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A vanishing theorem for modular symbols on locally
symmetric spaces

Toshiyuki Kobayashi and Takayuki Oda

Abstract. A modular symbol is the fundamental class of a totally geodesic submamfold T'\G' /K'
embedded in a locally Riemanman symmetric space T\G/K, which is defined by a subsymmetric
space G'IK' ^-> G/K In this paper, we consider the modular symbol defined by a semisimple

symmetric pair (G, G'), and prove a vanishing theorem with respect to the 7r-component (it G G)
in the Matsushima-Murakami formula based on the discretely decomposable theorem of the
restriction tt\qi In particular, we determine explicitly the middle Hodge components of certain
totally real modular symbols on the locally Hermitian symmetric spaces of type IV

Mathematics Subject Classification (1991). Primary 11F67, Secondary 22E46, 53C55,
22E40

Keywords. Modular symbols, semisimple Lie group, Zuckerman—Vogan module, Matsushima-
Murakami formula, modular varieties, discrete decomposable restriction, bounded symmetric
domain, discontinuous group, symmetric space

§1. Introduction

Our concern m this paper is to describe the middle Hodge components of the
Pomcaré duals of certain 2n-cycles on the arithmetic quotients V T\D of the
bounded symmetric domain of type IV

D SO0{2n,2)/{SO{2n) x SO{2)),

where the 2n-cycles are defined via the embedding SOo(2n, 1) ^-s- SOo(2n,2)
These cycles are special cases of generalized modular symbols To explain our
motivation of this investigation, let us recall the origin of modular symbols briefly

Historically speaking, the idea of modular symbols was introduced and extensively

studied for elliptic modular curves C T \ f) {¥) is the complex upper
half plane) m the work of Manm-Drmfeld and Mazur-Swmnerton-Dyer Modular
symbols are defined to be chains or cycles on the compactification C* of C,
obtained as the images of arcs on ft joining two cusps with respect to F C SLy (Z)
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In terms of them, the first homology group H\{C*, Z) is quite explicitly
computed. The theory is "elementary" and has applications to the special values of
L-functions and to the construction of p-adic L-functions of modular forms. The
same cycles appear very naturally in the theory of half-integral weight modular
forms (cf. Shintani [21]).

There have been attempts to push forward the investigation since the late '70's
for higher dimensional arithmetic quotients, i.e. to introduce the object called
generalized modular symbols given as follows.

Let G be a semisimple Lie group and F a discrete subgroup such that the
volume vol(F\G) < oo. Let G' be a closed subgroup of G such that V := G' C\Y
is also discrete and co-volume finite in G' (this paper will be restricted to the co-
compact cases). Then, the inclusion map induces a map of real analytic varieties
of double cosets:

i: T'\G'/K' -^T\G/K,
where if is a maximal compact subgroup of G and K' := K C\G'. The image of
i defines a chain CiG, a on T\G/K, and when T\G is compact, CiG, a is a cycle

on T\G/K. When T\G is non-compact, C/G, a is sometimes compactified to give
a cycle on a natural compactification of T\G/K.

There are a number of results on generalized modular symbols. In some special

cases, the periods of automorphic forms along generalized modular symbols
are represented as the special values of automorphic L-functions (cf. [4], [18]).
Though it is desirable to generalize this type of results, our current knowledge on
generalized modular symbols is still very poor. Presently, many of literatures on
generalized modular symbols are concerned only in establishing the non-vamshmg
of these cycles, using the intersection numbers of these cycles (cf. [1]), or using the
Weil representation (cf. [11], [13]).

Our main results and the method of the proof are quite different from these

previous works. First, we shall show the vanishing of the "non-trivial part" of the
(n, n)-components of certain modular symbols. Secondly, the method of our proof
is based on a recent theory of unitary representations on the discrete branching
laws by T. Kobayashi ([6], [7], [8], [9]). An explicit vanishing theorem for the
modular symbols corresponding to G' ^-s- G is then obtained from the criterion on
the (non-)existence of continuous spectrum of an irreducible unitary representation
of G with non-zero continuous cohomologies when restricted to a non-compact
reductive subgroup G'. Then, this method leads us to some heuristic argument
that the usual method of the Rankin-Selberg convolution for the construction of
automorphic L-functions of non-trivial (n, n)-type harmonic (automorphic) forms
lo onV gives only zero, hence it gives no information for the periods of non-trivial
(n,n)-type harmonic forms on V (cf. Remark 6.1).

Our main results (see Theorem 2.8 and Theorem 4.3) will be formulated for
a real reductive Lie group in general. But, we illustrate them by the most
interesting case: Let G/K SOo(2n,2)/SO(2n) x SO(2) be the Hermite symmetric
space of type IV. Its dual symmetric space is Gu/K := SO(2n + 2)/SO(2n) x
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5*0(2), that is, the complex quadric. The 2n-th de Rham cohomology group
^deRhamt^''7/^''^) *s a two-dimensional vector space, with generators [£] :=
[A"k] and [r]]. Here k is the Kahler form on Gu/K and r\ is a Gjy-invariant primitive

differential form. We note that both [£] and [77] lie in the (n,n)-type Hodge
components of H^^^^Gu/K; C) and that (p,q)-type Hodge components of

^deRhamf^17/^' ^ (p + 1 2«) are non-zero if and only if p q n.
Suppose F is a discrete, torsion-free co-compact subgroup of G. Then there is

a natural injective map of cohomology groups:

*: H*de Rham(Gu/K;C) -+ H*de Rham(T\G/K;C).

Elements in the image of $ are said to be universal cohomology classes. We remark
that $([77]) G Hn'n(T\G/K;C).

