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Classification of two-orbit varieties

Stéphanie Cupit-Foutou

Abstract. We obtain the classification of two-orbit varieties, i.e. the normal complete complex
algebraic varieties on which a reductive complex algebraic group acts with two orbits. We prove
also Luna’s conjecture saying that these varieties are spherical, i.e. admit a dense orbit of a
Borel subgroup.

Mathematics Subject Classification (2000). 14M17, 20G05.

Keywords. Two-orbit variety, spherical variety, homogeneous embedding theory, reductive al-
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1. Introduction

Our base field is the field C of complex numbers. We study normal complete
algebraic varieties X endowed with an action of a connected reductive algebraic
group GG admitting a dense orbit G-z. The stabilizer H of a point of the dense orbit
will be called generic stabilizer. Clearly, H is parabolic if and only if X =G - z.

If H is connected, Borel showed in [4] that the homogeneous space G/H has
at most two ends, 7.e. the complement X \ G -z has at most two connected
components. When X \ G - z is disconnected, the generic stabilizer contains a
maximal unipotent subgroup U of G. This property results from the connectedness
(proved in [3, 11]) of the U-fixed point set of X. In this situation, the varieties X
share other peculiarities which were clarified by Ahiezer in [1] where he studied
and classified these objects.

This article deals with the situation where X \ G-z is a single orbit and in par-
ticular connected. Actually, this case appears as the most natural and “simplest”
one to consider after the case of projective homogeneous varieties (Grassmanianns,
flag varieties, etc.). We call such varieties two-orbit G-varieties or simply two-orbit
varieties when no confusion is possible.

Some of these varieties have been studied before. In [2] Ahiezer gave a classifi-
cation of the pairs (G, H) such that G-z = G/H admits a compactification X by
one homogeneous divisor. This list was independently obtained by Huckleberry
and Snow [12] in the more general context of kdhlerian varieties. Later, Brion gave
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in [7, 8] a purely algebraic approach to these results using the general theory of
embeddings developed by Luna and Vust (see [14]). Finally, Feldmiiller classified
in [10] all pairs (G, H) giving raise to two-orbit varieties whose closed orbit is of
codimension 2.

The aim of this paper is to give the complete classification of two-orbit vari-
eties and to prove Luna’s conjecture saying that two-orbit varieties are spherical,
i.e. admit a dense orbit of a Borel subgroup B of G. In particular, two-orbit
varieties contain only finitely many B-orbits. We refer the reader to [14, 6] for an
introduction to spherical varieties.

Acknowledgements. I would like to thank my adviser Peter Littelmann for his
constant support. I am also grateful to Michel Brion for his advice and remarks
about my PhD thesis in which I obtained the results presented in this paper

(see [9]).

Note added in proof. After this article has been submitted I learned from
Alexander Smirnov that he had found a similar classification.

2. Notation and main results

Let G be a connected reductive algebraic group. We fix a Borel subgroup B and a
maximal torus 7" in B. Let ® be the root system of G, we denote ®T C ® the set
of positive roots relative to B and A C ®T the set of simple roots corresponding
to B. In case of a simple group G, we enumerate the simple roots as in [5]
and when it is more convenient, we use the short notation of [loc. cit.] for the
description of positive roots. For example, if G is of type Fjy, 1111 stands for the
root ay +an+as+ay. Given some roots vy,...,7v,, Wwe put {(yi,..., v = % QyNP.

As usual, we denote the Lie algebra of any connected algebraic subgroup H of
G by the corresponding small gothic letter . In particular, we have g = Lie G
and t = Lie T'. For a root « of G, we have the corresponding root group U, with
Lie algebra g,. We let Y, be any non-zero element of g, so that CY, = g,.

Throughout this article, X will be a two-orbit G-variety. If G - x is the dense
orbit and G -y is the closed one, we have: X = G-2UG -y = CI(G-x) (the closure
of G- z). An embedding of an homogeneous space G/H is a normal G-variety X'
together with a G-equivariant open embedding G/H — X’. Thus, X together
with the inclusion G - C X is a complete embedding of G/H with two orbits
where H = G,.

The following proposition collects some important properties of complete vari-
eties with two orbits.

Proposition 2.1. Let G be a connected reductive algebraic group.

(i) A two-orbit G-variety X is projective. More precisely, X is G-equivariantly
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isomorphic to a closed subvariety of P(V') where V is a rational representation
of G.

(Nii) Let X' be a projective G-variety with two orbits. Then the normalization
7 X' — X' is bijective. In particular, X' is a two-orbit G-variety.

(iii) Let H C G be a closed subgroup and H® its identity component. Then there

is a natural bijective correspondence between the two-orbit varieties with generic
stabilizer H and those with generic stabilizer H®.

(iv) The radical R(G) of G acts trivially on every two-orbit G-variety.

Proof. (i) By Sumihiro [16, Theorem 1] the closed orbit has a quasi-projective
G-stable neighbourhood which has to be all of X.

(ii) From the birationality of 57 it follows that X' has a dense G-orbit isomorphic
to the dense orbit G-z’ of X’. Since 7 is finite and the stabilizer of the closed orbit
G -y’ in X’ is connected, the inverse image (G - ') is a finite union of closed
orbits which are mapped isomorphically onto G - 3’. If there were more than one
then, using again the connectedness of the U-fixed point set, U would have a fixed
point in G -7’ hence a fixed point 2z’ in G -z’. Since X' is projective it follows that
the closure CI(7 - 2’) has at least two T-fixed points ([13, Theorem 25.2]) and so
B =TU would fix at least two points in X’ which is impossible.

