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Homology cobordism and classical knot invariants

Christian Bohr and Ronnie Lee

Abstract. In this paper, we define and investigate Zz-homology cobordism invariants of Za-
homology 3-spheres which turn out to be related to classical invariants of knots. As an appli-
cation, we show that many lens spaces have infinite order in the Zs-homology cobordism group
and we prove a lower bound for the slice genus of a knot on which integral surgery yields a given
Za-homology sphere. We also give some new examples of 3-manifolds which cannot be obtained
by integral surgery on a knot.

Mathematics Subject Classification (2000). 57M27, 57TM25.
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In recent years, gauge theoretical tools and new results in 4-dimensional topol-
ogy have successfully been used to study the structure of the integral homology
cobordism group. It is for instance a consequence of Donaldson’s famous theorem
about the intersection forms of smooth 4-manifolds that the Poincaré homology
sphere (2, 3,5) has infinite order in this group, and M. Furuta found a family
of Brieskorn spheres which generates a subgroup of infinite rank [12]. Recently
N. Saveliev [22] showed, using the w-invariant introduced in [11], that a Brieskorn
sphere with non-trivial Rokhlin invariant has infinite order in the integral homol-
ogy cobordism group.

However, many 3-manifolds arising naturally in knot theory, for instance double
coverings of the 3-sphere branched along knots, are not integral homology spheres,
but still Zs-homology spheres. As in the case of integral homology spheres, the
set of Zy-homology spheres modulo the Zs-homology cobordism relation forms a
group, the so called Zs-homology cobordism group @%2. To study this group,
we introduce, based on Furuta’s result on the intersection forms of smooth 4-
dimensional spin manifolds [13], two invariants of Zs-homology spheres which turn
out to be in fact invariants of the cobordism class (see Theorem 1). Exploiting
that these invariants are closely related to classical knot invariants like signature
and slice genus, we prove estimates for them in the case of lens spaces, which
enables us to exhibit many examples of lens spaces which have infinite order in

The first author gratefully acknowledges support from the Deutsche Forschungsgemein-
schaft.
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the Zo-homology cobordism group, and we determine the slice genera of certain
Montesinos knots.

A second relation between knot theory and cobordism classes of Z,-homology
spheres is provided by the simple fact that surgery along a knot with odd framing
produces a Zs-homology sphere. In this case, our invariants can again be related to
the slice genus of the knot. Using this, we prove a lower bound for the slice genera
of knots on which integral surgery yields a given Zs-homology sphere. We also
give new examples of 3-manifolds which cannot be obtained by integral surgery
on a knot.

1. Bordism invariants of Zy-homology spheres

Recall that a closed connected and oriented 3-manifold . is called a Zs-homology
sphere if H,(X;Z,) = H,(S%;Z,). Two Zs-homology spheres Y1, ¥ are called Zo-
homology cobordant if there exists a smooth 4-dimensional manifold W with 0W =
Y1 — X such that the inclusions ¥; — W induce isomorphisms H,(Y;;Zs) —
H.(W;Zy). The set of Zs-homology cobordism classes of Zs-homology spheres
forms a group, the so called Zs-homology cobordism group, which we denote by
@%z. Addition in this group is given by taking the connected sum, and the zero
element is the equivalence class of the 3-sphere.

If ¥} is a Zo-homology sphere, there is a Rokhlin invariant R(X) € Z1s which
is defined to be the residue class of the signature of any (smooth) spin 4-manifold
with boundary . It is easy to see that the Rokhlin invariant of a Zs-homology
sphere is always even. The Rokhlin invariant defines a homomorphism

R: 0} — Zig
with image 2Z16 (the Rokhlin invariant of L(3,1) is two).

Definition 1. Let X be an oriented Zs-homology sphere. We define
i) = mex {ZJ(X) — by(X) | wa(X) = 0,0X — 2}
5
m(¥%) = min{za(X) +by(X) | we(X)=0,0X = E}

Here X runs over all smooth spin 4-manifolds with boundary Y. and o(X) denotes
the signature of X.

Surprisingly enough this simple definition actually yields bordism invariants
which can be estimated if the manifold in question is a double covering of the
3-sphere branched along some knot. The following theorem summarizes some
properties of the invariants m and .
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Theorem 1.

(1) The invariants m and ™ are finite numbers. Moreover m(%) < m(%)
where equality occurs if and only if m(3) =m(%) =0 and R(X) =0.

(2) For every Zo-homology sphere 3, m(=X) = —m(%).

(3) If 31 and ¥y are Zo-homology spheres, then

m(El#Ez) > m(El) + m(ZQ)
(N #Ye) <m(X1) +m(Xs)

(4) If 1 and Yo are Zo-homology cobordant then we have m(X1) = m(X9)
and m(Y1) = m(Xa). In particular m(%) = m(X) = 0 if X2 is the boundary
of a Zn-acyclic 4-manifold.

(5) If m(X) > 0 or m(X) < 0 then X has infinite order in the group ©3 . The
same 4s true if m(3) =0 and R(%) # 0.

(6) If ¥ is a double covering of the 3-sphere branched along a knot K, then

2o (k) — 24" () < m(3) < W) < 2o (K) + 24" (K),

where g*(K) denotes the slice genus of K and o(K) its signature.

