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Fold maps on 4-manifolds
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Dedicated to Professor Mitsuyoshi Kato on his sixtieth birthday

Abstract. We give a complete characterization of those closed orientable 4-manifolds which
admit smooth maps into R3 with only fold singularities. We also clarify the relationship between
the existence problem of fold maps and that of linearly independent vector fields on manifolds.
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1. Introduction

Given a smooth map /' : M —> N between smooth manifolds M and N without
boundary with n dim M and p dim N, the following problem has been very
important in differential topology: does there exist an immersion (for the case

n < p) or a submersion (for the case n > p) of M into N homotopic to /?
This problem is equivalent to finding a non-singular map in the homotopy class

of a given map. In the literature, the target manifold N is often taken to be the
Euclidean space Rp. For the immersion problem, this causes no problem: however,
for the submersion problem, it does, since no compact manifold of dimension n
admits a submersion into Rp for 1 < p < n. This observation leads us to consider
smooth maps with as simplest singularities as possible instead of submersions, for
the case n > p.

A singular point q G M of a smooth map / : M —> N is of fold type if / can be
written in the form [x\,..., xn) i—> [x\,..., xp_i, ±x^ ± • • • ± x\) for some local
coordinates around q and /(</). A smooth map / is a, fold map1 if all its singularities
are of fold type. Singularities of fold type are the simplest among all generic
singularities, so it is reasonable to consider fold maps instead of submersions when

The author has been supported in part by Grant-in-Aid for Scientific Research

(No. 13640076), Ministry of Education, Science and Culture, Japan.
1 In [13], it is called a submersion with folds.
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the source manifold M is compact and the target manifold N is the p-dimensional
Euclidean space Rp with p < n dimM.

As far as the author knows, the existence problem of fold maps goes back to
Thorn [39], who tried to generalize the theory of Morse functions to generic maps
into the Euclidean spaces. Unfortunately, there have been very few studies on the
existence problem of fold maps since Thorn. Levine [20] has studied generic maps
into R2 and has shown that a smooth closed manifold M with dim M > 2 admits
a fold map into R2 if and only if its Euler characteristic is even. Eliasberg [10, 11]

has systematically studied the existence problem of fold maps and obtained a so-
called homotopy principle (in the existence level) for fold maps: i.e., any formal
solution (in the 1-jet level) gives a genuine solution up to homotopy. However, his

result was given in terms of (p — l)-dimensional submanifolds, and he did not give
a characterization of manifolds admitting fold maps except for some special cases.

In [26], the author has shown that no 4-manifold M that has the integral
homology of CP2 admits a fold map into R3, by using Sakuma's modulo four
formula [35], which is a consequence of Rohlin's result [25, 14] peculiar to 4-

dimensions. Such a phenomenon was not expected in view of Eliasberg's result
and turned our attention to the problem again.

Recently, Ando [6] has obtained a very important result, which asserts that if
there exists a fiber wise epimorphism TM © e1 —> ep, then M admits a fold map
into Rp, where TM and ek denote the tangent bundle of M and the trivial A;-plane
bundle over M respectively. When n—p+1 is odd, the converse had already been
known (for example, see [26]), so this gives a reasonable answer to the problem for
half the cases.

In this paper, we consider the existence problem of fold maps for the case

(n,p) (4, 3), which is the first non-trivial case with n—p+1 being even. Our
main result is the following complete answer to the problem.

Theorem 1.1. Let M be a closed connected oriented A-manifold. Then the
following three are equivalent.

(1) There exists a fold map of M into R3.
(2) The intersection form of M is not isomorphic to

1 0'

(3) There exists a cohomology class v G H2(M; Z) such that v -—- v pi(M) G

H4(M;Z), where pt denotes the i-th Pontrjagin class.

The above result shows that there are a lot of 4-manifolds M which admit fold
maps into R3, but which have no fiberwise epimorphisms TM © e1 —> e3, or no
fold maps into R2.

As is easily observed, for an n-dimensional manifold M, there exists a fiberwise
epimorphism TM © e1 —> ep if and only if there exist p smooth sections of TM © e1

which are everywhere linearly independent. Thus, the existence problem of fold
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maps is closely related to the (stable) vector field problem. In this paper, we also
discuss their relationship.

The paper is organized as follows. In §2, we recall some basic properties of fold

maps together with Eliasberg's result [11], which plays a central role in this paper.
In §3, we prove that the existence of certain embedded surfaces is equivalent to
the existence of fold maps on 4-manifolds, by using Eliasberg's result. In §4, we

study the existence of such embedded surfaces and complete the proof of our main
theorem. In §5, we discuss the relationship between the fold map problem and the
vector field problem.

Throughout the paper, all manifolds and maps are differentiable of class C°°.
For a space X, idx will denote the identity map of X.

The author would like to express his sincere gratitude to Kazuhiro Sakuma,
Yakov Eliasberg, Andrâs Szücs, Peter Zvengrowski, and Julius Korbas for stimulating

discussions and invaluable comments.

2. Preliminaries

Let / : M —> N be a smooth map between smooth manifolds with n dim M >
dim N p. A singular point of / is a point q G M such that rank dfq < p. The
set of all singular points of / will be denoted by S(f), which is called the singular
set of /. A singular point q G M is of fold type if there exist local coordinates

(xi, X2,..., xn) and (yi, yi-, ¦ ¦ ¦, yp) around q G M and /(</) G N respectively such

that

~Xl Xl+\-l + Xl+\ + ¦ ¦ ¦ + I», i=P

for some integer A with 0 < A < [(n—p+l)/2], where [£] denotes the greatest integer
not exceeding £. We call A the (reduced) index of q. We say that / : M —> N is a

fold map if all its singular points are of fold type.

Remark 2.1. Fold maps can also be characterized in terms of jets. Let Sr denote
the submanifold of the 1-jet bundle Jl(M,N) consisting of the jets of corank r.
Then a smooth map / : M —> N is a fold map if and only if its 1-jet extension

j1/: M -? J^M, AT) does not hit S2 and is transverse to Si, and /IC?1/)"1^)
is an immersion (for details, see [13, Chapter III, §4]). Fold singularities are the
simplest, i.e. have the smallest codimension, among the generic singularities of
corank one, i.e. among the Morin singularities [23].