(iii) Clearly, if X is a complete two-orbit embedding of G/H°, G/H inher-
its a complete two-orbit embedding given by X/I" where I' is the finite group
H/H°. Conversely, if Z is a two-orbit variety with dense orbit G - z and stabi-
lizer G, = H then we consider the normalization X of Z in the field extension
C(G/H°)/C(G/H). 1t follows that X has a dense orbit G - z with stabilizer
G, = H° and that Z is the quotient by I". The same arguments as in (ii) show
that X is a two-orbit variety.

(iv) If the action of R(G) on a two-orbit G-variety is non-trivial then the fixed
point set XF(G) will have at least two connected components [3]. But clearly,
X&) s equal to the closed G-orbit which is connected. (Il

As a consequence, we will assume from now on that G is semisimple. Moreover,
part (iii) of the proposition above allows us to restrict our classification to the
situation where the generic stabilizer is connected.

Before stating the main results, we have to introduce another construction,
called parabolic induction. Let us give first an example.

Let G be a simple group of rank 2 and A a dominant weight such that (A, o) >
1 and (A, o) = 0, where (-, ) is the Killing form of g and o the coroot associated
to the simple root «;. We consider the irreducible G-module V(\) associated
to A, a weight vector vy_o, € V(A) of weight A — o3 and we denote by [vx_q,]
the corresponding element in the projective space P(V(X)). Let P O B be the
parabolic subgroup associated to «y. Then CI(P . [v)\,al]) C IP’(V(X)) is a P-
variety with two P-orbits, namely P - [vs] and P - [vx_o,]. Note that the strict
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inequality (A, @) > 1 guarantees that [vx] and [va_n,]| are not in the same P-
orbit. And in turn, Cl(G - [vr_a,]) = G- CL{(P - [ux_n,]) and G x p CL(P - [vr_a,])
are G-varieties with two G-orbits. We have an obvious G-equivariant morphism
G xp CI(P . [1;)\,0[1]) — CI(G~ [m\,al]). This morphism is an isomorphism on
the open G-orbits and corresponds to the projection G/B — G/Q on the closed
G-orbits where ) D B is the parabolic subgroup associated to «s.

This example motivates the following notion inspired by Luna’s work [15]
(see also [2]). From now on, a two-orbit P-variety, for P a parabolic subgroup
of G, is a normal complete P-variety with two P-orbits on which the unipotent
radical of P acts trivially.

Definition. A two-orbit G-variety X is said to be obtained by parabolic induction
from a pair (P,Y) if P C G is a parabolic subgroup and Y a two-orbit P-variety
such that

(i) the (full) radical of P acts trivially on Y;

(ii) there exists a P-equivariant injective morphism ¢ : ¥ — X inducing a
birational morphism G xp YV — X.

A two-orbit variety is cuspidal if it can not be obtained by parabolic induction.

Remark. If X is obtained from (P,Y") by parabolic induction then it is obvious
that X is spherical if and only if the two-orbit L-variety Y is spherical where
L = P/Up, Up being hte unipotent radical of P.

Theorem 2.2. (i) As an embedding of its dense G-orbit, a two-orbit G-variety
obtained by parabolic induction from a pair (P,Y) is completely determined (up to
isomorphism) by its closed G-orbit and by the P-variety Y.

(ii) Each (non cuspidal) two-orbit variety is obtained by parabolic induction
from a unique pair (P, 7Z) such that Z is cuspidal.

This result allows to restrict the classification to cuspidal two-orbit varieties. In
the sections 5 and 6 we determine the possible pairs (G, H) where G is semisim-
ple and H C G is the generic stabilizer of a two-orbit G-variety (see the first
two columns of the table). Then we use the theory of Luna—Vust to show that
for these pairs the homogeneous space G/H admits a unique complete two-orbit
embedding(see the last column of the table). Thus we get our main result.

Theorem 2.3. The cuspidal two-orbit varieties are obtained as embeddings of the
homogeneous spaces G/H with (G, §) listed in the first two columns of the table.
In particular, G is simple or equal to SLo X SLo, in this situation. Moreover, each
such G/H has exactly one complete two-orbit embedding given in the last column

of the table.

Corollary 2.4. Two-orbit varieties are spherical.
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Remark. In the first column, we list the group acting on the two-orbit variety
designed in the last column. In the second column, we have the corresponding
(connected) generic stabilizer. We denote the Grassmannian of m-planes in C*
by Gr(n;m), the n — 1-dimensional quadric Q(n) C P™ with the natural action of
SO, given by g - [20: 2] = [#20 : g - #'] and by X, the Hirzebruch surface.

3. General properties
We first work out the case of two-orbit S Lo-varieties.

Proposition 3.1. The two-orbit S Ly-varieties are P x P and P? with the obvious
actions of SLo. The respective generic stabilizers are the mazrimal torus T and its
normalizer.

Proof. Recall that an SLs-orbit is projective if and only if it is of dimension 0
or 1. Since 3-dimensional S Lo-orbits are affine this implies that a two-orbit SLo-
variety X has dimension 2. It follows that the maximal torus 7' fixes at least three
points of X ([13, Theorem 25.2]). Thus the generic stabilizer H contains T' and
so H is either T or its normalizer H = Ngp,(1"). This, in turn, implies that G/H
is affine and so the closed orbit has dimension 1. Now the canonical inclusions
SLy/T — P! x P! and SLy/Ng(T) — P? extend to equivariant birational maps
X — P! x P! or X — P?. But since the locus of indeterminacy of such a map has
codimension greater or equal than 2 and is G-stable it follows that these maps are
regular and hence isomorphisms. (Il

From now on, the group G is of rank greater or equal than 2. Let us start
by studying locally the two-orbit G-variety X. Consider y the B-fixed point of
X and P its stabilizer in G. The group P is parabolic and P*L will be its Levi
decomposition such that 17" C L. By [6, Theorem 1.4], there exists an affine L-
stable subvariety Z of X such that dimZ > 1 and ZNG -y = {y}. Using the fact
that T-orbits are affine, it is easy to see that an affine T-variety containing fixed
points also contains 1-dimensional orbits if the action is not trivial. Therefore,
there is a generic element x of X such that codimp T, < 1. In other words, we
have just obtained

Proposition 3.2. The ranks of the algebraic group G and of the generic stabilizer
differ at most by 1.

