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Generalized Whittaker vectors for holomorphic and quater-
nionic representations

Nolan R. Wallach

Abstract. The conjugacy class of parabolic subgroups with Heisenberg unipotent radical in a

simple Lie groups over C not of type Cn contains an element defined over R for each quater-
nionic real form. In this paper we study the Whittaker models for quaternionic discrete series of
these real forms and prove results analogous and by analogous methods to the case of simple Lie

groups over R that are the automorphism groups of tube type Hermitian symmetric domain and
(so-called Bessel models) for holomorphic representations. In particular we calculate the
decomposition of the space of Whittaker vectors under the action of the stabilizer of the corresponding
character in a Levi factor of the Heisenberg parabolic subgroup.

Mathematics Subject Classification (2000). 22E46, 22E47.

Keywords. Representations, Lie groups, Whittaker vectors, quaternionic discrete series.

1. Introduction

The Fourier coefficients of a classical automorphic function at a cusp can be
interpreted as defining certain classes of continuous functionals on the space of smooth
vectors of the corresponding automorphic representation. The constant term (zero
Fourier transform) yields a conical vector. The other Fourier coefficients yield
Whittaker vectors. In the classical theory the underlying group (at the infinite
place) is SL(2, R) and the representations occurring are principal series for Maas
forms and discrete series for the holomorphic forms. Recently, B. Gross has
extended the circle of ideas involving classical holomorphic automorphic forms to
the forms on arithmetic quotients of split Gi corresponding to quaternionic
discrete series. Here the "Fourier coefficients" are replaced by generalized Whittaker
vectors parametrized by binary forms over R of degree 3. His theory suggested
that the classical holomorphy condition (the only non-zero Fourier coefficients are
the positive ones) be replaced with a quaternionic condition which translates to
positive discriminant. That this is true is a consequence of the main theorem of
this paper.

Research partially supported by an NSF Summer research grant.
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Before we give a description of the main results of the paper we will explain
what we mean by a generalized Whittaker vector. Let G be a real reductive group
and let P be a proper parabolic subgroup with unipotent radical N. We fix a Levi
subgroup of P (that is a Lie subgroup, M, of P such that the map M x N —> P,
m,n i—> ran is bijective). Let ip : N —> S*1 be a unitary character. The abelian-
ization of ./V, V N/[N, N], is isomorphic as a Lie group with an n-dimensional
vector space over R. The set of unitary characters can be identified with the real
dual space of V, V* as follows: if A G V* then the corresponding unitary character

isni-> exp(«A(n[./V, N])). We will say that the character corresponding to A is

generic if the orbit of A under the action of M on N by conjugation is open in V*.
If (tt, H) is a unitary representation of G then we will use the notation H°° for
the smooth Fréchet representation of G on the C°° vectors in H. We will denote

by Wh^(H) the space of all continuous linear functionals, z/, on H°° such that
z/(7r(n)/i) VlVrMM for au /i G F°° and n G AT. In the case of G SL(2,R)
with P the standard parabolic subgroup consisting of upper triangular matrices
then

N
1 x
0 1 ,M

A 0

0 A-l \x G.

and it is clear that the condition that a unitary character of N be generic is just
that it be non-trivial. It follows from a result of C.Moore that if (vr,i7) is an
appropriate choice holomorphic discrete series representation for G then all of the

generic rip such that WhT(H) ^ 0 are of the form i\) I \

J exp(«tx) with

all t > 0 (an independent proof will be found in section 2 furthermore the choice

will be made). The analogous situation for Gi is that one of the two parabolic
subgroups of dimension 9 has a 5 dimensional Heisenberg group for its unipotent
radical. We will fix this parabolic subgroup (that this is a correct choice for quater-
nionic discrete series is clear from the paper of [Gr-W] also there will be evidence
later in this introduction) the identity component of M has commutator group
locally SL{2, R) and its action on the unitary characters on N is via the 4 dimensional,

irreducible representation (the binary forms of degree 3). The condition
that a unitary character be generic is that the discriminant of the corresponding
form be non-zero. We prove (following Gross's suggestion) that the condition that
there exist a non-zero Whittaker vector for a quaternionic discrete series
transforming by ip is that the discriminant be positive. The structure of the space of
such vectors is also described (also conjectured by Gross). We will describe this
aspect in full generality later in this introduction.

We will now describe the main results of this paper. Let G be a connected
simple Lie group over R let if be a maximal subgroup of G subject to the
condition that if Z is the center of G then K/Z is compact. We say that G is of
Hermitian type if K contains a one dimensional center (denoted T) it is said to
be of quaternionic type if K contains a normal subgroup, K\, isomorphic with
SU(2) such that the isotropy representation of SU(2) on the tangent space to the



268 N. R. Wallach CMH

identity coset in G/K is equivalent to a multiple of the action of the unit quaternions

on the quaternions under left multiplication. If G is of Hermitian type then
a unitary irreducible representation is said to be holomorphic or antiholomorphic
if it is admissible when restricted to T (this means that as a representation of T
it splits into a direct sum of one dimensional representations with finite multiplicity)

If G is quaternionic then a unitary irreducible representation of G is said to
be quaternionic if it is admissible when restricted to K\. We will first describe
the results in the Hermitian case. We note that if G is simply connected then
T is isomorphic with R under addition. Thus the group of unitary characters of
T is also isomorphic with R under addition. If (tt, H) is an irreducible unitary
representation of G that is admissible with respect to T then the set of unitary
characters that occur in the decomposition of H when restricted to T all either
positive or negative. We say that G is of tube type if there exists a connected
subgroup G\ of G that is locally isomorphic with SL(2, R) and T C G\ (we may
and do assume that T is locally SO(2) in SL(2,B.)). We will assume that G is
tube type. Fix Pi in G\ corresponding to the upper triangular parabolic subgroup.

~
0

"

with fix h G Lie(G\) such that h corresponds to the diagonal matrix
0 -1 in

Lie(SL(2,R)). Then using the element h we can construct a parabolic subgroup
P of G. Let y G Lie(G\) be such that y corresponds to the matrix

0 0

1 0

Then we may look upon y as defining a unitary character of N via ipo(exp(x))
exp(iB(y,x)) (here N is abelian and we can therefore identify it with its Lie
algebra). One can show that the orbit of ipo is an open convex cone, C, and that
if ip is such that WhT(H) ^ 0 for some holomorphic representation (after we
have made a choice consistent with that for G\), (tt, H), then ip is in the closure
of the orbit of ipo. If H is generic in a suitable sense (e.g. it is a holomorphic
discrete series representation) then WhT(H) ^ 0 for all ip in the closure of the
orbit and the action of the stabilizer, M^, of ip on the space WhT(H) ^ 0 is

equivalent with its restriction to a spécifie finite representation of M to M^ that
is explicitly computable from the minimal K-type (it is in fact the action of M
on Whf(H)). The point of this discussion is to point out the critical role of one
spécifie subgroup of G that is locally isomorphic with SL(2, R). The key is that
groups locally isomorphic with SL(2, R) are the smallest non-compact simple Lie
groups that are of Hermitian type.

We will now look at the quaternionic case. Here the smallest such group that
is non-compact is locally isomorphic with SU(2,1). We now assume that G is

quaternionic. We note that if G is not locally Sp(n, 1) then there exists a Lie
subgroup of G, S that is locally isomorphic with SU(2,1) containing K\ and
invariant under the Cartan involution of G corresponding to K, 9. We fix a minimal
parabolic subgroup, P±, of S. Let P\ M\N\ be a Levi decomposition and
let A\ be the identity component of the center of M\. Fix h G Lie(A\) such
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that the eigenvalues of ad(h) on Lie{N\) are strictly positive. Then using h we

can use the standard method to construct a parabolic subgroup, P MN with
M {g G G\ad(g)h h}. This real parabolic subgroup is up to conjugacy the
one that was studied in [Gr-W]. The generic unitary characters of Ni form a single
orbit of Mi (indeed they are just the non-trivial characters). We will say that a

unitary character ip of N is admissible if the restriction of ip to mJVim"1 is non-
trivial for all m G M. The admissible unitary characters of N form a single orbit
of M (which in the special case of Gi is the orbit of positive discriminant and will
be described in general in section 7 of this paper). The main theorem is that if
(tt, H) is a quaternionic discrete series of G and if ip is a generic unitary character
of N then WhT(H) ^ 0 if and only if ip is admissible and if so the representation
of M,,p on Wh^(H) is determined as the restriction to M^ of a finite dimensional
representation of M constructed from the minimal K-type of H (in particular it
depends only on H). The first example that indicates the full subtlety of this result
is G locally isomorphic with SO(A, 4), that is, the smallest real rank 4 quaternionic
group. The result rests on a subrepresentation theorem for quaternionic discrete
series in (degenerate) principal series induced from finite dimensional representations

of P and an analogue of the multiplicity 1 theorem for generalized Whittaker
model for these induced representations. The subrepresentation theorem and the
result on Whittaker models (Theorem 12) are of independent interest. The latter
is a special case of a general theorem on such models (based on a strengthening of
Bruhat theory due to Kolk and Varadarajan [Ko-V]) which will appear in a later
paper. However, full details for the case at hand are in this paper.

The literature in the holomorphic case is very rich and we are certain to have
missed appropriate references to important contributions. (One such piece of work
is [Gr-D] which also contains a substantial bibliography.) We have given an exposition

of this case to emphasize the similarities and differences with the quaternionic
case. Also, the material of section 10 of this paper is perhaps new (even in the case
of the holomorphic discrete series since it involves the full spectrum from conical
to Whittaker).

We would like to take this occasion to heartily thank the first reviewer of this

paper for his list of "clarifications requested" and his second set of questions which
turned out to involve gaps and one error in the original manuscript. The reviewer
suggested that we look at the main result of [Ko-V] as a method of fixing the

error. This important extension of Bruhat theory did indeed help significantly.
Fortunately, no statement of a main result was changed in fixing these lapses.
As indicated above, the material of this paper stems from some questions and

conjectures of B. Gross. We would like to thank him for the initial question, for
his amazing intuition that consistently helped us stay on the correct path and for
his encouragement during this project.
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2. The case of G locally SL(2,R)

In this section we will collect some results about Whittaker models for G a covering
group of SX(2,R) with covering homomorphism v : G —> SX(2,R). Some of them
are not so readily accessible so we will give a relatively self contained exposition.
We take the usual basis

ro il rooi m ox- [ooj'y- [ioJ'F- [o-i
for Lie(G) which we identify with Lie(SL(2, R)) via the differential of v. Let P be
the usual parabolic subgroup consisting of the normalizer in G of span H, X. Then
P MN with M Zexp(RH) and N exp(RX) and Z is the center of G. Let
a : M —> Cx be a group homomorphism. We extend a to P by setting <r(n) 1,

n <£ N. Let /(<r) denote the representation obtained by inducing (unnormalized)
a from P to G. Let I°°(cr) be the space of all C00 vectors in I (a) with the usual

topology. This space can be described as the space of all C°° mappings, /, from
G to C satisfying

f(pg) a(p)f(g)

with the C°° topology. G acts on I°°(cr) by the right regular representation
K*(g)f(x) f(xg). Let K SO(2). Then G/P K/Z 5O(2)/{±1}. We
set I{(j)k equal to the space of K finite vectors in I°°(a).

If X is a unitary character of N then there exists rx G R such that x(expxX)
eirxx for x g j^ ^re ,-[eno^e )-,y Wh^(I(a)) the space of all continuous linear
functionals A : I°°(a) -> C such that A(?r(n)/) x("-)"1A(/) for n e JV and

/ G I°°(a). The following result is well known (see [J]).

Theorem 1. If rx ^ 0 then dim ^^(/(cr)) 1.

We will now discuss the implication of this result to Whittaker models for the
discrete series of G. We set H {z G C| Imz > 0}. Let n be in R and let H^
denote the space of all holomorphic / : H -^C such that

/ / \f{x + iy)\2yn-2dydx<oo.
— cx) JO

We set
(•OO pOO

(f,9)= / f(x + iy)g(x + iy)yn-idydx
J-oo JO

for f,g in i7™. The group G acts on the Hilbert space i7™ as follows.

if
\a b

c d
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Here we use the branch of (—cz + a)~n that agrees with the usual rational function

for n G Z. Then one can check that this action defines a non-zero unitary
representation of G if n > 1. Setting

îk,n(z)

and

k(9)

then

cos 9 sin 9

— sin 9 cos 9

The functions /fcn form a basis of the space of if-finite vectors in i7™, (H^)k-
We set i7™ equal to the space of all / with / G iî™. With g & G (given as above)
acting by

Thus (-D+, iî") and (Dn i7") are dual representations under the pairing

(f\g) /
-oo J0

with / G H™ and g G iF\
As above, if (tt,H) is a (strongly continuous) representation of G with, i7°°,

the space of C°° of tt and if x is a unitary character of ./V then we will use Wh1^ (H)
for the space of all A : H°° —> C that are continuous in the standard topology of
H°° and

X(n(n)v)=x(n)-1X(v)

for w G H°° and n £ N. The following result is a consequence of a theorem of C.
Moore. We will now outline a more direct proof.