Let G' := 5O0(2n, l)(c G), and K' := K n G' ~ SO(2n). We assume that
F' := FnG' is also a co-compact subgroup of G'. Then the inclusion G' ^-s- G gives
rise to a natural map of a totally real, totally geodesic submanifold of dimension
2n into the Kahler manifold T\G/K of complex dimension 2n:

1: Y := T'\G'/K' -> X := r\G/K
We write [Y] for the fundamental class which is a generator of the homology group
H2n(Y; Z) ~ Z. We consider the composition of /,* and the Poincaré duality map:

H2n(Y; C) —* H2n(X; C) -^ U\
p-\-q=2n

We write

M(y):=Pot«[y]= Y Mp'q(Y)e

corresponding to the Hodge decomposition. Here is our main result in this setting:

Theorem. The (n,n)-type Hodge component of the Poincaré dual of the modular
symbol t*\Y] is given by

with a natural normalization of 77.

The above theorem is very easy to prove when n 1. In fact, in this case

500(2,2) is a product SL^iß^) x SL^iß) up to central subgroups, and the cycle
derived from 50o(2,1) ^ 50o(2,2) is (although itself is not algebraic, but) a

"partial complex conjugation" of an algebraic cycle with respect to the complex
conjugate on the second factor of Sj x Sj. Therefore the main theorem in this case is
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equivalent to the well-known fact that the Pomcaré duals of algebraic 2-cycles on
a compact algebraic surface over C have no (2,0) + (0,2) type Hodge components
The interesting fact is that the similar fact persists in higher dimensional cases'

Here is a brief sketch of the mam idea of the proof We consider the following
interactions

the topology of the embedding of a submamfold t JVm M,
IT

the pullback of functions (or forms) i* £*{N) <- £*(M)
We could expect to extract some knowledge of the topology of the embedding
i N ^ M from the understanding of the pullback i* £*{N) <- £*{M) In
particular, if i is equivanant with respect to Lie groups G' ^-s- G, then the pullback i*
factors through the restriction of (infinite dimensional) representations of G with
respect to G' In this way, representation theory gives a clue to the understanding

of the topology of the equivanant embedding of a submamfold, although the
branching law of a unitary representation is in general a very hard problem for
non-compact Lie groups The idea of our methods in this paper is along this line,
to "translate" the information about the restrictions of unitary representations
(branching laws) into the topology of modular symbols The discrete decomposition

theorem of lß(T\G) due to Gel'fand-Piateski-Shapiro [5] made a bridge
between the topology of the locally symmetric space T\G/K and representation
theory by the Matsushima-Murakami formula ([3], [14]) Similarly, the recent
result on the discrete decomposable restriction of the Zuckerman-Vogan derived
functor module Aq bridges between the topology of the embedding of locally
symmetric spaces and representation theory (We note that what is an equivanant
map here is not l Y T'\G'/K' ^-s- X T\G/K but the induced map between
these universal coverings Y ^-> X

The paper is organized as follows In §2 we give an abstract Theorem (Theorem

2 8) which gives a sufficient condition that the modular symbol l*\T'\G'/K']
is annihilated by the 7r-component ffd(G")(7r T) (c H^%lam{T\G/K, C)) for

it G G, where d(G') dimG'/K' In §4 we restate Theorem 2 8 by a very explicit
condition in the case where [G,G') is a semisiinple symmetric pair, based on the
discrete decomposition theorem (Fact 4 2) This is stated in Theorem 4 3 In §3,

we investigate the invariant part of the modular symbols (Theorem 3 1) In §5, we

apply the results in §2, §3 and §4 to the case (G,G') (SO0(2n, 2),S>O0(2n, 1))
and prove the Theorem in this Introduction

§2. Vanishing theorem of modular symbols in a primitive form

In this section, we give a general framework in representation theory that the
modular symbol l*\T'\G'/K'] is annihilated by the 7r-component Ha^g'(-k T) in
the de Rham cohomology group H£e juiam(r\G/.K', C) for it g G
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Suppose that G is a real reductive linear Lie group. Let if be a maximal
compact subgroup of G and F a torsion-free, co-compact discrete subgroup of
G. We assume that T\G/K is orientable. In particular, this is the case if G is

connected.
We say a unitary representation (tt, V) of G is G-admissible if (it, V) is decomposed

into a discrete Hilbert direct sum of irreducible unitary representations of
G with finite multiplicities. The point of the définition is that there is no continuous

spectrum in the irreducible decomposition of G. A result due to Gel'fand-
Piateski-Shapiro [5] asserts that the right regular representation on lß(T\G) is

G-admissible under the assumption that F is a co-compact discrete subgroup of
G. Namely, we have a discrete Hilbert direct sum decomposition:

L2(T\G) ~ J2@ HomG(7r, L2(T\G)) <g> tt ^® nr(7r)7r.

Here tt runs over the unitary dual of G and the multiplicity

n-p(ir) := dimcHomG(7r,L2(F\G')) < oo.

Let go fy) + po be a Cartan decomposition of the Lie algebra go of G and

g Î + p the complexifications. Let £V(T\G/K) be the space of p-forms on
T\G/K. Because the cotangent bundle T*(T\G/K) is isomorphic to the bundle
T\G xp*^ T\G/K, which is associated to the principal if-bundle K —s- T\G —s-

K
T\G/K and the if-representation K —> GLr(p*), we have

£P{T\G/K)~ (C00(r\G)<g)AV)K-HomK(App,C<00(r\G')) (peN). (2.1)

We fix a non-degenerate symmetric bilinear form B on go such that -B|foXto is

negative definite, £>|poxpo is positive definite and that Ïq and po are orthogonal to
each other. Then the positive definite bilinear form £>|poxpo induces a G-invariant
Riemannian metric on G/K, which makes G/K into a Riemannian symmetric
space. Through the covering

w: G/K -^T\G/K,

the Clifford-Klein form T\G/K is equipped with a Riemannian metric so that w
is isometric. We write A dd* + d*d for the corresponding Laplace-Beltrami
operator acting on the space of forms on T\G/K. The space of harmonic p-forms
is given by

HPA(T\G/K) := {uj e £p(T\G/K) : Aw 0}.