Proof. For the proof of statement (1), let 3. be a Zs-homology sphere. Pick a spin
manifold X with boundary . Now suppose we are given another spin manifold
Y such that 3Y = 3. Let W = Y U (—=X). As ¥ is a Zo-homology sphere, W is
spin and by (W) = bo(X) + ba(Y), o(W) = o (V) — o(X). Hence

20(Y) = by(¥) = $(0(¥) = o(X) + 0(X)) = bo(¥)
_ Z(U(Y) —o(X)) + ZJ(X) — by (Y)
< b (W) =bo(¥) + 20(X) = ba(X) + 0(X)

where we used Furuta’s Theorem [13] in the third line. Since by(X) + 20(X) does
not depend on Y, we can conclude that m(3.) is finite and bounded from above by
50(X)+by(X). As this is true for every X, we also obtain that m(3) > m(3) and
the finiteness of m. Now suppose we are given a Zs-homology sphere ¥ such that
m(%) = m(>). Then we can find spin 4-manifolds X and Y with X =9y =X

such that
5 5
) = 20(X) +ba(X) = Zo(V) ~ba(¥) = m(%).
Consider the spin manifold W = —X UY. Since o(W) = o(Y) — o(X) and
ba(W) = by(X) + bo(Y), the above equality implies that So(W) = by(W). By
Furuta’s Theorem, this is only possible if by(W) = 0, and we obtain that by(X) =
by(Y) = 0. Hence we have m(X) = m(>) = 0 and R(>) = 0 as claimed.
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Now let us prove property (2). Pick a spin manifold X with boundary —3> such
that 20(X) + by(X) = m(—3). Then —X has boundary ¥, and we obtain that

5
_ZU(X) — by(X) = —m(-%) <m(¥).
Hence we have —m/(X) < m(—X). If we choose a spin manifold ¥ with boundary
3 such that 20(Y) —by(Y) = m(Y), then the boundary of —Y is —, and we have

_ZU(Y) +0(Y) = —m(T) = m(-).

These two inequalities imply the desired result.

As to assertion (3), first note that — thanks to property (2) — it suffices to prove
this for m. Choose spin manifolds X; and X, with boundaries »; and > such
that %J(Xi) —by(X;) = m(3;). Then V = X15X, is spin with boundary »1#>,
and %U(V) —bo(V) = m(31) + m(%a).

To prove assertion (4), note that again we only have to prove the required
property for m. The condition [¥1] = [¥s] implies that there exists a spin 4-
manifold W with boundary oW = ¥; — ¥, such that o(W) = by(W) = 0. Pick
manifolds Xy, X5 such that 0X; = ¥; and %a(Xi) — by(X;) = m(%;). Consider

the spin manifolds
Vi =X, Ug, (W)
Vo=XoUg, W

Then 8V1 = 227 U(Vl) = U(Xl) and bg(vl) = bQ(Xl) Similarly 8V2 = 217
o(Va) = o(X2) and by bo(X2). So we obtain

Va) =
m(¥a) > ZU(Vl) —ba(V1) = m(%4)

m(Sh) > Zo(Va)  ba(Va) = m(S5)

and the claim follows. To prove the second part of the assertion, we only have to
show that m(S®) = m(S%) = 0. Since by(D*) = o(Dy) = 0, we have m(S®) > 0
and m(S%) < 0. By statement (1), we obtain

0 < m(S%) <m(S%) <0

and therefore m(S®) = m(S%) = 0.

The first part of statement (5) is an immediate consequence of (4) and (3).
As to the second part, the assumption m(>) = 0 implies that there exists a spin
manifold X with boundary ¥ such that 20(X) = by(X). Now suppose there is
some n > 0 such that n} is the boundary of a Zs-acyclic manifold V. Consider
the spin manifold

Y=XUX.---Xu-V.
S——

n copies

Then 25(Y) = by(Y) which, by Furuta’s Theorem, implies that o(Y) = 0. But
o(Y) = no(X), hence we obtain that o(X) = 0, in contradiction to R(>) # 0.
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Figure 1. The graph 7}, 4,»

To prove property 1, note that given a surface F' in D* with boundary K, there
is a double covering X — D* branched along I' with boundary . The manifold
X is spin, and it is well known that by (X) = 2g(F') whereas o(X) = o(K) (see [6]
for a proof). This implies the claimed inequalities. O

Remark 1. Observe that the invariants m and m are both not additive. In fact, if
one of them were additive, then property (2) would imply that m(3]) = m(X%) for all
Zo-homology spheres Y. As there are clearly Zs-homology spheres with non-zero
Rokhlin invariant — for instance ¥ = L(3, 1) — this is impossible by property (1).

We also note that the invariants m and m are in general not integers (however
they are always multiples of —21—) and that they are related by the formula

1
m(%) =m(%) = ZR(E) mod 27
to the Rokhlin invariant. In particular m(>) — m(X) is always an even integer.

Example 1. Suppose we are given positive integers p < ¢ < r such that exactly
one of these three numbers is even, 1 + % + % <landp+qg+7r < 22. Let
Tp,q,r denote the weighted graph shown in figure 1 and consider the 4-manifold
Xp,q,r obtained by plumbing according to T}, 4 . It is not hard to check that the
determinant of T}, , , is — up to sign — the number pqr —pg—pr —qr and is therefore
odd, hence the boundary ¥, ; , = 90X, 4 is a Zo-homology sphere.

As the signature of T, , , is 4 —p — g —r and the rank is p+g+7 — 2, we obtain
that

1
M(Xpqr) < 7P+ g+7)+3.

Now it has been proved in [18] and [20] that the bilinear form 7}, , » can be realized
by a collection of (—2)-curves in a K3-surface, and a regular neighborhood of such
a configuration of spheres is diffeomorphic to X, , », hence we have an embedding
X, qr C K3. Let Y denote the closure of the complement. Then 9Y = —X%

P.a, g,
sign(Y) = —16 —sign(Xpqr) = p+ g+ 7 —20 and bo(Y) = 22 — bo(Xp gr) =
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24 — p — q —r, and we obtain

H 1
m(zpyq’r) = _Z(pﬂLqﬁLT—QO)—24+p+q+r:_1(p+q+r)+1.