Theorem 2. If rx > 0 then dim W/i~(i7") 1 and VF/i~(i7") 0. If rx < 0

then àimWh^{Hl) 1 and Wh™(H1) 0.

Proof. The argument is based on a realization of the representations i7™ that
is joint work with B. Kostant. We define the following operators on Croo(R>0)
(R>0 (0, oo))depending on a parameter a G M.

We note that all of these operators are formally skew-adjoint on L2(R>0, dt).
Set y J + x. Then one can check that

[x, y] h, [h, x] 2x, [h, y] -2y.
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We note that if ga(t) e~*/2ta/2 then

Jga -*(« + l)(Ja-

We set e *-**>+»>, f W*+v). Then

[J,e] 2ie,[J,f\ -2if,[e,f] -iJ.
We also observe that

ega 0.

Set gn<a fnga then

We set 7a(X) x, "fa(Y) y and ja(H) h. Let Va be the span over C of
the functions gr^a for n > 0. Then {^a, Va) is a representation of Lie(SL(2,M.)).
We note that J ~fa(Y - X) (note that exp(0(y - X)) A;(0)"1). This implies
that (7a, Va) for a > 0, a G Z is equivalent with the underlying (g, if) module of
H"+1. Since an irreducible (g, if) module can have at most one invariant non-zero
Hermitian form up to multiple this implies that there exists a unitary operator
T : H"+1 —> L2(R>0, dt) that maps the space of if-finite vectors (the span of the

fk,a+i) onto Va. We note that this implies that we can define a unique unitary
representation of G on L2(R>0, dt) with underlying (g, if) module Va. We will use

the same notation ja for this representation. Then T defines a unitary intertwining
operator between Da+1 and ja. We also note that

1 U I fit) — e»«*/2 ^ci'\

We finally come to the key point. If r G R>0 then let 6r(f) f(r). Then 5r
defines a continuous functional on the space of C^-vectors for ja. We also note
that

*(-*¦([£ ?])')=«""«/>¦
This implies that if r > 0 and if

"1 u

then 5r G Wh™(H"+1). If we apply complex conjugation we have proved that if
rx > 0 then Wh™(H°+1) ^ 0 and if rx < 0 then W/i~(i^+1) ^ 0.

As is well known, if a > 0, a G N then the representation

is a quotient of I°°(cr) for <r defined as follows:
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for h G Rx. Fix a and the corresponding a then for each character \ on N we
have

1 dimWh™(I(a)) >dimWh™(H*+1) + dimWh™(H°:+1).

The theorem now follows. D

Remark 1. The theory of Verma modules implies that the Harish-Chandra modules

(7a, Va) are irreducible for a > — 1. Thus these modules give an implementation

of the analytic continuation of the discrete series. We refer the reader to [K2]
for an account of the implications of this model. Also see section 10 in this paper.

3. Some properties of holomorphic representations

We will freely use the notation of the previous section. Let Qc be a simple Lie
algebra over C Then then a real form, q, of Qc is said to be of Herrmüan type if
each Cartan involution of q, 9, has the property that the fixed point set Î has a

one dimensional center, c. Fix q of Hermitian type and a Cartan involution 9 of q.
Then we say that q is of tube type if there exists a homomorphism </> : 5/(2, R) —> q

such that 4>{—vT) 9{<f>{v)) for v G 5/(2, R) (the superscript T corresponds to
transpose) and

Throughout the rest of this section we will assume that q is of tube type and

we fix </> as in our définition. We set pc {x G Qc\9x —x}. Set ho i<f>{X — Y).
Then ad(ho) has two eigenvalues on pc, ±2. Let p+ denote the eigenspace with
eigenvalue 2 and p~ with eigenvalue —2. Then pc P+ © P • We note that both
p+ and p~ are commutative Lie subalgebras of q. We set q tc ® p+. Then q

is a parabolic subalgebra of Qc- If W is a tc module then we extend the action
to q by letting p+ act by 0. Let U(fy) denote the universal enveloping algebra of
a Lie algebra [j. We will identify U(q) with its image in U(qc) under the natural
inclusion. We define age module

Assume that G is a connected Lie group with Lie algebra q and that K is the
connected subgroup of G with Lie algebra Ï. If W is the differential of a finite
dimensional K module then N{W) is a (g, if)-module under the action

for g G U(qc) and w G W. If W is irreducible then the module N(W) is called a

holomorphic (q,K) module.
We will use the notation H 4>{H). Then a,d(H) has three eigenvalues on q,

0, 2, —2. We set n equal to the eigenspace for eigenvalue 2 and m the eigenspace
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for eigenvalue 0. Then m is the Lie algebra of M {g G G\Ad(g)H H} and

n is an abelian Lie algebra. Let N expn (we apologize for the two uses of the
letter N there should be no confusion since the group and the module will be

clearly separated by context). Then Q\ MN is a parabolic subgroup of G. Set

qi Lie{M)c($)Lie{N)c- Then one can show (see [Wa2] and [E-W]) that q and

qi are opposite parabolic subalgebras (that is q n q1 is a Levi factor of both q and

qi). This implies that there exists an element n G Ne and p G exp(p+) such that
Ad(p)Lie(K)c Ad(n)Lie(M)C- We observe that if x G p+ and v G N(W) then
there exists k depending on x and v such that xkv 0. We therefore see that
N(W) has a Ko exp(p+)-module structure. We can thus define a Lie{M)c module
structure on W given by lÇQuw Ad(n)(u)(lÇÇ)w) for w G W and u G Lie{M)c-
We will use the notation W for any element in the isomorphism class of this
module. Let Go be a connected simply connected Lie group with Lie algebra Qc
and let G be the connected subgroup of Go with Lie algebra g. Suppose that W
is a finite dimensional if-module which we extend to a holomorphic Ko module.
Then n~lMn is contained in Ko and thus we have an isomorphism class of M-
modules whose differentials give the class of the W. We will also use the notation
W for any element of this isomorphism class of M-modules. The fact that the two
parabolic subalgebras are opposite now has the following consequence.

Theorem 3. Assume that W is a finite dimensional to module then as (</i, K (~\

M)-module N(W) is isomorphic with U(nc)Ç§)W.

If V is a g-module and if ip : n —> C is an R-linear map (hence a Lie algebra
homomorphism since n is commutative) then we denote by Wh^{V) (Wh for
Whittaker vector, as usual) the space of all elements A G V* such that X(xv)
—ip(x)\(v) for v G V and x G n. If U is a finite dimensional (m, K D M) module
then there exists a unique representation of M on U whose differential yields that
module structure. We will use the same notation for that M-module. If ip G n*
then we set M^ {m G M\tp o Ad(m) tp}. With all of this notation and these
conventions in place the above theorem has the following immediate consequence.

Corollary 1. Let W be a finite dimensional K-module and let tp be an element

ofn*c then Wh^p(N(W)) is isomorphic as an M^-module with the module contra-

gredient to W.

This result says that there are always formal (e.g. algebraic) Whittaker vectors.
We have seen in the previous section that under some regularity conditions such

vectors do not necessarily exist. We will now derive a theorem that generalizes
Theorem 2. We first recall the structure of the holomorphic discrete series. We
won't be as explicit as we were in the case of SX(2,R). We fix a maximal abelian
subalgebra, t, of t then îc is a Cartan subalgebra of Qc and of to- Let $ denote
the root system of Qc with respect to îc and let $fc be the root system of to with
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respect to tc. Let $^ be a fixed system of positive roots for tc an(i let $+ be

the system of positive roots in $ given by $^ U {a G Q\a{ho) 2}. Let p denote
the half sum of the positive roots of $+ and let a.o denote the unique simple root
in $+ that is not in $^. Let Z denote the center of G. Recall that a unitary
representation, (tt, H), of G is said to be square integrable modulo the center if

r
/ \(K(g)v,v) \2dg < oo
Jg/z

for all v G Ü". The basic result on the holomorphic discrete series is the following
theorem of Harish-Chandra [HC].

Theorem 4. Let W be an irreducible, unitary K-module with highest weight A

relative to <k\ ¦ Then a necessary and sufficient condition that N(W) be the

underlying (g, K) module of a representation square integrable modulo the center of
G is that (A + p, ao) < 0.

If W satisfies the condition of the above theorem then we will use the notation
(ir\+p, Hx+P) for a choice of an irreducible square integrable representation of G
with underlying (g, if)-module N(W).

Let N denote the connected subgroup of G with Lie algebra n (that is N
expn) as above. If ip is a unitary character of N we will also use the notation
ip for its differential. The non-degeneracy of B implies that there exists y^p G 9n
such that tp(x) iB{y,lp1 x) for x G n.

If (tt, V) is a (strongly continuous) representation of G on a Hilbert space the
H°° will denote the space of all C°° vectors with the usual topology. If ip is a

unitary character of N then we will use the notation Wh^(V) to denote the space

of all continuous functionals A on H°° such that A(?r(n)w) V'(n) 1/^('y) f°r aU

n Ci N and w G iï00. Then we note that (N(W) the space of if-finite vectors of

as an M^-submodule.
Let So denote the simply connected covering group SL(2, R). Let (p : So ^ G

be the homomorphism whose differential is what we have been calling </>. By going
to a covering group of G we may assume that </> is injective. Set S* 4>{SO). We

note that the representations (tt^+p, Hx+p) are unitary and when restricted to C,
the center of K are admissible. Thus since S contains C it and the eigenvalues of
—i(j>(X — Y) are strictly negative it follows that as a representation of S.

a unitary countable direct sum with finite multiplicities mn(A).

Lemma 1. Let ip be a nontrivial unitary character of N. Let (tt,V) be a
representation of G on a Banach space and let X be a continuous linear functional on
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V°° such that

X(ir(n)v) =*P(n)-1\(v)

for n G N and v G V°°. Then for each k > 0 there exists a continuous seminorm
/Xfc on V°° such that

A(7r(exp(lH» < e~fcVfc(»

for allt > 0 and w G V^00.

Proof. We observe that there exists a continuous seminorm k on V°° such that

for all gr G G and -y G V°° (here z/ is a covering homomorphism onto a linear Lie
group with Lie algebra isomorphic with Lie{G) and || ||is a norm on v{G) see

[Wa3]). We will write ||gr|| ||z^(c?)||Since || || is a norm it follows that there
exists m G N and C > 0 such that

||exp(ti7)|| <Cemt

for t > 0. Since -i/1 is nontrivial there exists X G n such that d-i/)(^) —*• Thus

i\{v) X(tt(X)v)

for all v G V°°. If t G R then we have

i\(iT(exp(tH)v) X(Tv(X)Tv(exp(tH)v)

X(Tv(exp(tH)Tv(Ad(exp(-tH))X)v) e-2t

Hence

\\(ir(exp(tH)v)\ < Ce{m-2)tn{

for all v G V°° and t > 0. Set £(«) Ck(tt(X)w). Repeating this argument we
find

The obvious iteration of this idea implies the result. D

If x G n then we will say that x is positive if x G Ad(M)X. We will write
x > 0 if x is positive. We will say that a unitary character, tp oî N is positive if
—idip(x) > 0 whenever x > 0. The main result of this section is

Theorem 5. Let X + p be a Harish-Chandra parameter for a Holomorphic discrete

series. A necessary and sufficient condition that

is that tp he either positive or the trivial character if this is so then

Wh™(Hx+P)lN{w) Whj,(N(W))

as an M^-module.
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Remark 2. In light of Corollary 1 this theorem gives a complete description of
continuous generalized Whittaker models for holomorphic discrete series.

Proof. We first observe that as a representation of S the representation ivx+p ° 4>

splits into a direct sum with finite multiplicities of the representations H^_ (see

the observations above). If there exists x G Ad(M)X such that —iip(x) < 0 then
replacing </> by ^oAd(m)"1 the restriction of any element of Wh,p(N(W)) cannot
extend to a continuous linear functional on any of the spaces {H^_)°°. But this
implies that Wh^(Hx+p) 0. If there exists x G kà(M)X such that ip(x) 0 but
ip ^ 0 then replacing ip by ip o Ad(m)^1 (if necessary) we may assume tp(X) 0.