Then the Hodge theory asserts a natural isomorphism

C) ~ H*A(T\G/K).
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Let (tt, K-) be an irreducible (g, if)-module. Using the identification

5*(r\G/K) ~ (C°°(T\G) <g> A*p*)K ~ HomK(A*p, G°°(r\G)),

we define a linear map

-> 5*(F\G/.fiQ, V®^ ^ ^o^- (2-2)

Let G be the set of the equivalence classes of irreducible (g, if)-modules that
are unitarizable. We note that G is naturally identified with the unitary dual of
G (Harish-Chandra). Let U(q) be the enveloping algebra of the complexified Lie
algebra fl flo ®R C, Z(q) the center of U(q), and cq g Z(q) the Casimir element
defined by the non-degenerate symmetric bilinear form B. We define a subset
GO(C G) by

Go := {tt G G : tt(cg) 0}.

Here, we have used the same notation tt for the representation of U(g).
The left action of G on G/K induces the representation of U(g) on the space

of forms on G/K. In particular, the Casimir element cg(g Z(g) C U(g)) acts

on £*{G/K) as the Laplace-Beltrami operator, since the Riemannian metric on
G/K is induced from £>|poxpo- Because the quotient map w. G/K —> T\G/K is

a Riemannian covering, cq induces the Laplace-Beltrami operator A on T\G/K.
Therefore, we have

Imaged C H*A(T\G/K) ~ ffd*e Rham(T\G/K; C) (2.3.1)

if and only if tt G Gq. We say that the subspace of H^e Rham(r\G/if;C)
corresponding to Image T^ is the tt-component, and write H (tt : F). That is,

ff^(^ : F) := ImageT, n HPde Rham(T\G/K; C) (p G N), (2.3.2)

via the isomorphism (2.3.1). Then the Matsushima-Murakami formula and a
result of Borel-Wallach are summarized as:

Lemma 2.4 ([3], [14]). Retain the above setting. We have

H*(tt :r)~nr{Tr)H*{g,K;Tr). (1)

#de Rham(r\G/if;C) 0 H*(n : F). (2)

7reG0

Hd[mG/K(TT : F) ^ 0 */ anrf on/y if tt 1. (3)

Here is an easy application of the Hodge theory.

Lemma 2.5. Suppose lu G £*(T\G/K) is a closed, form such that

-K^5%) (finite sum),
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where irt's are irreducible (g, K) -modules and

St G HomK(A*p,7rî)<

We define a harmonic form by

Then, passing to the cohomology group H*^e Rnam(r\G/-ß'), we have

M

Proof. Because irt is an irreducible (g, if)-module, the Casimir element cq acts by
a scalar, say A^ G C, on the representation space of each irt by Schur's lemma, so
that

Image T^ C {to G £*{T\G/K) : Auj Xtuj}.

We set

Then we have to lvq +lv\. Since div 0 and Au;o 0, we have dw\ div —

0.

Since A, ^ 0 for each nt e G\G0, wi G Image (A: £*{T\G/K) -> £*{T\G/K)).
Denote by G the Green's operator. Then we have

dd*Guj\ + d*dGuj\.

Since G commutes with d, we have

uj\ dd*Guj\ + d*Gduj\.

Because io\ is a closed form, we have

uj\ dd*Guj\.

Hence io\ is an exact form. Therefore, [lu] [luq + io\] [too].

Let G" be a closed subgroup that is reductive in G. Assume that V := T n G'
is also a co-compact subgroup of G". We take a maximal compact subgroup K of
G such that K' := K n G" is a maximal compact subgroup of G'. For simplicity,
we put Y T'\G'/K' and X T\G/K. Then we have natural maps i and i:
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T'\G' > T\G

i: Y= T'\G'/K' > X T\G/K.
Assume moreover that Y is orientable (this is always satisfied if G' is connected).
We write [Y] for the fundamental class which is a generator of the homology group
ffd(G,)(T; Z) ~ Z. Here, d(G') := dim Y dimG'/K'. The homology class

l*(\Y]) € Hd{G>)(X;Z)

is said to be the (generalized) modular symbol.
The investigation of the induced homomorphism /,* : H*(Y;C) —> H*(X;C) is

equivalent to that of the pullback homomorphism

To study the latter object, we recall the notion of the discrete decomposable
restriction introduced in [6], [7], [8].

Definition 2.7 ([8], Definition 1.1, 1.2). We say that an irreducible unitarizable
(g,if)-module (tt, Vv) is discretely decomposable, if it is isomorphic as (q',K')-
modules to an algebraic discrete sum of irreducible (q1, if')-modules:

where m^r) G N U {00}.

Let 7f be the unitary representation defined on the Hilbert completion Vv. We
allow us to use the terminology that the restriction tt\k> «« K'-admissible for a

compact subgroup K' (c K), if the restriction tt\k' is if'-admissible, equivalently
if dimHomx/(/i,7r) dimHomx/(/i,7f) < 00 for any /x G K' (we recall that K'
is compact). Then if the restriction tt\k' is if'-admissible, then tt is discretely
decomposable as a (g', if')-module and /«^(t) < 00 for any t g G' (see [8],

Proposition 1.6(2)).