Now we claim that m(X, 4 ) > m(3, ). In fact, if p+q+7r # 4 mod 16, this
follows from Theorem 1, as in this case R(¥, 4,) # 0. Our conditions on p, ¢, r
exclude the case that p + g +r = 4, so the only remaining case we have to check
is p + g + 7 = 20. But then we already know that m (¥, 4,) < —2, and therefore
we can again conclude that m (¥, 4») > m(%, 4,), which proves our claim.

As the difference m — ™ is always an even integer, this discussion shows that
the above estimates for m(¥, ) and m(Xp q) are sharp, i.e.

1 _
m(Dp,q,r) = _Z(PJr gtr)+1=m(Tpqr)—2.

Note that 3 3 is minus the Brieskorn sphere 3(2,3,7), hence we can conclude
that m(3(2,3,7)) = 0. As R(3(2,3,7)) = 8 # 0, we obtain that >(2,3,7) has
infinite order in the group @%Z although it bounds a rational ball [9]. This also
follows from the results in [23].

As we have seen in Example 1, the Brieskorn sphere ¥(2,3,7) is an element
of infinite order in the kernel of the natural map 6%2 —% @%7 where the latter
group is defined in the obvious way. Also note that this map is not onto, as the
Rokhlin invariant of every Zo-homology sphere is even. A similar argument shows
that ©3 — ©3 is not onto. It is conceivable that this map is also not one-to-one,
and it would be interesting to find an explicit example of an integral homology
sphere which is not the boundary of a Z-acyclic 4-manifold but the boundary of
some Zs-acyclic manifold. We remark that Furuta’s arguments in [12] actually
show that the family Y.(2k + 1,4k + 1,4k + 3) of Brieskorn spheres generates a
subgroup of infinite order in @%2 (this has been used by H. Endo [7] to prove that
the corresponding family of Pretzel knots spans an infinite dimensional subgroup
in the smooth knot concordance group) and that the restriction of ©3 — @%2 to
this subgroup is one-to-one.

Corollary 1. Suppose we are given positive integers p < q < r such that exactly
one of these three numbers is even, % + % + % <landp+q+r <22. Then the

Montesinos knot m(2; (p,p—1),(q,q—1),(r,7—1)) has slice genus and unknotting
number 3(p+q+r) — 1.

Proof. Let K denote the knot m(2;(p,p — 1),(¢,q — 1), (r,7 — 1)). The double

covering ¥ of §3 branched along this knot is —p.q,r, hence

() = ~T(Spr) = 1o+ a+7) 3

by Example 1. It is not hard to verify that o(K) =p+ ¢+ r — 4. By Theorem 1



Vol. 77 (2002) Homology cobordism and classical knot invariants 369
we obtain that

5 1
2" (K) > O(K)—m(E):Z(p+q+7")—5—Z(p+q+7")+3:p+q+r—27

] Ut

so g"(K) > —%—(p#— qg+7)—1. Now the knot K is build up from the rational tangles
t(p,p—1),t(q,g—1) and t(r,r — 1). The rational tangle ¢(p,p — 1) can be changed
to the trivial tangle by £ crossing changes if p is even and by % crossing changes
if p is odd, so we obtain that «(K) < 2(p+ ¢ +r) — 1. Of course g*(K) < u(K),
and therefore we can conclude that u(K) = g*(K) = 2(p+q+7)—1. O

Note that the Montesinos knots in Corollary 1 are examples of knots where
the inequality g*(K) > $|o(K)| from [19] is not sharp. In some sense the last

statement of Theorem 1 can be seen as a refinement of this inequality involving
the cobordism class of the double branched covering.

Example 2. Suppose that >} is an integral homology sphere with non-zero Rokhlin
invariant which is the result of rational surgery on a torus knot. Then m(}) > 0.
This follows from [23], where Saveliev shows that certain Brieskorn spheres bound
spin 4-manifolds X with intersection forms —aFg + bH,a > b and uses this to
prove that they have infinite order in the homology cobordism group. For these
homology spheres m (%) > 20(X) — ba(X) = 2(a —b) > 0.

2. Some computations for lens spaces

As A. Casson and J. Harer demonstrated in [5], all lens spaces of the form
L(t?,qt + 1) with coprime numbers ¢ and ¢ where ¢ is odd bound Z,-acyclic 4-
manifolds, hence they are zero in the group @%2. In this section, we prove estimates
for the invariants m and 7 of lens spaces and use them to find many examples of
lens spaces which have in fact infinite order in the Zs-homology cobordism group.
In particular we will obtain a complete list of those lens spaces L(«, 3) with odd
a < 11 whose cobordism classes have infinite order.

It is well known that a lens space L(a, 3) is a double covering of the 3-sphere
branched along the two-bridge link S(a, 3), see for instance [4]. To be able to
apply statement 1 in Theorem 1, we have to compute respectively to estimate the
signature and the slice genus of such a link. Let us start by fixing some notations.

Definition 2. Assume that we are given a sequence (ay,by, a9, -+, ay,) of 2n —
1 non-zero integers. Then we define the link P(ay,b1,- - ,a,) to be the 4-plat
obtained by closing the 3-string braid a;ala(fbl -0, % as pictured in figure 2
(here we use the convention that the generators of the braid group have positive

crossings if the two strings involved have parallel orientations).

The link P(ay,by,--- ,ay,) is a knot if and only if . a; is odd, otherwise it is
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o
Cﬁf%\@xf&?