Definition. A two-orbit G-variety is said to be of type I if the ranks of G and of
the generic stabilizer are equal. Otherwise, it is said of type II.

Suppose that the generic element x is such that the torus 77, is a maximal torus
of G,. Let L’ be the centralizer in G of T. Then, by the above proposition, L’
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is equal to T or is a Levi subgroup of semisimple rank 1. We are going to prove
that the latter possibility can not occur i.e.

Proposition 3.3. The mazximal tori of the generic stabilizer are regular tori of
the group G.

For this, we will need the following

Lemma 3.4. Let H be a subgroup of G and S a torus of G. Consider L the
identity-component of the centralizer in G of S. Then the connected components

of (G/H)?, the S-fized points of G/H, are ezactly given by its L-orbits.

Proof. We prove this standard statement on the corresponding tangent spaces. Let
z € (G/H)® such that G, = H. We consider the tangent space T, ((G/H)%) at z.
The lemma follows from the isomorphisms:

T:((G/H)®) = (a/h)° = g°/b° = /L. O

Proof of Proposition 3.3. We proceed by contradiction; suppose that L’ # T and
consider the projective L’-variety CI(L’-z) in X. Since Ty # T, it is actually a
S Lo-variety with more than two SLo-orbits (see Proposition 3.1). More precisely,
CI(L-z)\ L’ -z is a finite union of closed L’-orbits of dimension < 1 all contained
in G -y because of Lemma 3.4. Therefore (see also the proof of Proposition 3.1),
the L/-variety CI(L/ - z) is of dimension 2.

Let By be the Borel subgroup of L’ equal to BN L’ and Uy, its unipotent
radical. Since CI(L'-z)\ L' -z is not connected there exists an element z’ in L' -z
fixed by Ur: (see again the corresponding argument given in the introduction).
Thus, Cl(L/-2’) = L'-Cl(By, -2') = L' -CI(T"- z’). Moreover, T fixes obviously z’
so, by Proposition 3.2, T2 = T%,. If y; and y» denote the T-fixed points in C1{1"-2")
then CI(L/-z) = L' -2 UL -y UL -yy. The variety CI(L'-z), being 2-dimensional,
has at least three T-fixed points, (see [13, Theorem 25.2]). Therefore, y; and yo
can not be simultaneously fixed by L’. Suppose that L’ -y; # y1 and consider the
element gy’ satisfying C1(T"- ') = L’ - y1. Then we get

y =Ty, dim(T-2')=dim(T-y)=1 and 3 € CT -2")NCT -y¢).
It results from the lemma below that y» € L - y; which is incompatible with the
fact that CI(L' - ) has more than two L-orbits. Thus the assumption L’ # T was
absurd — which proves Proposition 3.3. O

Lemma 3.5. Let z and z be two elements of a projective G-variety such that
dimT -z =dimT -z=1 and T, =T;.

Let Z = CIT - ) U CIT - 2). If all T-fived points ZT are contained in a single
projective G-orbit then ZT consists either of two or of four points.
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Proof. By embedding the given projective G-variety G-equivariantly into the pro-
jective space of a G-module, we can write the elements = and z as: = = [v,, +
..+ vy, | with v, # 0 for all i’s and 2z = [v,, + ... +wv,,] with v,, # 0 for all j's.
By assumption, the weights ; (resp. v;) sit on a same affine line D, (resp. D)
and moreover,

ker(py — pr)® =Ty =T5 = ker(vy —vs)°.

From these equalities, we can deduce that the lines D, and D, are parallel or equal.
The first situation clearly yields four T-fixed points in Z. Concerning the second
one, we have to show that there are actually only two T-fixed points in Z. For
this, we name the weights y; and v; in order to have Z7 = {[v,, |, [vu.], [0 ], [00.]}-
Since Z7 is entirely contained in one single projective G-orbit, its elements are all
conjugated by the Weyl group W of GG. And in particular, the weights p1, p, 11
and v, are extremal points of the convex hull of W - py. Therefore, if D, = D,
then the T-fixed points of CI(T - z) and of CI(T - z) must coincide. O

As a consequence of Proposition 3.3, we have:

Corollary 3.6. Consider two elements x and z of the dense G-orbit of a two-
orbit variety such that TS (resp. Ty ) is a mazimal torus of G, (resp. G,). Then
z € Ng(T) - z; in particular, if © and z are B-conjugated they are actually T-
conjugated.

4. Parabolic induction

This section is the main step to the classification of two-orbit varieties. It consists
essentially in proving that the problem of classifying the two-orbit varieties can
be reduced to a subclass of two-orbit varieties called cuspidal, i.e. the two-orbit
varieties which can not be obtained by parabolic induction (see section 2).

4.1. Statements

Proposition 4.1. If X 4s obtained by parabolic induction from a pair (P,Y) then
as an embedding of its open G-orbit it is completely determined (up to isomor-
phism) by its closed G-orbit and by the P-variety Y.

