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Central extensions of Lie superalgebras

Kenji Iohara and Yoshiyuki Koga

Abstract. For a commutative algebra A over a commutative ring k satisfying certain con-
ditions, we construct the universal central extension of gp ®j A , regarded as a Lie superalgebra
over k, where g; denotes a basic classical Lie superalgebra over k. To consider basic classical
Lie superalgebras over an ring k , we also show the existence of their Chevalley basis. Our results
contain not only the descriptions of the untwisted affine Lie superalgebras but also those of the
toroidal Lie superalgebras.

Mathematics Subject Classification (2000). 17B05, 17B55, 19D55.

Keywords. Lie superalgebras, Central extensions, Cyclic homology.

1. Introduction

The universal central extensions (UCE for short) of a simple Lie algebra over
commutative rings were studied in [Gar] and [KL]. To be precise, let g be a
simple finite dimensional Lie algebra over the field of complex numbers C. It is
known that the UCE of the Lie algebra g ® C[t*!] is a one-dimensional central
extension, and this is just an affine Lie algebra [Gar]. More generally, let A be
a commutative algebra over a commutative ring k satisfying % € k, and let gy
be a simple finite dimensional Lie algebra over k, in the sense of [Che]. Then
the kernel of the UCE of the Lie algebra g; ® A is Q}% o/ dA , the A -module of
Kahler differentials over k& modulo exact forms, which was obtained by C. Kassel
and J.-L. Loday [KL] (see also [Kas]).

Representation theories of affine Lie superalgebras have been developed recently
e.g. [KW]. Moreover, the Serre relations of affine Lie superalgebras were obtained
by H. Yamane [Ya]. Although it might be known to the experts, it seems that
there is no literature in which an affine Lie superalgebra is realized as the UCE
of the Lie superalgebra g® C[t*'], where g is the underlying finite dimensional
simple Lie superalgebra. In this paper, we address ourselves to the description of
the UCE of the Lie superalgebra g; ®; A in the case when gj is a basic classical
Lie superalgebra, viz. a Lie superalgebra which has a non-degenerate, even, super-
symmetric, invariant bilinear form, classified by Kac [Kacl], [Kac2]. Namely, we
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first construct a Z-basis of g & la Chevalley [Che] (Theorem 3.9), and define the
Lie superalgebra gj . After that, we compute the UCE of the Lie superalgebra
gr®A.

The main result of this paper can be stated as follows (Theorem 4.7): Let k
be a commutative ring satisfying certain conditions, and let A be a commutative
algebra over k. Let g be a basic classical Lie superalgebra. Then the UCE g (A)
of gr ® A is given by

gk ®A @ Q}Vk/dA if g is not of type A(n,n) Vn
gr(A) ~ Dk®A@Q}Vk/dA if g is of type A(1,1)
slln+1l,n+ 1) @A® Q}“/k/dA if g is of type A(n,n) In > 1

where ¥ is the Lie superalgebra of type “D(2,1,—1)” (see §2.4). In particular,
for k= C and A := C[t*'], if g is not of type A(n,n) for any n, then the
UCE is just the one-dimensional central extension as in the non-super case.

Let us explain our approach to the proof of Theorems 3.9 and 4.7. Basically,
we follow the lines due to [Che] and [Gar]. That is, we first consider the rank
1 super-subalgebras of a basic classical Lie superalgebra, i.e., sly, osp(1,2) and
s[(1,1) , and then we consider the rank 2 subalgebras. But technical difficulties
arise owing to the following reasons:

1. There exists roots of length 0.

2. sl(1,1) is not perfect.

The first difficulty appears, when we define a Lie superalgebra gz over Z. To de-
fine it, it is necessary to introduce the coroots appropriately. The second difficulty
appears, when we reduce the proof to the rank one case. We will resolve these
problems in §2.5 and §4.3 respectively. Finally we remark that the UCE of gy
is g, i.e., as opposed to the non-super case, the UCE of g; does not necessarily
coincide with itself.

This paper is organized as follows: In Section 2, we will collect some fundamen-
tal concepts for basic classical Lie superalgebras, e.g. Dynkin diagrams, Cartan
matrices and root systems. Further we will recall the classification theorem due
to V.G.Kac and the realizations of these Lie superalgebras. Since the Killing form
vanishes in some cases, in §2.4 we will describe an even supersymmetric invariant
bilinear forms on basic classical Lie superalgebras. And in §2.5, we will define
the coroots and study their properties. In Section 3, we will show the existence
of a Chevalley type base (Theorem 3.9). In Section 4, will first summarize the
definitions and basic properties of central extensions in §4.1. In §4.2, we state
the main result of this paper (Theorem 4.7), and §4.3 is devoted to its proof. In
the appendix, we will list some data for the basic classical Lie superalgebras, for
the sake of readers convenience.
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2. Basic classical Lie superalgebras

In this section, we recall the definition of basic classical Lie superalgebras and
their fundamental properties. Through this section, we will work over the complex
number field C.

2.1. Definitions

We first list some notation for Z,-graded vector spaces. Let V= V5& V7 be a
Zs -graded vector space. For o € Zy , we say that a vector v € V,, is homogeneous
of degree o if v e V,. We set

lv| :=o.
Let €™ be the (m + n)-dimensional Z -graded vector space such that
(Cmmyy ~ ™, (€M) ~ .
We note that for Z, -graded vector spaces V and W, Hom¢(V, W) is Z, -graded
via
Home(V, W), := €D Home(Vo, Woir), 7€ Zy.
o€ls
Let g = g5 ® g1 be a Lie superalgebra over C, i.e., there exists a bilinear map
[, ]:9%xg— g such that
L (80,801 C @0,
2. [a7 b] - _(_1)‘(1‘“)‘ [b7 (1] )
3. [a7 [b,CH = [[(L b]? C] + (_1)\&\\1)\[[)7 [CL,C]] )

where 0,0’ € Zy and a,b,c € g are homogeneous elements.

In this paper, we mainly deal with a class of Lie superalgebras called basic
classical Lie superalgebras. To recall the definition, we introduce the following
concepts:

Definition 2.1. For a bilinear form F :g X g — C, we say that
1. F is evenif (gs,00/) =0 for o #d',

2. F is supersymmetric if (a,b) = (=1)1%1%1(b, a),

3. F s inwvariant if ([a,b],c) = (a,[b,d]).
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We define a basic classical Lie superalgebra as follows [Kac2]:

Definiton 2.2. A finite dimensional Lie superalgebra g is called a basic classi-
cal Lie superalgebra if

D1.g is a simple Lie superalgebra i.e. has no non-trivial Zso -graded ideal,
D2. g5 is a reductive Lie algebra,
D3.there exists a non-degenerate even supersymmetric invariant bilinear form on

o B

The classification of the basic classical Lie superalgebras was carried out in
[Kacl]. Let us recall the classification.

Theorem 2.3. The following list exhausts the basic classical Lie superalgebras
over C:

1. simple Lie algebras,
2. simple Lie superalgebras of type

Alm,n) | mn>0andm+n>1
B(m,n) | m>0andn >1

C(n) n >3
D(m,n) | m>2andn>1
D(2,1;a) | a #0,—1

F{4)

G(3)

Realizations of Lie superalgebras of type A(m,n), B(m,n), C(n) and D(m,n)
will be described in the following subsections. Here we only make two remarks.

Remark 2.2.4. A(1,1) ~ C(2) and D(2,1;a) ~ D(2,1;b) if and only if a and
b lie in the same orbit of the group generated by the transformations a+— —a—1
and a+ 1/a, which is isomorphic to &3 .

Remark 2.2.5. g is said to be classical if the conditions D1 and D2 hold
[Kacl]. There are two series P(n) (n > 3) and Q(n) (n > 2) of classical
Lie superalgebras, which are not basic classical. Note that Q(n) has an odd
supersymmetric invariant form.

2.2. Examples
In this subsection, we will explicitly realize the Lie superalgebras of type A(m,n),

B(m,n), C(n) and D(m,n) as subalgebras of the general linear Lie superalge-
bras.
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To do this, we first recall the general linear Lie superalgebra gl(m,n). We put
gl(m, n) := Home(C™™, C™™)
and regard it as a Lie superalgebra with the commutator
[a,b] == ab — (=1)l%l®lpq,

In the sequel, we fix a basis {e1, - ,em,€m+t1, ,€mrn} such that
m n
(C™™)y = EPCe; and (C™"); = @) Cemys.
i=1 i=1

For an element « € gl(m,n), let

A B

C D
be the matrix representation of @ with respect to the above basis. We define the
supertrace of a by

stra:=trA —trD.
Moreover we set
sl(m,n) = {a € gl(m,n)|stra =0},

and call it a special linear Lie superalgebra. Notice that the identity matrix I, is
an element of sl(n,n), moreover Cly, is the center of sl(n,n).

Example 2.6. The Lie superalgebra of type A(m,n) is defined by

_ [ slm 1,0 41) if m#n
Al) "{ sl(m +1,n+1)/Clonyz if m=n

Next we recall the Lie superalgebras of type B(m,n), C(n) and D(m,n). For
this purpose, we introduce the ortho-symplectic Lie superalgebra osp(m,n). We
set
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osp(2m +1,2n) =

A B U T1 X2 tm
C —tA v Yy Y tm B,C are
—ly Iy 0 21 29 H skew-symmetric
tago txy tzo | D E tn o matrices, ,
“tyy —fzy -z | F -'D In E,F are
symmetric matrices
N N Ve
m m 1 n n
0sp(2m, 2n) =
A B T T tm B.C are
C —tA Y1 Yo }m k ’ .
skew-symmetric
"o ‘zo | D E n .
i p B ; madtrices,
'y —e | FO-D tn E,F are
NI N S symmetric matrices
m m n n

Example 2.7. The Lie superalgebras of type B(m,n), C(n) and D(m,n) are
defined by

B(m,n) == o0sp(2m + 1,2n) (m >0,n > 1),
D(m,n) := 0sp(2m, 2n) (m>2,n2>1),
C(n) = 0sp(2,2n — 2) (n>3).