Figure 2. P(3,2,2)

a two component link.

Definition 3. Assume that we are given coprime integers 0 < 8 < « such that
is odd. Then an admissible continuous fractions decomposition is a presentation
of % as a continuous fraction

o 1
B [a172bl7a27 o 'an] = a1 +
B 1
2by + 1
a2+ 2by + - - -
where the a; and b; are integers such that a;b; >0 foralli=1,--- ,n—1.

Observe that such an admissible continuous fractions decomposition exists for
every pair 0 < 3 < « with ged(a,8) = 1 and 8 = 1 mod 2. It is also well
known [4] that the 4-plat P(ay,by, -, ay) is nothing else than the 2-bridge link
S(e, 8). This description of 2-bridge links turns out to be particularly useful for
computing the signature and slice genus of such a link. The following fact can be
found in [3].

Lemma 1 (see [3]]). Assume that 0 < § < « are coprime integers and that [3 is
odd. Pick an admissible continuous fractions expansion

2~ lag,2by, -, an).

B
Then the signature of the two-bridge link S(c, 3) is given by

o(S(a, B)) = Za —_ %

To find an upper bound for the slice genus of a two-bridge knot we will use the
following general observation.

Proposition 1. Suppose that K1 and Ko are links such that Ko is obtained from
K1 by p positive and n negative crossing changes. Then

g" (K1) < g"(K2) + max{p,n}.

Proof. The trace of a homotopy given by the crossing changes is a union of im-
mersed annuli A in S x I with p positive and » negative self-intersection points
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connecting K; C 8% x {0} and Ko C S® x {1} (see [6]). Pick a connected surface
F c D* with boundary K5 such that g(F) = g*(K,). By gluing this surface
with A we obtain a connected immersed surface I’ ¢ D* = (8% x I) U D* hav-
ing boundary K; whose genus is g(F') and which has p positive and n negative
self intersection points. Now let us assume that p > n. Since we can join two
self-intersection points of opposite signs by a handle we can construct a surface
bounding K; which has genus g(F') +n and p — n positive self-intersection points.
Replacing the remaining self-intersections points by p —n handles, we end up with
an embedded surface with boundary K; which has genus g(F') + p and the claim
follows. In the case that n > p a similar argument applies. (Il

Lemma 2. Suppose that we have a sequence (a1, b1, aa, - ,ay) of non-zero inte-
gers such that >, a; 4s odd. Define numbers o™, 0™ by

o =4#{1<i<n|a; =1mod2,a; >0},
oo =#{1<i<n|a;=1mod 2,a; < 0}.

Then the slice genus g* of the knot P(ay,b1, -+ ,ay) is bounded from above by

gt < %max{ Z(|al| —a;)+ 20" — Z,Z(|ai| +a;)+ 20 — 2}.

K2

Proof. Suppose that we have an index 0 < ¢ < n such that a; > 0. If a; is
odd, we can deform the knot P(ay,b1, - ,a,) into the knot defined by the se-
quence (aq,by, -+ ,bi—1,1,b;,ai41, -+ ,ay) by performing %(ai —1) negative cross-
ing changes. If a; > 0 is even, we can do %ai negative crossing changes to obtain
Play, by, -+ ,bi—1,0,b;, a1, -, an). Repeating this for every index i for which a;
is positive, we eventually obtain a knot P(a),b1,ah,bs, -+, a,) for which a) = a;
if a; < 0 and a} € {0,1} otherwise after having performed

n= Z %(ai—I)Jr Z %ai:i(2(|ai|+ai)—2o+)

7 7 i
a; >0 a; >0
a; odd a; even
negative crossing changes.
A similar reduction can be done if a; < 0. In this case we can do 3(|a;| — 1)
respectively %|ai| positive crossing changes, depending on whether a; is odd or

even. So we see that after performing
1 _
p= Z(Xl:(|a2| —a;) — 20 )

additional positive crossing changes, we end up with a link P(aY, by, af,be,al)
where af € {—1,0,1} and o = 0 if and only if a; is even.

Observe that the knot P(af, by, al, by, a’) is the boundary of an obvious Seifert
surface which has genus (0" + 0~ —1).
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Now assume that p > n, i.e. p=max{p,n}. By Proposition 1 we can conclude
that

0*(S(0,8)) < p+ o(F) = (Xl — ) ~207) 30" +0” —1)

K2

1

_ Z(E(w — a;) + 20" —2).

If we have n > p, we can use the same argument to obtain the lower bound

0"(S(0 8) <+ 9(F) = 1 (3 sl + ) — 207) + 5(0" 40" —1)

45
1 _
_ Z(Z(W ta;) 42 — 2).
Since of course either p > n or n > p the claimed inequality follows. (Il

In the case that all the a; are positive, it follows from work of T. Tanaka [24]
and L. Rudolph [21] that this estimate is actually sharp.

Proposition 2. Suppose that 0 < 3 < « are coprime odd numbers and that we
are giwven a continuous fractions decomposition

g = [a172b17a’27 o 'G’”VL]

B
with non-zero integers a;, b; such that a;b; > 0 for all i. Let
ot =#{1 <i<n|a=1mod 2, a; >0},
oo =#{1<i<n|a;=1mod 2,a; < 0}.
Then

(zn:ai - a_"> - %max{zn:(hm +a;)+20 —2,
i=1

|a"| i=1

m(L(a, B)) 2

W= | Ot

3 (lail - a;) + 20" — 2}.
g=1
and

n

mL(o, B)) < Z(Zai - |Z—"|) + %max{2(|ai| Fa) 20 —2,
i=1 "

i=1
n

3 (asl - a;) + 20" — 2}.