Proof. Suppose the parabolic subgroup P contains the Borel subgroup B and
consider the Borel subgroup B~ such that BN B~ = T. By the theory of Luna
and Vust on embeddings of homogeneous varieties (see [14]), we know that X is
completely determined (up to isomorphism) by its G-stable prime divisors and by
the B~ -stable prime divisors of its dense G-orbit whose closure in X contains the
closed G-orbit (see Theorem 8.3 of [loc. cit.]).
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Note that if the closed G-orbit of X is a divisor, the proposition follows easily
since the birational morphism G xp Y — X is an isomorphism. Therefore, in the
rest of the proof, we suppose that it is not the case.

Let L be the Levi subgroup of P such that T' C L and B its Borel subgroup
such that B, = B~NL. Consider the G-equivariant morphism 7 : Gx pY — G/P.
Let D be any B~ -stable prime divisor of the dense G-orbit of X (or equivalently
of G xpY). Then #(D) is dense in G/P or it is contained in a B~ -stable divisor
of G/P.

Suppose that 7(D) is dense in G/P. Then there exists a B -stable prime
divisor Dy of the dense P-orbit of Y such that B~ - Dy C D. Therefore, the
closure of D in X contains the closed G-orbit of X if and only if the closure of Dy
in Y contains the closed P-orbit of Y. The proposition follows in this case.

Suppose now that 7(D) is contained in a B~ -stable divisor of G/P. Then the
closure of D in G xpY, say 5, is the inverse image by 7 of a B~ -stable divisor of
G/ P and the intersection of D with the closed G-orbit of G x p Y is a divisor D’
Therefore, the closure of D in X contains the closed G-orbit of X if and only if
the image of D’ through ¢ (morphism given by the definition of the pair (P,Y))
is the closed G-orbit of X. This ends the proof of the proposition. O

We can put an order < on the set of induction pairs of X, defined naturally,
for two pairs (Py, Y1) and (P, Y3), by:

(P,Y1) < (P,Y2)  if PL C Py and ¢i(Y7) C @a(Ya),

where 1 and ¢y are morphisms given by the definition (see section 2) of the
induction pairs (P1, Y1) and (P, Ya) respectively.

Theorem 4.2. The set of induction pairs of a two-orbit variety (endowed with the
order <) has an unique minimal element.

4.2. Proof of Theorem 4.2

In order to prove Theorem 4.2, we will give an explicit construction of the minimal
induction pair.

Let us consider an induction pair (P,Y) of X and two elements = and z in the
dense G-orbit of X. Suppose that B -z and B - z are closed in G - . This means
that B, (resp. B.) contains a Borel subgroup of G, (resp. G.) and in particular,
B, (resp. B,) contains a maximal torus of G, (resp. G). Let S1 C B, (resp.
Sy C B.) be such a torus and 51 D Sy (resp. §2 D S3) a maximal torus of B.
Then, by considering the elements ' = by - = and 2’ = by - 2 for elements b; and
by of B such that S| = bflTbl and Sy = b;lTb27 one can show that 77, (resp.
T?,) is a maximal torus of G, (resp. G/). Therefore, by Corollary 3.6, 2’ and 2’
are conjugated by an element n € Ng(7T'). Moreover, because of the choice made
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on Bz and on B - z, one can show by a short computation that n is in fact an
element of P. We have got:

Lemma 4.3. If X is obtained from a pair (P,Y) by parabolic induction then the
B-orbits which are closed in the dense G-orbit are in the same P-orbit of X. In
particular, they are contained in (YY) for ¢ a morphism given by the definition of
(P,Y).

Let x be a generic element of X such that B -z is closed in GG - z and T is
a maximal torus of G,. Denote G, by H. Let P; be the parabolic subgroup of
G generated by B, H and the elements n of Ng(7T') such that Bn - z is closed in
G -z. By construction, for all pairs (P,Y), we have: Py C P and X; = Cl(Py-z) C
»(Y). However, X1 may not be a two-orbit P;-variety. More precisely, we have:
X1 NG -z = Pz but an analogous equality may not hold for Xy NG -y (y a
T-fixed element of the closed orbit in X1). So, instead of Py, we have to consider
the parabolic subgroup Py of G generated by P; and the elements w € W such
that w-y € Xy. Thus, Xg = Cl(Py - ) = Cl(Py - X1) has two Py-orbits with
Py C Pand X C p(Y).

Finally, let us consider the normalization 7 : Xy — Xy of Xgg. The pair
(Py, Xg) is the required element.

Proposition 4.4. The pair (PHJ?H) s an induction pair; this is the minimal
element for the set of induction pairs of X.

We already know (see section 2) that the variety X g is a two-orbit Py-variety
and that 7 is bijective (so in particular, w()? 1) = Xg). Therefore by construction,
the minimal condition is fulfilled by (Xg, Py, ), that is 7#(Xg) C o(Y) and
Py C P for any induction pair (P,Y,¢) of X. So we are left to prove that the

radical of Py acts trivially on X . For this, we use the following

Proposition 4.5. Let Y be a projective Q-variety with two Q-orbits, Q) being a
parabolic subgroup of G containing B. Consider an element z of its dense Q-orbit
such that B - z is closed in Q - z and T3 is a mazimal torus of Q,. Suppose that
the radical of Q) does not act trivially on Y. Then the orbit L - z is complete for a
Levi subgroup L of QQ containing the torus T'.

