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Fano contact manifolds and nilpotent orbits

Arnaud Beauville *

Abstract. A contact structure on a complex manifold M is a corank 1 subbundle F of Ty
such that the bilinear form on F with values in the quotient line bundle L Tm/F deduced
from the Lie bracket of vector fields is everywhere non-degenerate In this paper we consider the
case where M is a Fano manifold, this implies that L is ample

If g is a simple Lie algebra, the unique closed orbit in P(fl) (for the adjoint action) is a Fano
contact manifold, it is conjectured that every Fano contact manifold is obtained in this way A
positive answer would imply an analogous result for compact quatermon-Kahler manifolds with
positive scalar curvature, a longstanding question in Riemanman geometry

In this paper we solve the conjecture under the additional assumptions that the group of
contact automorphisms of M is reductive, and that the image of the rational map M --->
P(iîo(M, L)*) associated to L has maximum dimension The proof relies on the properties of
the nilpotent orbits in a semi-simple Lie algebra, in particular on the work of R Bryhnski and
B Kostant

Mathematics Subject Classification (1991). Primary 14J45, 53C15, Secondary 14L30,
14M17
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contact moment map

Introduction

A contact structure on a complex manifold M is a corank 1 subbundle F C
such that the bilinear form on F with values in the quotient line bundle L
deduced from the Lie bracket on Tm is everywhere non-degenerate This implies
that the dimension of M is odd, say dim M 2n + 1 and that the canonical
bundle Km is lsomorphic to L^™^1 In this paper we will consider the case
where M is compact and L is ample, that is, M is a Fano manifold

This turns out to be a strong restriction on the manifold M the only examples
known so far are obtained as follows (see Prop 2 6 and 2 2 below) Let g be a

simple complex Lie algebra, the adjoint group acting on P(fl) has exactly one
closed orbit POmm which is the projectivization of the minimal nilpotent orbit

* Partially supported by the European HCM project "Algebraic Geometry in Europe" (AGE)
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Omin C Q The Kostant-Kirillov symplectic structure on Om[n defines a contact
structure on POm;n

It is generally conjectured that every Fano contact manifold is obtained in
this way. This problem is motivated by Riemannian geometry, more precisely by
the study of compact quaternion-Kähler manifolds. I will say only a few words
here, referring for instance to [L-S], [L] and the bibliography therein for a more
complete treatment. A quaternion-Kähler manifold Q is a Riemannian manifold
with holonomy (n) (1) It carries a natural S2-bundle M —s- Q the twistor
space, which turns out to be a complex contact manifold; moreover if Q is compact
and its scalar curvature is positive, M is a Fano contact manifold. The only known
examples of positive quaternion-Kähler manifolds are certain symmetric spaces
associated to each compact simple Lie group, the so-called "Wolf spaces" ; thanks
to the work of LeBrun and Salamon, a positive answer to the above conjecture
would imply that every compact quaternion-Kähler manifold with positive scalar
curvature is isometric to a Wolf space.

Our result is the following:

Theorem 0.1. Let M be a Fano contact manifold, satisfying the following
conditions:

(HI) The rational map tp-^ : M ---> P(H (M,L)*) associated to the line bundle
L is generically finite (that is, dim(/cL(M) dim M );

(H2) The group G of contact automorphisms of M is reductive.
Then the Lie algebra Q of G is simple, and M is isomorphic to the minimal

orbit POmin C P(fl)

While hypothesis (HI) is rather strong, (H2) is harmless from the point of
view of Riemannian geometry: by the results of [L], it always holds for the twistor
spaces of positive quaternion-Kähler manifolds.

We will get an apparently stronger result, namely that M and P0m;n are
isomorphic as contact complex manifolds. It is however a general fact that whenever
two compact simply-connected contact manifolds are isomorphic, the isomorphism
can be chosen compatible with the contact structures ([L], Prop. 2.3).

The strategy of the proof is as follows. Using some elementary symplectic
geometry, the map y>L can be viewed as a "contact moment map" M —s- P(fl)
Then (HI) implies that G has an open orbit in M whose image by y>L is

a nilpotent orbit PO C P(fl) • We are thus led to classify finite G-equivariant
coverings M —s- PO where M is smooth. Examples of such coverings appear in
[B-K], with M being the minimal orbit in P(fl') for some simple Lie algebra q1

containing q ; our key result is that all possible examples arise essentially in this
way. Theorem 0.1 follows then easily.
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1. Contact geometry

Let M be a complex contact projective manifold. Recall that the contact structure

is given by an exact sequence

such that the O^-bilinear) alternate form (X,Y) i—> 6([X,Y]) on F is everywhere

non-degenerate. Alternatively the contact structure can be described by
the twisted 1-form 9 G H°(M, Qj^ <g> L) the contact form.

We denote by G the neutral component of the group of automorphisms of
M preserving F This is an algebraic group, whose Lie algebra q consists of
the vector fields X G H°(M,TM) such that [X, F] C F The following result is

well-known (see e.g. [L]):

Proposition 1.1. The map H°(0) : H°(M,TM) -> H°(M,L) maps g tsomorpht-
cally onto H°(M,L).

Proof. Let us first prove the decomposition H°(M,TM) H°(M, F) © g Let
XgH°(M,Tm). The map U ^ 6{[X, U\) from F to L is OM-linear, hence
there exists a unique vector field X' in F such that 6{[X,U\) 9([X',U]) for
all (7 in F. This means that [X -X',U] belongs to F that is that X - X'
belongs to q Writing X X' + (X — X') provides the required direct sum
decomposition.