For a fold map / and 0 < A < [(n — p + l)/2], we denote by S\(f) the set of
all singular points of / of fold type with index A. It is easy to see that for a fold

map /, each S\(f) is always a (p — 1)-dimensional regular closed submanifold of
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M, that f\S\(f) is an immersion, and that we have the decomposition

l(n

s(f)

(for details, see [20, 12]).
For example, when p n — 1, we have exactly two possibilities for the reduced

index A; namely, A 0 or 1. In particular, when (n,p) (4,3), for a fold map
/: M -> N, we have S(f) S0(f) U Si(/), where S0(f) and 5i(/) are surfaces
embedded in M. Sometimes we call So(f) (or Si(f)) the definite fold (resp.
indefinite fold) of /.

Now let us recall Eliasberg's homotopy principle for fold maps. Let M and A?"

be smooth manifolds of dimensions n and p respectively with n > p. The space of
all fold maps of M into N is denoted by Tt(M, N), which is endowed with the C°°-
topology. Let $ : TM —> TA?" be a homomorphism of vector bundles, where TM
and TN denote the tangent bundles of M and N respectively. We say that q G M
is a singular point of $ if the rank of $q : TqM —> T^^N is strictly less than p,
where $: M —> A?" is the continuous map induced by $. By m(M, N) we denote
the space of all homomorphisms $ : TM —> TW such that for each singular point
</ G M, there exist a neighborhood U C M of q and a fold map fu '¦ U ^ N with
4^7 $\TU. Note that m(M, N) is endowed with the compact-open topology.
For a singular point of a homomorphism $ G m(M,N), its (reduced) index is

obviously defined. We denote the set of all singular points of $ by S(<&), and the
set of all singular points of $ of index A by Sx(§), A 0,1,..., [(n —p + l)/2].

Let Vo, Vi,..., Vj(n_p_|_i)/2] be disjoint (p — l)-dimensional regular closed
submanifolds of M. We denote by Wl(M, N; Vo, V\,..., V^n_p+1y2]) (or by
m(M,N;V0,V1,...,V[{n_p+1)/2])) the subspace of Wl(M,N) (resp. m(M,N))
formed by the smooth maps f : M ^ N with S\(f) V\ (resp. by the
homomorphisms $: TM -? TW with 5A($) VA) for A 0,1,..., [(n -p+ l)/2].

We have the natural map

d:

defined by d(f) df : TM —> TW. The following theorem has been proved by
Eliasberg [11] and will play an essential role in this paper.

Theorem 2.2. If M is connected, p > 2, and the (p—1) -dimensional submanifolds
V\ are all non-empty for A 0,1,. [(n — p + l)/2], then the map

ck : 7ro(SDl(M, N; Vo, Vu..., Vj(n_p+1)/2])) - 7ro(m(M, AT; Vo, Vu..., Vj(n_p+1)/2]))

«s surjective.

Remark 2.3. Let us consider the following problem: given a collection of disjoint
(p — 1)-dimensional closed submanifolds of M, does there exist a fold map into
N which realizes them as its singular set (respecting the indices)? An element
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of m(M, N; Vq, V\,..., Vj(n_p_|_i)/2]) can be regarded as a formal solution to this
problem. Then the above theorem asserts that any formal solution gives us a real
solution up to homotopy, provided that all the indices appear. This last condition
is essential. For example, the 4-dimensional torus T4 is parallelizable, so that it
admits a formal solution for some 2-dimensional submanifold Vo, where N R3.

However, T4 does not admit a fold map into R3 without indefinite folds (see

[31, 33]).

3. Fold maps and embedded surfaces

In this section, we characterize those surfaces embedded in a 4-manifold such that
the corresponding spaces of formal solutions are non-empty.

In the following, \ wm denote the Euler characteristic. The purpose of this
section is to prove the following.

Theorem 3.1. Let M be a closed connected oriented A-manifold and F a closed

surface embedded in M. Suppose that F decomposes into a disjoint union F
FijUFi, where Fo and F\ are non-empty and consist of some connected components
of F. Then there exists a fold map /: M —> R3 with So(f) Fq and ^i(f) ^l
if and only if the following five conditions hold.

(2) The embedded surface F is characteristic; i.e., the Tjj'ITj-homology class

\F\i G H2(M; Z/2Z) represented by F is Pomcaré dual to the second Stiefel-
Whitney class w2(M) G F2(M;Z/2Z).

(3) The surface Fo is orientable.
(4) The self-intersection number Ff ¦ Ff in M vanishes for each connected com¬

ponent Ff ofF\.
(5) The self-intersection number F ¦ F (Fo ¦ Fo) + (Fi ¦ i*\) coincides with

(pi(AT), [Af]), where pi(M) G H4(M; Z) denotes the first Pontrjagin class,

[M] G Hi^M; Z) denotes the fundamental class of M, and } denotes the
Kronecker product.

Proof. Suppose that there exists a fold map /: M —> R3. Then S(f) decomposes
into Fo S0(f) and F1 5i(/). From Fukuda [12], (1) follows (see also [28]).

Furthermore, (2) follows from Thorn [39]. Item (3) follows from the fact that the
normal bundle of the immersion f\So(f) is always trivial (see, for example, [26]).
Item (4) follows from [26, Corollary 2.7]. Finally, (5) follows from [24]. In fact,
(5) follows also from the argument below (for details, see Remark 3.6).

Suppose, conversely, that an embedded surface F Fq U Fi satisfying the
above properties (l)-(4) is given. Note that, for the moment, we do not assume
condition (5).

