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Classification of graded Hecke algebras for complex
reflection groups

Arun Ram and Anne V. Shepler

Abstract. The graded Hecke algebra for a finite Weyl group is intimately related to the geome-
try of the Springer correspondence. A construction of Drinfeld produces an analogue of a graded
Hecke algebra for any finite subgroup of GL(V). This paper classifies all the algebras obtained
by applying Drinfeld’s construction to complex reflection groups. By giving explicit (though non-
trivial) isomorphisms, we show that the graded Hecke algebras for finite real reflection groups
constructed by Lusztig are all isomorphic to algebras obtained by Drinfeld’s construction. The
classification shows that there exist algebras obtained from Drinfeld’s construction which are not
graded Hecke algebras as defined by Lusztig for real as well as complex reflection groups.

Mathematics Subject Classification (2000). 20C, 20F, 52B.

Keywords. Reflection group, Coxeter group, Weyl group, affine Hecke algebra, Iwahori-Hecke
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0. Introduction

This paper is motivated by a general effort to generalize the theory of Weyl groups
and their relation to groups of Lie type to the setting of complex reflection groups.
One natural question is whether there are affine Hecke algebras corresponding
to complex reflection groups. If they exist then it might be possible to use these
algebras to build an analogue of the Springer correspondence for complex reflection
groups.

A priori, one knows how to construct affine Hecke algebras corresponding only
to Weyl groups since both a finite real reflection group W and a W-invariant
lattice (the existence of which forces W to be a Weyl group) are needed in the
construction. Our search for analogues of graded Hecke algebras for complex re-
flection groups was motivated by Lusztig’s results [Lu2] showing that the geometric
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information contained in the affine Hecke algebra can be recovered from the cor-
responding graded Hecke algebra. Lusztig [Lu] defines the graded Hecke algebra
for a finite Weyl group W with reflection representation V. Let t;,, g € W, be a
basis for the group algebra CW of W and let k, € C be “parameters” indexed by
the roots in the root system of W such that k, depends only on the length of the
root o. Then the graded Hecke algebra Hgy depending on the parameters k, is
the (unique) algebra structure on S(V) ® CW such that

(a) the symmetric algebra of V, S(V) = S(V)® 1, is a subalgebra of Hgy,

(b) the group algebra CW = 1® CW =span-{l®t, | g € W} is a subalgebra
of Hgp, and

(€) ts,v = (810)ts, — ko, (v, ) for all v € V and simple reflections s; in the
simple roots ;.

This definition applies to all finite real reflection groups W since the simple roots
and simple reflections are well defined. Unfortunately, the need for simple reflec-
tions in the construction makes it unclear how to define analogues for complex
reflection groups.

For finite real reflection groups, the graded Hecke algebra Hg; is a “semidirect
product” of the polynomial ring S(V') and the group algebra CW. Drinfeld [Dr]
defines a different type of semidirect product of S(V) and CW, and Drinfeld’s
construction applies to all finite subgroups G of GL(V). In this paper, we

(1) classify all the algebras obtained by applying Drinfeld’s construction to finite
complex reflection groups G,

(2) show that every graded Hecke algebra Hgy (as defined by Lusztig) for a
finite real reflection group is isomorphic to an algebra obtained by Drinfeld’s
construction by giving explicit isomorphisms between these algebras.

The results from (2) show how Drinfeld’s construction is a true generalization of
Lusztig’s construction of graded Hecke algebras, something which is not obvious.
Our classification in (1) gives a complete solution to the problem of finding all
graded Hecke algebras for finite reflection groups.

A consequence of our classification is that there exist graded Hecke algebras
for finite real reflection groups which are not obtained with Lusztig’s construc-
tion. In this sense, Drinfeld’s construction is a strict generalization of the algebras
Hgr. These new algebras, and the algebras corresponding to complex reflection
groups that are not real reflection groups, deserve further study and probably have
interesting representation theories.

For us, one surprising result of our classification is that no nontrivial graded
Hecke algebra structures exist for many complex reflection groups. In some sense,
this is disappointing, as we would have liked to find nontrivial and interesting
structures for each complex reflection group.

It might be that we have not yet hit upon the “right” definition of graded
Hecke algebras. For example, we show that there do not exist nontrivial graded
Hecke algebra structures, according to Drinfeld’s definition, for any of the complex
reflection groups G(r,1,n) = (Z/rZ) S, when r > 2 and n > 3. On the other
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hand, in the last section of this paper we are able to construct algebras that “look”
like they ought to be graded Hecke algebras corresponding to these groups. Is it
possible that there is a “better” definition of graded Hecke algebras which applies
to complex reflection groups and which includes the algebras that we introduce in
Section 5 as examples?

Acknowledgements. We thank C. Kriloff for numerous stimulating conversa-
tions during our work on this paper. A. Ram thanks the Newton Institute for
the Mathematical Sciences at Cambridge University for hospitality and support
(EPSRC Grant No. GR K99015) during Spring 2001 when the writing of this
paper was completed.

1. Graded Hecke algebras

In this section, we define the graded Hecke algebra following Drinfeld [Dr|. Our
main result in this section is Theorem 1.9c, which determines exactly how many
degrees of freedom one has in defining a graded Hecke algebra.