2.3. Contragradient Lie superalgebras

In this subsection, we will define all basic classical Lie superalgebras as contragra-
dient Lie superalgebras.

We start with the definition of contragradient Lie superalgebras. The contra-
gradient Lie superalgebras are defined from the following data:

Let 1 be the index set {1,2,---,n},and 7 asubset of I. Let A = (a;;); e
be a complex n X n matrix of rank /. Let h bea (2n —1) -dimensional C-vector
space and @) the free abelian group of rank n with basis II := {&;|i € I} C h*.
We can choose a subset {h;|¢ € [} of h such that
1. {ﬁl|~z € I} is linearly independent,

2. &;(hj) =a;,; forany i, jel.
Using this data, we define the contragradient Lie superalgebra.
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Definition 2.8. The contragradient Lie superalgebra g is the Lie superal-
gebra which satisfies the following conditions:
Cl.g = @ ds : Q -graded.
G6eQ i B
C2.There exist generators {€;, fi,hli € 1, h € h} such that
§o="0, §a =Cé, §a =Cfi, |l =0, |&|=|fil= { gdEn

ifigr,

Ol

and satisfy commutation relations

[iL7 ;L/] =0 (}N%B/ = 6)7 [éhfj] - 6ivjhi’

[h, &) = Gu(h)é;, [h, fi] = —&(R)fi.
C3.Every Q -graded ideal © of § such that tNh = {0} is zero.

The matrix A is called the Cartan matriz of §. We set QT := Y ict L>06y
and

A:={aeq\{0}faa#{0}},
At:={ae g\ {0Hga # {0}}
Af={aeQm\ {0}l5 nds £ {01}

It is easy to see that g has a triangular decomposition
g=ntfohoi- [(a*t= g |

and hence A = At J(—AT). Furthermore, by definition, we have At = Ag W
A% (disjoint union).

On the simplicity of a contragradient Lie superalgebra, we have the following
proposition [Kacl]

Proposition 2.9. Let g be a contragradient Lie superalgebra with the Cartan
matric A = (a; ;) and let §' be the derived subalgebra [g,9] of §. We denote
the center of g by C. Then we have

1. C={Y;c1cihilci € C such that 3 a; =0 (YjeD}Cg .

2. §'/C is graded simple in the Q -grading if and only if A is indecomposable.

The following theorem due to V.G. Kac tells us which Cartan matrix corre-
sponds to a basic classical Lie superalgebra.

Theorem 2.10. [[Kacl]] The Lie superalgebra g = §'/C with a Cartan ma-
triz whose Dynkin diagram is one of those in Appendiz A is a basic classical Lie
superalgebra.
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Corollary 2.11. Let A be a Cartan matriz of a basic classical Lie superalgebra.
Then we have

c_)C [E?:l i(hs — hanya—i) — (n+ 1)f~ln+1} if A is of type A(n,n) (Fn)
{0} otherwise

In the sequel, we will need the following notation. We denote the canonical
projection §' — g by ¢. Weset :=¢(g’Nh) and call it a Cartan subalgebra of
g. Let us denote the image of # € §’ under the map ¢ by z. The dual of the

map ¢|50§;' defines an inclusion ¢ : h*—(h N §)* . Similarly, we define the map
¢ h* — (b Ng’)* as the dual of the natural inclusion hg—h. Since &lc =0

for any & € @, we can regard ¢(Q) C Ime. Therefore, for & € @, we define
ach by a:=("toy)(a) and set Q = (¢ 1 o¢)(Q). We also define

A= (T oy)(A), ATi=(low)(A), AL =(tow)(AS).

We call a; == (v top)(as) (vesp. hi = ¢(h;)) (i € 1) the i -th simple root (resp.
simple coroot), and set 11 := {a;|i € I}. For & € @, we also set g, := ¢(ga).
Here we notice that, from Corollary 2.11, in the case of A(n,n), we have

Zi(ai+a2n+27i)+(n+1)an+l =10 (1)
=1

Let us recall some properties of the root systems of the basic classical Lie
superalgebras. The following proposition is known:

Proposition 2.12. [[Kacl]] If g is a basic classical Lie superalgebra which is not
of type A(1,1), then dimg, =1 for any a € A.

The triangular decomposition of g yields

g=n"opon  |nt= P g,
+acAt

and hence A = AT (=A%), Furthermore, At = AT U AT holds. Hence, in
the sequel, we denote the parity of g, by |of.

Remark 2.2.13.

1. For the basic classical Lie superalgebra g of type A(1,1), the relations oy +
2a0+as =0, and hence a1 +ay = —ag—ag, ajtast+as = —as hold. These
roots are distinguished in the corresponding contragradient Lie superalgebra
g . Namely, we have dimgs = 1 for any & € A.

2. In the case of A(n,n) for n € 2Z-o, Q C h* itself is not Zy-graded. Never-
theless, we can define the Z,-gradation on A.
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2.4. Non-degenerate even supersymmetric bilinear form

In this subsection, we will describe even supersymmetric invariant bilinear forms
on the basic classical Lie superalgebras explicitly.
Let g be one of sl(m,n) and osp(m,n). We define (-,-):gxg— C by

(a,b) :=str(ab) (a,be€g),

where we regard g as a subalgebra of gl(m,n). By definition, we immediately
see that

Proposition 2.14. (-,) is an even supersymmetric invariant bilinear form on
g.

As a corollary, we have
Corollary 2.15. The radical of the form (-,-) is a Zo -graded ideal of ¢ .

Therefore, in addition if g is a simple Lie superalgebra, then rad(-,-) = {0}.
Notice that, in the case where g = sl(n+ 1,n+ 1), g is not simple. But in this
case we have

Lemma 2.16. Suppose that g = sl(n+1,n+1). Then we have Cla, 12 C rad(-,-),
and hence (-,-) defines an even supersymmetric bilinear form on A(n,n) = sl(n+
1,n+ 1)/Clgn+2 .

Accordingly we have

Proposition 2.17. Let g be a basic classical Lie superalgebra of type A(m,n),
B(m,n), C(m,n) or D(m,n). The pairing (-,) : gxg— C defined by (a,b) =
str(ab) gives a non-degenerate even supersymmetric invariant bilinear form on g .

Proof. Since g is simple, it follows from Corollary 2.15 that rad(-,-) = {0}.
Hence (-,-) is non-degenerate. O

Hence the supertrace gives a non-degenerate even supersymmetric bilinear form
on g, if g is of type A(m,n), B(m,n), C(m,n) or D(m,n). Generically, the
Killing form defined below gives such a form on g .

Definition 2.18. Let g be a finite dimensional Lie superalgebra over C. The
bilinear form F : g x g — C such that F(a,b) = str(ad(a) o ad(b)) is called the
Killing form on g.

By definition, the Killing form is an even supersymmetric invariant bilinear
form on g. In the case where g is a basic classical Lie superalgebra, the Killing
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form is non-degenerate if g is not of type A(n,n), D(n+ 1,n) and D(2,1;a).
Hence if g is of type F(4) or G(3), then the Killing form gives an even super-
symmetric bilinear form.

Since non-degenerate even supersymmetric bilinear forms on A(n,n) and D(n+
1,7n) are given by the supertrace as above, it is enough to describe it for D(2,1;a).

Here let us discuss an even supersymmetric bilinear form on D(2,1;a). At
the same time, we consider the case of D(2,1;—1), which is not a simple Lie
superalgebra, but D(2,1; —1) gives the universal central extension of A(1,1). To
give an explicit even supersymmetric invariant bilinear form (-,-) on D(2,1;a),
we fix its root vectors. For the Cartan matrix and the root system of D(2,1;a),
see Appendix A. From now on, let us assume that a # 0. We set

Xou =€, Xa2 = €9, Xag = eg,

Xfoq = f17 X*Otg = f27 Xfozs = f37

Xogtaz = [Xoy, Xagls  Xoaj—ap = [Xeag: Xoay)s

XOZ2+043 = [XOZ:«HXOZZ]? X*Oézfas = [X*OézvX*Oéa]v (2)
XO!1+042+013 = [qu’onerosz X*Oélfoufoés = [X*Oézfoé:wX*OélL
i#[Xi(Dq%»OQ#»Oés)?Xiaz] if a 7é -1

X = "
+(o1+202+as) :I:[Xi(a1+a2+a3)7Xiaz] if a=—1

The bilinear form (-,-) on D(2,1;a) is explicitly given by
(h1,h1) =2, (h1,ha) =1, (h1,hs)=0,
(ho,ho) =0, (ho,hs) =1, (hs, hs)= %7
(XOtNX*Oq):l? (X0127X*042):_1a (XOé37X*Ot3):%7
(Xa1+a27X—a1—042) = _17 (Xa2+0637X—&2—063) = _17 (3)
(Xa1+042+0437X*041*a2*043) = _17

1 ’
—— if a# -1
(Xa1+2042+0137X7a172a27a3) — a+1 ) # .
0 if a=-—1

Notice that if a #£ —1, then (-,-) is non-degenerate on D(2,1;a).