Theorem 2.8. Suppose we are in the above setting. We assume the following
three conditions.

i) 7T G G is infinite dimensional.
ii) The restriction tt\k' %s K1 -admissible.
iii) G' is semisimple without compact factors.
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Consider the natural perfect pairing } given by

Then the modular symbol i*\Y] G H^/q,\(X;C) is annihilated by H ^G '(ir : F)

(C Hi ^ C))

Proof. In view of the isomorphisms (2.1)

£*(X)~1ïomK(A*p,C°°(T\G)),
£*(Y) ~ '//the pullback i* : £*{X) -> 5*(y) is identified with

HomK(A*p, Coo(r\G')) -^ HomK'(A*p', (^^(r^G")), S^i*oSoj.
Here,

j: A*p'^A*p
is an injective if'-homomorphism induced from p' ^^ p, and

i*: C°°(T\G) -> C°°(T'\G')

is the pullback C°°-functions with respect to the embedding i : T'\G' ^ T\G. Suppose

an irreducible (g, if)-module (tt, K-) is discretely decomposable as a (q1 K')-
module. Namely, it is isomorphic to an algebraic direct sum

® ---(Bt (2.8.1)

as a (g'; if')-module. For each t £ G' and each k (1 < k < m^r)), let denote by

(fc)
pr-f : 7T -^- t

the projection onto the k-th component of t in the direct sum (2.8.1), and by

(fc)

the injection into the A;-th component of t. Then both \yrT and e^- are (g',K')-
homomorphisms. We note that if U C K- is a if-stable finite dimensional subspace,

then pri- (t/) 0 except for finitely many r G G' ([8], Proposition 1.6(1)). In
particular, if ip G Hoirie(A*p,K-), then the right side of

E
-, fc=i
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is actually a finite sum because dimA*p < oo If y € Homs x(K-,Coo(r\G<)),
then we have

eT )o(prr o'/'oj) (2 8 2)i* o (p o'ip o j 2_

TEG' k=1

Wenotepr^o^oj e Hom^(A*p',T) and i*OLPoeir) G Homs, k,{t, C°°(T'\G'))
Thus,

(i* o if o eik))o (prifc) otiojje Image T^ (C £*(T'\G'/K'))

Here, we have used a notation similar to (2 2)

T'T HomK'(AV,r)®Homs^'(r,Co°(r/\G/)) -^ £*(T'\G'/K') £*(Y),

for each irreducible (g^if^-module t
Because the sum (2 8 2) is a finite sum, we have

'o k=1

from Lemma 2 5 Since the cohomology group of the top degree d(G') dim G'/K1,
namely,

d(')(T r') Imaged nffddfi
is non-zero if and only if t 1 (Lemma 2 4(3)), we have

(2 8 3)

fc=l

with respect to the natural pairing H^°2ham(Y,C) x iïd(G,)(y, C) -s- C
In order to prove the right side of (2 8 3) to be zero, it suffices to show

m,r(l) 0 Namely, tt|g" does not contain the trivial representation as a
direct summand If it were not the case, then any irreducible unitary representation
of G' arising in the decomposition of the restriction tt|g" would be finite dimensional,

because any irreducible summands in the restriction tt|g" has the same
associated variety (see [9], Part II, Theorem 3 5, see also [8], Corollary 3 9) On
the other hand, if G' is semisiinple without compact factors then the number of
equivalence classes of irreducible unitary finite dimensional representations of G' is

at most that of connected components of G", which is finite This means that the
restriction tt|g" is decomposed into finitely many, irreducible, finite dimensional
representations of G' with finite multiplicities, which is absurd because it is infinite
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dimensional. Therefore we conclude that the restriction tt\g> does not contain the
trivial representation of G' as a direct summand, namely, m^{l) 0. Hence we
have proved Theorem 2.8. D

Similarly to Theorem 2.8, we formulate a vanishing theorem about the cup
products in the de Rham cohomology ring H£e Rham(r\G/.K';C).

Theorem 2.9. Suppose that G is a connected semisimple linear Lie group without
compact factors and that T is a torsion-free co-compact discrete subgroup of G. Let
7T, tt' € G. Assume the following two conditions.
i) At least one of tt or tt' is infinite dimensional.
ii) The tensor product tt <g> tt' is K-admissihle.

Then the cup product aUa' is zero in H^ pjlam(r\G/.K'; Q for anV a € H1(tt : F)

anda' çH^-^tt' :T).

Proof. Let a G ffde Rham(T\G/K; C) and a' e H^%^m(T\G/K; C). The cup
product a U a' is given by the pullback of the cohomology class with respect to
the diagonally embedding map

l: G —s- G X G, g i-s- (g, g),

namely, we have i*{a A a') a U a', where

We note that a A a' belongs to the tt Ktt' components of the cohomology group
ffdeCRham((r x r)\(G x G)/(K x K)'^) and tnat the tensor product tt (g) tt' is

nothing but the restriction of tt Ktt' with respect to diag(g, K), which is diagonally
embedded into (g + q, K x K). Applying Theorem 2.8 with the pair (G x G, G),
we see that i*[T\G/K] is annihilated by the tt Ktt' components of the de Rham

cohomology group H^ham((r x T)\(G x G)/(K x K);C). Hence, we have

a U a' / L*(aAa')= a A a' 0.
T\G/K Jr\G/K Jut(T\G/K)

Since G is connected, T\G/K is orientable. Therefore a U a' 0. D

Applying Theorem 2.9 to tt' 1, the trivial representation of G, we have:

Corollary 2.10. Retain the setting of Theorem 2.9. Then
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: T) (C Hi^-*(T\G/K; C))

are the annihilators to each other in the perfect pairing

; C) x H^%^(T\G/K ; C) -+ C, a, ß » ^ ^ ^
a U ß.

(2.10.1)

We note that the restriction of (2.10.1) to the pairing

iF(l : T) x Hd^-'1{1 : T) -> C

is non-degenerate (cf. Lemma 3.2). Corollary 2.10 will be used in the proof of
Theorem 3.1 that gives a comparison of the modular symbols with the corresponding
objects for compact homogeneous manifolds.

§3. The invariant part of modular symbols

In this section we examine the invariant part (the 1-component) of modular symbols.