Let N(F) N(F0) U N(F1) be a closed tubular neighborhood of F, where
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N(Fi) is a tubular neighborhood of Ft, i 0,1. Since Fq is orientable, N(Fq) is

diffeomorphic to a _D2-bundle over Fq with structure group 5*0(2), where D2 is

the unit disk in R2. Using the S'O(2)-invariant function a: D2 —> [0,1] defined by
a(x, y) x2 +y2 on each fiber, we obtain a fold map tpo '¦ N(Fq) —> Fq x [0,1] such

that S((ßo) So(fo) Fq. Then, for an arbitrary immersion r/o : Fo x [0,1] 9-> R3,
the smooth map /o r/o o tpo '¦ N(Fq) —> R3 is a fold map such that S'(/o)
So(fo) Fo.

Let Fi F/uF^U- ¦ -UF-f be the decomposition into the connected components
of F\. Note that N{F\) decomposes into the union of the tubular neighborhoods
N(F{) of F(, j 1,2, ...,£. By our assumption (4), if F( is orientable, then

N(F() is diffeomorphic to F( x D2. Let ß: D2 -> [-1,1] be the function denned

by ß(x,y) x2 — y2. Then, for an arbitrary immersion ?y] : Ff x [—1,1] ^ R3,
the smooth map f{ r/{ o (idF3 x/3) : N(F{) F( x D2 —> R3 is a fold map such

that St/f) S\(f{) F(.
On the other hand, when Ff is non-orientable, let Ff be its orientation double

cover and t : F[ ^ F[ the covering translation. Then, our assumption (4) implies
that N{F{) is diffeomorphic to FfxD2 (F( x D2)/(t x p), where p: £>2 -^ D2

is the reflection defined by p(x,y) (y,x). Let F(xl (F( x T)/(t x r) be the
twisted /-bundle over F(, where / [—1,1] and r : / —> / is the reflection defined

by r(t) —t. Then the diagram

x/3

is commutative. Thus id^,3 x/3 induces the fold map <p[: N(Ff) FfxD2

FfxI. Then, for an arbitrary immersion ?y^ : Ffxl ^ R3, the map /^ ?y]

^: AT(Ff) -^ R3 is a fold map such that S(f{) 5i(/f) Ff. Note that
such an immersion ?y^ does exist, since Ffxl is an orientable 3-manifold and so is

parallelizable.
Thus, we have constructed a fold map /Ar(F) /0U(/11U- • -U/f) : AT(F) -^ R3,

and hence a homomorphism TN(F) —> TR3. In order to use Theorem 2.2, we
would like to extend this homomorphism through TM so that it is non-singular
on the complement of N(F).

Note that fN(F)\(N(F) \ F) : N(F) \ F -^ R3 is a submersion. Hence, we
have the nowhere vanishing vector fields £o,£:b£2 an(i & on N(F) \ F such that

F3 x
icUj x/3

Vf >

D2 -

il -

1 /\ fj

rxr

.Ff

+ F(

X

I
D2

<l

o

fN(F){q)

for all </ G N(F) \ F and « 1, 2, 3, and that ^o is tangent to the fibers of
where (xi,X2,#3) are the usual coordinates of R3. Furthermore, we may assume
that the ordered 4-tuple (Co, Cij &,&) is coherent with the orientation of M. By
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Theorem 2.2, in order to construct a desired fold map on M, we have only to
extend £o, £i, £2 and £3 to nowhere linearly dependent vector fields on M \ F.

Set X M \ Int N(F) and let </> denote the framing of TX over dX dN(F)
determined by (£,0, £,1, £,2, £3)- Note that </> can be regarded as a stable framing of
the oriented 3-manifold dX. Let d(</>) G Z denote its degree (for details, see [18]).

Let Fo Fq1 U • • • U Fofc and Fi F/ U • • • U Ff be the decompositions into the

connected components and denote 4>\Ej by </>|, where F/ denotes the boundary of
the closed tubular neighborhood N(F-) of F/ and is oriented as the boundary of

N(F-), and </>|F/j denotes the stable framing of Ef obtained by negating the last

vector field of (f>\E-.

Lemma 3.2. For the degree of the stable framing (pï, we have

Proof Recall that the degree of the stable framing <$?. is defined to be the degree

of the map v\: E°t —> S3 which assigns to each point of F| the position of the
outward normal in the 3-sphere determined by <$?..

For <fP0, one of its four vector fields is tangent to the 3-manifold Fg. Thus,

Vq is a map into a 2-sphere embedded in S3, and hence d(</>g) 0. For <f>\,

the contribution to d(4>\) from the base space Ff of E\ is equal to the Euler
characteristic x{F{) an(i that from a fiber is equal to —2 by the construction of

our vector fields. Hence, we have d{<f>\) —2x(F(). D

By the above lemma together with the additivity of the degree, we have

d(4>) -2x^1) (x(Fo) - x(Fi)) - X(F) x(M) - x(N(F)) X(X),
where the third equality follows from our assumption (1) (see [18, Theorem 2.2]
for the property of the degree with respect to the orientation reversal).

Remark 3.3. We have an alternative proof for the equality d,(4>) x(X) as
follows. By the construction of the vector field £0, it winds once around F) on each

fiber of N(Fo)\Fo —> F3: i.e., it has index +1 along F) in the sense of [8]. Furthermore,

it has index —1 along F\. Hence, by a generalized Poincaré-Hopf theorem
(see [8, Theorem 3.2]) together with our condition (1), we see that £0 extends

through X as a nowhere vanishing vector field. Hence d{4>) x(X) follows.

By our condition (2), M \ F is a spin manifold: i.e., for a triangulation of M,
there exists a trivialization of TM over M^\F, where M^ denotes the «-skeleton
of M. To be more precise, let us take a triangulation of M such that M^ n F 0

and that every 2-simplex a with a n F ^ 0 is contained in N(F) and intersects
F transversely at a unique point in its interior. Then, there exists a trivialization
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of TM over M^ \ F such that for each 2-simplex a of M with cr n F ^ 0, the
trivialization over da corresponds to the generator of tti (5*0(4)) Z/2Z when
compared with a trivialization which extends through a. On the other hand, the
ordered 4-tuple of vector fields (Ço, Cij &, Ça) gives a trivialization of TM over
Af(2) n (N(F) \ .F). By the construction, we see that for each 2-simplex a of M
with o-nF^fi, this also corresponds to the generator of ^1(5*0(4)). This means
that the stable framing </> over dX is compatible with a spin structure on X.