Thus if V is an irreducible S direct summand of Hx+P then V is equivalent with
H^_ for some k. The space of K D S-finite vectors in V consists of if-finite vectors,
which we will denote Vx. If A G Wh™(Hx+p) then X\Vl factors through V1/XV1
which is a one dimensional space. The element H thus acts a scalar /x. This implies
that if v G V\ then X(Tv(exp(tH))v) e~ßt\(v). Now the previous lemma implies
that A|Vj 0. Since the sum of the spaces Vi (as described) is dense in (Hx+P)°°.
Hence Wh^(Hx+p) 0 in this case also.

To complete the proof we must (only) show that if ip is positive or if ip 0

then WhT(Hx+p) ^ 0. If -i/1 0 this is an immediate consequence of the fact that
N{W)/nN{W) ^ 0. We may therefore assume that ip is positive.

To complete the proof of the theorem we will need several structural results that
we shall see have analogues in the quaternionic case. We will therefore interrupt
the present proof to present these ideas.

We denote by Pp the projection of q onto p given by Pp(x) x~^x The key
result is

Lemma 2. Set ï\ ï n m and pi Ppn. Then we have

[pi, pi] C li, [li, pi] Cpi.
In other words, if we set Q\ t\ (£) pi7 then it is a reductive Lie algebra over R
with given Cartan decomposition.

The proof is a direct calculation using [n, n] 0 and [H, [n, On]] 0.

We now consider the decomposition q 6>n@m@n. Let Pn denote the
projection onto n corresponding to this decomposition. We note that all of the
projections that we have defined intertwine the adjoint action of M D K on q. This
implies that if o is a maximal abelian subspace of pi then since Ad(M n K)a pi
it follows that Ad(M n K)Pna n. Fix a maximal torus, T, of K and let $+ be

a system of positive roots compatible with the parabolic subalgebra q l@p+.
Let 7i..., 7; be the system of strongly orthogonal roots constructed as in [He, pp.
385-386]. Let Uj be the Lie subalgebra of gc isomorphic with 5/(2.C) that has

roots ±7j-. We note that the complexification of our original algebra with basis

X, Y, H is the diagonal subalgebra of the direct sum of the uj. We may choose
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0 ^ Xt G UjOn such that Xt — 9Xt G pi. Then ^- ~R(Xt — 9Xt) is maximal abelian
in p hence in pi. This implies that

Ad(MniT) (j2RX* =n-
\ i /

We also note that we can choose Xi such that J2Xi X. Furthermore, Ad(M n
K)X X.

The Cartan decomposition implies that M (KCiM) exp(a)(K(~]M) we assert

that this implies

Lemma 3. ip is positive or trivial if and only if ip(x) iB(y,x) with y

-Ad(k) J2i yrfXi) with yt>0 and k G M n K.

Proof. By the above we see that since X ^2 Xi we have

Ad(M)X {kd{k)^2xtXt\xt >0,keKDM}.
If Y G 6n then Y -Ad(k) J2 ViOXi with yt G R and k G M n K. Thus the
condition of positivity comes down to

2,Ä-;A#)ExA) <0

for all k G K n M and all Xj > 0. In particular if we take k 1 this implies that

y; > 0. If all of the yt > 0 then y -Ad(mi) J2 SXt) with mi G M. Thus

-B(9X,
Ad(A;)Ad(a)X)

since m^1m kaki with k,ki e KC\M and a G A. Since Ad(if n M)X X we
have

ß(y,Ad(m)X) -ß(6»X, Ad(a)X) - ^a7iß(ÖXi; X4) > 0.

D

We will now complete the proof of Theorem 5. We note that M acts transitively
on the interior of the set of positive elements. This implies that if Wh^(Hx+p) =/= 0

for one positive element in the interior then it is nonzero for all of them. If
v G N(W) and v =£ 0 then the function

fv(n) (ir(n)v,v)

is nonzero and in L2(N) n LX{N) (cf. [Wa3, Theorem 4.5.4, p. 126]). This implies
that there exists an open subset of unitary characters \ such that

in)-1 fv(n)dn =£ 0.
N
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Now the functional

Kw) / X(n)
Jn

i dn

for w G (Hx+P)°° defines an element of Wh^(Hx+p). Thus there is an open subset

of x such that WhT(Hx+p) ^ 0. Now the above vanishing results imply that if
WhT(Hx+p) 0 for all ip positive in the interior then we have a contradiction.
We now look at the boundary of the set. Suppose that tp(X) iB(Y, X). Then

up to conjugacy by an element of M we may assume that Y — J2yiOXi with
yi > 0 for i < r and yt 0 for i > r. Set hr Hr+1 -\ \- Hi (Ht -[Xh 9Xt]).
Let nr be the sum of the eigenspaces for (strictly) positive eigenvalues of ad(hr).
Let Qr be the centralizer of hr in q. We denote by Qr the ideal in Qr generated by

r and 6>(nng^). Then Qr is a Lie algebra of the type we have been studying and

(Hx+P)°°/Onr(Hx+p)°° is the space of smooth vectors for a holomorphic discrete
series for the connected real Lie subgroup Gr of G with Lie algebra Qr. In this
context the restriction of ip to N n Gr is in the interior of the set of positive
characters. The preceding argument now implies the full result.

In section 10 we will show how these results and the techniques of section 9

can be used to prove the theorem announced in the introduction.

4. The case of SU(2,1)

In this section we will prove several results analogous to those of section 2 (the
case of SX(2,R)) for the quaternionic (hence in this case) generic discrete series

for G SU{2,1). To fix notation we take (z, w) z\w\ + Z2W2 — Z3W3. Then G is

the group of all elements of SL(3, C) such that (gz, gw) (z, w) for all z, w G C3.

We will write q Lie(G). We take K to be the subgroup of all matrices in G of
the form

~u 0

0

with u G U(2). We take H to be the matrix

0 0 1

0 0 0

1 0 0

and 0 RH, A e

matrices of the form

MH in G. We denote by M the subgroup of K consisting of

m 0 0

0 vr2 0

0 0m
with u G C and |w| 1. The element ad(H) has eigenvalues 0, ±1,±2 on q. We
set n equal to the direct sum of the eigenspaces for adH corresponding to the
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eigenvalues 1 and 2. We put N en. Then KAN is an Iwasawa decomposition
of G and P MAN is a proper parabolic subgroup of G given in terms of its
standard Langlands decomposition corresponding to our choice of K. Let

'/ 0

0 -1
Then the Cartan involution of G corresponding to K is 9{g) I2,igl2,i-

We set ~
i 0 -i
0 0 0

i 0 -i

-i 0 -i'
0 0 0

i 0 i

Then RX [n, n] and we have

[X, Y] H, [H, X] 2X, [H, Y] -2Y.

Also RX + RH + RY form the Lie algebra of the subgroup Ho SU (I, I)
imbedded in Gn as

~a 0 6"

0 1 0

and

a b

b a
6 0a

We note that CX + CY + CH is just the Lie algebra of SL(2, C) imbedded in
QC =5/(3,C) as follows

a b

c —a

a
0

c

0

0

0

b '

0

—a

Let

x

"0
0

0

1

0

0

0"
0

0
,h

"1

0

0

0

-1
0

0"
0

0

Let b denote the Borel subalgebra of Qc consisting of trace 0 and of the form

^ ^ ^

0*0
0 * *

Let \) denote the diagonal Cartan subalgebra of go- Then b is 0-stable and bCitc
\) + Cx. Thus the simple positive roots corresponding to this choice of Cartan
subalgebra and Borel subalgebra are both non-compact. We write b f) © u
with u the nilradical of b. We note that, in the usual e notation (pour]) the
simple roots are a.\ E\ — £3 and «2 £3 — £2 and the compact positive root
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is ß £\ — £3 o.\ + «2- The coroot associated with ß is h. We also write
Ai, A2 dominant integral forms defined by Aj(<x,) 5lQ (the upper check indicates
coroot).

Associated with this choice of Borel subalgebra is the generic discrete series.

Which we will now study. Let TcGbe the maximal torus of K with complexified
Lie algebra [). That is, the diagonal elements of G. If x is a unitary character
of T with A d\ G f)* then we write x XA and we will also use the notation
tA x{t)- If A is regular and dominant with respect to the choice of b then there
is an associated an equivalence class of square integrable representations of G. We
choose a representative (ttx, Hx) (tta, Ha) of the class.

At the other extreme there is the principal series of representations of G. Let
£ be a unitary character of M and let v be a (quasi-)character of A which we
will write as a 1—? av with v G a*c. We denote by (ttçj,, H^v) the representation
of G induced from the quasi-character man 1—? ^(m)av. The space of H^v is a

subspace of the functions / : G —> C such that f(mang) £,(m)a'y+pf(g) for all

m G ./V, a G A and n £ N and the action by G is by right translation. Here, as

usual, p(h) 7}tr(adh\n) for h G 0. Equivalently, p(ü") 2. We note that Lie(P)c
is a Borel subalgebra of gc and f)i (0© L«e(m))c is a Cartan subalgebra of gc-

Let a be an inner automorphism of Qc such that <r(b) Lie{P)c and <r((j) f)i-
It is unique up to multiplication by an automorphism of the form ead^ with h G f).

We choose it as <r Ad(gr) with

0 0-1
75 75 °

Then A oa defines a Lie algebra homomorphism of Lie{P)c to C This homo-

morphism exponentiates to a quasi-character of P. We will write ma i—> ^A{m)ofA
for the corresponding character of MA. We observe that if /x is a dominant
integral weight and if $M and $_M are the corresponding Zuckerman translation
functors (cf. [Wa3], [K-V]) than (sub K denotes if-finite vectors) $M((i7A)x)

— (Ha)k and if o is an element of the Weyl group then

These assertions will be abbreviated to the statement that the families A —> H^
and A —> H^A'"A are coherent.

If (tt, Ü") is a representation of G we will use the notation Hoo for the space if
C°° vectors in H relative to the action tt and H^ for the space of if-fmite vectors.

Theorem 6. Let A be a unitary character of T that is dominant and regular
relative to b which we write as m^Ai + TO2A2. There exist continuous mjective G-
intertwinmg operator R^ from (H )oo into (H ^3 'v*i )oo for j 1, 2, 3 and /xi A,
M2 {mi + m2)A\ — TO2A2 and /X3 —miAi + (mj + TO2)A2- W^e write R\ for
R\.
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Proof. In [Wai, p. 183] on can find this result stated for if-finite vectors. The
if-finite case implies the result for C°° in light of [Ca], [Wa4], Since there are
no proofs in [Walll] we will give a sketch of a proof based on [J-W] and [K-W].
[K-W] gives 2 Szegö quotient maps for this discrete series. The conjugate dual

parameters are exactly the ones corresponding to \ii and /X3 in the statement (see

[K-W, Theorem 10.8, p. 195]). We now consider Ra- We first look at the case

when Ca 1, that is, the corresponding principal series representation is spherical.
Then we must have A mß with m > 0 and m G Z. Hence v mp. Then in this
case the result is now an immediate consequence of Theorem 5.1 (3) and Theorem
8.2 in [J-W]. To complete the proof we observe that both of the families A —> H^
and A —> H^A'IJA are coherent (see the discussion preceding the statement of the
theorem). D

We will now examine in more detail the case (that appears in the proof above)
when we have an embedding into a spherical principal series representation (that
is £ 1). As in [Wai] this corresponds to the case (A, a\) (A, 0.2). This implies
(in light of the integrality and dominance assumption) that A mß with m > 0.

In this case we have £ 1 and v rap.
We note that the conjugate dual principal series to tti mp is tti.-mp. Thus tta

appears as a quotient of 7Ti,_mp. Let ip : N —> S1 be a unitary character. Then
we have the following spaces:

1. Wh^(H^) {A G (Hi?)*\X ¦ A d^(X)X}.
2. Wh^(H^) {A G (tfJs")'|A o ^.„(n)-1 V(n)A}.
Here the "prime" indicates the continuous dual of the Préchet space H^g. If

ip is generic (which means in this special case that ip ^ 1) and if m > 0 then since

the only generic subquotient of HK 2 p is H£ the maps

jK
rl.mp Tjl.-mp rrm/3

induce respectively (via pullback) isomorphisms [Kol] implies that

Also at the level of C°° vectors the work of [Ca] and [Wa3, Chapter 11] imply that
we have continuous G-homomorphisms

which induce

Wh^{Hl'mp) Wh^(Hmß),Wh^(H-mß) Wh^{Hl'mp).
Let so be the non-trivial element of the Weyl group of G acting on MA. (Then

so|a — 1.) We will fix a representative an element s* G K such that Ad(s*) so.