=2l

Proof. 1t is well known that the lens space L(a, 3) is a double covering of S,
branched along the two-bridge knot S(«o, 8) = P(a1,b1,- -, ay), see for instance
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Lla,B) | m> | m<| [a1,2b2,a2, - ,ay] | order
3,1)| 05| 45 3 0o
(5,3) | —2.0| 2.0 [1,2,-2] | <2
(7,1) | 15/ 135 M| oo
(7,3) | 05| 45 [2,4,-1] |
9,1) | 2.0 18.0 0| oo
9,5) | —2.0| 20| [1,2,-1,-2,—1] 0

11,1) | 25| 225 ]|
(11,3) | 05| 45 3,2,-2] |
11,5) | 05| 45 2,6,-1] | oo
13,1) | 3.0/ 270 [13] | oo
(13,3) | 10| 9.0 4,41 |
(13,5) | —2.0 | 2.0 2,2,-3] | <2
13,7) | —2.0| 20| [1,2,-1,-4,-1] ?

Table 1. Bounds for m(L(p, q))

[4]. By Lemma 2, there exists a surface F' C D* with boundary S(«, 3) which has
genus

K3

g(F) = %max { 3 (lail - ai) + 20" — 27Z(|ai| Fa;+20 — 2)}.

Using the expression for the signature of S(«, 3) derived in Lemma 1, Theorem 1
now immediately yields the desired result. (Il

Remark 2. As to the orientation of lens spaces, we are using the convention
from [4] that the oriented lens space L(a, 3) for 0 < 8 < « is the double covering
of the 3-sphere branched along the two-bridge link S(«, 3). With this choice of
orientations, the covering of the left-handed trefoil knot is L(3,1). Note that this
is in accordance with the convention used in [14], where the lens space L(c, 3) is
defined to be the result of rational surgery along the unknot with framing %9‘ (see
[14], Exercise 6.3.5).

By computing the terms appearing in the statement of Proposition 2 we can
find many examples of lens spaces which have infinite order in the Zs-homology
cobordism group. Table 1 shows —up to orientation — all the lens spaces whose first
homology groups have odd order less or equal than 13 together with the estimates
for m and m provided by Proposition 2, the continuous fractions decomposition
used for the computation and the order of the lens space in @%2 as far as it is
known (note that the lens spaces L(5,3) and L(13,5) have orientation reversing
diffeomorphisms, the fact that L(9,5) is the boundary of a Zs-acyclic manifold is
proved in [5])).
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Corollary 2. Suppose that 0 < 8 < « are coprime odd numbers and that % has a
continuous fractions decomposition

g = [a17 2b17 az, 2b27 ag, - - 7an]

B
such that a;,b; > 0 for all i. Then the lens space L(c, 3) has infinite order in the
Zo-homology cobordism group.

Example 3. Suppose n > 0 is some positive integer. Then the lens space
L(10n + 1,8n + 1) has infinite order in ©3 . In fact, first note that 10n + 1
and 8n+ 1 are odd and coprime (if some prime p divides 10n+ 1 and 8n+ 1, then
2a = 0 mod p, in contradiction to 10n + 1 = 0 mod p). A continuous fractions
decomposition is given by

10n +1 2n

1
_ R .
e e i

2n

Since all the coefficients are positive Corollary 2 applies and the claim follows.

As the lens spaces L(10n+1,8n+1) and L(10m+1,8m+ 1) are diffeomorphic
if and only if n = m, we obtain in particular that there is an infinite family of lens
spaces which have infinite order in the Zs-homology cobordism group.

Remark 3. As the referee pointed out, one can also use the orbifold version of
Furuta’s Theorem [11] and arguments similar to those in [22] to prove Corollary 2
as well as the claims made in the last column of Table 1.

Example 4. We have seen that a Zo-homology sphere obtained by integral surgery
on the unknot — namely a lens space L(n, 1) —has infinite order in the Zs-homology
cobordism group unless it is an integral homology sphere, in which case it is Zo-
homology cobordant to S2. It turns out that the same is true if the knot is slice,
unless the framing is +1. In fact, suppose that . is obtained by doing surgery
with odd framing n on a slice knot K. Without loss of generality we can as-
sume that n > 0. Let W be the trace of the surgery, i.e. W is obtained from
D* by attaching a 2-handle along K with framing n. Then an embedded disk in
the 4-ball with boundary K and the core of the 2-handle can be glued together to
given an embedded sphere S C W with self-intersection number » which generates
Hy(W;Z). Let X be the manifold obtained from W by removing a tubular neigh-
borhood of S. As the boundary of such a neighborhood is a lens space L(n,1),
we have dX = YU L(n, 1). Now it is easy to see that X is Zs-acyclic, hence ¥ is
Zo-homology cobordant to —L(n,1). This implies that 3 has infinite order in 6%2
if n £ £1. Note that in the case that n = 1, X is even a Z-acyclic manifold and
as L(1,1) = S we obtain that the integral homology sphere ¥ is the boundary of
a Z-acyclic manifold.

We close this section with the remark that the above computations for lens
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spaces can be generalized to prove bounds for m(>) and m(¥) if ¥ is a Seifert
fibred Zo-homology sphere, note that these spaces are double coverings of the 3-
sphere branched along a Montesinos link. As the arguments and calculations are
very similar to the computations in the (special) case of lens spaces we only state
the result for one class of examples.