Then, in the above situation, the stable framing </> on <9X extends through X if
and only if the relative Pontrjagin number p\{X, <f>) G H4(X, dX; Z) Z vanishes

(for details, see [18, Lemma 2.3]). Hence, in order to prove our theorem, we have

only to prove

F-F (3.1)

Note that dX is oriented as the boundary of X.
Let h{4>) G Z denote the Hirzebruch defect of the stable framing </> of dX (for

details, see [18]). In our situation, we have h{<f>) p\{X, <f>) — 3a(X), where a(X)
denotes the signature of the oriented 4-manifold X. (Recall that h(4>) depends
only on the stable framing </> on dX and not on a particular choice of an oriented
4-manifold bounded by dX.) By the additivity of the Hirzebruch defect, we have

h(4>) -h(tâ) h($) - h(4>\) h(4>{) (3.2)

(see [18, Theorem 2.5] for the property of the Hirzebruch defect with respect to
the orientation reversal).

Lemma 3.4. Let eg G Z denote the Euler number of the oriented D^-bundle

N(Fq) —> Fq Then we have the following.

(1)

{0,
if el 0,

el - 3, if el > 0,

el + 3, if el < 0.

(2) h(<j>{) =0 for allj.

Proof. Let tt : E —> S be the oriented S^-bundle of Euler number e G Z over a

closed connected oriented surface E. Let us consider an immersion r\: S —> R3.
Since its normal bundle is trivial, by pulling back the standard framing of R3 by
ï) o 7T, we obtain a stable framing of E, <f> (Ço, £i, £2, £3), such that £0 is tangent
to the fibers of it. Let tt : E —> S be the oriented _D2-bundle associated with the
oriented S^-bundle tt: E —> E. In order to prove Lemma 3.4 (1), we have only to

prove that p\{E, <f>) e.

By the very définition, we have

P1(E, 4>) -c2((TE)c,4>c) G H\E, E; {n3(U(4)/U(l))}) Z, (3.3)
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where (TE)c is the complexification of the real tangent bundle TE of E, <f>c is

the complexification of the 3-field (£1,^2, £3) over the boundary dE E, and ci
denotes the second Chern class which coincides with the obstruction to finding a

complex 3-field on (TE)c over E extending </>c- Note that we have canonically
7T3(C/(4)/C/(l)) ^ 7T3(SI/(4)) Z (for details, see [18]).

Let E h° U (/i} U • • • U /i2S) U ^2 be the standard handle decomposition of the
closed connected oriented surface E, where /i°, /ij and /i2 are 0-, 1- and 2-handles

respectively, and g is the genus of E. Since Jr: i? —> 5Ms trivial ^over each of the
above handles, we have the decomposition E h° U (h\ U • • • U h\g) U /i2, where

h° D2 x /i°, /ij D2x h) and J>2 D2 x h2 are 0-, 1- and 2-handles respectively.

Taking the dual decomposition, we have E EU h? U (/if U • • • U /iffl) U /14, where

/i2, /i? and h4 are the dual 2-, 3- and 4-handles respectively. Since ttj(C/(4)/C/(1))
0 for « 1, 2, we can extend the 3-field <f>c over E U /12 U (/if U • • • U li\g). Let us
continue to denote the extended vector fields by £1, £2 and £3 respectively. Note
that then £0 can also be extended so that (£o>£:b £2, £3) gives a section of the
associated S'C/(4)-bundle.

Let us consider a trivialization of (TE)c over /i4 7r^1(/i0) which is compatible

with a trivialization 7r^1(/i0) _D2 x /i°: more precisely, we take a

trivialization which respects the isomorphism (T£')c|vf^1(/i°) =p\{TD2)c ®P^{Th°)c1
where p\ : D2 x h° —> _D2 and ^2 : -D2 x h° ^ h° are the projections. Since

TTi(SU(4:)/SU(2)) 0 for « < 3, we may assume that (£2,£3) gives the trivialization

of p^{Th°)c over the boundary of h4 by changing </> by a homotopy. We may
further assume that (£oi£i) on vr^1(/i°) S*1 x /i° corresponds to the map

S1 x h°—-—>SX SO(2) Rl >SO(2) --> SU (2)(c SU (A))

with respect to our trivialization, where p[ is the projection to the first factor and

Rl is the right multiplication by the matrix

In particular, (£o,£i) is S'O(2)-equivariant in the sense that

{£o{uv, x),^(uv, x)) (£o(«,a;),£i(«,z))?;

holds for all x e /i° and u,v £ S1 SO(2) C 5C/(2).
Let ip be the attaching map of the dual 4-handle h4. Recall that pi(E,(p)

coincides with —1 times the obstruction in question by (3.3). Hence, in order to
prove Lemma 3.4 (1), we have only to show that the framing

(£o,L&,&) (v>*(èo),V*(èi), ?*(&),?*(&)) (3.4)

over dh4 corresponds to — e G Z with respect to the natural isomorphism

n3(SU(4)) Z,
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where we use our trivialization of (TE)c over h4 for identifying the framing (3.4)

with a map into SU(4). Note that dhA tt^/i0) U^-^dh0) (S1 x h°) U {D2 x
dh°) and <p(u,x) (ux~e,x) for all (u,x) G D2 x <9/i°, where we identify D2 with
the unit disk in C, and dh° with the unit circle in C.

By the above construction, (|o,£i,6,6) (<P*(£o), <P*(£i), <P*(&), ¥>*(&))
satisfies (£o(«, x), £i(«,z),£2(«,x), &(«, x)) =mL0( 1)0(1) for all (w,x) g S4 x /i°,

,6) over D2 x 9/i°
«L © 1 © 1

Thus, $ induces a

(u,x) - K, x') for

where we identify S1 with SO (2) C SU(2). Then (Co,fi,
induces a map $: £>2 x S1 -? S£/(4) such that $(w,x)
for all m G <9£>2 S*1 SO(2) C S£/(2) and x G S1.

map ¥: (£>2 x S1)/~ S3 -? 5C/(4), where we define
(m, x), (m',x') G -D2 x S*1 if and only if they lie on 9_D2 x S*1 and u u'. We
have only to show that $ corresponds to — e G Z with respect to the natural
isomorphism ¦n^{SU{4)) Z.