We set for / G HIf
jfM) I *{n)f{s*n)dn.

Jn
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Here we have made a choice of Haar measure on N and we observe that standard
estimates of Harish-Chandra (cf. [Wa3, Theorem 4.5.4, p. 126]) imply that this
integral converges absolutely and uniformly in compacta of {y G 0^| Re (z/, p) > 0}
and .lfv G Wh^{H^v) for v in this set.

Theorem 7. Let A be a unitary character of T that is dominant and regular
relative to b and let ip be a generic unitary character of N then

1. dimWh^(HA) dim{A G (H£)*\X ¦ A dip(X)X} 2.

2. Wh™(HA) {A G (H* y\X o Tr^in)-1 yj(n)X} Cj£>I/A o RA.
3. Let v G (H )oo then there exists a constant C{v) G C such that

f V(n) (n(n)w,v) dn C(v)jfA UA(RAw)
JN

for w G (H )oo- Furthermore, the integral in the left hand side of this equation is
absolutely convergent and the conjugate linear map v i—> C{v) is not identically 0.

Proof. The first result is due to Kostant [Kol]. The second can be proved as

follows. If A mß with m > 0 then the result follows from the multiplicity 1

theorem for Whittaker models of spherical principal series. For the general case
follows by using the observation of coherence of both the principal series and the
discrete series (as in the proof of Theorem 6) and the methods of the proof of
Theorem 7.2 in [Wa5]. The last assertion follows from Lemma 15.3.7, Lemma
15.7.5 and the proof of Theorem 15.7.1 (in 15.7.6) of [Wa3]. D

5. Some properties of quaternionic real forms

Let Go be a connected simply connected simple Lie group over C Let G be a

quaternionic real form of Go and let K C G be a maximal compact subgroup.
We recall that (up to conjugacy) there is only one quaternionic real form and

one is described as follows. Fix Te a Cartan subgroup of Go with Lie algebra
(j. Let Qc Lie(G) identified with the complexification of q Lie(G). Let $
be the root system of the h acting on Qc- Fix $+ a system of positive roots and

qu a compact real form of q such that [j n Qu is a maximal abelian subalgebra.
Let ß be the largest root of $+ and let ß G f) be the corresponding coroot. Set
9 emad(-P\ Set fl± {X G Qu\eX ±X}. Then G is the connected subgroup
of Go such that Lie{G) g+ + «g^. Let A be the set of simple roots of $+ and
Anc {a G A\a(ß) > 0}. We write ß J^aeA ma«- The following result is a

combination of Table 2.5 and Corollary 4.6 in [Gr-W].

Lemma 4. // Gc is of type An then Anc consists of two elements. Otherwise
Anc {ao} (i.e. consists of one element) and in all cases X^aeA nla 2-

The next result is a critical step in our analysis of principal series embeddings



284 N. R. Wallach CMH

and generalized Whittaker models for quaternionic discrete series. We will denote
by } the Weyl group invariant form induced on \) by a multiple of the Killing
form such that (/?,/?) 2. If a G $ then we use the notation (flc)a f°r the
corresponding root space.

Proposition 1. Assume that Gc is not of type An. If (/?,/?) (ao,ao) 2

then $o {±ao,±(/3 — ao),±/?} is a root subsystem of $ of type A<2 and if
Uc Câo + C/3 + X^ae* (flc)a then Uc C\ Q is a real form of Uc isomorphic with
su{2,1). if Gc *s °f type An then there are 2 non-compact simple roots 0.1,0.2
and we have $^ {±«j, ±(/3 — on), ±/3} «s a root system of type A2 for {=1,2
and /or either 1 Uc Câo + C/3 + X^ae* (flc)a i/iera Uc C\ Q is a real form of Uc
isomorphic with su(2, 1).

Proof. We first consider the case when Gc is not of type An. We note that with our
normalization (/?, ao) 1. So if we do the algebra we find that (ß — ao, ß — a.o) 2

and (ao, ß — a.o) — 1. This implies that ß — 2a.o is not a root. Hence $o is indeed
a root subsystem of type Ai. The real form QdUc is clearly the quaternionic real
form of A-2 (i.e. is constructed as above using Uc n [j, $+ {ao, (/? — ao),/3})
which is isomorphic with su(2,1). The case of An is even easier. D

Note. If we look at Table 2.5 in [Gr-W] then we see that if Gc is not of type Cn
then the hypothesis of the Proposition are satisfied. Hence there is a "canonical"
su(2,1) contained in q. The exceptional cases corresponds to the real Lie groups
Sp(n- 1,1), n > 2.

For the rest of this section we will assume that Gc is not of type Cn and that
if Gc is of type An then we have chosen a.o to be one of the two non-compact
simple roots. Thus we have made a choice of a u su(2,1) in q for each case. As
in [Gr-W] we set 2d \{a e $+|/3 - a e $}|.

Proposition 2. As a u-module Qc Uc © {x G {je|fou] 0} © V © V* with
V equivalent as a u su{2, l))-module with (d — l)-copies of the standard 3

dimensional irreducible module.

Proof. We note that ß G Uc and that the eigenvalues of ad(/3) on gc are 0, ±1, ±2
with the ±2 eigenspaces each 1 dimensional and contained in Uc- Thus on Qc/^c,
ad(/3) has eigenvalues ±1 and 0. In the notation of the previous section ß
corresponds to the element h G sw(2,1). If we use the system of positive roots for
Uc H (j such that ao, /3 — ao are the simple roots and if Ai, A2 are the corresponding
basic highest weights then if A miAi + m^k^ then we have A(/3) m\ + «12.
Hence if A were a highest weight of a non-trivial irreducible representation
occurring in Qc/uc then we must have m\ + m-2 1. Hence m\ 1 and rn-2 0

or vice-versa. Now if F is the finite dimensional irreducible representation with
highest weight Ai then F is the 3-dimensional standard representation and F*
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has highest weight A2. Since the Killing form of Qc is non-degenerate on Uc we
see that the representation of Uc on Qc/^c is self-dual. Thus the multiplicity of
F must be the same as that of F*. It is also clear that multiplicity must be ^
the dimension of the eigenspace for 1 for ad(/3). Since the eigenspace for 1 in Uc
is 2-dimensional we see that the multiplicity of F in Qc/uc is 2d2 2 d — 1 as

asserted. The multiplicity of the trivial one dimensional representation of Uc in
Qc/Uc is equal to dim{x G gc|[xJU] 0} since Up is reductive. D

We note that in particular, the result implies that if U is the connected
subgroup of G such that Lie{U) u then U is isomorphic with SU{2,1). Let Uc be

the connected subgroup of Gc with Lie{Uc) Uc- Then Uc is isomorphic with
SX(3,C).

In the previous section we began with a maximally split Cartan subalgebra of
Lie(SU(2,1)) and derived from it a maximal torus of a maximal compact
subgroup. Here we will trace our steps in the opposite direction. If we identify
Uc n (f) 0 0ae$+fla) with the theta stable Borel subalgebra, b, of Lie{SU{2, l))c
of the previous section then we may retrace the steps in its construction finding
elements X,Y,H eu such that [X, Y] H, [H, X] 2X, [H, Y] -2Y, 9H -H,
9X -Y. Further, adH has eigenvalues -2, -1, 0,1, 2 and {x G u\ [H, x] 2x}
MX. Indeed, H is the coroot of the largest root relative to a Borel subalgebra of
u that is the complexification of a minimal parabolic subalgebra of u. So these
assertions follow from the previous proposition.

We set m {x G g\ad(H)x 0} and ni {x G g\ad(H)x x}, n2 {x G

Q\ad(H)x 2x}. Put n ni +ri2. We set p m + n and note that p is a parabolic
subalgebra of q. We also note that p n u is a minimal parabolic subalgebra of u.
We set P {g G G|Ad(gr)p C p and N expn the nilradical of P.

Lemma 5. We can write n n n u © W such that relative to the decomposition
in the preceding Proposition, W C (V © V*).

Proof. We note that if z, w G ni then [z, w] to{z, w)X with w a symplectic structure

on ni. Let W {w G ni|w(w, u n ni) 0}. Then since us is nondegenerate
when restricted to u n n\ we have ni u n ni © W. Now n2 MX C u. Thus
n u n n © W. The définition of w also implies that [u n n, W] =0. We therefore
see that the Uc cyclic space (under ad) of a non-zero vector in W is a sum of
irreducible subspaces that have highest weight either Ai or A2. Thus W C (V © V*)
as asserted. D

We set Mc {ge Gc\Ad(g)H H}. We put M Mc n G. Then P MJV.
We will determine the set of open orbits of the action of M on ni. Since 9{M) M,
these results will also determine the orbit structure of M acting on 9n\. We will
say that x G ni is generic if Ad(M)x is open in ni. We will use the notation
Lie(M) and m interchangeably.
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In [Gr-W] we proved that the ring of polynomial semi-invariants for Ad(Mc)
acting on (ni)c is <C[u] with u homogeneous of degree 4 and that Ad (Me) has a

unique Zariski open orbit in (ni)c1 given by the subset of x such that u(x) ^ 0.

Lemma 6. Suppose that x G ni and there exists y G 0ni such that [x,y] 2H.
Then x is generic.

Proof. We note that {x, y, 2H} forms a standard basis of a Lie algebra isomorphic
with 5/(2, R). If we apply the representation theory of 5/(2, R) we have that the
eigenspace for 2ad(H) with eigenvalue 2 is equal to the image under ad(x) of the
0 eigenspace. The 0 eigenspace is Lie{M) and the eigenspace for eigenvalue 2 is

ni. Thus [Lie(M),x] ad(x)Lie(M) ni. Hence Ad(M)x is open. D

We now observe that if x G u n ni is non-zero then there exists y G u n 6>ni

such that [x, y] 2H. This every non-zero element of u n ni is generic. If x G ni
then we note that ad(x)4Y is a multiple of X. If x is a non-zero element ofuOni
then this multiple is non-zero. We define a polynomial of degree 4 on (ni)c by
ad(x)4Y f(x)X. Then / is real valued on ni and non-zero. Furthermore, if we

changed the choice of X, Y (maintaining the commutation relation [X, Y] H)
we would only change / by a positive real number. We note that / is a non-zero
multiple of u defined above.

Proposition 3. Let x G ni then the following are equivalent:
1) x is generic.
2) There exists y G 9xi\ such that [x, y] 2H.
3)/(x)^0.
Furthermore, under the condition 1) ad(x) is mjectwe on On. In particular the

element y in 2) is uniquely determined by x.

Proof. Suppose that x is generic. Then [Lie{M) ,x] =n\. Thus if we complexify we
see that Ad(Me)x is open in (ni)c- Hence there exists m G Me such that Ad(m)x
is in u n ni. Thus the observations above imply that there exists u G (0n{)o such

that [x,u] 2H. Now u y + vw with y,w G On^. So [x,u] [x,y] + i[x, w].
Since H, [x, y], [x, w] G Q we see that [x, w] 0 and [x, y] 2H. This proves that
1) implies 2). That 2) implies 1) is the content of the previous lemma.

We will now prove the equivalence of the third condition. We note that if
me Mc then /(Ad(m)z) x(m)2f(z) with x(m) defined by Ad(m)X x(m)X.
If we apply the argument above to x generic then we find that there exists m G Me
such that /(Ad(m)x) ^ 0. Thus f(x) ± 0. Thus 1) implies 3). To prove that 3)

implies 2) it is enough to observe (as we have above) that {z G {n{)c\f{z) ^ 0}
consists of a single Me orbit.

We will now prove the last assertion. We note that On is the direct sum of the
—2 and the —4 eigenspace for a,d(2H). Thus the representation theory of 5/(2, R)
implies that ad(x) is injective on 9n. If [x, y] [x, v] 2H. Then [x, y — v] 0.
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Soif v G 0ni, y-v 0. D

Proposition 4. Let x G ni&e generic. Let y denote the element of 9xi\ as in 2)
in the proposition above. Then the Lie algebra generated by {x, y, X, Y} is either
isomorphic with 5/(3, R) orsu(2,l). Furthermore, it is isomorphic with 5/(3, R) if
f(x) > 0 and isomorphic with su(2,1) if f(x) < 0.