Let V be an n dimensional vector space over C and let G be a finite subgroup
of GL(V'). The group algebra of G is

CG = C-span{ty | g € G}, with tgtp = tgn.

Let ay:V x V' — C be skew symmetric bilinear forms indexed by the elements of
G and let A be the associative algebra generated by V' and CG with the additional
relations

tpvt, -1 = hv and [v,w] = Z ag(v,w)ty, for h e G and v,w eV,

geG
(1.1)
where [v,w] = vw — wv. These relations allow every element a € A to be written
in the form
a= pgty,  pg€SV), (1.2)

geaG

where S(V') is the symmetric algebra of V.. More precisely, one must fix a section
of the canonical surjection T'(V) — S(V) from the tensor algebra of V' to S(V)
and take the elements p, to be in the image of this section.

The structure of A depends on the choices of the “parameters” a,4(v, w) € C.
Our goal is to determine when the algebra A will be a “semidirect product” of
S(V) and CG. This idea motivates the following definition [Dr].

The algebra A is a graded Hecke algebra for G if

A2 S(V)®CG as a vector space,
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or, equivalently, if the expression in (1.2) is unique for each a € A. A general
element a € A is a linear combination of products of elements ¢, and u;, where
{ui,ug, ... ,u,}is a basis of V. There are two straightening operations needed to
put a in the form (1.2):

(a) moving ¢5’s to the right, and (b) putting w;u; pairs in the correct order.

These two straightening operations correspond to the two identities in (1.1). Note
that the “correct order” of u;u; is determined by the choice of the section of the
projection T'(V) — S(V). Let vy, vy, v3 be arbitrary elements of V and let h € G.
Applying the straightening operations to tjvivy gives

thv1vg = tplv1, va] + thvavr (rearrange vy and vy)
= tp[v1,va] + (hva)(hvy )ty (move tj, to the right),

and applying the straightening operations in a different order gives

tpvivg = (hvl)(hvg)th

ty to the right
= [hv1, hoalty, + (hva)(hot )ty (move ¢ to the right)

Setting these two expressions equal gives the relation
thlvy, valt,—1 = [hvy, hos), for all h € G, vi,v2 € V. (1.3)
Similarly, applying the straightening operations to vjvovs gives

v1v2v3 = [v1,va]us + vav1vs (moving v past vs)
= [vh vg]vg -+ vg[vh vg] + vousvy (moving v1 past 1}3)

= [v1, va]vs + vav1, v3] + [v2, vs]v1 + vavauL (straightening vy and v3),

and applying the straightening operations in a different order gives

v1vv3 = v1[va, v3] + v1v3V2 (moving vy past v3)
= v1[vg, v3] + [v1, vs]ve + v3v1v2 (moving v1 past v3)
= v1[va, v3] + [v1, v3]vg + v3lvr, va] + vavavy (straightening v; and v3).

These are equal if
[2}17 [1}27 1}3“ + [UZ) [2)377}1]] + [”3) [WLQ}QH - 07 for all v1,V2,V3 € V. (14)

Conversely, the identities (1.3) and (1.4) are exactly what is needed to guaran-
tee that any order of application of the straightening operations (a) and (b) will
produce the same normal form (1.2) for the element a. Thus we have

Lemma 1.5. Let A be an algebra defined as in (1.1). Then A is a graded Hecke
algebra if and only if the identities (1.3) and (1.4) hold in A.
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Using (1.1), the relations (1.3) and (1.4) can be rewritten in terms of the bilinear
forms ag: V x V — C as

ag(v1,v2) = apgp-1(hvi, hvg) and (1.6)

ag(v3,v1)(gua —v2) + ag(ve, v3)(gv1 — v1) + ag(v1,va)(gvs —wv3) =0 (1.7)

for vy,vg,v3 € V and g,h € G.
Let { , ):V xV — C be a G-invariant nondegenerate Hermitian form on V.
For each g € G, set

VIi={veV|gv=n}
(VIO ={veV | (v,w) =0 for all w e V9}, and
kerag ={v eV | ag(v,w) =0 for all w € V}.

Lemma 1.8. Let G be a finite subgroup of GL(V') and let g € G.

(a) (Vo) ={v—gv|veV}

(b) Suppose g # 1. If codim(V9) =2 and a:V x V — C is a skew symmetric

bilinear form such that ker a = V9, then a satisfies (1.7).

Let A be a graded Hecke algebra for G defined by skew symmetric bilinear forms
ag:V xV —C.

(c) If g #1 then keray D V9.

(d) Ifg#1 and ag # 0 then kerag = V9 and codim(V9) = 2.

(e) If g # 1 and ay # 0 then, for all h € G,

ap-1g5,(b1,b2) = det(h)ay(by, ba),

where {by, by} is a basis of (VI): and h': (VI)- — (V9)* is the composi-
tion of h restricted to (V9)- with the canonical projection V.— V/V9.

Proof. (a) Consider the map ¢:V — V given by ¢(v) = v — gv. Then ker ¢ = V9
and im¢ C (V9)* since, if v € V,w € V9, then

(v = gv,w) = (v,w) — (gv,w) = {v,w) — (gv, gw) = (v, w) — (v,w).
Since dim(im ¢) = codim(ker ¢) = codim(V9) it follows that im ¢ = (V9)*.