Since ¦n^{SU{4)) is abelian, the contribution from that part of dh° where the
1-handles h1- are attached is zero. Thus we have only to consider the contribution
from the "twist" by e. Since 7T2(S'C/(4)) vanishes, we see that the homotopy class

of $ does not depend on the choice of the map $|(_D2 x 1), 1 G S*1 C C, or
equivalently, on the extension of (£o,£:b£2,£3) °ver the fiber 7r^1(xo) for a point
xo G dh°. Hence we may assume that

where 0 < r < 1, 0 < 9 < 2tt,

u{r, 9) -r sin 9 - a/^
v{r,9) rcos9,

-r sin 9 + a/^
v(r, 9) r cos9,

and /2 is the 2x2 identity matrix. Note that $(r exp (a/—1 0), 1) does not depend
on 9 for r 0 and hence it is well-defined. Then for t g [0, 2tt], we have

$(r exp (a/^Î6»), exp (a/^Tt))
u(r,6 — er) —v(r,9 — er) \ /cos(er) — sin(er)

-, 9 — er) u(r, 9 — er) J ^ sin(er) cos(er) ' 2

—r sin 9 — a/—l(cos er) a/1 — t*2 — t* cos ö + a/—l(sin er) a/1 — t*2

r cos ö + a/—l(sin er) a/1 — r2 —r sin ö + a/—l(cos er) a/1 — r2

Then it is not difficult to see that the map D2 x S1/^^ S3 defined by the first
column vector of $,

(r exp (a/—1 #),exp (a/—

—r sin 9 — a/—1(cos er) a/1 — r2

r cos 9 + a/—l(sin er)\J\ — r2
0

\ 0

G C2 x {0},

has degree e, where we identify S3 with the unit sphere of C2. Hence $ corresponds
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to —e times the natural generator of tts(SU(4:)) (for the sign, see Remark 3.5

below). This completes the proof of Lemma 3.4 (1).

Remark 3.5. As explained carefully in [18, §1], the natural generator a of

tt3(SU(2)) Z

is constructed by using an identification of C2 with the quaternions H as follows:

a(i) 1xi for </ G S*3 C H and x G C2 H. However, for a to induce a unitary
action, the vector (xi,X2) G C2 must be identified with the quaternion u + jv
rather than u + vj. Hence, the map S3 —> S3 defined by the first column vector
of a has degree — 1.

Let us now prove Lemma 3.4 (2). When Ff is orientable, the result follows

from an argument similar to the above, since the _D2-bundle N(F() —> F( has zero
Euler number. When Ff is non-orientable, let p: Ff —> Ff be the orientation
double cover, E{ —> F( the _D2-bundle induced from N(F() —> F( by p, and ^
the induced stable framing on dE\. Then by [18, Lemma 2.3], we have

On the other hand, by the proof of (1), we have pi(E\,4>\) 0, since E\ —> Ff
is a trivial _D2-bundle. Hence p1(N(F{),4>{) 0. Since the signature of N(F()
vanishes, we have

h(4)=Pl(N(Ff),4) - MN(F{)) 0.

This completes the proof of Lemma 3.4. D

Let us return to the proof of Theorem 3.1. Let eJ0 denote the self-intersection
number of Fq in M, and n+ (resp. n_) the number of eg's which are positive (resp.

negative). By the above lemma together with (3.2), we have

h(4>) -F-F + 3(n+ - n_).

On the other hand, by the définition of the Hirzebruch defect, we have

h(4>)=Pl(X,4>)-3a(X).

Furthermore, by the Novikov additivity, we have

a(X) =cr(M)-(n+ -n_).
Hence we have

Pi(X,<f>) 3a(M) - F ¦ F.

By the Hirzebruch signature theorem, we have 3<r(M) (pi(M), [AI]), and hence

(3.1) holds. This completes the proof of Theorem 3.1. D
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Remark 3.6. In the above argument, if we are given a fold map / : M —> R3,
then for F S(f) and /nçf) f\N(F), we clearly have pi{X,4>) 0. Hence

item (5) of Theorem 3.1 follows from (3.1).

Remark 3.7. By using a formula of Rohlin [25] and Guillou-Marin [14], Sakuma
[35] has shown that for a fold map /' : M —> R3 of a closed oriented 4-manifold M
with H\{M\ Z) 0, the self-intersection number S(f) ¦ S(f) must satisfy

S(f) ¦ S(f) -a(M) (mod 4).

This is nothing but the modulo four reduction of our formula of Theorem 3.1

(5), since (pi(M), [M]) 3a(M) -a(M) (mod 4) by the Hirzebruch signature
theorem. In fact, the formula in (5)

S(f)-S(f)
has been generalized for general dimensions in [24].

4. Constructing a desired embedded surface

In this section, we prove the following.

Theorem 4.1. Let M be a closed connected oriented A-manifold. Then the

following four are equivalent.

(1) There exists an embedded surface F Fç> U F\ which satisfies (l)-(5) of
Theorem 3.1.

(2) The intersection form of M is not isomorphic to ±i~i or ±Ii, where

/i (l) and h=
(3) There exists a homology class £ G H2(M; Z) such that £ • £ (pi(M), [M]).
(4) There exists a cohomology class v G H2(M; Z) such that v -—- v pi(M) G

Remark 4.2. It is known [22] that the intersection form of M is isomorphic to
±/i or ±/2 if and only if it is definite of rank 1 or 2.

Proof of Theorem 4.1. (3) ¦<=> (4): This follows from the Poincaré duality.