For later use, we introduce Lie superalgebras 0 and g. Let 0 be the Lie
superalgebra of type D(2,1;—1). From the commutation relations of ¥, it is easy
to see that the vectors X.i(a, 12a,+as) are central elements of 0 and further

0— @ CX (o1 +200+as) — 0 — 8l(2,2) — 0 (4)
w==£l
is exact. Moreover, for a basic classical Lie superalgebra g, we introduce the Lie
superalgebra g by
g if g is not of type A(n,n) (Yn)
g:=<0 if g is of type A(1,1) ,
sl(n+1,n+1) if gis of type A(n,n) (Pn > 1)

and denote the canonical projection g — g by w. Then we have an exact
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sequence
0—C"" —§—g—0, (5)

where
0 if g is not of type A(n,n) (Yn)
m =43 if gis of type A(1,1)
1 if gis of type A(n,n) (n > 2)

By abuse of notation, we will sometimes use the same symbols to denote root
vectors of g and g.

Remark 2.2.19. As was seen in this subsection, g has an even supersymmet-
ric invariant bilinear form (-,-), and further by Corollary 2.15 and (3), we have
Rad(-,-) = kerw.

2.5. Coroots

In this subsection, we will define the coroot H, for each a € A, and study their
property.

Let A := (a; ;)i je1 bethe Cartan matrix of a basic classical Lie superalgebra g
and let D := diag(e;)ic1 and B := (b; ;)i jer be diagonal and symmetric matrices
such that A = DB . We see that

€jaij = €ily,i- (6)

In the sequel, we will fix the Dynkin diagrams as in Appendiz A. Hence an odd
simple root is unique, and is denoted by oy, . We set

W = {rili € I\ {io}),
where r; denotes the i-th simple reflection. Note that W is a subgroup of the
Weyl group W of g, i.e., the Weyl group of g;.
For each oo € A, let us define
i (a,0) £0
(oa) M

€y If (a,a) =0

o =

By the Weyl group invariance of (-,-), we have
Bl = Bos Yo € A, YaeW. (7)

Now we define the coroots as follows:

Definition 2.20. For oo =5, (k;o; € A, we set

icl

ey = G Z kigzlh“ (8)
icl
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where h; is the i -th simple coroot. We call H, the coroot associated with a
rool o .

By definition, we have
H_,=-H, (9)

and H,, = h; . Moreover, the following proposition holds:

Proposition 2.21. For any a € A and w € W, we have
wHy, = Hye.

Proof. Suppose that a; € AT NI and set a = >, kic; . Then, one has

rile) =Y kilas — azeay)
= Z ko — kj + Z kiam Q.

i#j i#]
On the other hand, it follows from (6), (7), and the definition of H, (8) that

’I”jHa = En Zklﬁ;l(Haz — ai,jHaj)

=eryaq Y kig; " Hoy — &5 (hj+ > kiaji)Ha,
i#j i#j
Thus we have r;H, = H,,, and the proposition is proved for w € W . Next let

us prove the proposition for a generator say rg of W that is not an element of
W . In particular, we can choose the root 3 as follows:

typeofg | 8
B(m,n) 20, = 20, + 20011 + - + 204
D(m7n) 2677, — 2an + 2an+1 e 2am+n72 7= Fm4n—1 -+ Omtn
D(2,1:a) | 2¢0 = a3 +2as + a3
F(4) 01 = 201 + 3ag + 203 + oy
G(g) 261 = 2a1 + 4ag + 203

We remark that the cases A(m,n) and C(n) are excluded, since the group W

coincides with the group W . From the above computation and (7), we have only
to check

epB(Ho;) = i (Hp).

This can be done through case-by-case calculation. O
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Lemma 2.22. For any v € AT such that (v,v) =0, we have v € Way, .

Proof. Suppose that v = 37, kjoy; € AT such that (v,7) =0. We set hty =
> ic1 ki . We prove the lemma by induction on hty. If hty =1, then v = a, .
Hence we may assume that htvy > 1. Since

2(y, as)

rs(y) =7 - mOéS7

it suffices to show that there exists s € I\ {ip} such that hty > ht(rsv), ie.,

2(v, )

> 0.
(O{57 Ofs)

Here let us take €;,d; as in Appendix A. For each v € At | we may choose the
simple root «, as follows:

type of g vyeAst (v,7)=0 simple root a
— —a1 )
A(m, =0 7 1,1 € — €i+1 (7/¢m+
I R e A
B(m,n) 5 + ¢ { Zn— €1 8 izg
mz0) | s-g i@y | {E R
6i —5¢ 7 n—1
C(n) €1+ 9; { 26,1 o EZ i n— 1%
61—(2 (27&1) (5171—(51(27&1)
€; — €5 | £ m
Dianw) 0ite { eZ,H i:im 8 i m;
8 —e; ((4, .1 T
o () Ay | f e
D(2,1;a) €+ €1 £ es 2¢1
€9 — €1+ €3 2e3
F(4) 5(01 —egtep £ ea) —€1
5(01+ €1 — ey £ €3) €1 — €2
5(01 + €1+ €2 — €3) €2 — €3
G(3) 01 — €1, 61 + €2, 01 —€3 €2
01 — €, 01 t €3, €3 — €2

Notice that B(0,7n) has no root of length zero. Thus we complete the proof. O

Lemma 2.23. For o€ A, we have



Vol. 76 (2001) Central extensions of Lie superalgebras 123

Proof. By (9), we may assume that o € AT . If & € W(AgNII), then the lemma
follows from Proposition 2.21. If (a,«) = 0, then the lemma is a consequence
of Proposition 2.21 and Lemma 2.22. If a € Ai+ such that 2o € Ag, (ie.,
(a,@) # 0 ), then one can check that 2a € AT\ W(Ag N1I). Hence it is enough
to prove the lemma for o € A7\ W(Ag N1I).

Now let us fix 3 as in the proof of Proposition 2.21. Then it is easy to see
that « € W3, and hence the lemma again follows from Proposition 2.21, since in
these cases, one can easily check that S(Hg) =2. |

3. Chevalley basis of basic classical Lie algebras

In this section, we will show the existence of a Chevalley basis of the basic clas-
sical Lie superalgebras g in a way similar to [Che]. (In the case of A(1,1), we
once consider the contragradient Lie superalgebra g instead of g and take the
projection of its derived subalgebra.) For later use, we also present a Chevalley
bases of g.

For a =3, 1 kio; € A, we set
-1 if a e —-AT
— i
T ¢ { 1  otherwise ’ Ky
and by definition we have
0o = (=1%o, (11)
For each o € A choose a root vector X, € g, so that they satisfy
[Xoquoc] = 0o H,, (12)
then we have for these root vectors, we define N, g€ C (a,3 € A) by
the coefficient of X415 in [Xo, Xg] if a+8€A
Noys = | (13)
0 if a+8&A

By direct calculation, we have

Lemma 3.1. For each o € A, we take a non-zero numbers u, € C and set
X4 = uaXo. Using {X,}, we define the structure constants {N, 5} as in
(13). Suppose that [X],, X' | = 0o H, . Then we have ugu_o =1 and N}, 5=

—1
uauﬁuaJrﬂNa”@ .

This lemma says that N, gN_, _3 does not depend on the choice of the root
vectors that satisfy the condition (12). Thus we first compute N, gN_, 5.
We fix «,3 € A. Here we consider the following three cases:

Case 1: a€ Ay.
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Case 2: « € A1 such that (o, ) #0.
Case 3: « € A7 such that (a,a)=0.
Let p and ¢ be positive integers such that

f+iae AU{0} ifandonlyif —p<i<g.

Lemma 3.2. [In the above three cases, we have
Case 1: NogN_oorp=qlp+1).
—q i p=0 (mod 2)
p+1 if p=1 (mod 2)

Case 3: NopgN_o o1 = Uozﬁ(Ha)(Sz(f()J ’

s 1 if p=0 (mod 2)
PO 0 if p=1 (mod 2)

Case 2: NogN_ngarp =00 X

where

Proof. By the Jacobi identity
HXwaoz]aXﬂ] - [Xm [XfomXﬂ]] =l (_1)“3‘“5‘[[)(0‘7)(@7)(7&]7
we have
0aB(Ho) = Na,g-aN-ap+ (-1)PIN, sNoi 5, o (14)

Using (14), we will show the lemma in each case.
For Case 1, (14) can be written as

B(Ha) + No,g—oNpg,—a = Na,gNatg,—a-

Replacing g to §—ta for 0 <i < p, we consider the following summation:

P P
Z {(B —i0)(Hs) + Naop—(it1)aNp—ia,—a } = ZNa,ﬂ—iaNﬂ—(i—l)a,—a~
=0

i=0
By direct computation, we obtain
1
(p jifs 1)6(Ha) - 5]9(]9 + 1)a(Ho¢) + Na,ﬂf(pqtl)aNﬁfpa,fa = Na,ﬁNa-kﬂ,fop

Notice that 3(Has) =p—q,and S—(p+1)ag A ie. Nyg_ (pi1)a = 0. Hence
the lemma follows from Lemma 2.23 for Case 1.
For Case 2, (14) can be written as

oaB(Ha) + (~)VPINy g oNp —o = (=1)/PI Ny pNotp,—a-

Similarly to Case 1, we consider the following summation:

B
S (1) {oa(8 — ia)(Ha) + (~1)7* No (51 1)aNp-i0,a}

=0

(_1)lﬁiio&H—i]Voz,,ﬁficzZ\[ﬂf(ifl)oc,foz~

I
KM‘

-
Il
o
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Then we have
P

0 Y (=1)(B = ia)(Ha) + (=1)"!Na g (p11)aNp—pa,—a = (=1)"|Na, s Nat p,—a-
i=0

By Lemma 2.23, we obtain
P .
indpn B —q if p=0 (mod 2)
Z;( D6 w‘)(H“)’{ p+1 if p=1 (mod2) ’

and hence we have the desired result.
For Case 3, by the same argument as in Case 2, we have