(b) Let v,v2,v3 € V. If any v; € V9, then (1.7) holds trivially for the skew
symmetric form a. So assume each v; & V9 and write each v; as vQL +wv; where
ot € V9 and v; € (V9)L. Then

a(vi,vy) = a(v; ,v;) and v, — gu; = v; — gu; .
Since dim(V9)+ = 2, at least one of the v; is a linear combination of the other
two. Say v] = couy + cgvg with ca, c3 € C. Substituting v; — gv; = v — gv;
and v{ = covy + cgvg then yields
a(vs, v1)(gvz — v2) + a(vz, v3)(gv1 — v1) + a(v1, v2)(gvs — v3)
= a(vy, vy )(gvg —vy) +alvy,vg)(gvy —vy)+alvy, vy )(gug —vg) =0,
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and so (1.7) holds.
(c) Let vg € V9 and vy € V.
If vy € V9, then ay(vg,v3)(gv1 —v1) =0 for all vy € V by (1.7). Since V9 # V,
there is some v such that gv; # v; and so ag(vy,v3) = 0.
r—1
Ifog & VI, let v = Z g*va, where 7 is the order of g. By (1.6), ag(vs, gFvg) =
k=1
ag(g~*vs, v2) = ay(vs, va), for any k, and so

0 = ag(v3, v1)(gvz2 — v2) + ag(v2,v3)(go1 — v1)
= (r — Dagy(v3,v2)(gva — v2) + ag(v3,v2)(gva — v2) = ray(vs, va)(gva — va).

Thus a4(vs,v2) = 0. Hence, for all vy € V, ag4(vs, v) = 0 and so VI C ker a,.

(d) By (c), codim(V9) > codim(keray). Since a, # 0, there exist v,w € V
with ag(v,w) # 0 and so codim(kera,) > 2. Let v; — gv; and vy — gua be
linearly independent elements of (V9)*. Then (1.7) implies that any element
vz — guz € (V9) is a linear combination of v1 — guvy and vy — gvy, and so

2 > dim((V9)*) = codim(V¥9) > codim(ker a,) > 2.

Thus V9 = ker a, and codim(V9) = 2.

(e) Write hby = h11b1 + ha1ba + (hb1)9 and hby = hiaby + hosbs + (hbg)? with
hi; € C and (hb;)? € V9. Then

ah_lgh(bL b2) - a’g(hbla hb2)
= ag(h11b1 + hatba + (hb1)?, h12b1 + haoba + (hb2)?)
= (h11hg2 — ha1hi2)ay(b1, b2) = det(h™)ay (b1, ba)

since ag is skew symmetric and V9 C ker a,. (Il

The following theorem is a slightly strengthened version of statements (given
without proof) in [Dr].

Theorem 1.9. Let G be a finite subgroup of GL(V) and let Za(g) = {h €
G | hg = gh} denote the centralizer of an element g in G.
(a) If A is a graded Hecke algebra for G, then the values of ap-1gp are deter-
mined by the values of ag via the equation
ap—145,(v1,v2) = ag(hvy, hvg), forall g, h € G, vi,vy € V.

(b) For g # 1, there is a graded Hecke algebra A with ay # 0 if and only if

kera, = V9, codim(V9) =2, and det(h")=1, forallh € Za(g),
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where ht is h restricted to the space (VI). In this case, a, is determined
by its value ay(by,by) on a basis {by,ba} of (VI)L.

(¢) Let d be the number of conjugacy classes of g € G such that codim(V9) = 2
and det(h) = 1 for all h € Zg(g), where h is h restricted to the space
(V9)L. The sets {ag}gec corresponding to graded Hecke algebras A form a

vector space of dimension d+ dim((/\2 V)&).

Proof. (a) is simply a restatement of (1.6).

(b) = If A is a graded Hecke algebra and a, # 0 then by Lemma 1.8,
codim(V9) = 2 and kera, = V9. So qa, is determined by its value a4(by,b2) on a
basis by, by of (V). Suppose h € Zz(g). Then, by Lemma 1.8e,

ag(b1,b2) = ap,gp-1(hb1, hba) = ag(hby, hby) = det(hj‘) ag (b1, ba),

and so det(h') = 1. Note that h(V9) = V9 and h(V9)+ = (V9)! since, for each
v e VI, hiv) = hg(v) = gh(v).

«—=: If codim(V¥9) = 2 then, up to constant multiples, there is a unique skew
symmetric form on V which is nondegenerate on (V9)* and which has ker a, = V9.
Fix such a form and then define forms ay, h € G, by

ag(kvy, kvy) if h =k~ 1gk,

. (1.10)
0 otherwise,

an(v1,02) {

for v1,v2 € V. Let a1 be any G-invariant skew symmetric form on V. Then this
collection {ay}gec of skew symmetric bilinear forms satisfies (1.6) by definition
and (1.7) by Lemma 1.8b. Thus (by Lemma 1.5), it determines a graded Hecke
algebra A via (1.1).