(1) => (2): Suppose that the intersection form of M is isomorphic to I\ 1

If condition (1) is satisfied, then the homology class £ G H2(M; Z) represented by
Fq satisfies £ • £ (pi(M), [M]} 3a(M) 3. Suppose that £ represents n times
a generator of the free part i?2(M; Z)/ToriÏ2(M; Z). Then we must have n2 3,

which has no integer solution. Thus the intersection form of M is not isomorphic
to Ii. By the same argument we see that —1\ does not appear, either. When the
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intersection form of M is isomorphic to ±I2, we must have to2 + v? 6 for some

integers to and n, which is impossible again. Thus the above intersection forms
do not appear, either.

(2) => (3): Let us suppose that the intersection form Im of M is not isomorphic

to ±/i or ±I2 and construct a desired homology class £.

Case 1. When Im is of odd type.
By the theory of unimodular bilinear forms [22] together with a theorem of

Donaldson [9], Im is isomorphic to ml\ © n(—I{) for some non-negative integers
to and n, where kl denotes the direct sum of k copies of a bilinear form / and

to + n > 0. Let {a1;... ,am,/?1;.. .,/?„} be a basis of H2(M; Z)/ Tor H2(M; Z)
with respect to which /^ is represented by m/i © n(—ii).

Lemma 4.3. // (to, n) 7^ (1, 0), (0, 1), (2, 0), (0, 2), then there exists an element

i=\ j=\

ofH2(M; Z)/ Tor H2(M; Z) such that £ • £ 3(m - n).

Proof. We may assume that m > n. Let us list explicit solutions for certain values
of (m, n) as follows:

(m,n) (3,0) : (ai,a2,a3) (3,0,0),
(to, n) (4, 0) : (a\, a2l 03, 04) (3,1,1,1),
(to, n) (5,0) : (ai, 02, 03, 04, 05) (3, 2,1,1, 0),
(m,n) (1,1) : (ax, 61) (1, 1),

(m,n) (2,1) : (ax, a2, 6X) (2, 0,1),
(to, n) (3,1) : (ai, a2, a3, 61) (3,1, 0, 2).

Then we can easily construct explicit solutions for all the remaining values of
(to, n) combining the above solutions. D

Case 2. When Im is of even type.
By the theory of unimodular bilinear forms [22] together with a theorem of

Donaldson [9], Im is the zero form or is isomorphic to rnEg © nU with to G Z and

n > 0, where

(2 1 0 0 0 0 0 0\
12 10 0 0 0 0

0 12 10 0 0 0

0 0 12 10 0 0

0 0 0 12 10 1

0 0 0 0 12 10
00000120

\0 0 0 0 1 0 0 2/

£8 U
0 1

1 0
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Note that Es is unimodular of even type with signature 8. Here, for m < 0,

niEg denotes the direct sum of \m\ copies of — Es- Let

{an,. a18,. amU am8, ßlu ß12,..., ßn\, ßn2}

be the corresponding basis of H2 (M; Z)/ Tor H2 (M; Z). Then the following lemma
can easily be checked.

Lemma 4.4. The element

ofH2(M; Z)/ Tor H2(M; Z) safe/ïes £ • £ 24m.

Hence, in both cases, an element £ G H2(M;Z) representing

£ G F2(M; Z)/ Tor H2(M; Z)

satisfies the property as in (3).

Remark 4.5. When the signature a(M) of M is divisible by four, the solution
£ G H2(M;Z) can be chosen to be characteristic: i.e., we can choose £ so that
its modulo two reduction coincides with the Poincaré dual of the second Stiefel-
Whitney class w2(M) G H2(M; Z/2Z). This can be proved as follows.

First note that w2(M) is the modulo two reduction of an integral cohomology
class (for example, see [15, §4]). Let Ç, G H2(M; Z) be its Poincaré dual. Then,

¦ 1] ï) ¦ 1] (mod 2)

holds for all r\ G H2(M; Z) due to Wu's formula. On the other hand, as the proofs
of Lemmas 4.3 and 4.4 show, £ G H2(M; Z)/ Tor H2(M; Z) can be chosen so that

£ • fj fj ¦ fj (mod 2)

for all fj G F2(M;Z)/Tori72(M;Z), provided that a(M) 0 (mod 4). This
implies that - £ is divisible by two, where G H2(M; Z)/ Tor H2(M; Z) is the
class represented by Hence, there exists a representative £ G H2(M; Z) of £ such

that Ç, — £ is divisible by two. Then such a homology class £ satisfies the desired

properties.

(3) =^- (1): Let r\ G H2(M; Z) be a homology class such that £ + r\ is
characteristic. Such a homology class does exist, since the second Stiefel-Whitney
class w2(M) G H2(M;Z/2Z) is always a modulo two reduction of some element
of H2(M; Z) as mentioned in Remark 4.5. Since £•(£ + £ • £ (mod 2), we see

that £-?y 0 (mod 2). Let F^ and Fri be connected oriented surfaces embedded in
M which represent £ and r\ respectively. Such surfaces do exist by [38]. We may
assume that Fç and Fri are in general position and intersect at an even number of
points pi,... ,p2k- Let A\,..., A]~ be disjointly embedded arcs in Fç such that Ai
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connects p-2i-i and p^i- Let Tj, i 1,..., k, be the _D2-bundle over Ai which is

the restriction of the normal disk bundle of F^ embedded in M. We may assume
that the union of the fibers over the end points of A-% coincide with FTj fl Tj. Let
F^ be the surface obtained by smoothing

where Cj is the boundary S^-bundle over Ai associated with Tj. Note that i7^ is

an embedded surface which may possibly be non-orientable such that F^D F^ 0

and F^ represents the modulo two reduction of r\ in H^iM; TijTL). In particular,
Fç U F^ is characteristic.

Furthermore, since (£+??)•(£+??) cr(M) (mod 8) (see [22]) and£-£ 3cr(M)
by our assumption, we have r\ ¦ r\ 0 (mod 2). Hence i^ • i^ is even. Then by
taking the connected sum of F^ with a suitable closed connected non-orientable
surface embedded in D4 C M, we may assume that F^ ¦ F^ 0.