P

g0 Y (-1)'(8 —ia)(Ha) = (-1)""!Na,sNartp,—a-

i=0
Thus Lemma 2.23 implies the conclusion for Case 3 and completes the proof. O
Lemma 3.3.
Neaarp = (-1)lelZetB 048y
g Ep
Proof. The Jacobi identity
(X X—gl, X p] = (X [X—p, X pl] + (~)PI0HD[X o X 5], X ]
implies that
N-o,—p0-a-pH-a-p = N-parpo-al o+ (~1)//UIHION_, o\ 505 Hp.
Combining (11) and (9), we have

(1)l AN 5 onipHars = —(—1)IMN_got1g0aHa
+(_1)\ﬁ\(\a\ﬂﬂl)]\[_a’%ﬁgﬁ[{ﬁ,
(15)
On the other hand, by definition, we have
E;_:}_ﬁHa+/@ = 1H, +£§1Hﬁ (16)

for a, B,a+p € A.
In the case where H, and Hp are linearly independent, substituting Ha.4s
in (15) by (16) and comparing the coefficients of Hg, we obtain the conclusion.
In the case where H, and Hpg are linearly dependent, if «,3,a + 38 € A,

then § = —%a, a or —2«. From the facts that %Eéa = g4 — 4e9, and
%H%a = H, =2H,,, , the lemma is proved. O

Lemma 3.4. Suppose that «,3 € A such that o+ 3 € A. Then we have
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L1.Case: a€ Ay or B e Ay,

NoN g, o= 2222 (p 1% a7

L2.Case: o, € Ay such that (a,a) £0 or (5,3) #0,

0003

NapgN_pg—0=— (p+1)% (18)

Ta+p

L3.Case: «,p € Ay such that (c,) =0 and (3,5) =0, we have

On0
NagN_p o = _Ja+Zﬂ(Ha)2. (19)

Proof. If o and @ are linearly dependent, then the lemma follows from the proof
of Lemma 3.3. Hence we may assume that « and [ are linearly independent.
Since certain combinations of the roots o and  form the root system of a rank
two basic classical Lie superalgebra, we can reduce the proof of these formulas to
the rank two cases. The following lemma completes the proof. O

Lemma 3.5. Let g be a rank two basic classical Lie superalgebra (rank two Lie
algebras Ay, By and Ga are included) and A the root system of g. Then for
a,B €A such that o+ 3 € A, the formulas (17), (18) or (19) hold.

Proof. Since in the case of Ay, By and Gg, the lemma is proved in [Che], we
may assume that g is not of type As, By and Go.

First we notice that in the case of L1 (resp. L2), we may assume that
a € Ay (resp. « € A7) such that (o, «) #£ 0 without loss of generality. Under
this assumption, we will show that

Oq _
L1 N oatp = a;/@q(pﬂLl) 'N_p,—a-

g
L2 N_a,atp = <—1>P§Tjﬂq<p +1)7'Nop,—a.

Oq -
L3. N goip=— 0;" B(He) 'N_p _a.

As in [Che], we can reduce to the following cases:

Ll.acellNnA; and € AT such that o +8€ A.

L2.a € IIN Az such that (a,a) #0 and g€ A;“ such that o+ g€ A.
L3.acllNA; and g€ AI+ such that (a,a) =0=(3,8) and a+ g€ A.
The following table shows the complete list of such « and 3:
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Dynkin | {e,]Ja € AT} (o, 3)
oy Qg
O_)\® B =2 2L, By = Bagdias = Tk (a1, a0)
o) g
®_A® Coy = Ean = A, €0y 10y = 1. (a1, a0)
o (65}
OQ® | fa1r =2, fa; = E20140; = —1, (a1, 2), (a1, 01 + az),
Conton = =2, E20, 4205 = —% (a2, 201 + a2)
a1 o
.ﬁ@ Eay = _Ev oy = 572041+1012 = -1, (061,042)
Eoantas = 2, €20y — T3
o) g
O:. €ay = Ean+2a; = 1, €0y = Eaytan = 2, (a17a2)7 (O‘17O‘1 + 20‘2)7
205 = E204 4205 = % (a1,203), (o, 001 + a9)

Now the above formula can be shown by case by case checking and the lemma
follows from Lemma 3.2. O

Remark 3.3.6. For each basic classical Lie superalgebra g, A in the above proof
is given as follows:

type of g A type of g A
A(m,n) +1 D(2,1;a) | —1,a+1,—a
C(n) -1, -2 F(4) -1, -2, 3
B(m,n) | +1, 2 G(3) —3, —%, 2

D(m,n) | £1, =2

Let # : g — g be an anti-involution of g such that 6(g,) C g, and let ¢,
(a € A) be a non-zero constant such that 60X, = ¢, X_,

Lemma 3.7. We have 0|y =idy and coc_oq =1 for any a € A.

Proof. We first show the first assertion. For H € b, by applying 6 to [H, Xg] =
B(H)Xp , we obtain

[0X 5, 0H] = B(H)0X 5.
Since 0Xgs € g_g, we conclude that 01 = H .

Next we show the second assertion. By applying 0 to [X,, X o] =o0,H, , we
have

[0X_0,0X0] = cac—alXa, X_o] = 0aHa.
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Thus we obtain c,c_o = 1. O

In the sequel, for each a € A let us take a non-zero constant uy, € C as

5 (%% if ae A@ -
Yo = { —V/—louc, if a€ A7 and wepnp = L

Lemma 3.8. If we set X, = u;lXa for each o€ A, then we have

o [ X 4 if la] =0
g = { V-1oaX_on iflal=1 " (20)

Proof. For o € Ay, we have
0X, = u;lcaX,a =S aaX_ 5= u:iX,a =X_,.
For o € A7, we have
0X, = u;lcaX,a =vV—loguaX_o = \/—_laau:}lX,a =vV—1lo,X_,.

Hence we have proved the lemma. O

From Lemma 3.8, we may assume that the root vectors {X,} satisfy the
formulas (20). Applying € to the both sides of [X, Xg] = N gXatps, we have

oaop(—1)BIHEON 5 X o 5= (-1)HMPIN, g0 6 X op.

Hence we have
1 a
N o — (—1\zletBl—lel=IgNZedB pr
B,—a (=1 000 a,f
Combining this formula with Lemma 3.4, we obtain the main result of this section,
that can be stated as follows:

Theorem 3.9.

1. Let g be a basic classical Lie superalgebra over C. For each o € A, we define
oo and Hy asin (10) and (8). Then there exist root vectors {X, € gala € A}
such that

D[ Xa, X 0]l =0aHa,
1) [Xo, Xg] = NogXats
where the structure constants {No g} satisfy the following conditions:

i) If a€ Ay or Be€ Ay (we assume that « € Ag ) and a+ 3 € A, then
N2s=(p+1)%

i) If a, 8 € A7 satisfy (a,a) #0 or (8,5) £0 (we assume that (o, o) #
0)and a+p e A, then

Nip=@+1)% (21)
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i) If o, B € Ay satisfy (o,0) =0 and (5,5) =0 and oo+ € A, then
Ngz,ﬂ - ﬁ(Ha)Q'
Here p = max{i|f —ia € A}.

2. Let {X!|a € A} be another set of root vectors satisfying the above conditions
and {N|, 5lo, B € A} be their structure constant defined as (13). Then there
exist {uq|la € A} C {£1} such that ugu_on =1 and

N(;ﬁ — uaugu;j_ﬂ]\fa,g,
for any a,f € A.

Proof. The second assertion can be proved by the same argument as in [Che|. O

In the sequel, we call the set {H,, X,|a € A} a Chevalley basis of g if it
satisfies the conditions in Theorem 3.9.
From the Appendix, we obtain

Corollary 3.10. Let g be a basic classical Lie superalgebra over C . In the case
where g is of type D(2,1;a), we assume that a € Z\ {0,—1}. Then there erists
a Z-form gz of g.

Thus for a basic classical Lie superalgebra g satisfying the conditions in Corol-
lary 3.10, we can define the Lie superalgebra g over an arbitrary commutative
ring k by

gr = k®zgz.

Here we remark on rank two subalgebras of basic classical Lie superalgebras.

Remark 3.3.11. There exist the following isomorphisms of corresponding Lie
superalgebras gz over Z:

O5®~ 058~ @58 = @58

Finally, we define a Chevalley basis of the Lie superalgebra g, for type A(n,n).
In the case where g = sl(n+ 1,n+ 1) for n > 2, from the proof of Theorem
3.9, there exists a Chevalley basis, i.e., coroots {H,la € A} and root vectors
{Xo|a € A} which satisfy the conditions in Theorem 3.9. As stated before, we
use the same notation to denote a Chevalley basis of g and g. In the case where
g = 0, for the basis of 0 defined as in (2), the structure constants are integers.
Though it does not satisfy the conditions in Theorem 3.9, we also call this basis
the Chevalley basis of 9. We have
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Lemma 3.12. Let g be a basic classical Lie superalgebra of type A(n,n) for
some n. Then there exists a Z-form gz of the Lie superalgebra g .

For a commutative ring &, we also define the Lie superalgebra g; over k& by

gr = k®z0z.

4. Universal central extensions
4.1. General remarks

In the first subsection, we collect definitions and general properties of central
extensions of Lie superalgebras.

Let k& be a commutative ring and a a Lie superalgebra over k. From now on,
we assume that % ck.

