% — Endp(C) such
that  — L, (the left multiplication by z), satisfies Lg = L, = —n(z)L, for
any z € C?, and hence it extends to a homomorphism of the Clifford algebra of
(€% —n), CI(C?, —n) — Endp(C), which, by simplicity, restricts to an isomor-
phism of the even Clifford algebra C1°(C?, —n) = Endp(C). Since the orthogonal
Lie algebra o(C?, n) = o(CY, —n) lives inside C1°V(CY, —n), this provides an irre-
ducible eight-dimensional representation of o(C’O7 n): the spin representation.

The exceptional simple classical Lie superalgebras over F' are the Lie superal-
gebras G(3), F(4) and D(2,1;a) (a € F'\ {0,—1}) whose even and odd parts are
given by

g 90 91
G(3) A @ Gy UpV
F(4) Ay @ Bs Up W (L)
D(2,1;a) Ar@ A @ Ay UepUpU

where U is the two dimensional irreducible module for sly(F'), V is the seven
dimensional irreducible module for G5 and W is the spin module for Bs.



210 A. Elduque CMH

Using that dimHoma, (U ®5 U, F) = dimHoma, (U ® U, A1) = 1 and also
dim Homg, (V ®5 V, F) = dimHomg, (V ®5 V,G2) = 1 and dim Homp, (W ® 5
W, F) = dim Homp, (W ®5 W, Bg) = 1 (this is well known in characteristic 0, in
general it is easy for Aj, and for G5 and Bs can be readily obtained along the
lines of the proofs of [EM1, Theorem 8] and [EM2, Theorem 7]), the multiplication
of odd elements is shown to be given for G(3) and F(4) by the unique, up to a
nonzero scalar, symmetric bilinear map gi x g7 — gg which is gg-invariant, whose
projection on each simple summand of gy is nonzero and which makes g a Lie
superalgebra. For D(2,1; ) (o # 0, —1), there is a whole one-parameter family of
such multiplications, and this is why the « appears.

Given a Lie superalgebra g = g5 ® g7 with multiplication [, ] over I and a
nonzero scalar 0 # p € F, a new multiplication [, ], is defined on g by means of

[513721]”:/«0[377@’] ifac,yegp
[#,y], = [z,y] if at least one of x or y are even.

Denote by g,, the Lie superalgebra with this new bracket, g,, is said to be equivalent
to g. It is clear that if i € F', then gy 1s isomorphic to g. The following result is
a reformulation of [K, Proposition 5.3.2], with some minor corrections, restricted
to the superalgebras that are being considered here:

Proposition 1.1.

(i) If a Lie superalgebra g over F' is a form of the Lie superalgebra g over I
(that is, F'®g = §) then gy is a form of §g and the gg-module gy is a form
of the g module gy.

(ii) In case g = G(3) or I'(4) and g5 s a form of g5 and the gg-module gy is
a form of the g module g7 then, up to equivalence, there is a unique Lie
superalgebra g = g5 ® g7 which is a form of g, with the given Lie bracket in
g and the given structure of gy as a gg-module.

(iii) If gg is a form of A1 @® A1 @ Ay and gi is a gg-module which is a form of
UpU®p U (being U the two dimensional irreducible module for sla(F'))
then, up to equivalence, there is a one-parameter family of Lie superalgebras
g = ggP g7 such that each superalgebra in this family is a form of D(2,1; «)
for some «a.

In the sequel, it will be used several times, without further comment, the fol-
lowing uniqueness property: if M and N are two finite dimensional completely
reducible modules for a Lie algebra s (or associative algebra) and F ® M =
F ® N as modules for FF ® s, then M = N (note that for irreducible M
and N, they are isomorphic if and only if Hom,(M,N) # 0, if and only if
Hom g, (F ® M, F ® N) #0).

Note that over F', the Lie algebra A1 @& Gy (respectively A1 @ Bs, Aj® A1 Aq)
has a unique irreducible and faithful representation of dimension 14 (respectively
16, 8), namely, the one that appears as g7 in (1.1).
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Therefore, our goal of determining the forms of the exceptional simple classical
Lie superalgebras, up to equivalence, reduces to the following problem:

Which forms of Ay @ Ga (respectively A1 & Bz, A1 & A1 & A1) admit an
absolutely irreducible and faithful representation of dimension 14 (respectively 16,
8)7

Recall that a module is said to be absolutely irreducible if it remains irreducible
under scalar extensions.

This is the problem we are going to tackle. The main results for G(3) and F'(4)
are:

Theorem G. The forms of A1 ® Gy that admit an irreducible and faithful repre-
sentation of dimension 14 are, up to isomorphism, the Lie algebras slo(F)@® Der C
for an octonion algebra C. The corresponding representation is the tensor product

of the natural two dimensional irreducible module for slo(F') and the irreducible
module CO for Der C.

Theorem F. The forms of A1 ® Bj that admit an irreducible and faithful repre-
sentation of dimension 16 are, up to isomorphism, either:

1) sla(F) @ o(CO n) for an octonion algebra C with norm n. In this case
the corresponding representation is the tensor product of the natural two
dimensional irreducible module for sl(2,F) and of the spin module C for
o(C%, n).

I1) Q° @ o(V,q) for a quaternion division algebra Q and a seven dimensional
vector space V| equipped with a nondegenerate quadratic form q such that
the Clifford invariant of (V,q) is the class of Q in the Brauer group Br(F').
In this case, the irreducible module for the even Clifford algebra CI°¥(V, q)
carries naturally a structure of Q-module (and hence of module for the Lie
algebra Q°) and of o(V,q)-module and it is the corresponding irreducible
module for Q° & o(V, q).

Recall that the Clifford invariant of (W, ¢) above is the class in the Brauer group
Br(F) of the central simple algebra Cl®?(W,q). Also note that the irreducible
modules in Theorems G and F have not been assumed to be absolutely irreducible.

To establish the main result for forms of D(2,1; ) we need to introduce a few
more concepts. Following [KMRT] a cubic étale extension L/F of our ground field
F'is given by an étale commutative and associative I-algebra of dimension 3, that
is, either L = ' x ' x I, or L = F' x K for a separable quadratic field extension
K of I, or it is a cubic separable field extension L of F'.