Proof of Proposition 4.4. According to Proposition 4.5 applied to )?H7 Py = PjL
and = € Xy, if we prove that L - z is not complete, Proposition 4.4 will follow.
If T # T, that L - = is not complete is obvious. Consider then the other case:
To = T. If « is a simple root of Py such that U, ¢ G, then (because of the
assumption made on B - z) s,Bs, N G, contains a Borel subgroup of G,. In
other words, Bs, - x is closed in Py - z and by definition of Py, it means that
SLa(a) C L. To conclude that L -z is not complete, we only need to observe that
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CI(L - z) contains a T-fixed point of the closed G-orbit of X (because Cl(U,, - x)
does by Corollary 3.6). O

Proof of Proposition 4.5. First of all, note that the radical of @ acts trivially on
the closed Q-orbit of Y. So the proposition relies only on the dense Q-orbit.

Let us start with the case: TS # T. Thus L - z is not complete. Let 3 € ®T
be such that Ug ¢ Q.. Such a root exists otherwise Y will have two B-fixed
points given by the T-fixed points of C1(T'- z). Consider the 2-dimensional variety
Xp = Cl(UBT - z) and denote by Tx, (C ker j3) its generic stabilizer in T To get
our result, we are going to prove that T)‘}B contains the identity-component Z(L)°
of the center of L. Indeed, it will imply that Z(L)° C ker 3 hence Ug ¢ Q*.

Let y1 and y2 be the T-fixed points of CI(T"- z). If y; (i = 1,2) is not fixed
by Ugs, we denote by y, the other T-fixed point in Cl(Ugs - y;); otherwise, we set
y; = y;. The points g} and y5 are distinct; this follows easily from Lemma 3.5 and
from the fact that 77 is regular.

The variety X o , being connected and containing the two distinct elements ¥
and yo, is 1-dimensional.

Claim. There exist z1,...,2, and p1,...,pry1 (r > 1) in Xg'e such that dim T -
z; = 1 and such that p;, p;+1 are the T-fized points in CUT - 2z;). Moreover, if
yi =yl (1=1,2) thenr > 2.

To get the elements z; and p;, it suffices to consider the convex hull of the
support of Xg; the elements z; (resp. p;) have as support the edges (resp. vertices)
of this polytope.

Because of the claim, we have now at hand at least two elements u and v
simultaneously in the closed Q-orbit of ¥ and in X such that: dim(7"-v) =1 =
dim(T - v) and the cardinality of CI(T - u) N CI(T - v) is 1. Therefore (T, N Tu)o is
of codimension 2 hence equal to 1%y . But since Z(L) acts trivially on the closed
Q-orbit, we end up with the required inclusion: Z7; C T .

Assume now that 72 = T and that L - 2z is not closed. Therefore, there exists
at least one positive root, say «, in the root system of (L, L) such that U, ¢ Q..
Recall that we want to prove that the radical of @) acts trivially on @ - z. But
since the center of L is already contained in ¢),, we only need to prove that the
unipotent radical of Q) acts trivially on Q-z. To do so, we proceed by contradiction:
suppose there exists 8 € &1, 8 # « such that Us C Q* and Ug ¢ Q.. Then the
variety X o = Cl(UglU.,, - 2) is 2-dimensional and contains a dense T-orbit; denote
by Tx, its generic stabilizer in T'.

If 41 and y; are the T-fixed points (distinct from z) of C1(U,,-2) and of Cl(Us-z)
respectively, then y; and yo are necessarily distinet (as they do not have the same
support). If Ug - y1 # y1, we denote by y} the other T-fixed point of Cl{Ug - y1);
otherwise, we set y§ = y1. Then the variety ng; is 1-dimensional, since it contains
the distinct points v} and yo. But y; and ys must be the only T-fixed points
simultaneously in the closed Q-orbit of ¥ and in Xz, otherwise with the same
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arguments used in the first case (T # T'), we will have: Z(L)° C Tx,. But this
inclusion is not true as Z(L) does not act trivially on Ug - z. So we can conclude
that Ug must fix y; and that there exists an element u in the closed Q-orbit of Y’
such that: X% = CI(T - w).

Let y3 # yy be the other T-fixed point of the 1-dimensional variety Cl{U_,,-y1).

To summarize, we have constructed two 1-dimensional subvarieties X3, and
Cl(U_,, -yy) of the closed Q-orbit such that y; is their only common T-fixed point.
According to Lemma 3.5, this yields the contradiction: (7, Nker ) = T)O(ﬁ. |

5. Two-orbit varieties of type I

In this section, the two-orbit G-variety X = CI(G -z) = G-z UG -y is of type
I, ie. To =T. Recall (see section 2) that a two-orbit variety is projective. So
we can embed X in P(V) with V a finite dimensional G-module. We identify X
with its image in P(V). The elements  and y of X can be written as z = [v,]
and y = [v] with weight vectors v, and vy. Since X contains only one projective
G-orbit the module V' can be chosen to be of the form V(A) @ @,V (v) with v in
the convex hull of W - A.

Given 8 € &1 such that Uz ¢ G, (such a root exists otherwise B C Gy),
consider z = [v, +vuyg -+ vuprgl € Ug-z. With a judicious choice of z, (for
instance p dominant), one shows easily that [v,1x3] € G -y. So finally, we can
choose z such that A = u+kf (take a W-conjugate of the previous z if necessary).

The support of a root 3, denoted by supp 3, is defined to be the set of simple
roots which occur in presentation of 3 as a linear combination of simple roots.

Proposition 5.1. If X = G -z UG -y is cuspidal then G is simple. Moreover
supp 3 = A with 8 € ®T such that Ug ¢ Gy and y = [vi] € Cl(Us - z).