To define the universal central extension of a, we recall some definitions. We
say that a Lie superalgebra a is perfect if a = [a,a]. A short exact sequence of
Lie superalgebras

0—c—u-"5g—0 (22)

is called a central extension of a by ¢ if ¢ is a commutative Lie algebra over k
ie. ¢g = {0} and [c,u] =0. ¢ is called the kernel of the central extension (22).
We sometimes denote the above central extension by «:u— q.
Next we introduce an equivalence relation between central extensions. Let V
be a k-module. Two central extensions
00—V —ag —a—0,

0—V-—ag—a—0

are said to be equivalent if there exists a homomorphism of Lie superalgebras from
a1 to ag such that the diagram

0—=>V—a—a—0

[

0—-V—ou—a—0

commutes. The set of equivalence classes of such central extensions are known to
be parameterized by the second cohomology group H?(a,V). To be precise, we
first introduce Z%(a,V) and B?(a,V) as follows. Set

(i) flzy) =D f(y,2)
Z%(a,V):=< fraxa—V| (&) fl(z,y,2]) - f([z,y],2) ("z,y,2 € a)
—(=D)lllvlf(y, [z, 2]) = 0

and

for some k-linear map g : a — V

B2(a, V) iz{f:axa—>v F(o,9) = g(im9l) }
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Lemma 4.1. Let V be a k -module. The second cohomology group H?(a,V) :=
7%(a,V)/B*(a,V) are in one-to-one correspondence with the set of the equivalence
classes of the central extensions of a by V.

Proof. First we notice that for each central extension 0 — V — a; — a— 0, one
may associate a two cocycle F € Z%(a, V). Indeed, for z,y € a, if we set

F(z,y) == [(=,0), (y,0)] — ([z,¥],0) € a1,
then we have F(z,y) € V and F satisfies the 2-cocycle conditions.
Conversely, for each f € Z%(a,V), one can define a central extension
0—V-—a—a—0,
by
[z, ), (g, )]y = ([2.9], fz,9)),

where z,y € a and u,w e V.

Let f and g be elements of Z%(a,V) such that f —g € B?(a,V) ie. (f —
g9)(z,y) = h([z,y]), where h:a— V issome k-linear map. Now we prove that
the extensions defined by f and g are equivalent. Let us define ® : ay — a, by

O((z,v)) = (z,v — h(z)).

It is clear that ® is bijective. Let us check that & is a homomorphism of Lie
superalgebras. We have

[2((z,v)), ®((y,w))]y = [(z,v = h(2)), (y,w = h(y))],
([,9], 9(2,y))
([z, 9], f(2,y) = h(lz,y]))
=@ (([z,9], f(=,9)))
= &([(z,v), (y,w)]5)-
Next we show that for f,g € Z%(a, V) such that the central extensions ay —a

and a, — a are equivalent, we have f—g € B?(4,V). Let ® be a homomorphism
of Lie superalgebras such that

0—=V—=0—a—0

| el |

0—V—8g—a—0

commutes. We can express ®(z,v) = (z,v — h(z)) for some k-linear map h :
a — V. Then we have

®([(z,v), (v, w)]f) = 2(([2,9], f(=,9)))
= ([z,9], f(=,y) — h([z,¥])),
[®((z,v)), ((y,w))]g = [(z,v — h(2)), (¥, w — h(y))]g
= ([z,y], 9(z,v)),
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and thus (f — g)(z,y) = h(Jz,y]), Le., f—g € B%*(a,V). We have completed the
proof. O

Now we define the universal central extension of a Lie superalgebra «.

Definition 4.2, The central extension (22) of a is called the universal central
extension if the following conditions hold.

1. u is perfect.

2. For any central extension (3 :b — a, there exrists v : u — b such that the

following diagram commutes:
u—2=* g
b

Remark 4.4.3. From the second condition, a universal central extension is
unique up to isomorphism of Lie superalgebras.
The following proposition for Lie algebras is proved e.g. in [Gar|, [MP].

Proposition 4.4. A Lie superalgebra a admits the universal central ertension
if and only if a is perfect.

Proof. Suppose that o : u — a is the universal central extension. By definition,

u is perfect, and hence

a = o(u) = affu,u]) = [a(u), a(w)] = [a, al.

Next let us suppose that a is perfect. We set

2
W = /\a =(a®a)/zoy+ (-D"Wy @ z|z,y € a)r.

We remark that W’ ~ /\2 ag @ (ap A\ a1) @ S%ap as a k-module. Furthermore, we
set

I:=Ba(a, k)
= <:c Aly, 2] — [z,y] Az — (—1)11Hy‘y Az, 2]|lz,y, 2 € a>k

and W := W//I. Let w: W' — W be the canonical projection. It is clear that
w € 7%(a, W) . We consider the central extension

0—W-—g, —a—0,

defined by w. Using this central extension, we construct the universal central
extension of a. Let V be an arbitrary k-module and f € 7%(a,V). Since
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fz,y) = —(=1)1=l f(y, z) , we have a k-linear map
¢ W — V such that w(z,y) — f(z,v).
Let us define ¢’ :a, — ay by
¢'((z,u)) = (z,¢'(u)).
Then it is clear that the diagram

e

0y —a

N

a:= [y, 0,

commutes. Now, let us set

Since q is perfect, it follows that a4+ W = g, . This implies that @ is perfect
since

a=[a+W,a+W]=la,a]
Furthermore, if we set
c:=Wna,
then we have a central extension
0—c¢—a—a—0

such that & is perfect. Now, if we define ¢ as the restriction of ¢’ to the
subalgebra a, then the following diagram commutes:

i ola -
P
ar
Therefore, @ — a is the universal central extension and the proof is completed. [

As a corollary, we have the following description of the kernel of the universal
central extension. For a Lie superalgebra over k, let us define

Zo(a, k) = {le Ay € A% Z[ﬂc“yl] — O} 2

i
In the sequel, we assume that a is k-free. Under this assumption, from the proof
of Proposition 4.4 we obtain

c:=Wna= {Z a(zi,y;)

i

in Ny; € ZQ(CLJﬂ)}/BQ(CLJﬂ).
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Thus the following lemma holds.

Corollary 4.5. Suppose that a Lie superalgebra a over k is k-free and perfect.
Let ¢ be the kernel of the universal central extension of a. Then we have

¢~ Ho(a, k)
where Ho(a, k) := Za(a,k)/Bala, k) .

Let A be a commutative k-algebra that is a k-free module at the same time.
As we will see in the next subsection, if a = g, ®; A (g is a basic classical Lie
superalgebra), then Hy(a, k) is related with the cyclic homology of A . Here we
recall the definition of the cyclic homology.

For n € Zxq , we set

k if n=0
Cn(A):=¢ A if n=1,
A® T, if n>1

where I,, is the k-submodule of A®" generated by
M ®a® - Qap+ (-1)"a2® - Qa, ®ar, (a; € A).
Let us define the complex

Ce(A) 1+ — Cp(A) % Cp_i(A) — -+ — Co(A) — 0,
d Cn(A) —_— Cnfl(A)

as follows: For n=0,1, weset d:=0 and for n > 1,

dla1 ®ar ® -+ ® ay) ::Z(—l)ial®~--®a¢71ai®~~®an—az®~~~®ana1.
=2

Then it turns out that d is well-defined and d?> = 0. The n-th homology group
of this complex C.(A) is denoted by HC,(A) and is called the n-th eyclic
homology of A .

The following proposition is well-known (cf. [Lod]):

Proposition 4.6. Suppose that A is commutative. The following isomorphism
exists:

HCs(A) = Qf ;,/dA,

where Q/l% Jk /dA is the module of Kihler differentials of A over k modulo eract
forms.
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4.2. Main result

In this subsection, we will state our main result i.e. the universal central extension
of gr®,A . Let us first notice that the Lie superalgebra g ®; A over k is perfect
and hence has the universal central extension

0—c¢—gr(A) — gr®r A — 0.

Our main theorem can be described as follows:

Theorem 4.7. Let k be a commutative ring and let A be a k -free commutative
k -algebra. Lel gr be a basic classical Lie superalgebra over k as was defined in
Section 3. Suppose that

Lek if g is of type A(m,n), C(n) and D(m,n),

i,— €k if g isof type B(m,n), F(4) and G(3),

%,%7 1 €k, if g is of type D(2,1;qa).
Now let us define the Lie superalgebra gi as follows:

ar if g is not of type A(n,n) Vn
gk = 0 if g is of type A(1,1)
slin+1,n+ 1), ifgis of type A(n,n) In > 1
Then the following hold:
1 gr(A) ~gr®r A® Q}W/dA.
2. The bracket of gr(A) is given by

X ®a,Y®b=[X,Y]®abt (X,Y)bda,

a,be A, XY € gy,
where (-,-) is an even supersymmetric invariant bilinear form on gy which
is described in Section 2.4, d : A — Q}\/k is the differential and ~ : Q}\/k —
Q}%/k/dA is the projection.

Remark 4.4.8. If g is of type B(m,n) or G(3), then g has a root a € Az
such that (o,a) # 0, ie., g contains osp(1,2) as a subalgebra. In these cases,
we have to assume that 3 is invertible in k. (See the proof of Lemma 4.13.)