Given a cubic étale extension L/F, a quaternion algebra over L is either a
product of three quaternion algebras over F: Q1 xQ2XxQs,incase L = Fx Fx F,
or a product Q1 X Q2, where ()1 is a quaternion algebra over I’ and Q2 a quaternion
algebra over K, in case L = F' x K for a quadratic field extension K/F, or a
quaternion algebra ) over the field L, in case L/F is a cubic field extension.
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A trace can be defined naturally for this quaternion algebras ¢ : Q@ — L in a
componentwise way. The set of trace zero elements QU is a Lie algebra, which is
a direct sum of three dimensional simple Lie algebras over the components of L.
Therefore, Q¥ is always a form of A; ® A; ® A; and it is easy to prove that any
form of A; @ Ay @ Aq is isomorphic to Q0, for @ a quaternion algebra over a cubic
étale extension of F'.

Also, given a separable field extension E/F of degree m and a central simple
associative algebra A over E of degree n, there is a central simple algebra N/ p(A)
over F' (called the norm or corestriction of A) of degree n™ defined in such a way
that the map Br(E) — Br(F): [A] — [Ng,p(A)], also denoted by Ng,p, is a
homomorphism between the Brauer groups (see [R]). This can be extended to étale
extensions in the following way, if ¥ = Fj x --- x F, is such an étale extension,
with the E;’s separable field extensions of F', and A = A; x --- x A,, where A; is
a central simple associative algebra F; (i = 1,...,7), then the norm is defined as
Ng/p(A) = N, p(A1) ® --- ® Ng_/p(A;), which is a central simple associative
algebra, and N, p([A]) = [T;_; Ng,,r([4i]) € Br(F).

Theorem D. The forms of A1 ® A1 & Ay over a field F of characteristic # 2
that admit a faithful and absolutely irreducible representation of dimension 8 are,
up to isomorphism, the Lie algebras Q0 for a quaternion algebra Q over a cubic
étale extension L/F such that NL/F([Q]) = 1. The corresponding representation
is given by the irreducible module of the degree 8 central simple associative algebra

Np/r(Q).

Note that the quaternion algebras in Theorem D appear in a completely dif-
ferent context in [KMRT, 43.B] (see also [KMRT, 16.C]).

There will be a section devoted to the proof of each of these Theorems, where
extra results giving information on the central simple Lie superalgebras that appear
as forms of G(3), F(4) or D(2,1;a) will be given. Then, in the final section, the
previous results will be applied to the classification, up to isomorphism, of the
real forms of the exceptional simple classical Lie superalgebras. The real forms of
the finite dimensional simple Lie superalgebras are determined, up to equivalence,
in [K, Theorem 9], but this result contains some inaccuracies. Later on, a more
detailed account was given in [P]. However, for the real forms of the algebras
D(2,1;a) (e € C\ {0, —1}), the results in [P] do not completely determine them:
given two values of the parameter o € C such that the corresponding complex
algebras are isomorphic, the real forms constructed for these values may fail to
be isomorphic. The real forms of the finite dimensional simple Lie superalgebras
other than G(3) and F'(4) are described too in [Se].

In ending this introduction, the author would like to express his great appreci-
ation to Professor Georgia Benkart, for her suggestions and support.



Vol. 79 (2004) Quaternions, octonions and exceptional Lie superalgebras 213

2. Proof of Theorem G

Let g be a Lie algebra over our ground field F', which is a form of 4; & G5. Then
g = g' @ g2, where gl is a three-dimensional simple Lie algebra (that is, a form of
A1) and g? is a form of G5. Thus, g2 = Der C for an octonion algebra C over F.

Assume that g has a faithful irreducible module A of dimension 14, then
since the minimal dimension of a faithful irreducible module for F' ® g is 14, M is
absolutely irreducible and F'® M is the tensor product of the two dimensional irre-
ducible module U for Ay = sla(F) and of the seven dimensional irreducible module
V for Gy. Then g! C Endg2(M) (endomorphisms of M as a g>module), but this

latter algebra is a form of Endz(U), and therefore End g2 (M) is a quaternion alge-
bra @ over I and g = [Q, Q] = Q°. But, if @ were a quaternion division algebra,
then 14 = dimp M = 4dimg M, a contradiction. Hence, @ = Mata(F') and
gl =2 slo(F). Moreover, as a Endg2 (M) = Maty(F)-module, M splits as a direct
sum of seven copies of the two dimensional irreducible module for Mats(F'), so that
M =U ®V, where U is the two dimensional irreducible module for g! 22 sly(F)
and V is a seven dimensional vector space. But then, g2 C Endg: (M) = Endp(V),
since Endg1 (U) = F. Hence V' is the unique seven dimensional irreducible module
for g2 = Der C.

This finishes the proof of Theorem G and, therefore, determines the forms of
G(3) up to equivalence. However, something else can be said here.

Lemma 2.1. (See [P, Proposition 5.5].) Let g = g5 @ g7 be a finite dimensional
Lie superalgebra over F with gg = slo(F) @ s and g1 = U ® V, where U is the
natural two-dimensional module for sla(F') and V' is a module for s. Assume that
the multiplication of odd elements is given by

[u1 ® v1,u2 ® va] = b(v1,V2)0u; uy + P(u1, uz)v1 * v2 (2.1)

for any uy,ug € U and vi,vy € V, for some s-invariant bilinear mapsb: V xV —
F (symmetric) and % : V x V — s (skewsymmetric), and where ¢ : U x U — F
s the unique (up to multiplication by monzero scalars) nonzero skewsymmetric
sly(F)-invariant bilinear form and 0., u, = @(u1, —)ua+p(ug, —)ui (€ sp(U, ¢) =
sla(F)).

Then for any nonzero scalar . € I, the Lie superalgebras g and g,, are isomor-
phic.

Proof. 1t is enough to take an element a € Maty(F') with det(a) = p and to
consider the even linear map ® : g, — g given by ®(z) = aza~! for any = €
slo(F), ®(s) = s for any s € s and $(u ® v) = av ® v for any v € U and
v € V. Then, for any w1,ug € U and vy,ve € V, 0qu; auy = @laur, —)aug +

plaug, —)au; = a(ap(uha*—)ug + Lp(u27a*—)u1) = paoy, u,a” ', because the
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adjoint a* of a relative to ¢ is pa~—1, and thus

P([ug ® v1,ug ®v],) = u® (b(”L V2)0u; g 1 (1, ug)vy * vz)

= M(b(vh 02)a0u; uy @+ plut, ug)uy ¥ v2>

b(”l) v2)aau1,au2 - /1,30(71,17 u2)1}1 * U
= b(v1,v2)0qu; auy + @laul, aug)vy * v2
— [<I>(u1®v1),<1>(u2®v2)]. N

It is an immediate consequence of this Lemma and of Theorem G that equiv-
alent forms of G(3) are in fact isomorphic. Therefore, the forms of G(3) are
completely determined up to isomorphism once we know which octonion algebra
C'is involved in the decomposition of gg = sla(#') @ Der C.