Lemma 4.6. We We x(M) - (x(-F>) ~ x(-F^)) 0 (mod 2).

Proof. Since F^ U i^ C M is characteristic, we have

(Fç U ^) • (F€ U F^) + 2X(Fi U F^) a(M) (mod 4), (4.1)

provided that #i(M;Z) 0 (see [25, 14, 21, 42]). If Fi(M;Z) does not vanish,
then we can perform spin surgeries along embedded circles in the spin 4-manifold
M \ (Fç U i^) to obtain a closed oriented 4-manifold M' with F^M'jZ) 0

such that Fç U i^ is characteristic. Hence (4.1) holds even if H\{M\ Z) ^ 0, since

a(M) cr(M'). Finally, since X(M) a(M) (mod 2) and (Fê U F^) ¦ (Fç U i^)
3<r(M), we have the result. D

By taking the connected sum of Fç or F^ with a closed connected oriented
surface of an appropriate genus embedded in D4 C M, we may assume that
X(M) x(-F^) ~ x(-f^) due to the above lemma. Thus F Fo U F1 with Fo i^
and F\ F^ satisfies the properties (l)-(5) of Theorem 3.1. This completes the
proof of Theorem 4.1. D

Remark 4.7. As the above proof shows, if condition (3) of Theorem 4.1 holds,
then fo and F\ in (1) can be chosen to be connected.

Note that if a given fold map / satisfies So(f) 0 or Si(f) 0, then we can
easily modify it homotopically to obtain another fold map whose corresponding sets

are nonempty. Therefore, combining Theorems 3.1 and 4.1, we obtain Theorem 1.1

in §1.

Remark 4.8. (1) In [26], the author showed that if a closed orientable 4-manifold
has the integral homology of CP2, then it cannot admit a fold map into R3,
by using Sakuma's result mentioned in Remark 3.7 (for another proof, see [2]).
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This result was extended to 4-manifolds M with diniz/2Z H^M; Z/2Z) 1 by
Sakuma [37], who used Yamada's quadratic form on 4-manifolds [42]. Note that
dimz/2z H2(M; Z/2Z) 1 if and only if H^M] Z) is isomorphic to the direct sum
of Z and an odd torsion by the universal coefficient theorem. Thus, our result
is a generalization of these two, and gives a complete answer to the existence

problem of fold maps on closed orientable 4-manifolds. (Note that Sakuma [36]

had conjectured that closed orientable 4-manifolds of odd Euler characteristics
cannot admit a fold map into R3 (see also [16, 34]). Our result shows that the
conjecture is false.)

(2) In [24], it has been shown that the self-intersection class of the singular
set — which can be considered as a variant of a Thorn polynomial — coincides
with pi(M) for a fold map M —> R3 of a closed orientable 4-manifold M. (As
has been seen above, this also follows from our proof of Theorem 3.1.) Hence,
Theorem 1.1 can be interpreted as follows: there exists a fold map M —> R3 if and

only if there are no obstructions coming from the Thorn polynomials. Compare
this with the result obtained in [32] about stable maps between 4-manifolds (see

also Remark 4.13 below).
(3) When the result mentioned above for homology CP2 was obtained in

[26], the author had the impression that such a result should be peculiar to 4-

dimensions, since we used a variant of the Rohlin theorem, which is peculiar to
4-dimensions. However, according to [24], this is not true. In fact, in [24], similar
non-existence theorems are obtained for other dimensions as well.

As immediate corollaries to our main theorem, we have the following.

Corollary 4.9. Let Mi and Mi be closed connected orientable A-manifolds which
are homotopy equivalent to each other. Then, Mi admits a fold map into R if
and only if M^ does.

Note that the above result does not hold for fold maps with restricted indices,
namely for special generic maps. For details, see [27, 29, 31, 33].

Corollary 4.10. Let M he a closed connected oriented A-manifold.
(1) There always exists a closed oriented A-manifold which is oriented cobordant

to M and which admits a fold map into R3.
(2) // |<r(M)| ^ 1,2, then every closed oriented A-manifold that is oriented

cobordant to M admits a fold map into R3.

Note that Corollary 4.10 (1) follows also from the example constructed in [30]

mentioned below. According to [24], examples as in Corollary 4.10 (2) do not exist
for general dimensions.

Remark 4.11. For explicit examples of fold maps, see [26, 30]. For example, an
explicit example of a fold map CP2t)2CP2 —> R3 is constructed in [30], where
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CP2t)2CP2 denotes the connected sum of the complex projective plane CP2 and
two copies of CP2 with orientation reversed.

Remark 4.12. The three conditions (l)-(3) of Theorem 1.1 are all equivalent to
the following.

(4) For every continuous map g: M —> N into an orientable 3-manifold N,
there exists a fold map of M into N homotopic to g.

(5) There exists a fold map / : M —> N for some orientable 3-manifold N.
This can be proved by using the fact that N is parallelizable and that every
continuous map of a closed surface into N is homotopic to an immersion [41].

Remark 4.13. Let /: M —> N be a C°° stable map of a closed orientable 4-

manifold into an orientable 3-manifold. It is well-known that the possible
singularities of / are all Morin singularities; namely, folds, cusps and swallowtails.
As has been shown in [3], swallowtails, which are zero dimensional singularities,
can always be eliminated by homotopy. By Remark 4.12, cusps, which are 1-

dimensional singularities, can be eliminated by homotopy if and only if M satisfies
one of the three conditions of Theorem 1.1. Note that the primary obstruction
to the elimination of cusps — the Thorn polynomial for cusps — always vanishes
(see [36]).

5. Stable span and fold maps

In this section, we discuss the relationship between the fold map problem and the
vector field problem. Let us begin by recalling the following définition.

Definition 5.1. For a smooth manifold M, the maximal number of everywhere
linearly independent vector fields of M is called the span of M and is denoted by
span M. Furthermore, the maximal number of everywhere linearly independent
sections of TMQ^e1 subtracted by one is called the stable span of M and is denoted
by span0 M, where e1 denotes the trivial line bundle over M (for details, see [19],
for example).