(¢) From (a) and (b) it follows that the sets {a4},eq, running over all graded
Hecke algebras A for G, form a vector space. Since each of the collections {ag} 421
constructed by (1.10) has its support on a single conjugacy class, these collections
form a basis of the vector space of sets {ag}4.1. The only condition on the form aq

is that it satisfies (1.6), which means that it is a G-invariant element of (/\2 V)*.
O

The following consequence of Theorem 1.9 will be useful for completing the
classification of graded Hecke algebras for complex reflection groups.

Corollary 1.11. Assume that G contains h =§ -1 for some & € C\{£1}. If A
is a graded Hecke algebra for G, then ag =0 for all g # 1.

Proof. If h = £ -1 € G, then h € Zg(g) for every g € G and det(h') = £2 if
codim(V9) = 2. The statement then follows from Theorem 1.9b. O
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2. The classification for reflection groups

A reflection is an element of GL(V) that has exactly one eigenvalue not equal to 1.

The reflecting hyperplane of a reflection is the (n — 1)-dimensional subspace which

is fixed pointwise. A complex reflection group G is a finite subgroup of GL(V)

generated by reflections. The group G is irreducible if V' cannot be written in the

form V = V| @ V5, where V| and V5 are G-invariant subspaces. The group G is a

real reflection group if V= C ®p Vg for a real vector space Vg and G C GL(Vg).
The following facts about reflection groups are well known.

Lemma 2.1. Let G be an irreducible reflection group.
(a) [ST, Theorem 5.3] The number of elements g € G such that codim(V9) = 2
i Y ;o Mimy where my, ..., my, are the exponents of G.
(b) [Ca, Lemma 2] If G is a real reflection group and g € G with codim(V9) = 2,
then g is the product of two reflections.
(¢) [OT, Theorem 6.27] For any g € G, the space V9 is the intersection of
reflecting hyperplanes.

Remark. The statement of Lemma 2.1b does not hold for complex reflection
groups. Consider the exceptional complex reflection group G4 of rank 2, in the
notation of Shephard and Todd [ST]. All the reflections have order 3 and —1 € Gy.
Suppose —1 = rs for two reflections r» and s. If s has eigenvalues 1 and w, where
w is a primitive cube root of unity, then »—! = —s has eigenvalues —1 and —w,
a contradiction to the assumption that r is a reflection. Thus —1 € G4 is not a
product of two reflections.

Lemma 2.2. Let G C GL(V) be a complex reflection group. Let A be a graded
Hecke algebra for G and let g € G. Let V¢ ={v € V | gv = for all g € G} be
the invariants in V.

(a) Ifg=1 and dimVC <1, then a; = 0.

(b) If the order of g is 2, then ag = 0.

Proof. (a) Let (,):V x V — C be a nondegenerate G-invariant Hermitian form on
V and write V = VE@(VE)L where (VE): = {v € V | (v,w) =0 for all w e V).
Since dim(V¥) < 1 and ay is skew symmetric, aj restricted to V¢ is 0. There is
a basis aq,...,a; of (V) and constants &1,... ,& € C, & # 1, such that the
reflections sy, ... , s given by

(v, o)

siv=v+4+ (& —1) (or, o)

Q;, forveV,
are in G. Equation (1.6) implies that, for any v € V,

WL Y R— . <@ai7 ot (& - 1)Mai) — B al

(i, o)
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since ay(c;, ;) = 0 (as ap is skew symmetric). Since & # 1, ai(a;,v) = 0 for
1<i<k. Thuskera; =V.

(b) Since g2 = 1, all eigenvalues of g are £1. If codim(V9) # 2, then ag =0
by Theorem 1.9b. If codim(V¥) = 2, then

g =idye @ (_id(Vg)L)

as a linear transformation on V. By [Stl, Theorem 1.5], [Bou V, §5 Ex. 8], the
stabilizer, Stab(V9), of V¥ is a reflection subgroup of G and so there is a reflection
s € Stab(V9) that is the identity on V9. So s € Zg(g) and det(s) = det(s™) # 1,
where st is s restricted to (V9). Thus, by Theorem 1.9b, a, = 0. O

2A. Real reflection groups

If G C GL(V) is a real reflection group then V = Cog Vg and G C GL(Wg), where
VR is a real vector space. We shall assume that G is irreducible.

Let us recall some basic facts about real reflection groups which can be found
in [Hu] or [Bou]. The action of G on V& has fundamental chambers wC' indexed
by w € G. The roots for G are vectors oz € Vg such that the reflections in G are
the reflections s, in the hyperplanes

Hy,={veVW| {v,a)=0}

For each fundamental chamber C, the reflections s, so,... , s, in the hyperplanes
H, ,Ha,,. .. ,H,, that bound C form a set of simple reflections for G. The
simple reflections obtained from a different choice of fundamental chamber wC'

are wslufl7 S 7wsnufl.

Theorem 2.3. Let G C GL(VR) be a real reflection group. Let sy, ..., sy, be a set
of simple reflections in G and let my; be the order of s;s;. Then g € G satisfies
g% # 1, codim(V9) = 2, and det(h™) = 1 for all h € Za(g) (the conditions in
Theorem 1.9¢) if and only if g is conjugate to

M4

(sisj)k, with 0 < k < =%,

for some 1 <i,7 < n.