In [BE,BZ], a generalized Tits construction has been considered that extends
the celebrated Tits construction, which gives all the exceptional simple classical
Lie algebras in a unified framework. In particular, given an octonion algebra C
and a simple Jordan superalgebra J with a normalized trace tr over F' (see [BE]
for details), the space

T(C,J) :=DerC @ (C° ® J°) @ Der J, (2.2)

where JY = {x € J : tr(x) = 0}, with the superanticommutative product specified
by

Der C and Der J are commuting subsuperalgebras of 7(C, J),
[D,a®z]=D(@)®z, [da®z]=a®dz),
[a®z,b®y] = tr(zy)Dap + [a,b] ®  xy + 2t(ab)dy, y

for all D € DerC, d € DerJ, a,b € C°, 2,y € J°, where D,(c) = [[a,b], c] —
3((ab)e—a(be)) and d,, 4 (2) = z(yz)—(—1)"y(zz) for any c € C and z € J, is a Lie
superalgebra. Moreover, in case .J is the Jordan superalgebra of a nondegenerate
superform with trivial even part and two dimensional odd part, denote it by J,
then 7(C,.J) is a form of G(3) with even part sly(F) @ Der C.

Then, Theorem G and Lemma 2.1 immediately give:

Corollary 2.2. The F-forms of G(3) are exactly the Lie superalgebras T (C, j)
for an octonion algebra C. Two such forms are isomorphic if and only if so are
the corresponding octonion algebras.
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3. Proof of Theorem F

Now, let g be a Lie algebra over our ground field I’ which is a form of 4| & Bs.
Then g = g! @ g2, where g! is a three-dimensional simple Lie algebra and g2 is
a form of Bz. Assume that g has a faithful irreducible module M of dimension
16. Since the minimal dimension of a faithful irreducible module for g = F' ® g is
14 = 2 x 7, it is easy to check that M is absolutely irreducible and M = F ® M is
the tensor product of the two dimensional natural representation for gl = F @ g!
and the spin representation for g2 = F ® g2.
We are left with two different possibilities:

Fi) M decomposes as a sum of two irreducible eight dimensional modules for
g% which, since F ® Endg2 (M) = Endg2 (M) = Maty(F'), must be isomor-
phic (otherwise the centralizer Endg2(M) would be the direct sum of the
centralizer of the two modules). Therefore, M = U @ W for an irreducible
g>module W and a two dimensional vector space U.

Fii) M is irreducible as g2-module.

In case Fi) above, g! C Endg2(M) = Endp(U) = Maty(F) and gl = sly(F).

Lemma 3.1. Lets be a form of Bs over F' and let W be an irreducible s-module
of dimension 8. Then there is a Cayley—Dickson algebra C over F with norm n
such that s is isomorphic to the orthogonal Lie algebra O(Co,n) and, through this
isomorphism, W is the spin module C for o(C% n).

Proof. Since W = F' ® W is the spin representation for Bs, it is known (see the
comments after (1.1)) that there is a unique, up to nonzero scalars, symmetric
bilinear form b : W x W — F which is s-invariant. Thus s can be embedded as
a subalgebra of the orthogonal Lie algebra o(W,b). Consider the trace form on
o(W,b), which is nonzero. Since dims = 21 and dimo(W, b) = 28, the restriction
of the trace form to s is nonzero and, by simplicity of s, nondegenerate. Therefore,
o(W,q) = 5 @ s (orthogonal relative to the trace form) and [s,s7] C s. Since
s is not an ideal of the simple Lie algebra o(W, b), it follows that [s,s5"] # 0 and
thus s embeds as a Lie subalgebra of the orthogonal Lie algebra o(s') (relative to
the trace form). By dimension count, they are equal. The conclusion is that, up
to isomorphism, s is the orthogonal Lie algebra o(V, ¢) for some vector space V' of
dimension 7 and nondegenerate quadratic form ¢ on V. (Recall that, in general,
not all forms of B3 are such orthogonal Lie algebras.)

But W is the spin module for 5 = ' ® s = o(V, ), so that the representa-
tion of s on W comes from an isomorphism of the even Clifford algebra CI¥(V, ¢)
onto Endp (W), which shows that the Clifford invariant of (V, ¢) is trivial. Com-
plementing V' with an orthogonal complement of dimension 1 we obtain an eight
dimensional quadratic form with trivial discriminant and Clifford invariant and
a result of Pfister applies (see [KMRT, (35.2)]) to show that (V,q) is similar to
(€O n) for a Cayley-Dickson algebra C' with norm n, as required. O
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This Lemma settles part 1) of Theorem F.

In case Fii) above, by Schur Lemma and since F' ® End (M) = Endg2 (M) =
Matg(F), Endg2 (M) is a quaternion division algebra @ and gl C[@,Q] = Q°.
There are two possibilities for g2 [J,S]: either it is isomorphic to the orthogonal
Lie algebra o(V, q) for some seven dimensional vector space with a nondegenerate
quadratic form, or it is isomorphic to the Lie algebra Skew(D, j) of skew symmetric
elements of a central division algebra D of degree 7 relative to an orthogonal
involution j. In this last case, if K/F is a quadratic field extension which splits
Q, K® D is again a division algebra over K (because 2 and 7 are relatively prime,
see [R, Corollary 7.2.4]) and hence K ®s = slo(K) @ Skew(K ® D,1®j), but this
is in contradiction with case Fi).

Therefore, in case Fii) above, up to isomorphism, s = Q%®o(V, ¢) for some regu-
lar quadratic space (V, ¢). By uniqueness, M must be isomorphic to the irreducible
module for the even Clifford algebra C{®¥(V,q) and, by density, CI?(V,q) =
Endg(M) = Maty(Q). This shows that the Clifford invariant of (V,q) is the
class of @ in Br(F).