Proof. Recall from the construction of the minimal induction pair (see section 4.2)
that since X is cuspidal, G must be generated by the parabolic subgroup P; and
the elements w € W such that w - [vy] € X;. Recall that P is spanned by H, B
and the elements n € Ng(T') such that Bn -z is closed in G-z and X = CI(P; - ).

If G =Gy x-- x G, with G; simple and A = Ay x --- x A, with A; associated
to G;, we are going to show that H = Hy x--- x H, with H; = G, for all i # i5 and
ip such that supp 8 C A,;,. First of all, note that if o & supp 3, then U, C G,.
Indeed, p + o (€ > 0) is not of shape A — 3>\ 7ny -, (weights of V) since
XA = pu+ kf (see the choice of x made above). Moreover, if & € A\ A;; then
with the above description of G (given by the cuspidal condition), we must have
U_y C Gy. Thus: Ur, C Gy, for all « € A\ A;,. The acting group G can then
be assumed to be simple.

To obtain the second assertion, consider the parabolic subgroup P D B as-
sociated to supp 3 and the P-variety Z = X NP(P,V,) for v = XA = 3 nya
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with « € supp 8 and n, > 0. Then by construction, if supp 8 # A, (P, Z) is an
induction pair of X. [l

From now on, G will be simple and z will satisfy the above conditions as well
as the two following ones. Consider 2’ = [v,/] another generic element of X and
B € &t such that Us ¢ G, Suppose that [v s ] € Cl(Ug -2') NG -y for K/
a positive integer. The first condition we require on z is that & must be smaller
or equal than k’. The second one is that p must be greater than u/, for p and p/
comparable, if k= k" and ¢/ + K5 = A

Consider a second positive root v # 3 such that U, ¢ G, (there exists at least
one such a root which is simple). Denote by L the Levi subgroup associated to 3
and v, i.e. L is the centralizer in G of (ker 3N ker~)°. Then we have

Lemma 5.2. The normalization of the L-variety CI(L - x) is a cuspidal two-orbit
L-variety.

Proof. From Lemma 3.4, we have L-2 = CI(L-2)NG -z and CI(L-z)\ L -z consists
of a finite union of complete L-orbits. Thus, if CI(L-x) does not have two L-orbits,
we will have (L - 2)Vt # 0 for U, an unipotent maximal subgroup of L (again the
same argument as in the introduction). It will follow that CI(L -z) = L - z. But
this equality can not hold since [vy] € CI(L - z) \ L - z. Therefore, CI(L - z) has
exactly two L-orbits.

As we can not find any proper parabolic subgroup P such that P* C L, C P
(because Uyg, Uiy ¢ G,), the normalization of CI(L - z) has to be cuspidal. O

By this procedure, we have constructed two-orbit varieties for some subgroups
L of G of semisimple rank 2. Thus, once we know what the two-orbit varieties
are, for all simple groups of rank 2, we will know in particular L, (for all L’s as
above) hence G,.

Let us start with determining the cuspidal two-orbit varieties in the rank 2
case. For this, we need two technical lemmas. Let A be the convex hull of the
support of the variety Cl(U,Ug - z). We have the following picture and notation
in the weight lattice X of G.

Py y
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Lemma 5.3. The extremal points v; of A are W-conjugated to A and the (3;’s are
some roots of .

Proof. First of all, note that the points [v,,] and the elements [v;] whose support
is [v4, v441) N X are contained in CL(U,Ug - z).

Consider the torus T[‘;z,} = ker(v; — v;41)°. Given a maximal torus 1" of Gluy)
(hence of G in the case of a two-orbit variety of type I) containing T[‘;i} and assume

that T[fu] is regular. Then we will have: Cg (Tﬁjz]) =T’ hence T'=T" and thus T'
will fix [v;]. But this is impossible since the weights v; are all distinct. Therefore,
the torus T[fji] is singular and the j3;’s are some roots.

Let us prove now the first assertion of the lemma. If A has more than three ex-
tremal points then the cardinality of the support of [v;] is less than the cardinality
of suppz. So by the minimality assumption made on z, we must have [v;] € G -y
and thus [v,,] € G - y. If A has three extremal points, the assumed maximality of

the weight 1 (2 = [v,]) forces 14 to bein W - A O

Lemma 5.4. Let § be a positive root such that [Q)S—Y’O‘)] € Cl(Us - x), for v € A.
Suppose that: if there exists r > 0 such that p+ v’ is extremal as a weight of
V, we must have p+ rvy' = so(X) for a € A. Then, Uy C Gy if (1,7') > 0 and
U_y C Gy if (1) <0.

Proof. If there is no r > 0 such that pu + rv’ is extremal as weight of V' then by
Lemma 5.3, we must have U,, C G if (u,v") > 0. If (p,v') <0 and U_, ¢ G,
then Cl(U_, - ) contains a T-fixed point of G -y and so does Cl(U,- - ) — which
is absurd.

Suppose now that U, ¢ G, and that (u,7') > 0. Let 2’ = ¢45(1) -z € U - ,
g5 being the natural map associated to ¢ from C to Us. Then by assumption
@’ = [vu + - +vs (0] The study of supp(es(1) - ') gives raise to a j > 0 such
that

vy?

_n—j! “Vpge = Yy s () for s € C\ {0} and n; > 0. (1)
Recall (see section 2) that Y3 denotes an element of gz\{0}. Furthermore, consider
the support of the variety C1(T - exp(Ys + sYy) - 2'). The points sq(A), sy/(A)
are extremal points of this support but A is not; otherwise, we will have a gap in
this support since the weight 4" 4 s/(A) is missing by equality (1). It implies that
[sa(A), s4/(A)] must be an edge of this support — which contradicts Lemma 5.3
since sq(A) — s4/(A) is not a root, o and ' being simple. The first assertion of the
lemma follows.