In particular, in the case where k = C and A = C[t,t~!], we have

Corollary 4.9. Set g:=gc(A).
1. g~ gc®cClt,t 1@ Ce
2. The bracket of gc(A) is given by

Xt Yot ] =X, Y]®t" 4+ (X,Y)rd,,soc,
+s,

r,s€Z, X,Y €gc,



136 K. Iohara and Y. Koga CMH
where (-,-) is an even, supersymmetric invariant bilinear form on gc .
Moreover, from Theorem 4.7, we have

Proposition 4.10. Under the assumption of Theorem 4.7, we have
HCy(A) if g is not of type A(n,n) Vn
Ha(gr @1 A k) = ¢ HCo(A) @ A®2 if g is of type A(1,1)
HCy(A)® A if g is of type A(n,n) In >1

4.3. Proof
We first show the next proposition.

Proposition 4.11.  Suppose that g = slo or o0sp(1,2). Let 7 be a free k-
module and

0—Z— gi(A) == gp ®x A — 0
a central extension of g ®r A. Then the bracket of g} (A) can be described as
(X ®a,Y @b =[X,Y]®ab+ (X,Y){a, b},

where (-,-) is a non-degenerate even supersymmetric invariant bilinear form on

Ok, 1} 1 AX A — 7 which satisfies

(l) {U,U} - —{’Uﬂ.b},
(i2) {wv,w}+ {wu,v} + {vw,u} =0. (23)

To prove the proposition, we prepare some notation. Let
0—7—u—"ag—0,

be a central extension. Notice that, for z,y € a and 2’,3" € u such that n(2') =z

and 7(y') = y, the commutator [z’,3'] does not depend on the choice of the

inverse images 2’ and y’. Hence, in the sequel, we denote [z,y] by [z,y] .
We first consider the case of sly: Let us fix a basis of sl as follows:

gr =kX: ®kH®kX_ suchthat [X ,X_|=H, [H,Xi]=22X,.
A non-degenerate even supersymmetric bilinear form on sly is given by

(HaH):27 (X+7X*):1'
Lemma 4.12. For a€ A, if we set

1
Xy ®a) = iE[He@ 1, XL ®d|,
(H®a) :=[X{®1,X ®ad,
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then there exists a pairing {-,-} with the condition (23), and the following holds:
(X ®a), (Y ®b)]=([X,Y]® ab)' + (X,Y){a, b},
where (-,-) 1is the above invariant form of gr, X,Y €gr and a,be A .

Proof. Since 7(|[(H ® a)',(H ®b)']) = [H® a,H®b] =0, we see that [(H ®
a)’,(H®b)'] =0 (mod Z). Hence we set

fa,b} = 3l(H @), (H )]

To show this lemma, it suffices to show the following formulas:
Fl.[(H®a),(Xy®b)]=+2(XL® ab),
F2.[(Xy ® a)/, (X- )] = (H © ab) + {a,b},
[(H ®a), (H®b)]=2{a,b},
F3.[( XL ®a), (XL ®b)]=0.
We prove F1. By definition we have

[(H®a),(X:®b)]
- %[(H ©a),[(Ho1),(Xs@b)]

— & ([ © a), (H © 1)],(X+ © 8] + [(H 9 1), [(H @ o)/, (X2 © B)]])
Since
[(H®a),(H®1)]=0 (mod Z)
[(H®a),(Xy®b)]=[H®aX;®b =+£2(X:®ab) (mod 7Z),
we have F1.

The second formula in F2 is nothing but the definition of {-,-}. By F1, we
have

(Xt ®a), (X-®b)]

Sl ® 0y, (X, @1)),(X_ @ b))
—SAl(H ®a), (X © b)), (X, @ 1]+ [(H @ ), [(X; ©1,(X_ 0]}

Since by the definition of (H ® )" and F1
(H®a),(X_®b)]=-2(X_®ab),
(X+ 1), (X-®b)]=(H®b),
the first formula in F2 is proved.
We prove F3. Since [(X4®a),(X+®b)]=0 (mod Z), we have
0=[(H®1),[(X:®a),(X+®b)]]
=[(H®1),(Xz®a)],( Xt ®b)]+[(X:®a), [(H®1), (X ®b)]]
=+4[( XL ®a), (XL ®b)]
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Since % € k, we obtain F3.
Finally let us check (23). (i) is clear from the definition of {-,-}. We prove

(ii). By F1 and F2, we have
(H ®a),[(X4 ®b), (X- ®c)]] = 2{a,bc},
and
[(H®a),[(X; ®b),(X-®c)]
= [[(H®a),(X; @b)],(X- @ )|+ [(X1 ®b), [(H®a),(X_ )]
= 2{ab, c} + 2{b, ac}.

Since 1 €k, using (i) we obtain (ii). O

Next we consider the case of 0sp(1,2): Let us fix a basis of 0sp(1,2) as follows:
gr =0sp(1,2) = kX, @ ke ®kH ® ka_ ® kX_,
such that
1 1
[H,Xi) = £4Xs, (X0, X ]=5H, Xi=gles,vi]
[H,z+] = £2z4, [zy,z_]=H, (X1, 2] =—24.

We remark that this gives the Chevalley basis for o0sp(1,2). A non-degenerate
even supersymmetric bilinear form on o0sp(1,2) is given as follows:

(HH) =2, (o0 )=1, (XX )= i

Lemma 4.13. For a€ A, if we set

(Xi®a) = :I:i[H ®1, XL ®ad|,
(zr®a) = :I:%[H@17zut®a]/7 (25)
H®a) =zy®l,z_®ad|,
then there exists a pairing {-,-} such that
(X®a),(Y®b)]=(X,Y]®a) + (X,Y){a,b},

where (-,-) is the above invariant form of gr, X,Y €gr and a,be A .

Proof. Similarly to sly case, we see that [(H®a),(H®b)] =0 (mod Z). Hence
we set

a0} = 3(H @), (H b))

To show this lemma, it suffices to show the following formulas:
FI'[([H®a), (Y ®b)] =p(H)Y ®ab) , where Y € ggs.



Vol. 76 (2001) Central extensions of Lie superalgebras

P2 [(24 ® aY, (2 ® b)) = (H @ ab) + {a,B}
[(H®a),(H®b)| =2{a,b} .

F3. [(z1 ®a),(ze ®b)] = +4(XL @ ad) .

F4 [(Xie®a), (21 ®b)] = —(21 @ ab) . .

F5. [(X: ®a),(X_®b)] = 5(H® ab)’ + Z{a, b}

F6™. (

X4 ®a§’ (L ®b)]=0,

(Xe® ' (XL ®b)]=0.
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The proofs of F1’ and F2’ are similar to those of F1 and F2 in the sls-case

respectively.

We prove F3’. Notice that [(z+ ® a),(z+ ®b)'] = £4(X 1 ® ab)’ (mod 7).

Hence we have

[(H®1), [(zx®a), (z: ®b)]] = +4[(H® 1), (X1 ® ab)'] = 16( X+ ® ab)’.

On the other hand, by the Jacobi identity,
[(H®1),[(zx ®a)’, (z+ ®b)']]

=[(H®1),(zx®a)],(zx®b)]+ e+ ®a), [(H® 1), (z+ @ b)]]

=+ 4[(z1+ ®a)’, (x+ @ ).

Hence the condition % € k ensures F3’.
The proof of F4? is similar to that of F3°.
We prove F5’. By F2’, F3’ and F4’, we have

(X4 ®a),(X-®b)]

ey @1 (s @ 0], (X 98]

:i{[[(m ® 1), (X-®b)],(z+ ®a)] + [(@+ ® 1), [(z+ ® @), (X— @ b)']]}.

Since
[z ®1),(X- ®b)] = (z— @),
(x4 ®a), (X ®b)] = (z— ®ab)’,
by F4’, we obtain
[(X; ®a), (X_ ©b)]

:i{[(x, ®b),(z1 ®a)]+ (x4 ® 1), (2 ® ab)']}

:i {(H®ab) +{a,b} + (H ® ab)’ + {1,ab}}.

Here we notice that if we take v = ab,v = w = 1 in (23), then {1,ab} = 0.

Hence we have the conclusion.
By using the condition 2,2

2:3
the sls -case.

€ k, we can prove F6' in a way similar to F3 in

O
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To show Theorem 4.7, we need the following preliminary lemma.

Lemma 4.14. Let A be the root system of a basic classical Lie superalgebra g .

1. If a € AT such that (o,0) =0, then there exists v € A such that o(H,) =
1.

2. If o, € A and a+ 3 # 0, then there exists 6 € A such that (a+B)(Hs) ' e
k , where we exclude the case &+ = £(&1+2&0+a3) for A(1,1) (see Remark
2.19 in §2.3 ).

Proor orF 1. By Lemma 2.22, we may assume that « = oy, . We see that if
the Dynkin diagram contains the following type subdiagrams

e (&7

then we may choose v := —a;. Note that if the Dynkin diagram of g does not
contain the above type subdiagrams, then g is of type B(0,n) or B(1,1), and
further B(0,n) does not have a root of length 0. In the case of B(1,1), we can
easily check the lemma.

PRrooF oF 2. We first consider the case where o and 8 are linearly dependent.
In this case, we distinguish the following cases:

Casel. (a,a)#£0.

Case2. (a,a)=0.

For Case 1, 8 = +20, «a, :I:%a, Lemma 2.23 says that if we choose § := «, then
(a+B3)(Hs)"! € k. For Case2, the first assertion implies that there exists v € A
such that «a(H,)=1. Since = o, we may choose § :=1~.

Next we consider the case where a and 3 are linearly independent. Let us
put A:= AN (Za® ZB3). In this case, we distinguish the following subcases:

Casel. A: a rank two system,

Case2. A: the disjoint union of two rank one systems.

In Casel, we can choose the simple roots of A such that « is one of the
simple roots and 3 become a positive root. Then A is of type Ay, By, Gy or
one of the rank two root systems listed in the proof of Lemma 3.5. For each case,
the value of A is given as in Remark 3.6. Now the lemma follows from case by
case checking.

In Case2, we also consider the following subcases:

Case2.1. (a,a) #0 or (8,8) #0.

Case2.2. (a,a) =0 and (5,3)=0.

In Case2.1, we may assume that (a,a) # 0 without loss of generality. Since
(o, ) = 0 in this case, by Lemma 2.23, if we take  := «, then the lemma holds.