Conversely, given a seven dimensional regular quadratic space (V, ¢) with Clif-
ford invariant [Q)] for some division quaternion algebra Q, C1¢¥(V, q) = Endg (M)
for some Q-vector space M of dimension 4. Then M is an irreducible and faithful
module of dimension 16 for the Lie algebra Q0@ o(V, q), where the action of QU is
given by the structure of M as a Q-vector space, and the action of o(V, ¢) by its
embedding as a Lie subalgebra of CI®¥(V,q).

This completes the proof of Theorem F.

Exactly as for G(3), two equivalent forms of F'(4) of type I) in Theorem F are
actually isomorphic, thanks to Lemma 2.1. Also, in [BZ,BE], it has been shown
that the Tits construction 7 (C, J), this time with J the simple Jordan superalge-
bra Ds, are forms of F(4). Given any 0 # o € F, the Jordan superalgebra D, has
even part with basis {e, f} and odd part with basis {z,y} and the multiplication
is given by:

?=e,  fP=f ef=0,
1 1 (3.1)

ry = e+ af, exzix:f@ ey:§y:fy.

The same arguments as for G(3) give:

Corollary 3.2. The F-forms of F(4) of type 1) in Theorem F are exactly the Lie
superalgebras T (C, D) for an octonion algebra C. Two such forms are isomorphic
if and only if so are the corresponding octonion algebras.

For forms of F'(4) corresponding to case II) of Theorem F, it is not known
wether equivalent superalgebras are isomorphic. However, some partial results
can be given. First, Lemma 2.1 can be strengthened to:
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Lemma 3.3. Let g = g5 @ g7 be a finite dimensional Lie superalgebra with g5 =
Q@ s for a quaternion algebra Q) and such that § = F ® g satisfies the conditions
of Lemma 2.1 (with slo(F) = F ® Q). Then for any a € Q with n(a) = #0, g

is isomorphic to g,,.

Proof. If QQ = Maty(F') this is given by Lemma 2.1. Otherwise, (J is a quaternion
division algebra contained in Ends(g7), so that g7 is a vector space over Q. The
map ® : g, — g given by ®(q) = aga~!, ®(s) = s and ®(z) = az for any ¢ € Q°,
s € 5 and z € g7 gives the desired isomorphism (by extending scalars, this is the
same map as in Lemma 2.1). d

Let now g be a form of F'(4) of type IT) in Theorem F, so that g5 = Q'@ o(V, q).
We can assume that the discriminant of (V, ¢) is trivial, since we can substitute ¢
by any nonzero scalar multiple. Let 7 be the canonical involution of CI(V, q) (the
one that fixes V' elementwise) and denote also by 7 its restriction to CI¢¥(V,q) =
Endg(M). Let us denote by A a fixed isomorphism C1¢V(V, q) = Endg (M) . Then
there is an e-hermitian form h: M x M — @ (e = £1), that is

h{am,n) = ah(m,n), h(m,n) = eh(n,m)

for any a € @, m,n € M (a — a denotes the standard involution in @), such
that the involution 7 in Cl®¥(V, q) corresponds to the adjoint * relative to h in
Endg(M). Since o(V, q) C Skew(CI®*(V, q),7) = Skew(Endg(M), %), h is invari-
ant under the action of o(V,q) on M (where @ is regarded as a trivial o(V, q)-
module). Besides, for any a € QY and m,n € M, [a,h(m,n)] = ah(m,n) —
h(m,n)a = h(am,n) + h(m, an), and thus h is invariant under the action of Q°,
considering Q as a module for Q¥ under the adjoint map. As such, the map
a — a —a is a Q*-homomorphism. In consequence, the unique (up to scalars)
gp-invariant map M ® M — QY is given by m @ n +— h(m,n) — h(m,n) =
h(m,n) — eh(n,m). But after scalar extension, there is a unique such invari-
ant map and it is symmetric (it is given by the multiplication of odd elements in
F'(4)). Therefore e = —1 and the map given by m ® n — h(m, n) + h(n, m) is the
only, up to scalars, gg-invariant map M @ M — b,
Moreover, considering o(V, q) as a trivial Q°-module, the maps

I:M&M—o(V,q)* Q:0o(V,q) = o(V,q)*

men — <<p — t(h(p.m, n))) P = (’Y — tTV(W’Y))

where ¢ is the trace in @, try the trace in Endp(V') and ¢.m denotes the action
of o(V,q) in M, are Q° @ o(V, q)-invariant and, therefore, the only, up to scalars,
gg-homomorphism M ® M — ggis T = Q7. Note that the action of o(V, ¢) on
M is given by embedding o(V, q) in CI®¥(V, q) and then using the isomorphism A,
thus p.m = A(p)(m), for any ¢ € o(V,q) and m € M.
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Since we can scalar h conveniently, the above argument shows that the multi-
plication of odd elements in a form g of F(4) of type II), with g5 = QY@ o(V, q)
and g; = M as above, is

[m,n] = (h(m,n) + h(m,n)) + 6T (m @ n) (3.2)

for all m,n € M, where § is a suitable nonzero scalar.
Lemma 3.4. Let g be a form of F(4) of type I1) in Theorem F, with g5 =

QP o o(V, q) such that the discriminant of q is trivial and its Clifford invariant is
[Q]. Then for any v € V with q(v) # 0, g is isomorphic to Mol

Proof. Consider the automorphism Int(v) of C1°%(V, q) given by & +— vzv~! for any
z € Cl®*(V, q) (the multiplication is performed in CI(V,q)). It clearly commutes

with the canonical involution 7, because Int(v)(w) = quz;;; v—w = —s,(w) €V (sy
denotes the reflection relative to the hyperplane orthogonal to v) for any w € V.
Moreover, Int(v) restricts to the isomorphism ¢ — s,¢s, of o(V, ¢q).

Take z an odd element in the center of CI(V,q) with 22 = 1 (recall that we
are assuming that the discriminant of ¢ is trivial). Then Int(v) = Int(vz) and
vz € Cl*(V,q). Let ¢ € Endg(M) be given by ¢ = A(vz). Since vzr(vz) =
—vzzv = —v2 = —q(v),

T (3:3)
Now, for any m,n € M and ¢,y € o(V, q):

b0 (m)), 6(m)) = h(Ale)b(m), ¥(n))
= h(be T AR)b(m), ¥(n))
— —q()h(A(sups.)(m), n)
= —q()h((sups0)m,m)
and try ((sysy)7) = trv (p(sv¥sv)), so that
T($(m) ® ¥(n) = —g(0)s, T(m @ n)s, (3.4)

for any m,n € M.
Finally define the even linear map & : 9 qv) — 8 by means of ®(a) = a,

B(p) = spps, and ®(m) = ¢h(m) for any a € Q°, v € o(V,q) and m € M. From
(3.2), (3.3) and (3.4) we conclude that ® is an isomorphism. O

Corollary 3.5. Let g be a form of F(4) of type 11) in Theorem I, with g5 =
Q% @ o(V, q) such that the Clifford invariant of q is [Q] and q is universal. Then

any Lie superalgebra equivalent to g is in fact isomorphic to g.