If (11,7") <0, we can go back to the positive case with the element s, - z. O

Let us show how we can apply these two lemmas to get the two-orbit varieties
in the rank 2 case, through the following
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Example. Suppose G is of type By. Then there are two possibilities for 3: g =
a1 4+ ag or B =y + 2an. Let us compute g, in case = a1 + as.

s2(A)

If U,, ¢ G, then a, satisfies the conditions of Lemma 5.4 with (g, ay) > 0.
Therefore U,, C G;. Let us show that U,,12,, C G,. If there does not exist
r > 0 such that p + r(ay + 2a9) is extremal then this inclusion is given by
Lemma 5.3. Otherwise, we will have: g+ ra = s1(A). A simple computation
leads to: 2(\,af) = () ay). But in this latter case, p does not satisfy the
good conditions; in particular, “k” is not minimal. We have obtained the pair:
(5057 g =t fo, @ 9041+2042)~

IfU,, C G, then U,, ¢ G, and we have (i, £ay) = 0. Thus by Lemma 5.4,
we get Ur,, C Gy. It follows from Lemma 5.3 that U,, 12,, C G,. Therefore, we
have obtained the pairs: (5SOs,504) and (SOs, 0, =t g1oy D oy +20s)-

By the procedure given in this example, we get the two-orbit varieties for the
rank 2 case. More precisely, we obtain a description of the root system ®(G,) of
Gy

Lemma 5.5. Let v € &1, we have the following:
(i) 4f {~, ) is of type A1 x Ay then £y € ®(G,);
(ii) 4f (v, B) is of type Ay then £y € ®(Gy) or £s4(8) € P(G,);
(iii) #f (v, B) is of type By with f = £1 425 then ®(Gy)N (v, B) = {e1 —g5,21};

(iv) if (v, B) is of type By with 3 = &1 then ®(Gz)N(v, B) D {e1+e;, £(e1—¢;5)}
or (Gu) N (v, B) = {e1 +¢5,¢5}.

By applying this statement to a positive root 3 of maximal support and to any
other positive root, we get the desired (G, h). Let us work out two examples to
understand how it works.

Example. Suppose G is of type A,. Then 8 = oy + -+ + a,. Since (oy, ) is
of type A; x Aj, by Lemma 5.5-(i), we have +a; € ®(G,) for 2 < i < n— 1.
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Moreover, Lemma, 5.5-(ii) yields: oy € ®(G,) or oy, € $(G,). This gives the
pair (SLypy1,9l,).

Suppose G is of type B,, and 3 = ¢;. Applying Lemma 5.5-(i) and Lemma 5.5-
(ii) respectively, we get {fan,...,ta,} C P(G,) and respectively {e; + &; :
i > 2} C ®(G,) with £(g1 — ;) € P(Gy) or g, € B(G,) for all & > 2. If
tay € P(G,) then {faq,...,Tap_1,an_1 + 2a,} C P(G,). Therefore, we ob-
tain the two pairs (SOay,11,502y,) and (502n+1,gz =@ocy 8a® t) where ¥ =
(o, .., tay 1, a1 + 2ay). If ag € P(G,), we get the pair (SOg,11, 8, =
@QE\P go © f)7 with ¥ = <:i:0¢2, ey a1, 0,61 + €n>.

6. Two-orbit varieties of type II

In this section, the two-orbit G-variety X = CI(G - z) is of type II, that is, by
definition, 7% # 7. We embed X in P(V) with V a finite G-module as in the
previous section. Then the generic element z can be written as [vx, + - -+ va,, ]
with the A;’s sitting on a same affine line, say D, (because of Proposition 3.2). We
order the weights A; of supp z in such a way that CI(T-z) = T -z U{[vx,], [va,..]}-
As elements of G -y, [va,] and [vy, ] are W-conjugate, i.e. there exists w € W
such that Ag = w(A,41). We choose « such that Ag = X and satisfying the following
condition of minimality: if 2’ = [ux + - - - + v,y (y)] is another generic element then
w < w' if w and w’ are comparable.

Let o be a simple root such that s,w < w and U, ¢ G,. Take for instance «
such that (w()),a) < 0. Consider the variety X, = CI(TU, ) and in particular,
the convex hull A of its support pictured below in the weight lattice X' of G.

Similarly as for Lemma 5.3, we get:

Lemma 6.1. The elements y; € X, whose support sits on the line D; belong to
the closed G-orbit of X. The directions of the affine lines D; are given by roots (3;.
In particular, the extremal points v; are W -conjugated and suppy; = [v4, vip1]NAX.
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The roots 3; span a root system of rank 2; let {a, 8} be a basis of this root
system.

Corollary 6.2. w = s,s3.

Proof. We know that s,w < w and that A —w(\) can not be, up to a scalar, a root
because T2 = ker(\ —w(X)) is regular (see Proposition 3.3). So we can assume
(o, B) to be of type G with w = (s,53)? — the case w = wq being easily ruled out.

Consider the convex hull A (see the corresponding picture). Since suppy; =
[vi, ;1] N A, there exists a weight v € D, such that A — 8, = v+ ko, k> 0. In
other words, if D, x_g, denotes the line of direction a passing through A — j3;, we
must have:

D,NDyx_p NXFD. (2)
If w= (s433)> With ( ,3) of type G4 then 5, = B or 5, = 8+ a. But (2)
forces (A, o (( (A ,6’)) to be an integer — which can not occur because
(A a) - (A )7& since T is regular. O

Using this corollary and the same arguments given in the proof of Proposi-
tion 5.1, we get:

Proposition 6.3. If X s cuspidal of type II then G is simple or of type Ay x Ay.
Furthermore, supp BU {a} = A.