We recall the setting in §2. That is, G is a connected real reductive linear Lie

group, 9 is a Cartan involution, go ^O + Po is a Cartan decomposition, K Ge is

a maximal compact subgroup of G, and F is a torsion-free co-compact subgroup.
Suppose G' is a connected closed subgroup which is 0-stable such that V G' OT
is co-compact in G'.

We assume that G is contained in a complex Lie group Gc with Lie algebra
q ~ go <S> C Let G\j and G[j be the analytic subgroups of Gc with Lie algebras
Îq + s/—ïpo an(i Éq + V—ipO' respectively. Then both Gjy and G[j are compact.
We write Yv := G^/K', Y := T'\G'/K', Xv := Gv/K and X := T\G/K. Let
tjy : Y\j <-^r Xu and i : Y ^^ X be the natural embeddings. The Poincaré dual of the
modular symbol, denoted by A4 (Y), is by définition the image of the fundamental
class [Y] of the composition map

HdimY(Y;C) -, HdimY(X;C) -^ Hcdoed^m(X; C).

Similarly, we define M{YV) £ H^d^m(X; C) to be the image of the fundamental
class [Yjy] of the composition map

l-Usr- Pu

where P and Pu are the Poincaré duality maps. Here we note that dim Yjj dim Y
and dimXjy dimX.
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We denote by

for the projection onto the 7r-component, corresponding to the direct sum
decomposition (see Lemma 2.4)

© *(* : T).

The 7r-component corresponding to tt 1 (the trivial representation), namely,

H*(g,K;C) H*(l : T) c H*de Rham(r\G/K;C)

is interpreted geometrically by using the diagram:

Xu Gu/K ^ Gc/Kc ^ G/K -> T\G/K X,

as follows; start with a G [/-invariant representative of the de Rham cohomology
group on Gu/K; extend it to a Gc-invariant holomorphic form on Gc/Kc', restrict
it to G/K; and push down to a form on T\G/K (this is possible because of the
invariance by G, especially by F). Then we have defined a linear map

* : H*de Rham(Xu; C) -+ ffd*e Rham(X; C).

Similarly, we define

*': H*de Rham(^;C) - H^ ^^)
Theorem 3.1. With notation as above, we have

Before proving Theorem 3.1, we recall:

Lemma 3.2.
1) ^ is a well-defined, mjectwe ring homomorphism with image H*{\ : T).
2) ^ sends characteristic classes on X\j to the corresponding characteristic classes

on X.
3) fx *H vol(X) fXu u for any u G H^JXu; C).
4) The following diagram commutes:
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H*(g,K,C) ~ H*de Rham (Xu,C) -^ H*(l T) C H*de Rham(X,C)

~ Hde Rham r') c

Proof of Lemma 3 2 See the mam theorem in [10] (treated in a more general
setting than here) D

Proof of Theorem 3 1 We fix an arbitrary a G #dè Rham(X^> C) Then

x x

*(")

*'o,

vol(Y)

Similarly, we have

a)= V(M(Yu)Aa)
Jx

vol(X) a

vol(X) / i*ua
JYu

These two formulae mean that

M(Y)-\

is annihilated by

image ^t nde Rnam^(7, ^)

(Pomcaré duality)

(Lemma 3 2 (4))

(Lemma 3 2 (3))

(Lemma 3 2 (1))

(Lemma 3 2 (3))

1 T)
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It follows from Corollary 2 10 that

M{Y) - ^L±*(M{Yu)) G 0 Hcoa™*{* T)

Hence Wi(M(Y)) ^gl*^^)) D

§4. An explicit vanishing theorem for modular symbols

Any irreducible, mfmitesimally umtarizable (g, if)-module with non-zero (q,K)-
cohomology groups is represented as Vogan-Zuckerman's derived functor module
Aq ([26]) Therefore, in order to apply Theorem 2 8 for actual computation of
modular symbols, it is important to tell an explicit condition such that j4q|x' is
if'-admissible Such a criterion was studied in [6] and [7] Thus we can reformulate
the vanishing theorem for modular symbols defined by a symmetric pair with an
explicit condition by means of the root system These are the mam ingredients of
this section (see Theorem 4 3)

Let G be a real reductive linear Lie group We recall the notation in §2 In
particular, go ^0 + Po is a Cartan decomposition and g Î + p denotes the
complexifications Take a Cartan subalgebra to of Îq Let

fl(i, a) ={X eg [H, X] a(H)X for H £ i}

Given an element A G \/— Hq Let

L L{\) ={geG
[= [(A) =Lie(L(A))<g)C= ^R

(Xa)=0

U U(A) Y^

ü ü(A)

q q(A) =[(A)+u(A)

The subalgebra q q(A) is said to be a 0-stable subalgebra of q ([23]) The
homogeneous manifold G/L(X) carries a G-mvanant complex structure with the
holomorphic tangent bundle being G x l(\) ^W ^e define Aq to be the underlying

(g, if)-module of the S dimçK/L n K-th Dolbeault cohomology group
Hj-{G/X(A),Q) with the coefficient in the canonical line bundle Q
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([20], [28]). Then Aq is an irreducible Harish-Chandra module which is unitariz-
able ([24], [27]). The corresponding unitary representation is denoted by Aq G Gq

(C G). Then it is a result due to Vogan-Zuckerman ([26]) that

Gyz := {Aq : q is a 0-stable parabolic subalgebra of g} (c Gq C G)

is the totality of irreducible unitary representations of G whose underlying (g, K)-
modules have non-zero (g, if)-cohomology groups. We note that if q is a Borel
subalgebra and if rank G rank if then A^ is a discrete series representation
of G.