Proof. Let [j be the Lie algebra described in the statement. Then if we follow the
proof of the previous corollary we and make the same identifications see that there
exists m G Me such that Ad(m)(jc is isomorphic with the Lie algebra

This Lie algebra is of type Ai. Thus the Lie algebra that we are studying is a real
form of Ai. Since it contains nilpotent elements it must be either isomorphic with
s/(3,R) orsw(2,1).

To prove the last assertion of the proposition we will give another formula for

f(x). Let B denote the Killing form of g. We note that the element ad(x)2Y G

Lie(M) n [) and B(ad(x)2Y, H) 0. Since the Lie algebras 5/(3, R) and su(2,1)
are respectively split or quasi-split over R and since p n f) is a minimal parabolic
subalgebra of \). We see that the element ad(x)2Y is semi-simple and has real
eigenvalues in the case of 5/(3, R) and purely imaginary eigenvalues in the case
of 5«(2,1). Let g(z) B(ad(z)2Y, ad(z)2Y) tr(ad(ad(z)2Y)2) for z G (ni)c.
We note that g(z) B(ad(z)%Y) f(z)B(X,Y). Since [X,Y] H this says
that B(H,H) B([X,Y],H) B(X,Y). Thus g(z) B(H,H)f(z), a strictly
positive multiple of /. Since g(x) > 0 in the case of 5/(3, R) and g(x) < 0 in the
case of su(2,1) the proof is complete. D

Our final goal of this section is to give a description of the open orbits of Ad(M)
in ni to the extent that will be necessary for our analysis of Heisenberg-Whittaker
models (however Lemma 7 is not directly related to this goal but it uses some of
the ingredients in our analysis and might be useful in other contexts). As in [Gr-
W] we will see that there is a uniformity in the answer only for the quaternionic
real forms of real rank 4. If x G ni is generic and if the Lie algebra generated by
{x,y,X,Y} (as above) is isomorphic with su(2,1) then we will say that x is of
complex type. Note that if x G u n ni is non-zero then x is generic and of complex
type by the results above.

Proposition 5. Let x G ni be of complex type. If Ad(M)x n u 0 then there
exists m G M such that B(Ad(m)y, uflni) {0}.

Proof. Assume that x G ni is of complex type. Let D denote the Lie algebra
generated by {x,y,X,Y}. Set j ad(x)2Y then B(j,H) 0 and {j,H} span a

Cartan subalgebra of D. We note that X>c is isomorphic with 5/(3, C). Choosing the
positive roots of Dc to be compatible with nflt) the argument given in Proposi-
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tion 2 implies that Qc decomposes into the direct sum of the adjoint representation,
the centralizer of üc and the direct sum of d— 1 copies of the standard 3 dimensional
representation direct sum with its dual. This implies that if we multiply x by a

positive real number (which doesn't change its M-orbit) we may assume that the
eigenvalues of ad(j) are given as follows: in me they are 0, ±2« in (ni)c they
are ±3« each with multiplicity 1 and ±« each of multiplicity d — 1. Furthermore,
niflD {z£ ni\ad(j)2z — 9z}.

Now let xo G niflu be non-zero and let jo be the element constructed as above

for xo. The conjugacy of maximal compact ton in M implies that there exists
m G M such that Ad(m)j commutes with jo. Replace j by this conjugate. Now
ad(j)(n-iC)u) C r^Piu, since niflu is the full eigenspace for ad(jo)2 for eigenvalue —9

in ni. Thus ad(j)2 has spectrum contained in { — 1, —9} on this space. If ad(j)2
has one eigenvalue /x on niflu then there exists z G niflu such that z^O and
ad(j)2z fiz. But niflu is the real span of z and ad(jo)z thus since [J, jo] 0 we

see that there are two possibilities ad(j)2 is —1 on niflu or ad(j)2 is —9 on niflu.
If the latter is true that niflu niflü and hence x is conjugate to xo. Otherwise,
since, ad(j)2y —9y (önifio is the span of ad(x)y and ad(j)ad(x)Y) we see that
if z G niflu then

-9ß(y, z) B(ad(j)2y, z) B(y, ad(j)2z) -B(y, z).

this completes the proof. D

Let x G ni and y G 0ni be such that [x,y] 2H. Let £ : 5/(2,R) —> q be
defined by

il fool |~i
o oj

' 'x' |_i oj
' *v' [o -l

This exponentiates to a group homomorphism (also denoted £) of SL(2, R) into
G. Let

Define gro £(s). If we set /i 2H. Then the eigenvalues of ad(h) on g are 2 with
multiplicity 2d, —2 with the same multiplicity 0 with multiplicity 2d + dim{w G

m| [u, x] 0}, 4 and —4 each of multiplicity 1. Thus as a representation of SL(2, R)
the composition Ad o £ splits into FA 0(2d - l)F2 0(dimfl-6d - 2)F°. Here Ffc

is a representative of the class of the irreducible k + 1 dimensional representation
of SX(2,R). Now s acts by —1 on the 0 weight space of F2 and by 1 on the 0

weight space of F4. We therefore have

Lemma 7. Let a Ad(go) then a is an involutive automorphism of m such that
ma {z G m\a(z) z) Rad(y)2XQ)mx (mx {z G m\[x,z] 0}). Furthermore,

Rad(y)2X Rad(x)2Y.

Proof. Since the 0 weight space for h is m. It is clear, from the above, that a is
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involutive on m. Also the 1 eigenspace for a acting on m is the direct sum of the
zero weight space in F4 and the isotypic space of F°. This latter space is easily
seen to be mx. Since X (resp. Y) is a highest (resp. lowest) weight vector for the

component of q corresponding to F4, the observations above now complete the
proof. D

We will now begin our discussion of the orbits. We will first study the low
real rank cases. Suppose that G is of type An+\ with n > 1. Then G is locally
isomorphic with SU{2, n) and the action of M on ni is that of Cx x SU(1, n — 1)

on Cn looked upon as a real vector space. Also we have action (z, u)x z2ux. Let
denote a SU(1, n — l)-invariant Hermitian form of signature (1, n — 1).

Then one can check that up to positive scalar multiple we have f(z) —(z,z)2.
Thus the generic elements are exactly the non-isotropic vectors. If n 1 it is

clear that there is exactly one open orbit (the non-zero vectors). In the case when

n > 1 there are 2 open orbits (z, z) > 0 and (z, z) < 0.

The next case we will study is that of BD. Here G is locally isomorphic with
the identity component of 5*0(4, n) with n > 3. Here M acts on V ni by the
action of GL{2) x S*O(2, n - 2) on R2(g)Rn with the Rn factor endowed with a

non-degenerate symmetric bilinear form } of signature (2, n — 2). Let e\, e2

be the usual basis of R2. If v G V then we can write

vx + e2 QxQ v2

we define h(v) det [(vi, Vj)\. The generic elements are precisely those vectors v
such that h(v) ^ 0. Set F(v) equal to the span over R of {vi, v2}- If n 3, and

h(v) ^ 0, then there are 2 possible signatures for the form restricted to F(v) :

(2,0) and (1,1). If n > 4 then there are 3 possibilities (2,0), (1,1), (0, -2). Using
these observations one can see that in the case of 5*0(4, 3) there are two open
orbits and for <S*O(4, n) with n > 4 there are 3. A direct calculation shows that up
to a positive multiple f(v) —h(v) (yet another formula for /).

We note that at this point we have with relative ease completely dealt with all
of the quaternionic real forms of classical type. After we show that the case of G2

is essentially the same as S*O(4, 3).we will handle the remaining quaternionic real
forms (all of real rank 4) by reducing to the case of S*O(4,4)

We now look at the case of G2. If we consider the imbedding of G2 into S*O(4, 3)

compatible with our choice of Heisenberg parabolic subgroup over R then each G2

open orbit intersects in an S*O(4, 3) open orbit. Indeed, the action of the identity
component of M for G2 is given through the action of Rx x SL{2, R) on <S*3(R2)

(third symmetric power). This can be made consistent with the "picture" for
S*O(4, 3) by observing that the map g i-> g(g)S2(g) acting on R2(g)S*2(R2) factors
through SL{2, R) x S*O(1, 2) and then using multiplication in the symmetric algebra
to map to the space <S*3(R2). On checks that under this mapping the orbits of the
M for S*O(4, 3) map onto those for G2 ¦ Hence the result for G2 corresponds that for
<S*O(4, 3). We are left with the R rank 4 quaternionic real forms of the exceptional
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groups.
We will now study the orbit structure on the subset of ni consisting of those z

with f(z) > 0. To do this analysis we fix a ö-equivariant imbedding of Lie(SO(A, 4))
into Lie(G) with the property that LieilJ) is a subalgebra of Lie(SO(A,A))
constructed as above and Lie(SO(A, 4) contains the Lie algebra, o, of a four dimensional

R-split (algebraic) subtorus of M. Let x G ni be such that f(x) > 0 then
ad(j) has real eigenvalues. The conjugacy of R-split tori implies that there
exists m G M such that Ad(m)j G 0. Thus we see that we can conjugate x into
the image of Lie{SO{A, 4)) in the imbedding described as above. As in the study
above of the elements of complex type we may replace x by a positive real
multiple such that the eigenspace for (adj)2 with eigenvalue 9 in D is D fini. Thus
the 2 dimensional eigenspace with eigenvalue 9 for Ad(Ad(m)j) in ni is contained
in the image of Lie(SO(A, A)). Thus Ad(m)x is contained in this image. The
result for S*O(4,4) now implies that where / is positive consists of exactly one
orbit. In the case when f(x) < 0 that is h(v) > 0 Proposition 5 implies that
if the orbit of x is not equal to Ad(M)(unni - {0}) then there exists m G M
such that ß(Ad(m)y,un ni) {0}. The same conclusion can be made from
calculations in S*O(4,4) to see that if f(x) > 0 then there exists m G M such that
ß(Ad(m)y,u n ni) {0}. We have proved.

Proposition 6. Assume that G is of real rank A. Assume thatx is generic andx ^
Ad(M)(unni - {0}). Then there exists m G M such that B{kâ{m)y, u n nt)
{0}.

6. Embeddings of quaternionic discrete series into degenerate
principal series

We retain the notation of the previous section. We will also assume that the
condition of section 5 is satisfied (i.e. that Gc is not of type Cn). The quaternionic
discrete series of G is the family of discrete series associated with the system of
positive roots $+ (see [Gr-W; section 5]). If A G f)* is $+-dominant integral then
we will write (IIa, La) for a representative of the corresponding equivalence class

of quaternionic discrete series representations. We will first study the case when
A Afc p+ (k — d— l)ß with k > d+1. (This weird parametrization is because

then SßA p — kß. Here as usual, Sß is the root reflection about /?.) We will
denote this representation as (lift, Lk).

We recall that Lie(K) Lie(K±) 0 Lie(K2) with Kx SU'(2). The
representations IIa are admissible as i^i-modules. Let U C G be the connected
subgroup with Lie{U) u as in Proposition 1 in the previous section. The results
in that section imply that U SU{2,1) and that K\ C K. This implies that as

a representation of U the restriction of IIa splits into a direct sum of irreducible
representations with finite multiplicities. We now describe the constituents in this
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decomposition explicitly. We first need a bit of notation. Let q denote the 0-stable

parabolic subalgebra of Qc given by

{x e Sc\\ß,x] O}0{x G gc\\ß,x] x}^{x e Sc\\ß,x] 2x).

We set V {x <£ Qc\[ß,x] x}. Then V is a K-i module under Ad. This notation
will only be used in the proof of the following result.