Example 5. Let n be a positive integer and consider the Seifert fibred space
Yn = M((12,5),(7,3), (6n + 1,4n + 1); =7), which is the double coverings of S®
branched along the Montesinos knot K = m((12,5),(7,3),(6n + 1,4n 4+ 1); —7).
The obvious Seifert surface for this knot is obtained from Seifert surfaces for the
two-bridge knots S(12,5),5(7,3) and S(6n + 1,4n + 1) by adding three bands,
one of them having 7 half twists. Using this and the results about the signature
and the slice genus of a two-bridge knot which we obtained in this section one
easily derives that o(K) = —2(n + 3) and g*(K) < n+ 3. Note that, as for every
knot, we have the inequality 2¢*(K) > |o(K)|, so our estimate for the slice genus
happens to be sharp.

Now we can conclude that 7(X,) < —4(n+3). By Theorem 1 this shows that
Y » has infinite order in @%2. Also note that the order of the first homology of X,
is linear in n, so X, # %, if m # n, and we obtain an infinite family of Seifert
fibred spaces which have infinite order in @%2.

3. A surgery formula

As indicated in the introduction, a second main source of Zs-homology spheres is
surgery on knots with odd integral framings. In this section, we shall see how one
can obtain information on the invariants m(}) and m (X)) if a Zs-homology sphere
>} is described by integral surgery on a knot. Combined with other methods for
calculating these invariants, this provides a lower bound for the slice genus of such
a knot. We also give examples of 3-manifolds which cannot be obtained by integral
surgery on a knot.

Suppose we are given a knot K in the 3-sphere. Then surgery with odd framing
on this knot yields a Zs-homology sphere >.. First let us derive a relation between
the Arf invariant of the knot, the framing and the Rokhlin invariant R(>) of 3.
For this purpose recall that if W is a simply connected 4-manifold whose boundary
is a Zo-homology sphere and F' C W is a closed embedded characteristic surface,
we have a well defined Arf invariant Arf(F') € Zo which does only depend of the
homology class of the surface and the Rokhlin invariant of the boundary (as one
can see by gluing with a simply connected spin manifold with boundary —oW,
note that the condition that OW is a Zs-homology sphere implies that F is still
characteristic in the resulting closed 4-manifold).

Proposition 3. Let K be a knot and assume that n is some odd number. Let 3
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denote the Zio-homology sphere which is the result of surgery along K with framing
n. Then n — g = —R(X) mod 8 and

Arf(K) = é(n - I%I n R(E)) mod 2.

Proof. Let W denote the simply connected 4-manifold which is obtained from D*
by adding a handle along K with framing n. Then oW = X is a Zs-homology
sphere, in fact #H(3;Z) = |n|. Furthermore by(W) = 1. As the boundary of
W is a Zo-homology sphere, the Zs-intersection form is non-degenerate and hence
the fact that by(W) = 1 implies that W is not spin, i.e. wo(W) is the non-zero
element of H*(W;Zy) = Zs. Pick a Seifert surface F’ for K and let ' C W denote
the surface which is obtained by gluing F” with the core of the 2-handle. Then
F.F = n, and therefore sign(W) = - Let [['] € Ho(W; Zs) denote the homology
class of I and denote the Poincaré duality map Ho(W;Zy) — H?*(W,0W;Zy) by
P Dyy. Then the fact that the self-intersection of F'is odd implies that the image of
PDyw ([F]) under the restriction *: H?(W,0W;Zy) — H?*(W;Zy) is the non-zero
element, i.e. we have
G PDw ([F]) = wa(W).

Now pick a spin manifold V' with boundary —» and consider the closed manifold
X = WUV. The fact that ¥ is a Zs-homology sphere implies that H?(X;Zs) =
H?*(W;Zs)® H?*(V;Zy). AsV is spin the surface F' represents wo(X), i.e. F C X
is characteristic. Therefore we can conclude that F'- F' = sign(X) mod 8. By
Novikov additivity, sign(X) = sign(W) + sign(V') = my sign(V'). By definition
of the Rokhlin invariant we also have that sign(V) = —R(X) mod 8, and therefore
we obtain that n = i — R(Y) mod 8. By [10], we obtain
1 . 1 n
AM(F) = <(F - F —sign(X)) = ¢ (n —mt R(E)) mod 2

for the Arf invariant of the surface F'. However it is also known [17] that Arf(F') =
Arf(K), and the proof of the proposition is complete. O

Corollary 3. Assume that a Zo-homology sphere Y. is obtained by integral surgery
on a knot. Then
#H(3Z) —1=+R(3) mod 8.

Here the sign is —1 if the framing is positive, otherwise it is +1.

Proof. Suppose that 3 is obtained by integral surgery on a knot K with framing
n. First let us consider the case that n is positive (note that » must be odd).
Then #H(3;Z) = n, and by Proposition 3, we have that #H,(3;Z) — 1 =
—R(>) mod 8. If n is negative, we obtain —#H(¥;Z) + 1 = —R(}) mod 8, and
multiplying this by minus one gives the desired result. ([l
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Remark 4. If a lens space L(p, ¢) can be obtained by integral surgery on a knot,
then g or —g is a square modulo p by Proposition 1 in [8]. It is interesting that
if p is an odd prime, this criterion is actually equivalent to the congruence of
Corollary 3, which can therefore be seen as a generalization of the result for lens
spaces in [8]. In fact, assume that ¢ is a square mod p (we can restrict ourselves
to this case after possibly reversing the orientation), i.e. (g) = 1. By [15], p. 137,
we have

1
(;) + 6ps(q,p) = 2% mod 4 (1)

where s(q, p) is a Dedekind sum. It is also known [25] that R(L(p, q)) = +4p°s(q, p)
mod 8 (the sign depending on orientation conventions), note that, as p is odd,
the Rokhlin invariant is even and therefore 2p”s(q, p) is an integer. Multiplying
equation (1) by 2p we therefore obtain

12p°s(q,p) = —4p°s(q,p) = p(p — 1) mod 8.
But p is an odd integer, hence p?> = 1 mod 8, and we end up with
+R(L(p,q)) = 4p°s(q,p) =p — 1 = #H1(L(p,q);Z) — 1 mod 8

which is the prediction made by Corollary 3. A similar calculation shows that
if the congruence of Corollary 3 holds for a lens space L(p, ¢), one of the Jacobi
symbols (g) and (;‘1) must be one, hence, as p is a prime, g or —¢q is a square
modulo p.