As we shall see in the last section, this is what happens over the real field.
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4. Proof of Theorem D

Let us first consider the following example. Take the real Lie algebra g = sls(R) &
slo(C). Tt has a faithful and irreducible eight dimensional module M = R? ®p
C2, where R? and C? are the natural modules for the simple ideals slo(R) and
sla(C) of g, which is not absolutely irreducible (for instance, one checks that
Endg(M) = EndSlQ(C)((CQ) >~ C). Therefore, contrary to the situation in the
previous paragraphs, absolute irreducibility will have to be imposed here.

Before proceeding further, let us recall briefly some facts concerning the norm
or corestriction (see [R]). Given a finite Galois field extension E/F, an element o
in the Galois group Gal(E/F) and a (not necessarily associative) E-algebra R, the
E-algebra o1 R is defined on the same ring R (same addition and multiplication)
but with the new scalar product given by pu(c~1r) = a’l(a(u)r)7 for any p e F
and r € R, where the elements of 0 1R are denoted o 1r, r € R. Assume that L
is an intermediate field, ' C L C E and let G = Gal(F/F), H = Gal(E/L) and
01,...,0n € Gsuch that G = Hoy U...U Hoy, (disjoint union). Then if 7, = 0;1
fori=1,...,n, G=7mHU...U7,H and the restriction of 7,...,7, to L give
the different embeddings L — E.

Let A be an algebra over L, then the E-linear map

E@FA%@Oi_l(E@)LA)
i=1
l@ar (o7 (1®a),...,0, (1®a))

is an isomorphism of F-algebras. Assume now that A is associative, then for
any o € G there is a permutation = such that o0 € Haﬂ(i), i=1,...,n. Let
050 = YiOr(3), with v; € H for any 7. On the E-algebra

A=o Y (E®L A)®p---®po,  (E®y A)

consider, for any o € G, the o-semilinear automorphism &, given by

<I>g<®?:1 o N ® ai)) = ®?:1<021(%(M7r(¢)) ®%(¢)))

fora; € Aand y; € B, i=1,... ,n. Then &,P, = ®,., &; = 1, and therefore,
{x € A: ®,(x) = z Yo € G} is an F-subalgebra of A, called the norm of A and
denoted by Ny, p(A). It does depend only on the L-algebra A and not on I or the
transversal chosen. Moreover, if A is central simple over L, so is Ny /p(A) over F
and A2 E®p Np,;p(A).

We are in position now to prove Theorem D. Let g be a Lie algebra over a
ground field F' of characteristic # 2, which is a form of A; & A1 & Ay, and let M
be a faithful and absolutely irreducible eight dimensional module for g. There are
three different possibilities for g:
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Di) g =g' @ g®®g?, where each g* (i = 1,2, 3) is a three dimensional simple Lie
algebra over F'. Thus g = QY fo a quaternion algebra over L = F' x F' x F,
or

Dii) g = g' @ g2, where g! is a three dimensional simple Lie algebra over F' and
g? is a three dimensional simple Lie algebra over a quadratic field extension
K of F. Here g = QU for a quaternion algebra over L = F x K, or

Diii) g is a three dimensional simple Lie algebra over a separable cubic field
extension L of F, so that g = Q" for some quaternion algebra over L.

The proof of Theorem D will be split according to these three possibilities.

Assume first that we are in case Di), then g! C Endgz,2(M), which is a
quaternion algebra over F' (extending scalars to the the algebraic closure it becomes
isomorphic to End () =2 Mato(F')). Denote by Q1 this quaternion algebra, which
acts as endomorphisms of M. Then g' C [Qq, Q1] = Q(l) and, by dimension count,
gl = Q(l) and Q1 = F1® g!. In the same vein, there are quaternion algebras
Qs and Q3 so related to g? and g3. Since the actions of g, g and g on M
commute, so do the actions of @)1, Q2 and @3 and thus there is a homomorphism
of associative algebras

Q1 ®Q2® Q3 — Endp(M)

which, by simplicity and dimension count, is an isomorphism. Hence Q)1 ® Q2 ®
Q3 = Endp(M) = Matg(F) and, with L = F x F x F and Q = Q1 x Q2 X @3,
g=@Q" and Npp(Q) = Q1 ®Q2® Q3 gives the trivial class in Br(F), as required.

Conversely, with L and @ = Q1 x Q2 x Q3 as above, if Np,p([Q]) = 1, then
Q1 ® Qo ® Q3 = Matg(F), so that Q1 ® Q2 ® Q3 = Endp(M) for an eight
dimensional vector space M over F'. By means of the map

Qo Qe Q% — Q1 ®Q2® Qs > Endp(M)
(z1,22,23) »21®1®1+1Q22®1+1®1®z3

M becomes a faithful and absolutely irreducible module for g = Q(l) P Qg ) Qg

Now assume that we are in case Dii). Here L = F' x K with K a quadratic field
extension of F' and g = g! @ g2, where g! (respectively g2) is a three dimensional
simple Lie algebra over F' (respectively K). Moreover, gl = Q(l) (respectively
g% = Qg) for a quaternion algebra over F' (respectively K). Let Q = Q1 x Qs be the
corresponding quaternion algebra over L and let ¢« be the nontrivial automorphism
in the Galois group of the quadratic extension K/F'.