Theorem 8. Assume that G ^ U. The representation (n^jy, Lk) splits into the

orthogonal direct sum

+ d-2\(q + d-
A

Proof. (The notation in this proof will only be used here. It is consistent with
[Gr-W] but not with the previous section.) As a representation of K\ x Ki the
discrete series Lk splits into the direct sum:

n>0

as in [Gr-W] Proposition 5.7. Here K\ SU{2) with Ki acting trivially and V is

a Ä2 module with K\ acting trivially. Now U n Ki is the center of U n if. We
find that as a [/ n if2-module V" V" n Lie(U)c 0 V'. With V' contained in the
orthogonal complement of LieilJ). We write W V D Lie(U)c- Now U n i^2 is a

circle group with character group ZAl~A2. We note that as a £/fl ^-module we
have (the subscripts indicate U n if2-isotypic components)

Here dimW, q,a!-a2 s 1 and dimV^' a,-a, d—1 > 0. Thus
±ö\ 2 I ±^2—

p+q+k+l=n

We note that 5>fc(T/t/±3,A1-A2,) is a one dimensional UC\K2 module on which

acts by the character ±3fc(Al~A2 We denote this one dimensional module as

The if-decomposition described above implies that asaC/flif module we have

n>0

Using this it is an easy matter to see that the decomposition of n^ as a K n C/

module is exactly as described in the assertion of the theorem. Since the if-
character determines a discrete series representation the result follows. D
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We will now use the preceding result to describe an imbedding of Lk into
spherical (degenerate) principal series induced from P. As usual, if (tt, H) is

an admissible representation of G and iî K is a compact subgroup of G then
HK' will denote the K -finite C°° vectors of H. If (a, V) is a finite dimensional
representation of P then we will use the notation I (a) for the representation
induced (non-unitarily) from P to G. Define x ¦ P -? Rx by Ad(p)X x(p)X,
peP.

Theorem 9. LetU\ he a Lie subalgebra of Q isomorphic with su(2, 1) and containing

Lie(Ki) and X,Y,H. Let k > d+1 then there exists an infective (Q,K)-module
homomorphism of LkK into I(xk 1\x\)k-

Proof. In the course of this proof we will use the notation of the previous section.
We observe that n nfl u0T/l/ as in Lemma 5 section 5. Since [n, n] CnflM we
see that n n u is a normal subalgebra of n and the projection of W into n/n n u is

a bijective linear map onto an abelian Lie algebra. We will now use the previous
theorem to analyze the m n u@n-module LkK/{n n Vt)LkK. We will think of this
space as a We module with W identified with its image in n/n n u. We note that
as an m nu-module We W/Ai©Wa2 (see Lemma 5 section 5). Also LkK LhK

We note that we are identifying characters A and A o a. Thus

^ d_2 [ d_2

Thus if we set cpA (p+ddS22) C^2) then we have

2 -. Tr(k-

LkK/(nnu)LkK

dS2

K

p,q>0

as a m n u0T/l/-module. As an m n u-module we have (taking into account the p
shifts)

- ^¦{k+p)A1+{k+q)A2

by Theorem 6. The decomposition above of We implies that

z= 0 CM<1+p)Al+('-1+')A7(nnH)<-1+p)
p+q>0

is a mnu0T/l/-submodule of LkK/{nC\u)LkK. By comparing weights we see that W
acts trivially on [LkK/[nC\u)LkK)/Z. Let v denote the natural projection of LkK/{nC\
Vt)LkK onto LkK/nLkK. We therefore have an (mnu)@n-module homomorphism of
LkK onto CfcAi+fcA2 (with n • 1 0). We now compute the 2/c-eigenspace for H in
LkK/(n n u)LkK. We note that H acts by 2k + p + q on (C(k+p)A1+(k+q)A2 an(i by
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k+p+ 1 on C(2fc+p+g_i)A1-(fc+g-2)A2 or C_(fc+q_2)Ai+(2fc+p+g-i)A2- Thus the 2k

eigenspace is

Cfc(A1+A2) £
p>0

We now note that we have as basis of tuflu the elements H and J with
Ai(J) i and A2(J) —i. Thus the weights of J on C(3fc+J))Ai-(fc+p-2)A2 an(i

(C-(fc+p-2)Ai+(3fc+p)A2 are respectively 4k + 2p and — (4k + 2p). We recall that
k > d + 1 > 3. We also note that the eigenvalues of ad(J) on Qc are 3«, —3«, {,

—{, —2%. Since the 2k eigenspace for H on LkK/nLkK is a J-module quotient of the
2k eigenspace of LkK/(n n u)L^- the above weight theoretic arguments imply that
[m,m]z/(Cfc(J\1+A2)) 0- Thus Lie(P) acts on ^(Cfc(A1+A2)) by kd\- To complete
the proof of the theorem we must show that if m G M then it acts on f(Cfc(A1+A2))
by IxMlxM*-1.

If m G M DK then since ifi is a normal subgroup of if we see that mifim^1 C

ifx. Also Ad(m)i7 H and RAd(ifi)# {z G u|0z -z} u_. Thus Ad(m)
stabilizes u_. Since u u_ + [u_,u_] it follows that Ad(m)u u. Fix x G un ni
with B(0x,x) -1. Then if y -c0x we have B([x,y],iT) -oB(x, [0x,i/])
-cß(x, 0x). Thus if we take c 2B(H, H) then [x, y] 2i7. Let M° denote the

identity component of M. If m G KC\M then Ad(m)u n ni Cufl ni. Let U denote
the connected subgroup of G with Lie algebra u. Then KC\MC\U acts transitively
on {z G unn1\B(z,9z) -1}. Thus there exists u e K C\ M C\U such that
Ad(w)Ad(m)x x. Since ifnMnU is connected, this implies that if (Mnif)21
{m G if n M\Ad(m)x xjthen (M n if)XMO (Mfl if)M° M. We therefore
must show that if m G (ifnM)x then it acts on z/(Cj;(a1+a2)) by x(m)k 1- Fix such

an m. Then we note that Ad(m)y y (since Ad(m)i7 H), Ad(m)X x(w)X,
and Ad(m)y x(m)^"- Thus if x(m) 1 then Ad(m) acts trivially on u so

ß(m) 1. In particular, since the subrepresentation H^k 1)(Ai+A2) occurs with
multiplicity one in Lk we see that m acts as a scalar on that space. The scalar,
can thus be calculated from the action of if on the minimal if-type which has

highest weight (k — l)ß. We now look at the case when x(m) ~1 (note that
x(m) is a unitary character taking real values). This time we have

Ad(m)x x, Ad(m)y y, Ad(m)X -X, Ad(m)y -Y.

This implies that if we identify U with SU(2,1) then mum 1
u (complex

conjugation). Hence on Uq (identified with SL(3,C)) we have mum^1 l2,i(uT) lIi,i
(here we use the notation of section 3 and super T is transpose). This implies
that Ad(m) preserves the /3-root space and ß(m) xm)- We observe that since

m G if it preserves the minimal if-type. Since it normalizes u it preserves the

space H^k 1^Al+A2\ it therefore acts on the space v(tCk{Al+A2)) by its value on
the minimal if-type which is the scalar ß(m)k l. This completes the proof. D
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7. Generic characters

In this section we will study generic unitary characters of N with P MN as in
the previous sections. We will use the définition in [Wa5] which we will now recall
in our context. Let ip : nc —> C be a Lie algebra homomorphism. Then there
exists z^p G {On\)c such that tp(u) B{z^,u) for u G ne- We say that ip is generic
kà(Mc)zip is open in {6n\)c-

If ip is a unitary character of N then we will also use the notation ip for its
differential. Then ip i(p and so z^ iz^. If we interchange H with —H then we

note that ip is generic if and only if z<p is generic. The results in section 5 imply
that there exists a unique x<p in ni such that [x0, z<p] 2H. In this section we will
determine the generic unitary characters of N that give rise to Whittaker models
for the quaternionic discrete series. Before we can do this we will need some simple
analytic results.

We first give a simple asymptotic result on the growth of certain generalized
matrix entries. Let ip : n —> «R be a Lie algebra homomorphism. We will identify ip

with the corresponding unitary character of N. If (tt, V) is Hilbert representation
of G then we will use the notation

Wh$(V) {A G OAoTr(n)-1 V(n)A}.

Lemma 8. Let (tt,V) be a Hilbert representation of G. If ip ^ 0 (i.e. not the

trivial unitary character) then for each k 1,2,... there exists a continuous
semmorm V]~ on V^ such that

|A(7r(explH»| < e~ktvk{v)

for t > 0 and v G V^,.

Proof. The argument is essentially the same as that in Lemma 1 section 3. Fix x G

ni such that tp(x) ^ 0. We may assume that tp(x) —i. Then X(tt(x)v) i\(v).
Also Lemma 11.5.1 in [Wa3] implies that there exists a continuous seminorm \i on
Voo and c > 0 such that

|A(7r(explH»| <ectjj,{v)

for all t > 0 and v G V^,. We have

-«A(7r(expti7)7r(Ad(exp -tH)x)v)

We therefore have

|A(7r(explH»| < e-*ecV(vr(x)w.

Weset/xi(w) =/x(tt(x)w. Then |A(7r(expti7)w)| < e"*ecVi(«) for all w G Voo,t > 0.

We replacing /x by \i\ and c by c— 1 we can repeat this argument. The result follows
by the, by now, obvious iteration of this method. D
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We will now come to the crux of the matter.

Theorem 10. Let ip be a non-trivial unMary character of N. Let k > d — 1 and
let A G Wh1^(Lk). If rip(n (lu) =0 (recall that we are using the same notation for
tp and the differential of tp) then A 0.

Proof. The representation Lk is admissible with respect to K n U. Thus the
decomposition given in Theorem 8 in section 6 applies to the if-finite vectors
which are contained in the C°° vectors. Let W be an irreducible summand of Lk
restricted to U. Then WKnU C L^. Since ip(n C\u) 0 it follows that X\wKnU
factors through WKnu/((n H i^W^nc/)- This space is finite dimensional and is

invariant under the action of H. This implies that there exist ci,...,c<f G C,
non-negative integers n\,..., na and linear functionals qij, i 1,..., d and j
0,..., ni on Wkhu such that

for all v G W^nu- We note that if </>(£) ^2t ec%tt3al3 (finite sum) with al3 G C
and if for each m G Z, m > 0 there exists Cm such that

for all t > 0 then ay 0 for all «j. Thus Lemma 8 implies that \wKnu 0- This

|Lj= 0. Since LkKnUimplies that A|Lj= 0. Since LkKnU is dense in L^, A 0. D

This leads us to a new définition. Let i/ibea non-degenerate character of N.
Then we say that ip is admissible if -i/1 ° Ad(m)|nnu 7^ 0 for all m G M.

The main result of this section is

Theorem 11. Let ip be a non-degenerate unitary character of N. Then the

following are equivalent
1. There exists k>d+l such that Wh^(Lk) ^ 0.

2. Wh™(Lk)^0 for allk >d+l.
3. ip is admissible.

Furthermore, the set of admissible characters of N form a single orbit under
the action of M.

Proof. We note that the preceding theorem implies that if condition l.is true for
ip then tp is admissible. Thus we see that 2. implies 1. implies 3. We therefore
must only prove that 3. implies 2. This assertion will be proved as follows. We

will first show that for each k there exists at least one non-degenerate tp such

that Wh^(Lk) ^ 0. We will then prove the last assertion of the theorem. The

combination implies that Wh^(Lk) ^ 0 for all admissible tp. This will complete
the proof. We now began the implementation of the plan.
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To prove that there exists some non-degenerate ip such that Wh^(Lk) ^ 0. We

observe that if A (k — l)(Ai + A2) then we have a unitary imbedding of H^nU
into LkK (see Theorem 4). We will identify this space with its image. We will
apply Theorem 7 in section 4 which implies that there exists a unitary character

X of N n U and v, w G H^-nU such that

x{n)~l (TTA(n)w, w) dn ^ 0.
NnU

Now, N n U is a normal subgroup of ./V. Thus if we set

/•

4>{x) I xiny1 (nfc(xn)w,w} dn
¦I NnU

for x G N. We note that the standard estimates of Harish-Chandra (cf. [Wa3,
7.2.1]) imply that the function |</>(x)| is in L2(N/N n U) n L^N/N n £/). This
implies that

defines a continuous function on the set of unitary characters on N that extend

X- Since the set of non-degenerate characters that extend x form an open dense

subset we see that there must exist ip such that Q(tp) ^ 0. Hence if we define

\{u) [ ¦tp(n){Uk(n)u,w)dn
Jn

for u G L^ then A^O and A G WhT(Lk). We now begin the second step of the
proof.

There are several special cases that we must consider before we do the "general
case". If Qc is of type An+\ then we are considering the real form SU{2, n) with
n > 1. If n 1 then we have seen in the discussion of generic orbits in section 2

that there is only one open orbit this concludes the proof in this case. If n > 2

then we have seen that there are two open orbits

and both are complex. We note that ufini C {x\(x,x) > 0}. Proposition 5

section 5 implies that all of the admissible characters are contained in O+. The
theorem now follows in this case.