In some cases Corollary 3 can be used to show that certain 3-manifolds are not
the result of integral surgery on a knot (although they can of course be obtained
by integral surgery on a link) or to determine the sign of the framing.

Example 6. Let us consider an example of a connected sum where each sum-
mand is the result of integral surgery on a knot but the sum is not. Let » =
L(3,1)#L(7,1). Note that the first homology of ¥ is cyclic of order 21. Clearly
both summands can be obtained by surgery on knots, namely by —3 respectively
—7 surgery on the unknot. However R(>) = R(L(3,1) + R(L(7,1)) =2+ 6 = 8§,
and as 21 # 0 mod 8 we can conclude that ¥ is not the result of integral surgery
on a knot. Note that, as > can of course be obtained by integral surgery along
the trivial two-component link, its surgery number as defined in [2] is two. The
same argument shows that all manifolds of the form L(8k+3,1)#L(8k+7,1) have
surgery number two.

Example 7. Suppose that n = 3 mod 4. The lens space L(n, 1) is the result of
surgery with framing —n on the unknot. However Corollary 3 shows that this
manifold cannot be obtained by integral surgery on a knot with positive framing.
In fact, R(L(n,1)) = n — 1, #H(L(n,1);Z) = n, and if n = 3 mod 4, then
n—1%—(n—1) mod 8.
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As +2 is not a square modulo 5, Proposition 1 in [8] implies that L(5, 2) is not
the result of integral surgery on a knot. In [2], D. Auckly gave another argument
for this fact which can be generalized to the following

Proposition 4. Assume that K is a knot, det(K) # +1, which can be unknotted
using only one crossing change, and suppose that neither 2 nor —2 is a square
modulo |det(K)|. Let Y. denote the double covering of the 3-sphere branched along
K. Then ¥ is the result of rational surgery on a knot but cannot be obtained by
integral surgery on a knot.

Proof. 1t is well known that the double branched coverings of two knots which can
be obtained from each other by a crossing change are related by rational surgery
on a knot, see for instance [2]. As, by assumption, the knot K can be turned into
the unknot using one crossing change, it follows that 3 is obtained from S® by
rational surgery on a knot.

Now suppose for a moment that > can be obtained as the result of integral
surgery on some knot. The trace of this surgery is a simply connected 4-manifold
X with second homology Ho(X;Z) = Z. If n denotes the framing of the surgery
the intersection form on X is n times the standard form on Z. Using this one
easily sees that the linking form on H;(Y;Z) maps the generator of Hq(3};Z) to
:I:ﬁ, see for instance [2] for a proof. Note that n = +4#H,(%;Z) = £det(K).

It was pointed out in [6] that — as a consequence of the fact that the unknotting
number is one —the linking form on H;(X;Z) takes precisely the values kz‘detzﬁ
in Q/Z for some sign ¢ € {1, -1}, in particular ‘dezﬁ is in the image. Hence
there exist integers a,b € Z such that

9 1 2¢
o ey T ek
Multiplying this by |det(K)| leads to +a’ = 2 mod |det(K)| in contradiction to
our assumption. (Il

Example 8. Let K denote the Montesinos knot m(1;(2,1),(3,2), (3,2)) which is
denoted by 891 in [16]. The double covering 3 of S* branched along K is then a
Seifert fibred space M (1;(2,1),(3,2),(3,2)), note that this 3-manifold is actually
irreducible. One easily sees that |det(K)| = 15 and u(K) = 1 (the reason being
that the rational tangle ¢(3,2) can be changed to the trivial tangle by one crossing
change). As £2 is not a square modulo 15, Proposition 4 applies and we obtain
that 3 cannot be obtained by integral surgery on a knot although it is the result
of rational Dehn surgery on some knot in S®. Note that #H(¥;Z) = 15 and
o(K) = 2, hence #H,(%;Z) — 1 = —R(>) mod 8, so Corollary 3 does not yield
this result.

If a Zo-homology sphere is the result of integral surgery on a link then the
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trace of this surgery will be a natural choice for a 4-manifold bounded by .
Unfortunately this trace will in general not be spin, but one can always do surgery
along an embedded surface to obtain a spin manifold.

Lemma 3. Suppose that W is a simply connected 4-manifold whose boundary is a
Zo-homology sphere and that F' C W\ W s a closed characteristic surface having
non-zero self-intersection number. Let e € {—1,+1} denote the sign of F'-F'. Then
there erists a simply connected spin J-manifold X with 0X = OW such that

ba(X) = ba(W) +2(g(F) — 1) + |- ' + 8eArf(F)| + 4Arf(F)
o(X) =o(W) — (F - F + 8eArf(F))
where we think of the Arf invariant Arf(F) € Zs as an element of {0,1}.

Proof. Clearly we can restrict ourselves to the case that the self-intersection number
of F' is positive, the case of negative self-intersection number then follows by
reversing the orientation.