^ Suppose cf [ + 2 and q [ + u are ö-stable parabolic subalgebras such that
[ D [ and ûcu. If L/L is compact, then there is a compact normal subgroup L'
of L such that L L'L. Then we have A~ c; A^ because the spectral sequence of
induction by stages ([23], Proposition 6.3.6) collapses thanks to the Borel-Weil-
Bott theorem for the compact group L'. So, we consider the following condition
on a ö-stable parabolic subalgebra q:

There exists no ö-stable parabolic subalgebra cj [ + ÎÏ

of g that satisfies both (4.1.1) and (4.1.2):

l=H uCu, (4.1.1)

L/L is compact. (4-1-2)

Then, the set of ö-stable parabolic subalgebras q satisfying (4.1) is sufficient to
describe Gyz- That is,

Gyz {^4q : q is a ö-stable parabolic subalgebra of g satisfying (4.1)}.

Next, we suppose that a is an involutive automorphism of G. If G" is an open
subgroup of Ga := {g G G : ag g}, then the pair [G, G') is said to be a reductive

symmetric pair (or a semisimple symmetric pair if G is semisimple). We fix a
Cartan involution 6 of G such that a6 6a. Then 6G' G", K' := K n G'
is a maximal compact subgroup of G' and the pair (K, K') forms a compact
symmetric pair. We write lo± := {X G îo '¦ a(X) ±X}. We take a a-stable
Cartan subalgebra to of Îq so that to_ := to l~l lo- is a maximal abelian subspace
in lo-- Let A(l,t) be the root system and £(l,t_) the restricted root system
of Ï with respect to t and t_, respectively. We fix a positive system S+(l,t_)
and take a positive system A+(l,t) which is compatible with S+(l,t_). We shall
regard as \/—l(to_)* C \/—Hq according to the direct sum decomposition to

+
Suppose q q(A) is a ö-stable parabolic subalgebra of g defined by A G \/—Uq

as before. After conjugation by an element of K, we may and do assume that
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A G \/— Hq is dominant with respect to A+(l,t). Then a closed cone \/— Hq is

defined by

l+(unp}:={ Y, nßß '¦ nß ^ °} c V^ïio-
/3eA(unp;t)

Fact 4.2. Retain the notation as above. Then the following three conditions on
(q,G, G') are equivalent:
1) R+(u n p) n V=T(io_)* {0}.
2) j4q|if m K'-admissible.
3) Aq «s discretely decomposable as a (q',K')-module.

Proof. See [6], Theorem 3.2 for (1) ==> (2); and [8], Theorem 4.2 for other
implications. D

Now, we have

Theorem 4.3. Let (G, G') be a reductive symmetric pair, and T a torsion-free,
co-compact discrete subgroup of G such that V := T D G' is co-compact in G'.
Suppose thai q [ + u is a 0-stable parabolic subalgebra of Q. Assume the following
three conditions are satisfied:

i) i^P,
ii) R+(u n p) n y^to-)* {0};
iii) G' is semisimple without compact factors.
Then we have

Proof. The assumption (i) implies that Aq is infinite dimensional. By Fact 4.2, the
restriction Aq | K,

is if'-admissible because of the assumption (ii). Now Theorem 4.3
is an immediate consequence of Theorem 2.8. D

Remark 4.4. If q satisfies (4.1) then the assumption (i) in Theorem 4.3 is equivalent

to the condition that [ ^ q.

Remark 4.5. We can generalize Theorem 4.3 to the non-symmetric case by using
[7], Theorem 2.9.

§5. Modular symbols on Hermitian symmetric spaces of type IV

In this section, we apply the results in §2, §3 and §4 to the symmetric pair

(G,G') (S00(2n,2),SOo(2n,l)).
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Here, SOo(p,q) denotes the identity component of the orthogonal group O{p,q)
of signature (p,q). We shall study the middle Hodge component of the modular
symbol defined by G'. The key step is the following:

Lemma 5.1. If the ttk is a unitarizable irreducible (g, K)-module such that

then ttk\k' %s K''-admissible. In particular, ttk %s discretely decomposable as a

(g' ,K') -module.

This lemma will be proved after Lemma 5.3, 5.4 and 5.5. First we fix notation.
A maximal compact subgroup if of G is isomorphic to SO(2n) x SO(2). Take a
Cartan subalgebra to of Îq Lie K, which is also a Cartan subalgebra to of go
because of rank K rank G n + 1. We take a basis {/i, • • • /n+l} of \J—Hq so
that the root systems of Î and g are represented as

l, t) {±(/, ±f3):l<i<j<n}c V^îfS,
A(fl, t) {±(/, ± f3) : 1 < i < j < n + 1} C V^to-

Let q Î + p Î (B p-\- (& p- be the irreducible decomposition as Ad(if)-modules
where the subspaces p± are defined by the weights with respect to t as follows:

Here we note that p± are Ad(if)-stable, and consequently ad(i)-stable.
We first define some special 0-stable parabolic subalgebras of q, denoted by

qo, • • •, qn_i, q^;, which contribute (g, if)-cohomology groups of degree (n,n) (see

Lemma 5.3 and Lemma 5.4). We fix a positive system of A(l,t) once and for all
as follows:

A+(t,i):={ft±f3:l<i<j<n}.
For k 0,1, • • -, n - 1, we take A X^l1 XJt e \^ÏÎq so that

Ai > • • • > Afc > Afc+i • • • An An+i 0. (5.2.1)

According to §4, we define a 0-stable parabolic subalgebra of g by

qfc := q(A).

This definition is independent of the choice of A as far as A satisfies (5.2.1). Note
that qo g.
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Similarly, we take A ^ZI=i ^*/* ^ \/~lto so ^na^

Ai > ••• > An_i > |An| > An+i =0 (5.2.2)

and define a 0-stable subalgebra q(A). This definition depends only on the signature

of An. So, we write

qn:=q(A), e := sgnAn G {±}.