We next look at the when is G locally isomorphic with (split) Gi or SO(A, 3).
We have seen that there are exactly two orbits for the action of M on ni in either
of these cases. We will now show that in this case admissible implies complex. We
note that it is enough to check this for the case of G?,. Here we can identify ni
with the binary forms of homogenous of degree 3. With the identity component of
[M, M] acting through the classical action of SL{2, R) on the binary forms. The
invariant / is up to a positive scalar multiple the negative of the discriminant.
That is, if

a(x, y) a0x3 + a\x2y 2 3
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then the discriminant is

aia2 ~~ 4aoa| — 4af a3 — 27a2a2i + 1800010203.

The space uHni is spanned by p{x, y) x3 — xy2 and q{x, y) —x?y + y3. The
[M, M]-invariant pairing is given by

Q(a, b) 2a0b3 - 3a360 - «i&2 + «2&1

if
a(x, y) a0x3 + a\x2y + a2xy2 + a3y3

and
b(x, y) b0x3 + blX2y + b2xy2 + b3y3.

The form h(x, y) is admissible if and only if Q(h o g^p) or Q(h o g, q) is non-zero
for each g G GL(2, R). Consider the form h(x, y) x3 + y3 Then if we set

[1 -1
g=[l 1

we calculate that both Q(h o g,p) and Q(ho g,q) are 0.

We are left with the quaternionic real forms of real rank 4. For these Proposition
6 implies that the only possible admissible characters ip such that x<p can be

conjugated into ufini. These form a single orbit. This completes the proof. D

8. The Heisenberg—Whittaker vectors for certain degenerate prin¬
cipal series representations

In this section we will give a complete analysis of Heisenberg-Whittaker models for
the degenerate principal series associated with the Heisenberg parabolic subgroup.
In the next section we will apply these results to the quaternionic discrete series
Before we begin we discuss the nature of the stabilizer of a generic character of N
in M.

If ip is a unitary character of N then set M^ {m G M\tp o Ad(m) tp}. We
note that M^ Mx {m G M\Ad(m)x x} with x x^, if ip i<f>.

We will be using a theorem of [Ko-V] to analyze the space Wh^(IpaM) for tp

a generic character of N. We first observe that the Bruhat Lemma implies that

G IJ PwP
sewM\w/wM

where W is the (small) Weyl group of G and Wm is the (small) Weyl group of
M. There is exactly one double coset PwoP that is open and all the others have

strictly lower dimension. Fix a minimal parabolic subgroup Po MONO with
Mo C M of G contained in P and set P* Po n M. Let Mo °MOAO with
Ao the identity component of the R-split torus in Mo. We will look upon W as

Nk(Ao)/Ck(Ao) (as usual) where Nk denotes normalizer in K and Ck denotes
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centralizer in K (note Ck{Ao) Mo. Let wq be the maximal element of W with
respect to the choice of Po and let wm be the longest element of Wm relative to
P*. Since M is the centralizer of the coroot of the highest root relative to Po we see

that we can choose a representative k G Nk(Ao) for wq such that kMk^1 M.
We may take wo to be equal to wqwm and it is easy to check that we can choose

a representative of wo, ko G Nk(Ao), such that koNk~l 0(N). Hence we have

PwoP NkoP.

We note that H G Lie{Ao). Let $ be the set of restricted roots of Ao on Lie(G).
If a is a restricted root then we will use the notation Qa for the corresponding Ao

weight space. Let $+ be the system of positive roots corresponding to Po and let
§M be the positive roots that are roots of P*. Now [n, n] is a one dimensional

space that is Ao invariant. Let ô denote the corresponding restricted root (the
coroot of S). We note that

$+ -$+={ae$|(^a) >0}.
Let E $+ — §M — {S}. We can write S as a disjoint union of subsets Ej each

consisting of one element or it consists of two such that if we set n3= J^aes 0°
then the form us defined by [u,v] iv(u,v)X on ni is non-degenerate on each of
the spaces n3 Furthermore, [nJ, nfc] 0 if j ^ k.

Lemma 9. Let tp be regular character of N. If w G W is such that w'è^ C $+
and if tp is trivial on kNgk^1 P\N with k a representative of w then kNgk^1 P\N

Proof. We first make some observations. We assume that w satisfies w$^ C $+.
We fix an linear order > on Lie(Ao)* that produces $+.

1. If wo -S then kNok~l C\N {1}.
If a G S then (S, a) (w-1ö,w-1a) -(ö,w-1a). Thus (ö,w-1a) < 0.

Hence w'1?, -S.
2. If -S» C w$+ for some i then kNk-1 D No {1}.
Indeed, if Ej {a} and if —a G w$+then —a wry with 7 G S U {3} (since

w$+f C $+). Now 2a S, [Q~a,Q~a] Q~s ^ 0. Hence, [fl7,fl7] ^ 0. But then
the bracket must be qs This implies that wô —S. Now apply 1. above. If
Ej {a, A} and w$+ D — Ej then, as before, there must 7,/x G E U {(5} such

that W7 —a, w/x —A. But then (as in the previous case) we must have
[g a,Q x] q~s ^ 0 and hence [fl7,flM] ^ 0 so as before [fl7,flM] QS and hence

wô —S as in the previous case.

Write tp(x) %B{y, x) for all x G ni with y G 0ni. Now y ^2vi with y4 G öga*
and «j G E, giving an enumeration of E. Suppose that ip is trivial on kNk^1 n W
and that kNk^1 flJV^ {1}. We will derive a contradiction. Since ip is generic we
have ad(y)4X cY with c^O. Hence

cY ad(y)4X ^ ad{yi1)ad{yli)ad{yl3)ad{yii)X
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the sum over all indices 1 < h, «2, «3, «4 < |S|. There must therefore be a choice of
4 indices (possibly not distinct) ji,J2,J3,ji such that

ad(yil)ad(yi2)ad(yi3)ad(yiJX aY

with a=^0. In particular this implies that ô — a.jx — aj2 — aj3 — aM —S. Thus
2(5 a.j1 + a.j2 + aj3 + a3i. We assert that we may assume that w^1«^. < 0.

Indeed, if w~lal? > 0 then Qa^ C Ad(A;)no fin and so dV'(Ad(A;)no nn)^0. This
would imply that w~1S < 0. On the other hand 2. implies that if a G S and if
w~1a < 0 then w^1(S — a) > 0. However since

(Ö - ah) + (ö- aj2) + (Ö - ah) + (Ö - au) 25.

we have the (desired) contradiction w~1S > 0. D

Lemma 10. Let tp he a regular character of N and let m G M and k G K such

that k is a representative of w G W such that w<ï>J^ C $+ and kNk~ C\ N ^ {1}
Then

'il)\mkN{mk)-1nN 7^ 1-

Proof. The conclusion is equivalent with the assertion that

t/ioAd(m)|Mt-inAf ^ 1.

But this follows from the previous lemma since the regularity of ip implies that of
tpoAd(m). D

We are almost ready to apply a result of [Ko-V]. To do so we will need a bit
more notation.

We set A exp(Ri7). Let X(M) denote the set of all continuous homomor-
phisms from M to R>0 {x G R|x > 0}. Set M° nxeX{M)Ker(x). If (a, Ha)
is a finite dimensional representation of M° and if v G C then we will denote by
ov the representation of P on Ha given by al/(mexp(tH)n) e^+d+1')ta(m) for
m G M°,t G R and n G N. We set I^(J v equal to the space of C°° vectors in the
induced representation /(ov) (see section 6). Let -Ka^ be the action of M on the
representation space. Set so w^1 (that is wmwg). We denote by Ua^v the space
of all / G I^pa v supported in NsoP and having compact support module P. With
this notation in hand, we have

Theorem 12. Lettp be an regular unitary character of N and let X G Wh(£{I(p'(T v).
Then if \\uav =0 then A 0.

Proof. We apply Theorem 3.15, p. 82 of [Ko-V]. This theorem is a generalization
of Bruhat theory which (fortunately applies to the case at hand). The spécifie
case of the theorem we will use is their case iii). To refer to their notation we
consider the Lie group H P x P acting on G via (pi,P2)g PiQP^1 ¦ (Sorry
about all of the iJ's). We also have H N x P acting as a subgroup of H. We
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consider the representation \i of H on Ha given by jj,{n,p) ip{n)au{p). This is

a finite dimensional representation of H H acts on G with a finite number of
orbits (see the discussion above). On an orbit PwP with w$j^ C $+ of H the

orbits of H are NmkP with m G M and k a representative of w. Lemma 10

implies that if PwP is not the unique open orbit (which is also an orbit of H
then we have tp\mkN(mk)-1nN ¥" 1- Let y mk. The stability group of y in H is

the group of all pairs (n,p) with nmkp^1 mk. That is m 1nm kpk^1. Since

Ad(fc) permutes the root spaces and normalizes Lie{Ao) and since w$^ C $+ we

see that the stability group of y is H' consists of the set of pairs [n,y 1ny) with
n G Ad(m)(N n kNok r). Thus if WyP is not the open orbit Lemma 10 implies
that equation (3.27) of [Ko-V] is satisfied. Thus (taking appropriate inverses) and

using the standard Bruhat theoretic arguments (cf. [Wa5], [Ko-V, p. 88 second

paragraph]) the Theorem follows. D

Corollary 2. Let M^ act on Wh^^f^^) by m ¦ X X o ^„(m)"1. Then
^^ljtb'(^Cp'a v) *s equivalent with a subrepresentation of the representation contra-
gredient to (ct\m,, Ha) as an M^p-module.

Proof. We first note that if T G (C^°(N)) (continuous linear functionals in the
usual topology) is such that T o Rx ^{x^T (Rxf(y) f(yx)). Then

T(f) c(T) f f(n)4,(n)dn.
¦In

This can be seen as follows. Let {X,} be a basis of Lie(N) (thought of as left
invariant vector fields). Then we have

in the sense of distributions. Thus

The elliptic regularity theorem implies that T is given by integration against real
analytic n dim N-form on N. The transformation law now easily implies that
the form is ip(n)u; with us invariant.

If / G C™{N) and v G Ha then we define S(f(g)v)(pSln) av{p)f{n)v for

p G P, ne N. If A G Wh%{If^v) then we have Tx,v{f) X(S(f<§v)) defines
a distribution on N and Tx,v{Rxf) ip{x)TXjV{f) for all x G N. Thus we have a

C-bilinear pairing defined on WhT(I^a v) x Ha defined by

TXtV(f) (X,v) f f(n)4,(n)dn.
Jn

A direct calculation shows that

(m • X,v) (X,a(s1ms11) 1v)
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These observations combined with the previous theorem complete the proof. D

We now come to the main result of this section which is now proved by exactly
the same method as that of Theorem 7.2 of [Wa5].

Theorem 13. Let tp be a generic unitary character of N then Wh'^{I'p'a v) is
equivalent as an M^p with the representation contragredient to (cr\M Ha).

9. Heisenberg—Whittaker vectors for quaternionic discrete series

The purpose of this section is to prove the theorem for Heisenberg-Whittaker
vectors for quaternionic discrete series that is analogous to Theorem 5 for abelian
Whittaker vectors for holomorphic discrete series. We will first recall a few results
from [Wa5]. If V is a g-module and ip : n —> C is a Lie algebra homomorphism
then we say that V is a Whittaker module with respect to ip if for each v G V
there exists m > 0 such that (X - ip(X))mv 0 for all X G n. We denote by
C^ the n-module that has action given by ip. We set W^{V) {v G V|Xv
ip(X)v,X G n}. We recall the two results of [Wa5] that we will be using (we note
that the assertion about the action of M^ in the second result is a consequence of
the construction of the map T).

Theorem 14. If tj) is an admissible character ofn and if V is a Whittaker module

for Q with respect to tp then

for i > 0.

Theorem 15. Let F be a finite dimensional Q-module, let tp be an admissible
character ofn and let V be a Whittaker module for Q with respect to tp that is also

a compatible M^p module (m ¦ X ¦ v (Ad(m)X) • m • v). Then there exists an
element T G U(q) * depending only on the dimension of F such that the action
ofT on VÇQF induces an M^-module isomorphism of

In addition we will need the following simple consequence of Theorem 15 [Wa5,
Proposition 1.3]. First we need a bit of notation. If V is an n-module then we
set V[ip] {v G V\(x - ip(x))kv 0 for all x G n and some k}. If V is a q

module then since the adjoint action of n on g is nilpotent we see that V[tp] is a

g-submodule of V. If W is a vector space then we define an n-module structure on
Homc(U(n),W) as follows: xf(g) f(gx). We set P(W) Homc(U(n),W)[ip].
If W is a compatible module M^ then we can define a compatible action of M^
on P(W) by setting mf{g) m • /(Ad(m)"1gr).
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Proposition 7. If V is a Whittaker module for a generic character tp that is a

compatible M^-module then V is isomorphic with P(W,,p(V)) as a compatible M^p

and n-module.