Proof. = Let o and 3 be two roots such that V9 = H, N Hp (see Lemma 2.1c).
Then H, N Hg has nontrivial intersection with some fundamental chamber C' for
W, and we may assume that H, and Hg are walls of the chamber C (since C'is a
cone in R™). Since choosing simple reflections with respect to a different chamber
wC' corresponds to conjugation by w, we may assume that the reflections in the
hyperplanes H, and Hg are simple reflections and oo = a1 and 8 = a.
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The element g is an element of the stabilizer Stab(V'79), which is a reflection
group by [St1, Theorem 1.5]. Since codim(V¥9) = 2, Stab(V?) is a rank two real
reflection group, and therefore a dihedral group. This dihedral group is generated
by the two simple reflections s; and sg in the hyperplanes H,, and H,, (restricted
to (V9)1) and all reflections have determinant —1. Let g- be the element g
restricted to (V9)'. Since g € Za(g), det(g) = 1, and so g must be a product
of an even number of reflections. Thus g = (s1s2)* or g = (s251)F, for some
0 < k < m/2, where m is the order of sysy. Since g2 # 1, k # m/2, and so g is
conjugate to (sys2)® for some 0 < k < m/2.

+——: Assume that g = (sisj)k for some 0 < k < my;/2. Then V9 = H,, N H,,
and so codim(V9) = 2. Since g is a product of an even number of reflections,
det(g) = 1. The only elements of O(Vg) = Oy(R) that are diagonalizable in
GL(VR) = GLy(R) are £1 and elements with determinant —1. Thus, the eigen-
vectors of the element g (which has distinct eigenvalues since it is not 1) do
not lie in Vg, only in V = C®g R. Let h € Zg(g) and let At € O(VR) = O2(R)
denote h restricted to (V9)-. Since At commutes with g and g has distinct
eigenvalues, g- and h' have the same eigenvectors. Hence, det bt = 1. |

Using Theorem 2.3 and Theorem 1.9b, we can read off the graded Hecke alge-
bras for the irreducible real reflection groups from the Dynkin diagrams. For each
irreducible real reflection group, label a set of simple reflections sq, ... , s, using
the Dynkin diagrams below. If nodes i and j and nodes 7 and k are connected by
single edges, then s;s; is conjugate to s;s; via the element s;s;s.

The following table gives representatives of the conjugacy classes of g € G that
may have ag, # 0 for some graded Hecke algebra A. We assume that the reflection
group G is acting on its irreducible reflection representation V. When G is the
symmetric group S, acting on an n-dimensional vector space V by permutation
matrices, then dim(V¥) = 1 and, by Lemma 2.2a and Theorem 2.3, ag # 0 for
some graded Hecke algebra A only if g is conjugate to the three cycle (1,2,3) = s152
(this example is analyzed in Section 3).

Type R%){teﬁerétgat;év% g
Ap—1 $182

By, 8182, 8283

D, 5253

Fg, B7, Eg 8184

Fy 8182, 8283, 8384
Hs, Hy s1s2, (s152)2, sas3
I5(m) (s182)%, 0 <k <m/2

Table 1. Graded Hecke algebras for real reflection groups
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A1 B,
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FIGURE 1. Coxeter—Dynkin diagrams for real reflection groups
2B. Complex reflection groups G(r,p,n)

The irreducible complex reflection groups were classified by Shephard and Todd
[ST]. There is one infinite family denoted G(r, p,n) and a list of exceptional com-
plex reflection groups denoted Gy, ... ,Gss. In this subsection, we classify the
graded Hecke algebras for the groups G(r,p,n).

Let 7, p and n be positive integers with p dividing » and let £ = 27" Let S,
be the symmetric group of n x n matrices and let

& =diag(1,1,...,1,&1,...,1),
where £ appears in the jth entry. Then
G(r7p7n):{§i‘1~~§f;"w |we S, 0< X\ <r—1, Ay + -+ A, =0 mod p}.

For A = (A1,..., ) € (Z/rZ)™, let £* = 5;1 -.-&M. Then the multiplication in
G(r,p,n) is described by the relations

L T and we = ¥, for \, p € (Z/rZ)", w € S,

where S,, acts on (Z/rZ)™ by permuting the factors. Let v; be the column vector
with 1 in the " entry and all other entries 0. The group G (r,p,n)actson V :=C"
with orthonormal basis {vy,...,v,} as a complex reflection group.
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Every real reflection group is a complex reflection group and several of these
are special cases of the groups G(r,p,n). In particular,

(a) G(1,1,n) is the symmetric group S,

(b) G(2,1,n) is the Weyl group W B,, of type B,,

(¢) G(2,2,n) is the Weyl group W D,, of type D,,, and

(d) G(r,r,2) is the dihedral group I3(r) of order 2r.
The reflections in G(r,p, n) are

£? 1<i<n, 0<k<(r/p)—1, and

gret i, 9), 1<i<j<n, 0<k<r—1,

where (7, 7) is the transposition in 5, that switches i and j.

Conjugacy in G(r,p,n). Each element of G(r,p, n) is conjugate by elements of
S, to a disjoint product of cycles of the form

e (6, i 1, k).