Then Levi subgroups corresponding to c\k,c\n are glVen respectively as follows:

Lk -Tfc x SO0(2n-2k,2) (0 < A; < n - 1),

The unitary representations A ± are discrete series representations for G, while

Aqfc are non-tempered representations of G. We recall that if G/K is a Hermitian
symmetric space, then the Hodge component of (g, if)-cohomology groups is given
by

Hp'q(g,K;Aq)~ Hp+R+'q+R-(I,LnK;C)

where R± := dim(u n p±) (see [3]). For the reader's convenience, we present the
computation of (g, if)-cohomology groups of A^ (0 < k < n — 1) and A ±.

Lemma 5.3. (see [12], [26]). LetO<k<n-l.

Thus, j4qfc (0 < A; < n — 1) and A ± contribute to the (g, if)-cohomology
groups of degree (n,n). Conversely, no other irreducible infinitesimally unitariz-
able (g,if)-modules contribute (g,if)-cohomology groups of degree (n,n). That
is, we have the following:

Lemma 5.4. Let G SOo(2n,2), and ttk an irreducible unitanzable (q,K)-
module such that

Hn'n(Q,K;irK)^Q. (5.4.1)

Then ttk — A^ as (g, K)-mod,ules, where q is one of qo, qi, • • • qn-l> ^ or In •
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Proof By a theorem of Vogan-Zuckerman [26], ttk is isomorphic to Aq where
q [ + u some 0-stable parabolic subalgebra of q Lie (SOo(2n, 2)) <8>r C We

may assume that q satisfies (4 1) The condition (5 4 1) implies that

dim(unp+) =dim(unp_) (5 4 1')

We shall prove that q is conjugate to one of qo,qi, iin-liin" or In by the
adjoint action of K if q satisfies (4 1) and (5 4 1') After a conjugation by an
element of K, we may assume that q q(A) [ + u [(A) + u(A) is defined by A

that is dominant with respect to A+(l,t) That is, if we write

n+1

then we have Ai > > An_i > |An|, since the root system A(l,t) is of type Dn
Then we have

A(u(A) n p+, t) {/, + /n+i 1 < i < n, \ + An+i > 0}
U {-ft + /„+i 1 < i < n, -A, + An+i > 0},

A(u(A) n p_, i) {/, - /n+i 1 < i < n, A, - An+i > 0}
U {-ft - /„+i 1 < i < n, -A, - An+i > 0}

Therefore, the assumption dim(u(A) n p+) dim(u(A) n p_) amounts to

#0 l<t<n,Xt + Xn+1>0} + #{t l<*<n,-A, + An+i > 0}

0}

We set

k #j> 1 < i < n, \\
m #{î 1 < i < n, W

Obviously k + m < n Without loss of generality, we may assume An_|_i > 0

hereafter Then the definition of k and m leads to

> Afc+m+i > > An_i > |An| (k + m<n),
Ai > > Afc > Afc+i An_i |An| An+i (k + m n,k^n),
Ai > > An_i > |An| > An_|_i (k + m n,k n)

Then it is an elementary computation to see

n + (n — k — m) if k + m < n,
the left side of (5 4 2) •( n if k + m n, Xn+\ > 0,

k if k -\- m n, An_|_i 0,
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the right side of (5.4.2) k.

In view of k + m < n, the equation (5.4.2) holds if and only if either (5.4.3) or
(5.4.4) is satisfied:

k + m n, An+i > 0, k n, (5.4.3)

k + m n,\n+i =0. (5.4.4)

Then (5.4.3) and (5.4.4) imply

Ai > • • • > An_i > |An| > An+i > 0, (5.4.3')

Ai > • • • > Afc > Afc+i • • • An An+i 0, (5.4.4')

respectively. Let us compare q q(A) with qo, qi, • • • qn_i, q^. If A satisfies
(5.4.3'), then q D q+ and £/L+ is compact. If A satisfies (5.4.4'), then q D q^ and

L/Lk is compact. Because q satisfies (4.1), A (Ai, • • • An_|_i) must satisfy

Ai > • • • > An_i > |An| > An+i > 0, (5.4.3")

Ai > • • • > Afc > Afc+i • • • An An+i 0, (5.4.4")

respectively, which means q q+orq qfc (1 < k < n — 1). This is what we
wanted to prove. The case An_|_i < 0 is similar. D

Lemma 5.5. Suppose that a 9-stable parabolic subalgebra q [ + u of Q is one of
qo, qi, • • • ,C\n-l,(\n- Then we have

+ (unp)nR/n+i

Proof The set of weights for u n p with respect to a Cartan subalgebra t of Î is

given by

Afun f{/,±/„+i:l<i<fe} if q qfc,

l{/,±/n+i:l<i<n-l}U{e/n±/n+i} if q q^,

where 0 < k < n — 1 and e ±. In either case, we have

R+(unp} | ^2 aaa:aa>o\
a£A(unp,t)

n—1 n

C |^(a,+6,)/, + e(an + bn)fn+ (j^(a, - 6»))/n+l ¦ ^A > 0, \<i < n}.
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Therefore

R+(unp)nR/n+i
,n—\ n n

C I ^(a, + 6,)/, + e(an + bn)fn+ (^(a4 - btf) fn+1 : a,%X >olnR/n+i.