Before we can state the main result of this paper we need to recall several

properties of quaternionic discrete series representations. We will use the notation
of section 6. Let (IIa, La) be as in that section. Then the general theory of discrete
series implies that the irreducible representation, (t>, V\), of if with highest weight
A A + p — 2pc (pc the half sum of the positive roots of if) occurs with multiplicity
1 in LA and it is the lowest K-type in a sense unimportant to us in this context
(see [H-S]). Since K is locally isomorphic with K\ x if2 the representation V\
is isomorphic with a tensor product Fk^^W\1 with Fk the k + 1 dimensional
irreducible representation of K\ SU(2). Let T\ be the maximal compact torus
of if 1 such that there exists a maximal compact torus of if2 such that T\ x Ti
corresponds to our chosen torus for if. Let Lc denote the complexification of
the subgroup of G corresponding to T\ x if2. As in the holomorphic case the

group Lc is isomorphic with the subgroup Me {g G Gc\Ad(g)H Ft} (see the
previous section for Ft). There is also an isomorphism of Lc onto Me given by an
appropriate Cayley transform (see [Gr-W]). We may thus look upon C^^W^ as

a representation of Me which we denote by the symbol W\.

Theorem 16. Let ^ be a generic unitary character ofN. If (IIa, La) is a quaternionic

discrete series representation of G then Wh^^L 0 unless tp is admissible.

If ip is admissible then as an M^-module Wh^(LA) is isomorphic with the

representation contragredient to W\.

Proof. We set <ta equal to the irreducible representation of M gotten by restriction

of |x|Wa to M (see Theorem 9). We will denote by /(A) the corresponding
(unnormalized) parabolic induced representation induced from P MN. Then
A —> LA and A —> /(A) form coherent families (see the discussion preceding
Theorem 6 section 4 for the special case of SU(2)). Theorem 9 implies that
dimHomSjK((£A)K,-f(A)K) 1 if A A^ for A; > d+ 1. Coherence of the family
implies that the same result is true for dominant integral A. We set /(A) equal to
the admissible, smooth conjugate dual of /(A). Then A —> /(A) is also a coherent
family of parabolic induced representations and since the representations LA are

unitary we have dimHomßK (F^A) k (La)k) 1- The theorem of Casselman and
the author (cf. [Wa4]) implies that up to scalar multiple there exists a unique, nonzero

continuous intertwining operator Ta : /(A)°° —> (LA)°° which is surjective (by
the exactness of this globalization). The adjoint map TA : ((LA)OO)/ -> (/(A)00)' is

injective. The intertwining condition implies that FA(Wh^(LA)) C Wh^(I(A)).
If A Afc with k > d+1 then Corollary 2 of section 8 and Theorem 11 of section 7

imply the assertions of the theorem. To complete the proof of the theorem we will
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need to study coherence properties of generic Whittaker vectors in these coherent
families.

We note that the injectivity of the adjoint map implies that if ip is a generic
character of N then WhT(LA) is equivalent as an M^ module with a subrep-

resentation of the contragredient module to W\ (here note that the inducing
module for /(A) is equivalent with that for /(A) as an M^-module). We now
consider the module ((LA)°°)'[ip]. If F is a finite dimensional G-module then
((Z/fg)^)00)'^] ((£A)OO)'[V']<8>-F*- Thus from tne definition of the Zucker-

man translation functors we have ((LA+^)°°)'[tp] is a compatible M^ and q sub-

module of ((Z,A)°°)'[V>]<g).F* and ((LA)OO)'[V'] is a compatible M^ and q submodule

of ((LA+^)00)'[ip]^F for jj, dominant integral. Applying Theorem 16 and

Proposition 7 we find that WhT(LA+^) is isomorphic with an M^ submodule

of Wh^(LA+v)fg)F* and Wh^(LA) is isomorphic with an M^ submodule of

Wh™(LA)(g)F. This implies that if Wh^(LA) 0 for one element of the family
then Wh^(LA) 0 for all elements of the family. Thus Theorem 11 implies that
WhT(LA) ^ 0 for some A only if ip is admissible. To complete the proof of the

theorem we must show that if rip is admissible then Wh^(LA) is isomorphic with

Wh^(I(A)) as an M^-module. For this we note that (iii) in the proof of Theorem
7.2 of [Wa5] proves that if jj is dominant integral then

and

as a compatible q and M^-modules. Now T'Ak defines an isomorphism of Wh^(LAk
with WhT{I{AiS)) thus by Proposition 7 it defines an M^-module isomorphism

of ((LAfc)oo)'[V'] onto (/(Afc)00)'^]. This combined with the above translation
formulas implies that the compatible q and M^-modules ((LAfc+M)oo)/[-i/>] and

(/(Afc + m)00)'!"*/1] are isomorphic for all dominant integral jj. This implies by
using the $_(j for appropriate a that ((LA)°°)'[tp] and (I(A)°°)'[ip] are isomorphic
as compatible q and M^-modules for all A that are dominant integral and regular.

In particular, this implies that Wh^(LA) and Wh^(I(A)) are isomorphic as

M^-modules. The proof is now complete. D

10. The main result for holomorphic representations

In this section we will give an analysis of generalized Whittaker vectors for
holomorphic representations. We will use results and notation in section 3. We will
confine our attention to the case when G is simply connected. We first need some
results on canonical completions (in the sense of Casselman and the author) of
Hansh-Chandra modules for general semisimple Lie groups. This theory was (un-
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fortunately) developed with the assumption that G has finite center. The theory
goes through unchanged if we confine our attention to the class of (g, if)-modules,
V that have a if-invariant pre-Hilbert space structure. That is V splits into a

direct sum of irreducible finite dimensional representations of K each equivalent
with a unitary representation. We will now give a rapid tour through some of the

necessary changes for the context at hand. Let W be a finite dimensional (q, K)-
module unitary as a if-module and let N(W) U(q)<^)u, -.W with if-acting as

in section 3. Then N(W) is in the class that we had singled out above. Let W be

the M-module corresponding to W as in that section. As a (qi,M n K) module

N(W) U(n)ÇÇ)W (we will treat this isomorphism as equality). This implies that
N(W)/nkN(W) (U(n)/nkU(n))fg)W as a (q1;M n iT)-module. This module
integrates to a representation of Q\ MN. In general if V is a finite dimensional
smooth representation of Qi then we denote by I{V) the space of all / : G —> V
of class C°° and such that f(qx) qf(x) for all x G G, q G Q\. We endow

I(V) with the C^-topology and have G act by the right regular representation
(gf(x) f{xo))- Then I(V) is an admissible, smooth, Préchet G-module. We can
now apply the methods of 4.2.2 and 4.2.3 in [Wa3, pp. 112-113] to see that the

intertwining operator Tk : N(W) -? I((U(n)/nkU(n))(g)W) given by Frobenius
reciprocity (4.2.2 [op. cit]) is injective for k sufficiently large. If k, I are sufficiently
large then Lemma 11.5.5 (or at least its proof) of [Wa4, p. 87] implies that the
closure of Image(Tfc) is isomorphic with the closure of Image(Ti). We will denote this
smooth Fréchet G-module by N(W). This the canonical completion (globalization)

as in the work of Casselman and the author in this context. The arguments
in Chapters 10 and 11 of [Wa4] apply. Using the fact that W —> N(W) defines

an exact functor from the category of finite dimensional (q, if)-modules unitary
as if-modules to the category of (g, if)-modules we have delineated we have

Theorem 17. The functor W —> N(W) defines an exact functor from the category

of all finite dimensional (q, K)-modules that are unitary as K-modules to the

category of smooth Fréchet representations of G. Furthermore, if N(W) is the

underlying (Q,K)-module of a (strongly continuous) representation (jr,H) of G (H
a Hubert space). Then N(W) is equivalent as a smooth Fréchet module with the

representation of G on the C°° vectors of H.

We are now ready to state and prove our main result in this context.

Theorem 18. Let (tt, H) be a unitary representation of G such that Hk N(W)
for an appropriate irreducible unitary representation, W, of K. If tj) is a unitary
character of N that is not 0 or positive then Wh'^'(H) =0. If tj) is positive
and generic then Wh'^'(H) is isomorphic as an M^p with the restriction of the

contragredient M-module to W.
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Proof. We note that if F is a finite dimensional G-module and if W is a

unitary finite dimensional unitary representation of K then WÇQF is a finite dimensional

if-representation that admits an invariant Hilbert space structure. We have

N(W(g)F) N(W)(g)F. This implies that N(W(g)F) N(W)(g)F. Let C
denote the center of K. Then C is isomorphic with the additive group of R. Let
J G Lie(C) be such that exp(RJ) C and ad(J) acts on p+ by multiplication
by i. If A G R let \x be the unitary character given by XA(exp(£J)) elXt. If W
is a finite dimensional, irreducible, unitary representation of K then there exists
A X{W) such that the action of C on W is given by multiplication by xa- We
also denote by Wq the unitary if-representation W restricted to the commutator
subgroup of K. If X{W) < c(Wq) then Harish-Chandra's criterion implies that
N(W) is the underlying (g, if )-module of an element of the relative discrete series
and thus Theorem 5 in section 3 implies the result in this case.

In general, the vanishing assertion of the theorem follows from Lemma 1 in
section 3 as in the beginning of the proof of Theorem 5. Thus to complete the
proof we must show that if ip is a generic, positive unitary character of N and
that if W is an irreducible unitary representation of K then in the notation of the

previous section W^{N(W) is isomorphic as an M^ module with the restriction

of the contragredient M-module to W. (Here N(W) denotes the space of all

continuous linear functionals on N(W)). We will denote by W the contragredient
M-module to W restricted to M^. We observe that Corollary 1 in section 3 implies

that W^p(N(W) is equivalent to a submodule of W. We will now follow the line
of argument in the proof of Theorem 7.2 in [Wa5].

Let F be a finite dimensional irreducible representation of G such that Fp
is one dimensional and the action if C is given by \n with /z > 0. It is well
known that such a module, F, exists. Then as a (q, if)-module we have 0 Fo C

Fi C • • • C Fd F with Fi/Fi-x irreducible. We may assume that Fi Fp+.
We assume that if Wo is an irreducible representation of the commutator group,
[if, if], of K and that if W restricted to [K, K] agrees with Wq and satisfies

X(W) < s then W,p(N(W) is isomorphic as an M^-module with W. We will show

that if X(W) < s then Wv,(AT(VF(g)FP+)/) is isomorphic with W(g)FP+ as an M,r
module. Since the assumption is true for \{W) < c(Wq) it will imply the result for
X(W) < c(W0) + fj,, then for X(W) < c(W0) + 2/x,... Hence it will imply the result.

Also by the above we need only show that dim W^ (N{W<^F'<'+ dim W. Then
we can apply the results in the previous section to see that

N(W) [ip]<g)F* ^ N(W<g)F)

and

'®F*) W^

If we apply the analog of Theorem 16 of the previous section to this context we

see that W,,p{N{W(g)F) is equivalent as an M^,-module with W(g)F*. Theorem
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18 implies that we have a G-module filtration

0 c NiWfgiFi) c N(W<g>F2) C ¦ ¦ ¦ C N(W<g)Fd) N(W)<g)F

with each of the spaces closed in the largest and

N(W®Fi)/N(W®Fi-1)
as smooth Fïéchet modules. Now we observe that

W i (N(Wq§F i cZ W/¦

Thus
dim Wj (WWW)') T^o^T < dm W.

Set Xj {A G W^iNiWO&F) )\^\N{wÇAFl) 0}. Then

dim Xi > dim W dim F - dim W.

Now Xi restricted to N(W<g)F2) pushes down to a subspace of W^N(W®F2/F^)
whose dimension is at most dimWdim(F2/Fi). Thus

dim X2 > dim W dim F — dim W dimf2 ¦

Continuing in this way we eventually find that dimXd_i > dim W dim F—

d-i. But X^_i is a subspace of W^1(N(W<^F/F(i-{) whose
dimension is at most dimT/l/dim(i;l/i71(i_i). Thus the inequality is an equality. We

now have the exact sequence

0 -+ Xd_! ^ W

with the last arrow given by restriction. This now implies that

so we have equality. We now do the same argument with W^^NiWf^Fd-i)
Continuing in this way we eventually have dimW^(N(W<^F{) > dimT^. This
implies the result. D
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