Now the K-linear map given by

Keg= (Keoghogo, g — (K®Q1)®Kx Q2®k 1 Qo
1®z; - (loz)®le (1)
T — (I®ol)®@ze® 11
D —(11)©le
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takes g € K ® g isomorphically into Ny,p(Q) = Q1 ® Ng,/p(Q2) (which is an
F-subalgebra of (K ® Q1) ®k Q2 ®k ¢~ (Q2)). Besides, K ® g generates (Q ®
K)®k Q2 ®k 1 1Qa= K ® (Q1 ® Ni/r(Q2)), so g generates Q1 ® Ng,r(Q2).
If g admits a faithful eight dimensional absolutely irreducible module M the
there is a commutative diagram

g — Endp(M)

1 1
K®g — Endg(K®M)

The argument for case Di) shows that the bottom map embeds in a commutative
diagram
K®g — Endg(K® M)
1 n
(@®K)®x Q2®K ¢ 'Q2 — Endg(K ® M)

whose bottom map is an isomorphism. Since g generates Q1 ® Nk, p(Q2), by
dimension count this last bottom map restricts to an isomorphism Ny ,p(Q) =
Q1 ® Ng/p(Q2) = Endp(M), so N/ p(Q) gives the trivial class in the Brauer
group.

Conversely, if N/ p([Q]) = 1, there is an isomorphism of F-algebras Ny, p(Q) =
Q1® Nk p(Q2) = Endp (M) for some eight dimensional vector space M, and since
g generates Ny, p(Q), this gives an absolutely irreducible and faithful eight dimen-
sional module for g.

Finally, in case Diii), g = QY for a quaternion algebra over a cubic separable
field extension L of F' and either L/F = E/F is a cyclic Galois field extension, or
there is a Galois field extension FE/F containing L with Galois group isomorphic to
the symmetric group Ss3. In any case there is a cyclic group of order 3: {1, 0, 02}
of G = Gal(E/F) and the restrictions of 1,0,02 to L give the three different
embeddings of L into E. As for Dii), there is a sequence of maps

g—E®g=(E®Lg)do (EcLg) ®o 2(E®Lg)
— (F®r Q) ®g 071(E ®L Q) ®g 072(E ®r Q)

which takes g into Np,p(Q) and shows that g generates Np,p(Q). A similar
argument as for Dii) concludes the proof of Theorem D.

Given a form of G(3) or a form of F'(4) such that its even part contains an ideal
isomorphic to sla(F), it was shown in Corollaries 2.2 and 3.2 that this form is given
by a Tits construction 7 (C,J) for a Cayley—Dickson algebra C' and a suitable
Jordan superalgebra J. In the same vein, some forms of the Lie superalgebras
D(2,1; &) appear as Tits constructions. Assume that g is a form of some D(2, 1; &)
such that gg contains an ideal isomorphic to sla(F') and g is of type Di). Then
because of Theorem D and the fact that the class of any quaternion algebra in the
Brauer group has order 1 or 2, necessarily gz = sl2(F) @ Q° @ Q" for a quaternion
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algebra @ over F. Note that in this situation, the map QY @ Q¥ — o(Q,n)
(the orthogonal Lie algebra relative to the norm of Q) which assigns to any pair
(p,q) of elements in QP the map # € Q — pz — zq is an isomorphism, so that
g5 = slo(F) ® o(Q,n). We are then in the situation of the next Lemma, whose
first part has been proved in [BE]:

Lemma 4.1. Let Q be a quaternion algebra over F' and let U be a two dimensional
space with a nonzero skew-symmetric form ¢ : U x U — F. For u,v € U, let
Ouw € sp(U, ) = sla(F) (the symplectic Lie algebra) be given by

Tuw(w) = (v, w)u + @(u, w)v.

For nonzero o, 3 € I, let g = gg @ g7 be the superalgebra with

g5 = sp(U, ) Q" @ Q°
g1 =UQ

and with multiplication given by

o the usual Lie bracket in gg,

o [(fipg)u®a] = flu)®z+u (pr —2q),

o 1@ z,00y] = (Hay)ouu, —ap(u,v)(wg - y2), ~Belu,v)(@y - 5z)),
foru,we U, z,y€ Q, f e sp(U,p) and p,qe Q°. Then:

(i) g s a Lie superalgebra if and only if o + 3 = —1, and in this case, g is a
form of the exceptional classical simple Lie superalgebra D(2,1; ). Denote
it by go(a) (@ 0,—1).

(i) If o, € F\{0,-1}, Q,Q" are quaternion algebras and gg(e) = gor (o),
then Q and Q' are isomorphic. Moreover, if Q) is a quaternion division
algebra, go(a) = go(a’) if and only if either o/ = o or o/ = —(1+«), while
if Q is the algebra Mata (1), go(o) = go(o) if and only if

- —a —(1+«a)
"1T4+a’14+a’ « '

1
O/ = {OL, D] _(1 +OL)
[e%

Proof. The first part has been proved in [BE, Lemma 3.1]. For (ii), note first
that if gg(a) = gor (o), then the even parts are isomorphic and this forces that
the Lie algebras Q° and (Q’)° are isomorphic, but this implies that @ and Q’
are isomorphic too (the norm n of Q is determined by n(1) = 1 and 8n(p) is the

trace of adﬁ for any p € Q, so the norm n is determined by the Lie algebra QO).
Moreover, the map:

go(a) > go(—(1+a)
(f:psq) = (f.q,p)

URXT = URT
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is an isomorphism. Besides, if Q is the algebra Mats(F'), as shown in the proof of
[BE, Lemma 3.1], gg(«) is the Lie superalgebra I'(1, o, —(1 + «)) in the notation
of [Se, §1. Example 5] and the same arguments that work in characteristic zero
are valid here.

On the other hand, if @ is a division algebra and ® : gg(a) — go(o’) is an
isomorphism, since QY is not isomorphic to slo(F') and any automorphism of Qo
extends to an automorphism of @, which is inner, it follows that either

®((f,p.q)) = (Int(g)(f),Int(a)(p), Int(b)(q)), or
®((f,p,q)) = (Int(g)(f),Int(b)(q), Int(a)(p))

for any f € slo(F), p,q € Q°, where g € GL(U), a,b are invertible elements in
Q and Int(g)(f) = gfg ! and similarly for Int(a), Int(b). Take h € GL(U) with
det h = n(a)n(b)~ 1. Then the linear map

¥ gole) = gele)
(fsp,a) = (Int(h)(f), Int(a~")(p), Int(b~")(q))
u® z — h(u)®a lab

is an automorphism. Composing with it and changing the value of g, we may
assume that either

®((f,p,q) = (Int(g)(f),p,q)  or  ®((f,p,q) = (Int(g)(f), q,p).

By standard arguments, it follows that there are h € Endp(U) and p € Endp(Q)
such that ®(u®z) = h(u)®p(z) for any v € U and z € Q, with gfg~'h(u) = h(fu)
for any f € sp(U, @) and w € U. Therefore g~'h commutes with any element in
sp(V, ) and hence, since we can scalar g, we may assume that h = g.