Ando [4, 5, 6] has shown the following theorem by using the homotopy principle
for fold maps in the 2-jet level (see [3, Theorem 1]).

Theorem 5.2. Let M be a smooth n-dimensional manifold. If there exists a fiber-
wise epimorphism TM © e1 —> ep for some p with n > p > 2, then there exists
a fold map f : M —> Rp7 where ep denotes the trivial p-plane bundle over M. If
n — p -\- 1 is odd, then the converse also holds.

Remark 5.3. In fact, Ando [6] has proved that there exists a fiberwise epimorphism

TM © e1 —> ep if and only if there exists a fold map / : M —> Kp such that
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the codimension one immersion f\S(f) : S(f) —> Rp has trivial normal bundle (or
equivalently, S(f) is orientable). Recall that if n — p + 1 is odd, then for a fold
map / of an n-dimensional manifold into Rp, the normal bundle of the immersion

f\S(f) is always trivial (for example, see [26, Lemma 2.2]).

It is easy to see that there exists a fiberwise epimorphism TM ©e1 —> ep if and

only if span0 M > p — 1. Hence, we have the following.

Corollary 5.4. For a smooth n-dimensional manifold M and an integer p with
n > p > 1, we have the following.

(1) We have span0 M > p — 1 if and only if there exists a fold map f : M —> Rp
smc/i i/iai i/ie normal bundle of the immersion f\S(f) : S(f) —> Rp «s trivial.

(2) When n — p + 1 «s odd, span0 M > p — 1 if and only if there exists a fold
map /: M -? R*>.

It has been known that the stable span of 4-manifolds satisfies the following
(for details, see [40, 19]).

Proposition 5.5. Let M be a closed connected oriented A-manifold.

(1) We have span0 M > 1 if and only if x(M) is even.
(2) We have span0 M > 2 if and only if there exists a characteristic homology

class £ G H2(M; Z) with £ • £ (pi(M), [M]).
(3) W^e Ziawe span0 M >?> if and only if M is spin and pi(M) vanishes.

Remark 5.6. In terms of the signature of M, the first two conditions of Proposition

5.5 can be interpreted as follows.

(1) The Euler characteristic x(M) is even if and only if the signature a(M) is

even.
(2) There exists a characteristic homology class £ G H2(M;Z) with £ • £

(pi(M), [M]) if and only if a(M) 0 (mod 4).

Item (1) follows easily from the définitions of x(M) and <r(M). For (2), first note
that if such a characteristic homology class £ exists, then

3a(M) (p^M), [M]> £ • £ ^(M) (mod 8),

and hence <r(M) 0 (mod 4). Conversely, if a(M) 0 (mod 4), then by the
proofs of Lemmas 4.3 and 4.4, we can construct a homology class £ with £ • £

(pi(M), [M]) such that £ is characteristic as has been noted in Remark 4.5.

By the above results, we have the following.

Proposition 5.7. Let M be a closed connected oriented A-manifold. Then the

following five conditions are equivalent.
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(1) There exists a fold map f : M —? R3 such that the codimension one immer¬
sion f\S(f): S(f) —? R has trivial normal bundle (or equivalently, S(f)
is orientable).

(2) span0 M > 2.

(3) There exists a characteristic homology class £ G Hi{M\7i) with £ • £

(4) There exists a cohomology class v G H2(M;Z) such that its modulo two
reduction coincides withw^iM) G H (M] Z/2Z) and thatv -—^v= pi(M) G

H4(M;Z).
(5) cr(M) =0 (mod 4).

In fact, we can prove the equivalence (1) ¦<=> (3) of Proposition 5.7 by using
our Theorem 1.1 and its proof as follows. Suppose that (1) holds. Then by
Theorem 3.1, the homology class £ G Hi{M\Z) represented by S(f) satisfies the
desired property in (3). Conversely, if (3) holds, then the homology class r\ in the
proof of Theorem 4.1 can be chosen to be zero. Then, the surface F^ is orientable
and (1) holds.

Remark 5.8. In Proposition 5.7, items (l)-(5) are all equivalent to the following.

(6) There exists a Morin map /: M —> R3 whose cokernel bundle over S(f) is

trivial.

Recall that a smooth map is a Morin map if it has only Morin singularities. For
Morin maps and their cokernel bundles, see [23, 13, 12, 28], for example. The
above assertion can be proved by generalizing [26, Lemma 3.1] to Morin maps
with trivial cokernel bundles, which is easy.

Remark 5.9. Let M be a closed oriented 4-manifold. Clearly, if span0 M > 3,

then span0 M > 2. However, even if there exists a fold map /': M —> R3, there

may not exist a fold map of M into R2. For example, any closed connected oriented
4-manifold whose second Betti number is odd and is greater than or equal to three
admits a fold map into R3, but not into R2.

Remark 5.10. For a closed n-dimensional manifold M with n > 2, the following
three are equivalent to each other.

(1) span0 M > 1.

(2) x(M) 0 (mod 2).
(3) There exists a fold map M -? R2.

We can prove the equivalence from a singularity theoretical viewpoint as
follows. Item (3) implies (1), since the singular set of any fold map M —> R2 is

1-dimensional and is orientable (for details, see [26, Lemma 3.1]). Item (1)
implies (2) by an easy argument of characteristic classes. Finally, (2) implies (3) by
Levine's cusp elimination theorem [20].
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Remark 5.11. Adachi [1] has shown that for an open orientable 4-manifold M,
there exists a submersion M —> R2 if and only if there exists a characteristic
cohomology class v G H2(M; Z) such that v -—- v pi(M) 0.

Adachi [1] has also shown that a closed connected orientable 4-manifold M
immerses into R6 if and only if there exists a characteristic cohomology class

v G Ü2(M;Z) such that v -—- v —pi(M). (According to [7], this is equivalent
to that x(M) is even and the intersection form Im is either the zero form or is

indefinite.) See also [17].

Compare these results with ours.
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