By conjugating this cycle by 5;655‘;15?1;““ e 2¢+”'+>‘k*1 € G(r,r,n), we have

groget et ARG k),  where e=(k— )X+ (k—i—DAgr+-- 4 A1
If i1,49, ... , ¢ denote the minimal indices of the cycles and ¢q, . .. , ¢, are the num-

Ceflgf(clJr“'Jrszl) c
ig

bers ¢ for the various cycles, then after conjugating by 5511 il o

G(r,r,n), each cycle becomes
£,i‘i+'”+>‘k (4,...,k) except the last, which is 5;“52(2'47 e, n),

where a =ci1+---+candb=a+ X\, +---+ A\. If k=n—1ip+ 1 is the length
of the last cycle, then conjugating the last cycle by 55715;7}& e f,jl € G(r,r,n)
gives

onedliy < LV N |

If we conjugate the last cycle by 52 € G(r,p,n), we have
5;“”527”(227 -

In summary, any element g of G(r,p, n) is conjugate to a product of disjoint cycles
where each cycle is of the form

Elii+1,... k), 0<a<r—1, (2.4a)
except possibly the last cycle, which is of the form

& & (igyie+1,...,n), with 0 < a < ged(p, k) — 1, (2.4b)
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where kK = n — iy + 1 is the length of the last cycle.

Centralizers in G(r,p,n). Let Zg, , .)(9) = {h € G(r,p,n) | hg = gh} denote
the centralizer of g € G(r,p,n). Since G(r,p,n) is a subgroup of G(r, 1, n),

ZG(r,p,n) (g) - ZG(r,l,n) (g) N G(?",p, TL)7

for any element g € G(r, p,n). Suppose that g is an element of G(r, 1,n) which is a
product of disjoint cycles of the form (4, .. . , k) and that h € G(r, 1, n) commutes
with g. Conjugation by & effects some combination of the following operations on
the cycles of g:

(a) permuting cycles of the same type, £2(i, ... , k) and & (4,... ,m) withb=a

and k—i=m—j,

(b) conjugating a single cycle £2(4, ... , k) by powers of itself, and

(¢) conjugating a single cycle £2(i, ... k) by & - &b, for any 0 <b <r —1.
Furthermore, the elements of G(r, 1,n) which commute with g are determined by
how they “rearrange” the cycles of g and a count (see [Mac, p. 170]) of the number
of such operations shows that if g € G(r, 1,n) and m, ; is the number of cycles of
type &4 (i, 4+ 1,... i+ k) for g, then

Card(Zs(p1,0(9)) = [[(mapl - K7k - rmar) (2.5)
a,k

Determining the graded Hecke algebras for G(r,p,n). It follows from
Lemma 1.8a that if g = §f+b§,;a(i, ..., k), then (V9)* has basis

{0k —Vk—1,05-1 —Vg—2,... , 041 — & 0} ifb=0, and {u;,...,vp}ifb#0.

Thus, if ¢ € G(r,p,n) and codim(V9) = 2, then g is conjugate to one of the
following elements:

b=£763(1,2,3), 0<a<ged(p,3) -1,
e=£7¢°(1,2), E#0 (sor #1),
d=¢¢e2, 040,040 (sor #1),
e=(1,2)¢, £#0,

f=(1,2)68¢,°(3,4).

It is interesting to note that these elements are also representatives of the conjugacy
classes of elements in G(r, p, n) which can be written as a product of two reflections.

We determine conditions on the above elements and on r, p, and n to give
nontrivial graded Hecke algebras:
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(z) The center of G(r,p, n) is
Z(G(r,p,n)) = {&5---£5 | nt = 0 mod p}.

Since &+ &8 € Z(G(r,p,n)), it follows that p = r or p = r/2 whenever
w2 50,2
2(G(r,p,m) C {1} = {&) - €0, 61 - &%)
(bl) If n > 4, the element 515253523 € Z(b) and has determinant 2 on (V) =
span-{vs — v, vz — {%v1}.
(b2) If n = 3 and p = 0 mod 3, the element 511)/355/35?3 € Za(b) and has
determinant £2P/3 on (V)L
(cl) If n > 3, the element 5152552 € Zg(c) and has determinant £2 on (V)L =
span-{vy, va}.
(c2) If n = 2, p = /2 and p is odd, the element 5117/455/4 € Za(c) and has
determinant £"/2 on (V).
(d1) If » > 3, the element 51551 € Zg(d) and has determinant ¢ on (V4)1 =
span-{vy, va}.
(d2) If p = r/2, the element 57{/2 € Zs(d) and has determinant £/2 on (V )t
(ef) The elements e and f have order 2.
Thus, it follows from Corollary 1.11, Theorem 1.9b, and Lemma 2.2b that if A is
a graded Hecke algebra for G(r, p,n), then

ap =0 unless (i)r=1, or
(ii) r =2, or
(iii) » = 3 and p # 0 mod 3,

a, =0 unless (i)r=2andp=1, or
(ii)) n =2 and p = r/2,

ag =20 unless p=r,n=2and p+# 0mod 2,
ae =10 always, and
ay =0 always.