In case ((f,p,q)) = (Int(g)(f), p,q), we must have too p(pz — zq) = pp(x) —
p(z)q for any z € Q and p,q € Q¥. This gives p(p) = pz, p(q) = zq, with z = p(1).
It follows that z commutes with all the elements in Q°, so p is the multiplication
by a nonzero scalar p. Then for any uw,v € U and z,y € Q, [P(u®z), P(v® y)] =
q)([u RL,vR y]), and this gives

2 (t(iy)ag@),g(v)? —a/p(g(u), g(v))(zg — yz), (1 + ")p(g(u), g(v))(Ty — yz))

1

= (Hay)go09™" —asp(u, v) (g — y2), (1 + a)e(u, v)(@y — )

Land (g(u), g(v)) =

(det g)p(u, ), thus giving 1% det ¢ = 1 and g2 (det ¢)o/ = o, so that o/ = ov.
On the contrary, if <I>((f, D, q)) = (Imt(g)(f)7 q,p)7 the same arguments as before
give that p(z) = pz for a nonzero scalar p € F' and that —o/ =1+ o O

forany z,y € Qandu,v € U. But o, o) = (det g)gow vy~
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As in the previous sections, this gives that some forms of the Lie superalgebras
D(2,1; ) are given by the Tits construction. Here a quaternion instead of an
octonion algebra is used and the Jordan superalgebra that appears is the simple
Jordan superalgebra D, in (3.1):

Corollary 4.2. (See [BE, Theorem 4.2].) Let Q be a quaternion algebra and
a€ F\{0,—-1}. ThenT(Q,Dy) is a form of the Lie superalgebra D(2,1; ).

There is another family of forms of some D(2,1; ) whose even part contains
an ideal isomorphic to sly(F). It corresponds to case Dii). Let g5 = sla(F) @ Q°,
where @) is a quaternion algebra over a quadratic field extension K of F' with
Nk, r([Q]) = 1. By the Albert-Riehm-Scharlau Theorem (see [KMRT, (3.1)]), @
admits a K/F-involution of the second kind 7. Then if Gal(K/F) = {1,:}, Q is a

four dimensional K-module for Q ®x ¢ 1Q by means of

(r®q).x=p27(q) (4.1)

for any p,q,z € Q. Let W = {z € Q : 7(z) = z}. W is a four dimensional
vector space over I’ which is fixed by the action of the I-subalgebra Nk, p(Q) of
Q ®x ¢ 1Q, and hence becomes an irreducible module for N kx/p(Q). Note that
the Lie F-algebra Q° embeds in Nk p(Q) by means of g = ¢®1+1® v~ 1q. This
makes W a module for the Lie F-algebra QY.

Tensoring with K we have the following isomorphisms of Lie algebras and
modules (over K):

KoQ’— @ eq° KoW —Q

1®q+— (g, —7(q)) l®zx—x (42)

where the K-vector space @ is a module for the Lie K-algebra Q° @ Q° by means
of (p,q).x = px — zq for any p,q € Q¥ and = € Q. Since the dimension of the
K-vector space Homgogqo(Q ®k Q, K) = HomO(Q’n)(Q ®K @, K) is 1 and the

dimension of Homog00(Q®k @, Q) is 2 (after scalar extension, Q@ QY becomes
slo(F) @ sly(F) and Q = U ® 5 U, with U the natural two dimensional module for

slo(F'), and these computations are easy), it follows that
Homgo(W ® W, F) = F-span(z ® y — t(zy)),
Homgo(W ® W, W) = K-span(z ® y — zy — yT).
Note that for any z,y € W, t(zy) = t(7(zy)), so t(zy) € I and, by dimension
count, Q¥ = o(W, t(zy)), the orthogonal Lie algebra relative to this bilinear form.
The analogous result to Lemma 4.1 in this case is the following:

Proposition 4.3. Let K/F be a quadratic field extension, let Q be a quaternion
algebra over K with Ni,p(|Q]) = 1, 7 a K/F-involution of the second kind on Q
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and W the set of fired elements by 7. Let U be a two dimensional space with a
nonzero skew-symmetric form ¢ : Ux U — F. Foru,v € U, let 0, € sp(U, ¢) =
slo(F') as in Lemma 4.1. For nonzero p € K, let g = g5 ® g7 be the superalgebra
with

go = sp(U, ) ® Q°
gi=UW

and with multiplication given by
o the usual Lie bracket in g,
o [(fip)u@z] = f(u)®z+u® (pz+27(p)),
o [w® vyl = (Hay)ouy, —ue(u, v)(2g - y2)),
foru,we U, z,ye W, f e sp(U,¢) and p,q € Q°. Then:
(i) g is a Lie superalgebra if and only if p+ () = —1, and in this case, g is a
form of the exceptional classical simple Lie superalgebra D(2,1;u). Denote
it by g/ (1)
(i) gg/k () does not depend on the involution 7. If other K/I'-involution is
used, an isomorphic Lie superalgebra is obtained.
(iii) If 0 £ u, 1 € K satisfy p+ o(p) = =1 = p/ + ('), and Q, Q" are quater-
nion algebras over K with K/F-involutions of second kind, then ggx (1) =
8o/ k(W) if and only if Q is isomorphic to Q' (as K-algebras) and either
p=poor ' =u(p) = —(1+p).

Proof. By extending scalars to K and using (4.2), it follows that K ® g is the
K-superalgebra considered in Lemma 4.1 with o = p and 8 = «(u), whence (i)
follows.

Assume that 7/ is another involution of second kind of the K-algebra @, then
there is an invertible element v € Q with 7(u) = w such that 7/ = Int(u)7 ([KMRT,
(2.18)] and W’ = «W = Wu !, where W’ denotes the set of fixed elements by 7’.
Hence the map W — W’ given by z — 2w ! is an isomorphism of Q°-modules
since (pz +z7(p))u—! = p(zu1) + (zu=1)7/(p) for any p € Q¥ and € W. Given
0 # p e K with g+ () = —1, denote by g the Lie superalgebra constructed with
7 and by g’ the one constructed with 7/. Then the map which is the identity on
gy and takes u@z e U@ W to u ® zu~1 gives an isomorphism g = g;(u) (notice
that since 7(u) = u, n(u) = wa € F'). Now Lemma 2.1 shows that g and g’ are
isomorphic. This proves (ii).