Let us first consider the case that the Arf invariant Arf(F') is zero. Let W'
denote the manifold which is obtained from W by attaching F' - F' — 1 copies of
CP? and consider the surface F’ C W given by gluing F' with the exceptional
divisors. Then F’ - F’ = 1, and clearly Arf(F’) = Arf(F') = 0. As explained
in [26] we can now construct a sphere S € W, where W is obtained from W
by attaching g(F) copies of S? x S? such that S-S = F’. F’ = 1 and such that
S is still characteristic. Blowing down this sphere gives a spin 4-manifold X as
required.

In the case that Arf(F) = 1, consider W’/ = W#CP? and the surface F’ C
W’ obtained by gluing I’ with a torus representing 3 times the generator of
Hy(CP?;Z). Then Arf(F’) = 0 and the claim follows from what we just proved.

O

Proposition 5. Suppose that a Zs-homology sphere is obtained by integral surgery
with framing n on a knot K. Let e = % denote the sign of the framing and let

= %(n—e)JrR(E)) mod 2 € Zs

(note that, according to Proposition 3, the number in parentheses is actually a
multiple of 8). Finally let h = #H(3;Z) and let g* = g*(K) denote the slice
genus of the knot K.

(1) If w =0, then

4 —5 —4 -5
“(h=1)+ 2" 2 (S 2 m(R) 2

(h—1)—2g".

(2) If w=1, then

-5 —4 -5
L5 ) gt a2 () 2 m(n) 2 T

(h+7)—2¢" — 4.
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Proof. By assumption, Y is obtained by integral surgery on a knot K. The trace of
this surgery is a 4-dimensional handlebody W with boundary > which is the result
of attaching a 2-handle along K to D*. Consequently by(W) = 1 and (W) = e.
By Proposition 3, Arf(K) = u, and clearly |n| = h, i.e. n = eh.

Now pick a surface F' C D* with boundary 40F = K such that g(F) =
g*(K) and let F’ denote a Seifert surface for K. Then the surfaces G and &’
formed by gluing the core of the 2-handle with I respectively F’ clearly have the
same homology class «. As in the proof of Proposition 3, this homology class is
characteristic, and « - @ = n. It is known that the Arf invariant of the surface G
obtained by gluing F” and the core of the 2-handle is Arf(K), and as [G] = [G’], the
same is true for G’ Now we can apply Lemma 3 to W to obtain a spin 4-manifold
X with boundary > and the claimed estimates follow from the definitions of the
invariants m and . O

Remark 5. A similar estimate can be derived in the more general case that
the Zo-homology sphere ¥ is obtained by integral surgery on a link which has
a characteristic knot (which one can always assume after sliding handles), such
a characteristic knot will again define a characteristic surface to which one can
apply Lemma 3.

We are now ready to use Proposition 5, combined with the information obtained
from Proposition 3, to derive a lower bound for the slice genus of a knot on which
integral surgery can be performed to obtain a given Zs-homology sphere ¥.. Note
that if 3 is the result of integral surgery of a knot, we can, by Corollary 3, choose
the orientation of 3 such that #H(3;Z) — 1 = —R(Y) mod 8, therefore we state
our result only in this case.

Theorem 2. Assume that . is a Zo-homology sphere and that R(Y) Z 4 mod 8
and #H{(35Z) — 1= —R(X) mod 8. Let

1 %(#Hl(E;Z) ~ 14 R(Y)) mod 2

were we think of p as an element of Zo = {0,1}. If Y can be obtained by integral
surgery on a knot K, then

g (K) > =(#H\(D,Z) — 1 + 4m(%)) — .

o

Proof. Let n denote the framing of the knot. Of course n = +4#H1(%;Z). Once we
can show that n must be positive the claimed inequality follows from Proposition 5.
So let us assume that n < 0. Then n = —#H1(3;Z), and by Proposition 3, we
have

—#H{(%) +1=—R(%) mod 8.
However combining this with the assumption #H1(3;Z) — 1 = —R(X) mod 8
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shows that R(Y) = —R(Y) mod 8. But this is only possible if R(3) = 0 mod 4,
which contradicts our assumptions. [l

Example 9. Assume that k is an even number and consider the lens space L(16k+
7,7k + 3). Note that this lens space is — up to orientation — L(4mn — 1,4n?) with
n=2k+1, m=2. As n and m are coprime, L(16k+7,7k+3) can be obtained by
integral surgery on a knot by Theorem 1 in [8]. An admissible continuous fractions
decomposition is given by

16k +7
— =2,4,-1,-2,1, k,-1].
7’f+3 [77 ? ] ]

Using this one can easily derive that R(L(16k + 7,7k + 3)) = 2 and m(L(16k +
7,7k +3)) > —1.5. Hence Theorem 2 implies that the slice genus of any knot K
on which integral surgery can be performed to obtain L(16k + 7,7k 4 3) must be
at least 2k — 1. Of course the slice genus of a knot is at most its genus, and for
every knot the crossing number is at least two times the genus (otherwise Seifert’s
algorithm would produce a Seifert surface of smaller genus), so we also obtain a
lower bound for the crossing number.

The most obvious infinite family of lens spaces which can be obtained by inte-
gral surgery on a knot is given by the lens spaces L(n, 1). All these spaces can be
obtained by surgery on a single knot, namely the unknot (but of course with dif-
ferent framings). Example 9 shows that this situation is not typical and that one
actually has to use infinitely many knots (even infinitely many concordance classes
of knots) to obtain all the lens spaces which are the result of integral surgery on
a knot, i.e. we have the

Corollary 4. For every natural number N > 0 there exists a lens space L(p, q)
which can be obtained by integral surgery on a knot such that every such knot has
slice genus at least N.
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