Finally we prove the lemma in Case2.2. By Lemma 2.22, we may assume that
a = oy, . Note that (8, a;,) =0 in this case. Since § € Aj satisfies (3,58) =0,
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keay, # kB and (f,a4,) = 0, from the data of the root systems in Appendix
A, the cases where g is of type A(m,0), A(0,n), B(0.n), B(1,n), B(m,1),
C(n), D(m,1), D(2,1;a), F(4) and G(3) are excluded. Hence we have to
check the cases where g is of type A(m,n) (m,n > 1) and B(m,n), D(m,n)
(m,n > 2). In these cases, if there exists j € {io £ 1} such that B(H,,) =0,
then (a;, + B)(Ha,) € {£1} and thus we may choose & := oy . For the rest of
the case, i.e., the case when 3(H,, ,,)# 0 are given by the following table:

type of g Qi 5 é
A(l, 1) [e%) €1 — (52 X
(m,n >1) A1 (m >2)
A(m, -0
(m,n) {(m Y>3 Om1 €m — 02 omis (n>2)
€mt1 — 02
&%)
{€m = (51 1
B
{D((Z: Z; (’I’)”L,’TL > 2) (e 5n—1 — €2 Q-2
Op 1+ € Q1
(Sn =+ €9
(71
Op—1 £ €1
The first case is excluded in this lemma, and for the other cases, we may choose
d as in the table. O

Remark 2.19 implies that a non-degenerate even supersymmetric invariant bi-
linear form of gj is induced from an invariant form of g; . Hence to prove our
main theorem (Theorem 4.7), we show the following proposition:

Proposition 4.15. Suppose that g is a basic classical Lie superalgebras which
is not of type A(1,1). Let 7 be a free k-module and

0—7Z—gh(A) S gr®p A —0
be a central extension of gr ®r A. Then the bracket of g)(A) can be described as
(X ®a),(Y ®b)] = (X, Y] ® ab)’ + (X,Y){a, b},

where (-,-) is a non-degenerate even supersymmetric invariant bilinear form on
gk, and {-,-} 1 AX A — 7 satisfies the condition (23).

Proof. Let {Xo,Hsla € A} be a Chevalley basis as in Section 3. For o € A
such that %a Z A, we set

/ 1 /
(Xﬁ@(l) = m[Ha(X)LXﬁ@a] 3

(Hﬁ ®a)’ = Uﬁ[Xﬁ 9 17X,ﬁ X a]/7
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(B =+a) and
glo) = {kXo®kHy, @ kX o} @4 A,
/() =7 1(g(a)).

For a e Ai+ such that 2o € A, we set

s ! /
(Xﬂ@(l) = m[Ha(@LXﬂ@a] s

(He®a) =05Xs®1,X_g®a],
(B = +a,+2a) and
§(0) = {kXo0 ® kXo ® kHa ® kX _o ® kX 20} ® A,
§'(@) =7 (@(a)).

Notice that from Proposition 4.11, we see that, for o € A such that (a,a) #0,
there exists {-,-}o : A X A — Z such that

(X ®a), (Y ®b)]=([X,Y]®ab) + (X,Y){a,b}a

holds for any (X ®a)’ and (Y ®b) € g'(«) .
For each o € Aj such that 2o &€ A ie. (a,a) =0, we fix v € A as in
Lemma 4.14, and set

p 1 /
(Xp®a) = ﬁ(Hy)[H7®17Xﬂ®a]7

(Hg®a) =05Xs®1,X_pg®a]
(p:==xa).

For simplicity, we introduce the following notation:

, a if (a,a) #£0
(@) ':{ v ;f (a,0) =0

where « is taken as above. From now on, we will divided the proof of Proposition
4.15 to several steps (Lemma 4.16 — 4.21).

Lemma 4.16. For o, € A, we have

[(Ho ® a)’, (X ®b)'] = B(Ha)(Xp ® ab)"

Proof. We can prove this lemma in a way similar to F1 in Lemma 4.12. O

Lemma 4.17. For each o € A, we set v :=y(«) and

{a,bei= [(Hy @ ), (Ha b)), {a,b} = 2 (@,
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where o4 is defined as in (11). Then {-,-} is independent of the choice of o and

[(Xo®a), (X0 ®b)] =0a(Ha ® ab)’ + (Xa, X_a){a,b},
(Ho ® a)', (Hg ®b)']| = (Ha, Hp){a,b}.

Proof. By Lemma 4.16 we have

[(Xo®a),(X_n ®b)]
= [[(Hy ® o)/, (Xa ®1)'],(X—a ®b)]
=[Hy®a),[(Xa®1),(X_a®b) ]] —[(Xa®1),[(Hy® a)',(X_a ® b)']]
= 0a[(Hy ® a),(Ha ® b)] + [(Xa ®1)',(X o ® ab)]
= 0o(H, ® ab) + o,{a,b}a.
On the other hand,

[(Ho ®a)', (Hp ®b)']

=op[(Ha ®a),[(Xp ®1),(X_p @ b)]]

=op{l(Ha®a),(Xp® 1)],(X_p @ b) ]|+ [(Xpg® 1), [(Ha ® a)', (X_g @ b)']}
= B(Ho){(Hp ® ab)' +{a,b}s — (Hp ® ab)’ — {1,ab}s}

= B(Ha){a,b}p.

Similarly, we obtain

(Ho ® a)', (Hp ® b)’]
= [[(Xa®1),(X-a®a)],(Hs ®b)]
= (Hﬂ){a7b}a~

Hence
B(Ho){a,b}s = a(Hp){a, b}
Since
(Ho, Hp) = 0p(Ha, [Xp, X_p]) = 058(Ha)(Xp, X_p) = 0aa(Hp)(Xa, X_a),

we see that

0,0} = gy (o P
is independent of the choice of a. Moreover, we have

(Ho ® a)', (Hp ®b)'| = (Ha, Hp){a, b}

and

[(Xo®a), (X—o®b)] = 0a(Ha®ab) + (Xa, X_a){a,b}.
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Now we complete the proof. O
Lemma 4.18. «o,83€ A such that o+ 3#0.
[(Xa ® a)’, (X5 ®b)'] = Na,s(Xatp ® ab)',

where No g are defined as in (13).
Proof. For a,3 € A, we take § € A as in Lemma 4.14. Notice that

[(Xo®a),(Xg®b)| = Nos(Xars ®ab)’ (mod 7).
Thus we have

[(Hs 1), [(Xa ® a), (X @ b)']] = Na,pla + B)(Hs ) (Xatp ® ab)’,

and
[(Hs 1), [(Xa ®a)’,(Xp @ b)]]
= [[(Hs® 1), (Xa ® a)'], (Xp ® )] +[(Xa ® a)’, [(Hs ® 1)/, (X @ b)']]
= (a+ B)(Hs)[(Xo ®a),(Xs 2 b)].
Since {(a+ 3)(Hs)} ! € k, we obtain the conclusion. O

Lemma 4.19. For a € A,

(H s®a)=—(H,®a).

Proof We may assume that o € AT . By Lemma 4.17, we have

(H-a®a) =0o[(X-a®1),(Xo®a)]
— (=)l [(Xa ® ), (X_a ® 1]
= —{(Ha®a) + {a,1}o}
=—(Hy®a).

Lemma 4.20. For o, € A such that oo+ € A, we have

€a+ﬁ(

Ea

(Hotp ®a) = Ho®a) +

22(;';—+5(H/3 ®a)’.
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Proof. By Lemma 4.18, we have
N-o-p0—as(H-op ®a)’
=[(X-a®1), (X p21)],(Xats ®a)]
=X aol),[(Xp21),(Xats ®a)]
+ (=)PIHPI(X o ©1), (Xarp ®a)],(X—p @ 1)
= N_patpo—alH-o ®a) + (=)PITAN_, oy sos(Hp @ a).

Here we notice that, from Theorem 3.9 and the data of the root systems in Ap-
pendix A, we see that No:[é € k for any «,5 € A. Hence by using (11), the
definition of N, g in (13), Lemma 3.3 and Lemma 4.19, the lemma is proved. O

Lemma 4.21. {-,-}: A X A — 7 satisfies

(1) {um} - _{U7u} 2
(ii) {uv,w} + {wu,v} + {vw,u} =0.

Proof. We show the first assertion. For o € A such that (H,, H,) # 0, we have
[(Ho®a)', (Ho ® b)'] = (Ha, Ho){a,b}.

Hence we have proved (i).
We prove (ii). For « € A such that a(H,) # 0, by Lemma 4.16 — 4.20, we
have

[(Ho ® a)/7 [(Xo® b)/7 (X—a® C)/” = 0o(Ha, Ho){a,bc},
and
[(Ho® a), [(Xa ®b),(X_0 ®¢)]]
=[[(Hoa ® a)’, (Xo ®b)],(X-a ® )] +[(Xa ® V), [(Ho ® a)), (X—o ® )]
=a(H.)(Xa, X_a){ab,c} + (—a)(Ho)(Xa, X _o){b,ac}.
Since
UQ(HaaHa) = (Hou [Xwaa]) = ([HaaXa]aXfa) = O‘(Ha)(XaaXfa):

using (i) we obtain (ii). O

Remark 4.4.22. In the case where g is of type A(1,1), Lemma 4.16, 4.17, 4.19
and 4.21 can be proved by the same argument as above. For Lemma 4.18, it
holds except for the case of «,3 € A such that &+ 3 = £(é1 + 2a9 + d3) ,
since this cases are excluded in Lemma 4.14. Moreover, Lemma 4.20 holds, since
+ (& + 2G5+ a3) € A, In the case of A(1,1), the following holds:
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Lemma 4.23. For a,b,c,d € A such that ab= cd, we have

[(Xi(oél toz) ® a)lv (Xi(oé2+a3) ® b)/]
= _[(Xﬂ:oéz Y C)/7 (X:t(a1+a2+a3) ® d)l]

Proof. By using Lemma 4.18 for A(1,1), we have

[(Xi(qurozz) ® a)/> (Xi(ozerozs) ® b)/]

= £[[(X 4oy ®a), (Xta; ® 1)']; (X i(an+05) ® )]
= Fl[(Xtar ®a), (Xi(oatas) ® )], (X, ®1)]
- _[(Xi(a1+oz2+a3) X ab)/7 (X:toza ® 1)/]'

On the other hand, from Lemma 4.16 we have

(X160, ® €)'y (Xi(as +astas) @ d)']

=F(H1 ®¢), (Xt ® )], (X i(on +ontes) @ d)']
= :l:[(Xj:az X 1)/7 [(Hl X C)/, (Xi(a1+012+043) ® d)/]]
= [(X t(az+astas) ® €)', (Xia, ® 1)].