If 9o/ () and gg i (1) are isomorphic, so are the Lie ['-algebras QY and
(Q )O. The centroid of any of these algebras is K, so there is a semilinear isomor-
phism between the K-Lie algebras Q¥ and (Q’)° which extends to a semilinear
isomorphism between @ and @’. Thus either Q and Q' are isomorphic as K-
algebras, or @' is isomorphic to ¢t 1Q. But Q ®x 1 1Q = Endg (Q) (see (4.1)), so
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7 LQ =~ QP =~ () as K-algebras. Finally, it is easy to check that the map

GQ/K(M) = GQ/K(L(U))
(f:p) = (f,—7(p)

URT—UuRT
is an isomorphism. On the other hand, if gq/x (1) = gg Kk (¢'), then extending
1
scalars we get an isomorphism D(2, 1; 1) =2 D(2,1; 1), so that ' € {,u, —, —(14w),
1

Sl —p (g
T+p' 14+p
sibilities for p' are to be either p or v(u). O

}. But g+ () = —1 = /4 (') and hence the only pos-

Remark 4.4. Lemma 2.1 and Proposition 1.1 show that the Lie superalgebras
gg(a) in Lemma 4.1 (Q a quaternion algebra over I, o € '\ {0, —1}) are, up to
isomorphism, the Lie superalgebras which are forms of some D(2,1;3) and such
that its even part is the direct sum of slo(F') and two copies of a three dimensional
simple Lie F-algebra; while the Lie superalgebras go, k(1) in Proposition 4.3 (Q
a quaternion algebra over a quadratic field extension K of F' and 0 # p € K with
w+ () = —1) are, up to isomorphism, the Lie superalgebras which are forms of
some D(2,1;3) and such that its even part is the direct sum of slo(F') and a three
dimensional simple Lie algebra over a quadratic field extension of F.

5. Real forms of the exceptional simple classical Lie super-
algebras

Our previous results give, in particular, the classification up to isomorphism, and
not just equivalence, of the real forms of the exceptional simple classical Lie su-
peralgebras.

First we need some extra notation, that we take from [K]. The complex Lie
algebra Gp has, up to isomorphism, two real forms, Gg.q = DerC, for C' the
split Cayley—Dickson algebra over R, and Gg.0 = Der @, where O is the classical
division algebra of real octonions. Accordingly, consider G(3;1) = 7(C, J ) and
G(3;2) = T(0, J) (see Corollary 2.2).

Now, Bj has four nonisomorphic real forms, namely the orthogonal Lie algebras
o(p,7—p) (p=0,1,2,3) of the quadratic forms :c% + +x% - (x;%+1 +--+ x%)
For p = 0, o(p,7 —p) = o(7) = o(Q°, n), while for p = 3, 0(3,4) = o(C°, n), where
C and O are, as above, the two real Cayley—Dickson algebras and n denotes their
norm. In both cases, the quadratic space involved has trivial Clifford invariant.
However, the Clifford invariant of the quadratic spaces with signatures (1, 6) and
(2,5) is nontrivial (hence equal to the class of the classical division algebra H of
real quaternions). In both cases, the quadratic form is universal, so Corollary 3.5
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applies. The corresponding forms of F(4) are denoted by F(4;p) (p = 0,1,2,3)
and their respective even parts are slo(R) @ o(7), su(2) @ o(1,6), su(2) @ o(2,5)
and sla(R) @ o(3,4), according to Theorem F.

The real Lie superalgebras that appear in Lemma 4.1 have even part either
sla(R) @ HO @ HO = sio(R) @ su(2) @ su(2) = sla(R) @ o(4) or sla(R) @ sla(R) @
sla(R) =2 sl3(R) @ 0(2,2). Denote the corresponding Lie superalgebras gm(a) and
IMato(r) (@) by D(2,1;05p) (p = 0,2, @ € R\ {0,—1}). On the other hand, the
Lie superalgebras that appear in Proposition 4.3 have even part sla(R) @ sla(C) =2
sla(R) @ o(1,3). Denote the corresponding Lie superalgebras gyfag, (c)/c(@) by
D(2,1;;1), where now a € C with o+ a = —1.

Theorem 5.1.

a) G(3) has, up to isomorphism, two real forms: G(2;p), p=1,2.

b) F(4) has, up to isomorphism, four real forms: F(4;p), p=0,1,2,3.

¢) If aeC\(RU{z€C:|z| =1}U{z€C:|z+1|=1}U{z€C: 2+ 2= —1}),
then D(2,1; «) has no real form.

d) If « e R\{0,-1,1,-2, —%}, then D(2,1;a) has four nonisomorphic real
forms: D(2,1;0;2), D(2,1;0;0), D(2,1;1,0) and D(2,1; 5%;0).

e) Ifa=1,-2or —%, then D(2,1; o) = osp(4, 2) has four nonisomorphic real
forms: D(2,1;1;2), D(2,1;1;0), D(2,1;—3;0) and D(2,1;—3;1).

) f ac{zeC:|z2|=1}U{2€C:|z+1|=1}U{ze€C: 2+ 2= -1}, but
a &R, then D(2,1;a) has exactly, up to isomorphism, a real form, namely,
D2, Les 1) if at+a=—1, D(2,1;5%;1) if o] = 1 and D(2,1; 122, 1) if
|+ 1] = 1.

Proof. For G(3) and F(4) it is clear from the previous results. Now, there are no
cubic field extensions of R and the only quadratic field extension is given by C, and
the quaternion algebras @ over L = RxR xR or L = R x C with trivial Ny r([Q])
involved are, up to isomorphism, Mats(R) x Mate(R) x Mats(R), Mato(R) x H x H
and Mata(R) x Mato(C). Therefore the even parts are restricted to sla(R) @
slo(R) @ sla(R), sla(R) @ su(2) @ su(2) and sla(R) @ slo(C). In the first two cases,
the Lie superalgebras are described in Lemma 4.1 (or Corollary 4.2) and in the
third case in Proposition 4.3, including the necessary and sufficient conditions for
isomorphisms. Now, one has to take into account simply that for o, 5 € C\{0, -1},
- ) . . 1 -1 —a 14+«

D(2,1;a) = D(2,1;3) if and only if 8 € {a, o —(1+ ), 7 o'ira —a

(Note that if [a] = 1 and 8 = —(1 + «) and v = ljr_low then |8+ 1| = 1 and
y+y=-1) O
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