In the remaining cases, one uses the description of Zg(g) given just before (2.5) to
check that all elements of Z(g) have determinant 1 on (V9)1. Note that n = 3
and p # 0 mod 3 imply that a; = 0 for the elements b = £§£5(1,2,3).

We arrive at the following enumeration of the nontrivial graded Hecke algebras
for complex reflection groups. (The tensor product algebra S(V) @ CG always
exists and corresponds to the case when all of the skew symmetric forms a, are
zero). The table below gives representatives of the conjugacy classes of g € G that
may have ag # 0 for some graded Hecke algebra A.
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Group Revféli"tekslegsa?tz\ée g
G(1,1,n) = (1,2,3)
G(2,1,n) = WB,“ n>3 &1(1,2), (1,2,3)
G(2,2,n) = WD,, n>3 (1,2,3)
G(r,r,2) = Ix(r) ek o<k <r/2
G(r,7/2,2), /2 odd ¢/%(1,2)
G(r,r,3), r#0mod 3 (1,2,3)
G(r,r/2,3), r/2#0mod 3, r £2 (1,2,3)

Table 2. Graded Hecke algebras for the groups G(r,p,n)
2C. Exceptional complex reflection groups

The irreducible exceptional complex reflection groups G are denoted Gy, ... , G35
in the classification of Shephard and Todd. From Table VII in [ST], one sees that
the center of GG is 1 only in the cases G4, G12, G24 and Gs3. By Schur’s lemma,
the center of an irreducible complex reflection group consists of multiples of the
identity. Thus, by Corollary 1.11, the only exceptional complex reflection groups
that could have a nontrivial graded Hecke algebra (i.e., with some a4 # 0) are G4,
G2, G4 and Gs3 (we exclude the real groups). We determine the graded Hecke
algebras for these groups using Theorem 1.9b and Lemma 2.2.

The rank 2 group G4 has order 24 and seven conjugacy classes. The following
data concerning these conjugacy classes are obtained from the computer software
GAP [S+] using the package CHEVIE [G+]. In the following table, w is a primitive
cube root of unity and C(g) denotes the conjugacy class of g.

Conjugacy class representatives for G4
Order(g) 1 4 3 6 6 3 2
det(g) 1 1 w w wl wl 1
IC(g)] 1 6 4 4 4 4 1
1Za(g)] | 24 | 4 6 6 6 6 | 24

The elements with determinant 1 and order more than 2 in G4 all have order 4.
If g is an element of order 4, then |Z5(g)| = 4 and every element of Zg(g) has
determinant 1 since Z5(g) is generated by g. Hence, by Theorem 1.9b and Lemma
2.2, ay can be nonzero for a graded Hecke algebra for G4 exactly when g has order
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4. Thus, the dimension of the space of parameters for graded Hecke algebras of
Gy is 1.

The rank 2 group GG15 has order 48. The computer software GAP provides the
following information about the conjugacy classes of G1sa.

Conjugacy class representatives for Gz
Order(g) 1 2 8 6 8 2 3 4
det(g) 1 -1 -1 1 -1 1 1 1
IC(g)] 1 12 6 8 6 1 8 6
| Za(g)] 48 4 8 6 8 48 6 8

If g is an element in G2 with order more than 2 and determinant 1, then ¢ has
order 3, 4, or 6. Let h be any element of order 8. Then A has determinant —1
and commutes with h2 of order 4. Hence, by Theorem 1.9b, if g has order 4,
then a; = 0. Let gg be a representative from the class of elements of order 6.
Since |Za(gs)| = 6, Za(ge) is generated by gg and hence every element of Zz(gs)
has determinant 1. We can choose gg as a representative for the conjugacy class
of elements of order 3. As gs and g2 commute, (gs) C Za(g2). But |{gs)| =
6 = |Za(gs)|, so Za(g2) is generated by gs and every element of Zz(g3) has
determinant 1. Thus, a, can be nonzero for a graded Hecke algebra A for Gig
exactly when ¢ has order 3 or 6. Thus, the dimension of the space of parameters
of graded Hecke algebras for Gg is 2.

The rank 3 group G4 has order 336. Note that —1 € Goy since Z(G) = {£1}.
Up to G-orbits, there are two codimension 2 subspaces, L and M, that are equal to
V9 for some g € Gy (see [OT, App. C, Table C.5]). Furthermore, Stab(L) = Ag
and Stab(M) 22 Bs. We need only consider elements of order 3 in Stab(L) = Aj
and of order 4 in Stab(M) = By (as the rest have order 1 or 2). In Gyy, there is
only one conjugacy class of elements of order 3 and only one conjugacy class of
elements of order 4 and determinant 1. The table below (obtained using GAP)
records information about these classes.

Certain classes of Gay
Order(g) 3 4
det(g) 1 1
IC(g)] 56 42
1Za(9)l 6 8

If g has order 3, Z;(g) must contain 1, g, g2, and —1, and hence Z(g) is generated
by these elements since | Za(g)| = 6. Thus all elements of Z(g) have determinant 1
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on (V9). If g has order 4 and determinant 1, then Zg(g) must contain 1, g, g2, g°,
and —1, elements which all have determinant 1 on (V9)*. Since |Za(g)| = 8,
these elements generate Z5(g) and so every element of Z4(g) has determinant 1
on (V9)+. Hence, ag can be nonzero for a graded Hecke algebra of G4 exactly
when ¢ has order 3 or g has order 4 and determinant 1. Thus, the dimension of
the space of parameters for graded Hecke algebras for Ggg is 2.