Hence we have proved the lemma. O
Before proving the main theorem, we consider the case where A = k.

Proposition 4.24. The Lie superalgebra gy, is the universal central extension

Ofgk

Proof. Let 0 — 7Z — ay—gr — 0 be the universal central extension of gy .
First we consider the case where g is not of type A(n,n). By setting A :=k
and a,b := 1 in Proposition 4.15, we have a; ~ g; . Hence we have proved the
proposition in this case.
Next we consider the case where g is of type A(n,n) for some n > 2. In this
case, we have to check whether aj inherits the additional relation
Zl(hz — hopnta—i) —(n+1)hpe1 =0,
i=1
viz., we have to check two possibilities a; ~ g or ar ~ gr = sl(n+ 1jn+1).
Since the short exact sequence (5) does not split, we conclude that aj ~ gy, .
Finally, we consider the case where gj is of type A(1,1). Similarly to the
above case, from Remark 4.22 and Lemma 4.23, we see that one of the Lie super-
algebras gr , s1(2,2) and 0 gives the universal central extension of g . Since the
sequence (4) and (5) do not split, we obtain the conclusion. O

Let us prove our main theorem (Theorem 4.7) by using Proposition 4.15. First
we assume that g is not of type A(n,n) for any n. Let ¢ be the map AX A —
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HCy(A) defined by (a,b) — a®b. Since the Lie superalgebra g,®5A is perfect, it
has a universal central extension by Proposition 4.1. By the definition of HCy(A)
and Proposition 4.15, for any central extension

0—7Z— gi(A) — gr® A—0

there exists ¢ : HCo(A) — Z such that the following diagram commutes

AxA —) /
HCy(A
Hence the central extension

satisfies the property of Definition 4.2, 2. Since ¢ is surjective, gi(A) is perfect.
Hence the above central extension is a universal central extension.

Next we consider the case of A(n,n). In this case, the above argument is
insufficient, since there is a degeneration in h as well as in h*, i.e

M=

i{hi — hanya—i} — (N4 1)hpy1 =0,

1

k2

-

oy + aopio—i) + (n+ 1oy =0
1

K2

hold in gj . To determine gj(A), we consider the following commutative diagram:

0 0 (26)
0 > A » AFMn ——— 0
0 — HCy(A) Gr(A) — = g 0 A ——0
# ¢
0—— HCy(A) > 9(A)A — 9k Ok A——0
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where the m,, are defined by

3 ifn=1
T, = .
1 ifn>1

Note that each short sequence is exact. From this diagram, we obtain
00— HCQ(A) D AP @k(A) — gk R A — 0.

Moreover, the sequence of the second row in (26) does not split, because if there
exists ¢/ : gr(A) — gr(A)a such that # o =id, then ¢: gp ®r A — §r Q A
defined by «(z) := 7o omy'(z) (z € gr ®k A) is well-defined and satisfies
¢ or=id. From the Lie superalgebra structures of g; and g, we see that the
sequence of the third row in (26) does not split. This is a contradiction and thus
gk(A)a is not the universal central extension.

On the other hand, it is easy to see that §;(A) is perfect and further it enjoys
universality by Proposition 4.15. Now we can conclude that

0x(A) 2 gr®r A® HCo(A)  (as a k-module)

gives the universal central extension of g; ®; A . O

A. Data of basic classical Lie superalgebras

In this appendix, we will collect some data (e.g. Dynkin diagrams, Cartan matrix
and root systems) of the basic classical Lie superalgebras.

Before giving these data, we explain how to recover the Cartan matrix from
a given Dynkin diagram. Let us take one of the Dynkin diagrams listed below.
We define the Cartan matrix A := (a;;) associated with the diagram as follows:
The set I is given by the index set of all vertices and 7 is given by the subset
corresponding to the vertices of type @ and @ . The matrix elements a; ; are
given by

i

o 0 if o; corresponds to ®
“* 7 2 if ay corresponds to Qor @

and for £ 7,
ai,j =0
if the vertices corresponding to «; and «; are not connected, and

s { A if a corresponds to @

71 =1 if ay corresponds to Qor @
P { A if o; corresponds to &

“I 7| —k if o; corresponds to O or @
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for ¢, 7 such that

Qj  k-fold i

@A@’

where ® denotes O, @ or @ .

The following list contains a Dynkin diagram, a Cartan matrix, the set of the
positive even or odd roots and simple roots. We remark that for a basic classical
Lie superalgebra, the Dynkin diagram is not determined uniquely, if it contains a
vertex of type & . The Dynkin diagrams given here correspond to the choice of
simple roots in the same list.

1. A(m,n) case:

-12 1 1-2

At ={ei—¢,0,—0[1<i<j<m+1,1<k<li<n+1}
Af={e—61<i<m+1,1<j<n+1}.

IIT={e1 —e2,- - ,em — €mit1,€me1 — 91,01 — 02, -+ ,0n — Opp1 ),

where {¢;,0;]1 < ¢

m+ 1,1 < j < n+ 1} is an orthogonal basis such that
(€i76i) =1 an ((SJ =

<
76j) —-1.

2. B(m,n) (m #0) case:

o Oy, (o7 RE)

Q- - —O: R 1_0_ - —00=0
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2 —1

1-2 1
1-1

At ={eitej,e0,00 16,2001 <i<j<m,1<i <m,
1<k<i<n, 1<Kk <n}.

AT ={6;,0r e, |1 <ik<n,1 <1< m}.

H: {61 —627~~~ 7(5n—1 _5n76n — €, &1 — €y " ™ 1 Gl —em,em}7

where {¢;,9;]1 <i<m,1 <j <n} is an orthogonal basis such that (m #0),
(€i76¢) =—1 and (5]‘,5]‘) =1
3. B(0,n) case:

(&3] Qo

ST
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AF ={86;+6;,20:[1<i<j<n, 1< <n}

AT = {51 <i <n}.
- 67747577/}7

: 7677,71

H:{51_527..

where {d;|1 <i < n} is an orthogonal basis such that (4;,0;) =1.

4. C(n) case:
o Oy
®70-~--0-0<0

0 1 -1 0 -1
-1 2 -1 1 -1 2 -1
1 % -2 1 -1 2 -2
—1 3 1 % 4

Af ={6,46;,201<i<j<n—-1,1<¢<n—1}.

AT ={a 61 <i<n-1}.
7(57172 - 5n71725n71}:

o4

IT= {61 _51751 _527'
where {e1,0;]1 <i < n —1} is an orthogonal basis such that (ej,e;) = —1
and (5j75j) =1.
5. D(m,n) case:
O %9min—1
Qi (0799 /
_O_1 Q :O_ - —0

O  Qmin

O —_
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Al ={eit€,0, 20,2001 <i<j<m,1<k<l<n,1<k <n}.
AT ={6;+¢,[1<i<n1<j<m}
H:{51_527“‘ 767171_6%75”_61761_627“‘ 3 Em—1 _6m76m71+6m}7

where {¢;,0;|]1 <i<m,1<j<n} is an orthogonal basis such that (e;,¢;) =
—1 and ((5j75j) =1.
6. D(2,1;a) case: ap oz Qg

0= ® ;0

2 -1 1 2 -1
10 af_] 1 ||-1 0 —a
—1 2 a —a 2a
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AT = {2¢1,2¢9,2¢3}
0 — 1,4€2, 4€3 .
A—%— = {62 =+ €1 + 63}.

II = {2€1,e9 — €1 — €3, 23},

where {eq,e0,e3} is an orthogonal basis such that (ej,e1) = %, (e2,€0) =
—%a—% and (63763):%(1.
7. F(4) case: Qa3 0y
® - O0<0-0
0 1 -1 0 -1
12 -2 || 1 13 -2
-1 2 -1 % -2 4 =2
1 2 . 2 4
2

Al ={61,—€e,—ertea|l <i<3,1<k<I<3}
A{r = {%((51 :|:€1 :i:€2:|:€3)}.

= {%(51 +e1+ e+ e3), —€1, €1 — €, — €3},

where {01,€1,€2,€3} is an orthogonal basis such that (e;,¢;) =2 and (61,d1) =

—6
8. G(3) case: ar oy o3
®-O0<0
2
0 3 -1 0 -1
-1 92 -3|= 1 -1 2 -3
~1 2 3 —8 8

Aj» - {2517_6176276376i _€j|1 S 7 <j S 3}
AT ={61,6; £¢]l <i <3

II= {01+ €1,€2, —€2 + €3},

where {01,€1,€2,€3} are elements of (@D, Ce; @ Cd1)/C(e1+€2+€3) , such that
(6’i76’i) =2 ) (6i76j) =-1 (Z #J)a (6@,(51) =0 and (51761) =-2.
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