From now on G will be assumed to be simple or of type A1 x A;. Let L be the
Levi subgroup associated to o and 3 and [ its Lie algebra.

Proposition 6.4. (i) If («, ) is of type A1 x Ay then l, =V @ C(Y_, + Yz) @
C(Ya+Y_p).
(i) Otherwise, I, =t ® C(Y_o + Y5, (5) ® Drycatriap I
Y750 (8)
Here, ¥ is the kernel of o+ so(3) considered as element of the dual t*.

Proof. Let § = 5,(f3). Then (sos5(\),d") < 0 hence Ys ¢ gju, ) and Y5 ¢ go.
In order to get: Y5 +Y_, € g,, we start to show

(A a”) = (A B8"). 3)

Set A = mw,+nwg (m,n > 0) and consider the variety CI(T'U,-z). The arguments
used in the proof of the previous corollary give a weight \; € suppz such that
Y7 - vy, is of weight A — 3 (for > 0). Translating the latter in terms of equations,
we get Ay = A — a —n/md and n/m € N. Similarly, considering the variety
Cl(Uy - z), we get m/n € N. Therefore m = n and

Y o vx=—qYs vy, qeC*. (4)
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Finally, let Z; be the variety CI(T expt(Ys + qY_o) ~x)7 t € C. Its support is
entirely contained in the triangle with vertices A, so(A) and w(A). But there is a
gap in this support: the weight A — a is missing because of (4). This implies that
expt(Ys +qY_,) € Gy.

To show that U, C G, for all v € @\ {«, d}, we proceed by contradiction and
as before, we will find a gap in the support of CI(U, - z).

To conclude, we have to note that if («, 5) is not of type A; x Ay, then Y, +
Y_ ;.3 & 8.- The first assertion is obtained just by symmetry. O

As a consequence of the previous proof, we have

Corollary 6.5. (i) (A, oY) = (\,8Y);
(ii) Ty = ker(o+ sa(,@))o;
(iii) Nog(H)/H is finite;

(iv) The normalization of CI(L - z) is a cuspidal two-orbit L-variety.

The main thing to do now, in order to get the cuspidal two-orbit varieties of
type 11, is to give the list of the possible (G, «, 3) where o and 3 are the positive
roots considered previously. If G is of rank 2, it is done already by Proposition 6.3.
So the acting group G will be definitely of rank greater than 2. Let us summarize
the properties of & and 3:

1) ae A, (wA),a) <0and U, ¢ Gy;
2
3

A —w(A) € (e, B)c, the C-vector space spanned by « and j;
{a, B} basis of {(«, 3);
4) supp S U {a} = A;
5) w = 5,53,
6) (A a¥)=(ABY).
It will appear quickly that there are very few roots satisfying all these conditions
together mainly because of the two following statements.

NN N2 N

Remark. Let 1, v2 and 3 be three roots of ® spanning a root system ¥ of
rank 3. Suppose W satisfies the property:

n=n1y1+nsy2+nyype¥ = n-—n3y3€P (uptoascalar).
If 7 is a root of ® then (v, v2)c N {v3,7)c is spanned by a root or is equal to {0}.

Consider a simple root ¢ such that (5, ) > 0 (then ¢ € supp 3). Let v = s4(9).
Then

(w(X), 7)< 0. (5)

Lemma 6.6. If o, 3 and v satisfy the property given in the remark with v = 3
then (w(X),~)=0.
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Proof. 1f (w()),7)# 0 then according to (5), (w(A),7)< 0. And therefore, there
exists n € ® such that A — w(\) € (v,n)c (argue similarly as we did to get the
root 3). It implies: A —w(A) € (e, BYc N {v,n)c. But this is impossible because of
the remark and the fact that T is regular (see Proposition 3.3). O

Start with G classical and suppose: (o, d) = 0. If supp 8 = A then «, 8 and §
satisfy the conditions of Lemma 6.6. Therefore we get: (A, d) = (A, 3). But this
equality is incompatible with (A, ") = (A, 3Y). So assume that supp 8 = A\ {a}.
Then we have the following possibilities for (G, «, 5):

o (Ap,as(i=1,n),0 —ay);
o (G,an,e1 —ey) for G of type B, or Cy;
o (G,a1,89 4 gy) for G of type By, or Cy;

(
(
(G, aq,80 4 24(2 < j <n)) for G of type B, C,, or Dy;
o (Dy,an 1,61 +ey);

o (Dy,an, 81 —Ep).

Applying Lemma 6.6 case by case, we end up again with a contradiction. Thus
necessarily, (o, d) < 0. The possible triples (G, a, 3) are now:

o (As,a9,a);

o (G,a9,e1 + 23) for G of type By, C,, or Dy;
e (B3, a3,4);

e (B,, a1,52)

o (Cp,a,&);

o (C, a1,2€2),

o (Dy,ay,a).

Claim. In all these cases, (w()\),v)# 0.

But because of Lemma 6.6, we may also have (w(/\)/y): 0. So we have to
reduce the list to

o (As,a9,d);
o (C3,am9,81 + £3);
e (B3, as,4);
(C,H a9, &);
o (Dy,a1,a).
The fourth triple is ruled out just by considering (w(/\)7 al). The other ones
give raise to some pairs of the table (apply Proposition 6.4).

For the exceptional case, we proceed similarly and we obtain the left pairs of
the table. This ends the proof of Theorem 2.3.
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