The group G3s is the only exceptional complex reflection group of rank 5. It
has order 72 - 6! and degrees 4,6,10,12,18. There are 45 reflecting hyperplanes
and the corresponding reflections all have order 2. Up to G-orbits, there are two
codimension 2 subspaces, L and M, that are equal to V9 for some g € G33 (see
[OT, App. C, Table C.14]). Furthermore, Stab(L) = A; x A; and Stab(M) = As.
We need not consider the case where V9 = L since then ¢ has order 2 and hence
ag = 0 for any graded Hecke algebra by Proposition 2.2b.

We use a presentation for G33 in six coordinates from [ST]: Let V = C% with
standard coordinate functions z; and consider the group generated by order 2
reflections about the hyperplanes H; = {z2 — 23 = 0}, Hy = {23 — 24 = 0},
Hs = {:E] — 9 = 0}7 Hy = {xl—wxg = 0}, Hy = {:El+1132+$3 +z4+x5+T6 = 0}7
where w is a primitive cube root of unity. The fixed point space of this (reducible)
group is Y = Hyn---N Hy = {(0,0,0,0,z, —z) | z € C}, and Gag is just the
restriction to Y+. Let s; be the order 2 reflection about H;. Let g = s1s3. Then
V9 = Hy N Hs and Stab(V9) =2 Ay. Let h = (s1s3s4)?, the diagonal matrix
with diagonal {w,w,w,1,1,1}. Then h acts as w times the identity on (V9)*
as (V9)+ C C-span{zy,z,z3}. Hence, h commutes with g. But (V9)' has
dimension 2 and A has determinant w? # 1 on (V9)*. Thus, by Theorem 1.9b and
Lemma 2.2, a, = 0 for any graded Hecke algebra. The same argument applied
to Y- shows that Gi33 has no nontrivial graded Hecke algebras. In summary, the
dimension of the space of parameters for graded Hecke algebras for Gsg is zero.

Group g with ag #0
Gy Order(g) =4
G Order(g;) = 3 and Order(gz) = 6
Gy Order(g;) = 3 and Order(gs) = 4,det(g3) =1

Table 3. Graded Hecke algebras for exceptional complex reflection groups

3. The graded Hecke algebras Hy,

In [Lu], Lusztig gives a definition of graded Hecke algebras for real reflection groups
which is different from the definition in Section 1, which applies to more general
groups. It is not obvious that Lusztig’s algebras are examples of the graded Hecke
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algebras defined in Section 1. In this section, we show explicitly how the definition
of Section 1 includes Lusztig’s algebras.

Let W be a finite real reflection group acting on V' and let R be the root system
of W. Let aq,...,a, be a choice of simple roots in R and let sq,...,s, be the
corresponding simple reflections in W. Let s, be the reflection in the root « so
that, forv e V,

50 =v — {v,a")a, where oV = 2a/{a, a).

Let RT = {a > 0} denote the set of positive roots in R.
Let k. be fixed complex numbers indexed by the roots o € R satisfying

Eve = Kas forallwe W, a e R. (3.1)

This amounts to a choice of either one or two “parameters”, depending on whether
all roots in R are the same length or not. Asin Section 1, let CW = C-span{t, | g €
W}, with ¢4t = tgn, and let S(V) be the symmetric algebra of V. Lusztig [Lu]
defines the “graded Hecke algebra” with parameters {k,} to be the unique algebra
structure Hgr on the vector space S(V) ® CW such that

S(V)=58(V)®1is a subalgebra of Hgy, (3.2a)
CW =1®CW is a subalgebra of Hg, (3.2b)

and

to,v = (8;0)ts, — ko, (v, @),

for all v € V' and simple reflections s; in the simple roots o;.
(3.2¢)

We shall show that every algebra Hgy as defined by (3.2a—c) is a graded Hecke
algebra A for a specific set of skew symmetric bilinear forms a,.
Let k, € C as in (3.1). Use the notation

h=4%> kea'ts,, sothat  (v,h) =3 kafv,a")ts,  (3.3)
a>0 a>0

for v € V. The element h should be viewed as an element of V @ CW, and
{v, by € CW. With this notation, let A be the algebra (as in Section 1) generated
by V and CW with relations

t,v = (go)t, and [v,w] = —=[{v, h), {(w, k)], forv,weV,ge W.
(3.4)



326 A. Ram and A. V. Shepler CMH

Note that A is defined by the bilinear forms

Do kaks((0,8Y)(w,a") — (v,0") (w, 8Y)) .
a, B3>0

The following theorem shows that the algebra A satisfies the defining conditions
(3.2a—c) of the algebra Hg.

Theorem 3.5. Let W be a finite real reflection group and let A be the algebra
defined by (3.4).
(a) Aswector spaces, A = S(V)RCW (and hence, A is a graded Hecke algebra).
(b) If v =v—(v,h) forveV, then
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