If E^lV + bt)ft + e(an + bn)fn + (Er=l(^ " *>.))/n+l € R/„+i, then a, + 6, 0

(1 < i < n — 1) and e(an + bn) 0. This holds if and only if at bt 0 for all i
(1 < i < n) because a,, 6, > 0. Hence R+(u n p) nR/n+i {0}. D

Now, we are ready to prove Lemma 5.1:

Proof of Lemma 5.1. Suppose that ttk is an irreducible (g, if)-module satisfying
Hn'n(Q,K;iTK) ^ 0. It follows from Lemma 5.4 that ttk — A^ as (g, if)-modules,
where q is one of qo, • • • qn-l or c\n-

On the other hand, in view of (K,K') (SO(2n) x SO(2),SO(2n)), we have

Here, we recall that {/i, • • • ,/n+i} is a basis of \/— Hq (see §4 for the définition
ofio_). Hence

R+(unp)nv/rî(to-)* {o}

by Lemma 5.5. Therefore, it follows from Fact 4.2 that Aql^/ is K'-admissible. D

Theorem 5.6. Let T he a torsion-free discrete subgroup of G S*Oo(2n, 2), G' :=
S*Oo(2n, 1) C G and V := T n G'. Assume that G/T and G'/T' are compact. Let
l: Y T'\G'IK' —> X T\G/K be the natural map as before. Let tt(=/= 1) be an
irreducible unitary representation of G. We write

Wi-H*Ae Rham(X;C) ^ H*(l : T) H*(g,K;C)

for the projection onto 1-component in the Matsushima—Murakami formula (see
Lemma 2.4) and

M{Y)=
p-\-q=2n p-\-q=2n

for the Hodge decomposition of the Pomcaré dual of the modular symbol t* [Y] €
H2n(X;C). Then we have

Mn>n(Y)=Wl(M(Y)).
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Proof. By Corollary 2.10 for the subspace Hn'n(X;C) of H%™Rham(X; C), it
suffices to show

for any tt g G such that tt ^ 1 and Hn'n(Q,K;TTK) ^ 0. Because tt is not the
trivial representation, we have q ^ q and so [ ^5 p. It follows from Lemma 5.1 and
Theorem 4.3 that

(2 ''') =0,

which we wanted to prove. D

Now Theorem in Introduction follows from Theorem 3.1 and Theorem 5.6.

§6. Concluding remarks

Remark 6.1. Before finishing this paper, let us note some heuristic argument
on the relation between our result and the Rankin convolution method which
is used to obtain an integral expression of certain automorphic L-functions and
to represent the special values of such L in terms of some trajectory integrals.
The typical situation is the following. Let $ be an automorphic form on the
adelization Ga of a reductive algebraic group G defined over a global field. Let H
be an algebraic subgroup of G. Then we consider some Eisenstein series E(s, h)
on C x Ha and another cusp form ip on Ha- Then we consider the integral

<S>{h)iP{h)E{s,h)dh.
Hk\HA

The basic assumption behind, but which rarely referred explicitly, is that the
tensor product of automorphic representations

has a continuous spectrum. Here we denote by 11$ and ir^ the automorphic
representations of Ga and Ha, respectively, generated by $ and ip. Then Gr is

a real reductive linear group, corresponding to the notation "G" in this paper.
Suppose that ip is the constant. Then the very assumption on the existence of
continuous spectrum for the restriction II$|ifA fails if the real component Hr of
Iltj, satisfies the criterion Fact 4.2, because of the discrete decomposability of the
restriction IIkI.^. So the Rankin convolution gives just zero in this case!

Remark 6.2. If G/K is Hermitian, then the arithmetic quotient V T\G/K is

an algebraic variety by a classical result of Baily. When F is not co-compact in G,
modular embeddings H C G do not give cycles on V, and they are just chains in
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general. Consider the Baily-Borel-Satake compactification V* of V. Then we can
form the closure of modular symbols in V* and obtain closed real analytic subsets
in V*. One can investigate the perversity of these compactifled modular symbols
(at least) in some special cases, in the sense of Goretzky-MacPherson. When
G SOo(m,2) and H SOo(m, 1), they never have the middle perversity. We
refer to a related result in the case m 3, by Nygaard [15], Theorem 2.1, which
was brought to our attention by Dr. Miyazaki. It is an easy exercise to check that
the closure of modular symbols has "one-step worse" perversity than the middle
perversity. This fact is interesting because it may give an account of the "failure of
the Petersson conjecture" for the lifted modular forms and the mixed cohomology
associated to such modular forms (cf. [17], Conjecture 5.4).

Remark 6.3. Suppose we are in the setting of §5. In contrast to Lemma 5.1, not
all unitarizable irreducible (g,if)-modules ttk that contribute to the (p,q)-type
Hodge component Hp'q(Q, K; ttk) are discretely decomposable as (q1, if')-modules.
This means that Theorem 4.3 gives only a partial information about the (p, q)-type
Hodge component of the modular symbol, A4p'q(Y) for (p,q) ^ (n,n).

Remark 6.4. As Theorem 4.3 suggests, the more representations tt g G satisfying

(4.3)(ii), the more information we obtain about the modular symbol defined by
(G, G'). It might be interesting to investigate in other cases the counterpart in
differential geometry (e.g. the middle Hodge component in the case of §5 where G/K
is Hermitian), corresponding to the representation theoretic condition (4.3)(ii),
which assures the vanishing of the 7r-component in Theorem 4.3.

Remark 6.5. Suppose that [G,G') is a reductive symmetric pair and defines a
modular symbol T'\G'/K' ^ T\G/K, as in (2.6). Y. Tong and S. Wang proved
the non-vantshtng theorem of the modular symbol (defined on a certain locally
constant sheaf) with respect to the 7r-component if it g G is a discrete series

representation for G/G' ([22]). On the other hand, we have proved the vanishing
theorem of the modular symbol with respect to the 7r-component, if the restriction
tt|g" is discretely decomposable (Theorem 4.3). This observation suggests that the

assumption on tt G G in [22] (i.e. it is a discrete series representation for G/G')
and the one in this paper (i.e. it is discretely decomposable with respect to G')
should be exclusive. This is true if G' is compact because there is no discrete series

representation for G/G', and is proved in general in [8], Theorem 6.2. For example,
if (G,G') (S*Oo(2n, 2),S*Oo(2n, 1)), then all of discrete series representations
for G/G' have highest weight vectors (or lowest weight vectors), and therefore,
the contribution of the de Rham cohomology group -ffJ^Rham(r\G/if; C) is the
(2n,0)-type Hodge component (or the (0,2n)-type Hodge component), which is

the opposite extremal case of the (n,n)-type that we have treated in §5.
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