Let C C Tm be the subsheaf of infinitesimal contact transformations. Applying

the above result to each open subset of M we get Tm F © £ so that 9

induces a C-linear) isomorphism of C onto L Our statement follows by taking
global sections. D

(1.2) For each g G G the automorphism T(g) of T^ induces an automorphism

of L above g ; in other words, the line bundle L has a canonical G-
linearization. In particular the group G acts on H°(M,L); the isomorphism
9 : g —> H°(M, L) is G-equivariant with respect to this action and the adjoint
action on q Also the rational map y>L : M ---> P(H°(M, L)*) associated to the line
bundle L is G-equivariant.

(1.3) Let Lx be the principal C*-bundle associated to the dual line bundle
L* - that is the complement of the zero section in L* on which C* acts by
homotheties. We will say that a p-form w on Lx is C*-equwanant if \*iv \iv
for every A G C*

Let us denote by p the projection of L* onto M We have a canonical linear
form t : p*L —> 0l* j which is bijective on Lx : if s is a local section of L on
M the function r(p*s) maps a point (m,£) of L* (£ G L(m)*) to (s(m),£)
We use t to trivialize p*L on Lx We can therefore consider p*9 as a 1-form
on Lx ; it is C*-equivariant. The following lemma is classical (see for instance
[A], App. 4 E, or [L], p. 425):
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Lemma 1.4. The 2-form d(p*6) is a symplectic structure on Lx Conversely,

any C*-equivanant symplectic 2-form on Lx is of the form d(p*6) where 9 is
a contact form on M which is uniquely determined,. D

(1.5) To each point (m, £) of L* (m G M £ G L(m)*) we associate the linear

form (J,]_,(m,£) on H°(M,L) defined by (ml(to>C)>s) (s(to)jC) f°r each

s G H°(M,L) This gives a morphism /xL : L* -> H°(M,L)* which is C*-equiva-
riant and induces on the projectivizations the rational map y>L: M--->P(H°(M, L)*).
Using the isomorphism 0 : g —^U- H°(M,L) (Prop. 1.1), we get a commutative G-
equivariant diagram

Lx > fl*

I
M -?-+ P(fl*)

As we have seen in (1.2), the action of G on M lifts to an action on Lx
which is linear on the fibres; as a consequence, any field X G g lifts to a vector
field X on Lx which projects to X on M

Proposition 1.6. \i is a moment map for the action of G on the symplectic
manifold Lx

Proof. This means by définition that for each X G g the vector field X is the
Hamiltonian vector field associated to the function (/x,X) on Lx To prove
this, we first observe that since the 1-form rj p*0 is preserved by G its Lie
derivative ï^^rj vanishes for each X G g By the Cartan homotopy formula, this

implies i(X) dr) -d{r),X) But we have (r),X) t(P*9(X)) (/x,X) thus

i{X) dr] —d((j,, X) which proves our claim. D

The classical computation of the differential of the moment map gives:

Proposition 1.7. Let m G M and £ a point of Lx above m. The following
conditions are equivalent:

(i) ip is defined at m and its differential TTO(y>) is mjective;
(ii) the G-orbit of £ is open in Lx ;
(iii) the Q-orbit of m is open in M and £ is conjugate under G to it; for

every £ G C*

Proof. Since \i is C*-equivariant, condition (i) is equivalent to:
(i') /x(£) 7^ 0 and T^(/x) ts mjective.
Let w be the symplectic 2-form on Lx ; for v G Tç(Lx) and X G fl the
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formula i(X)w —d(jj,X) (1.6) gives

(TÇ(M) -v,X) -(i(X)uç v) uç(v,X(0)
so that the kernel of T^(/x) is the orthogonal of Tç(G • £) in Tç(Lx) (with respect
to Luc This gives the equivalence of (i') and (ii); since the action of G commutes
with the homotheties, (ii) is equivalent to (iii). D

Corollary 1.8. a) If h is very ample, M is homogeneous.
b) // ip is generically finite, M contains an open G-orbit.

Proof. Under the hypothesis of a), each point of M has an open orbit, thus
necessarily equal to M The hypothesis of b) implies that tp is an immersion at
a general point of M D

Cor. 1.8 a) has also been obtained by J. Wisniewski (private communication).

2. Coadjoint orbits

(2.1) Let g be a Lie algebra; the adjoint group G acts on the dual q* of q

through the coadjoint representation. Recall that each coadjoint orbit Ö carries
a canonical G-invariant symplectic structure Q the Kostant-Kinllov structure:
for £ G O the tangent space Tc(0) is canonically isomorphic to g/j^ where

3ç Ker(£o ad) is the annihilator of £ in q ; the 2-form Qç is induced by the
alternate form (X,Y) \-^ £([X,Y]) on q The following result shows that whenever

Ö is invariant under homotheties, its image PC in P(fl*) carries a natural
contact structure:

Proposition 2.2. Let Q be a Lie algebra, G its adjoint group, £ a nonzero
linear form on Q O its coadjoint orbit in Q* PC the image of O in P(g*)
The following conditions are equivalent:

(i) PC is odd-dimensional;
(ii) the orbit Ocg* is invariant by homotheties;
(iii) for each £ £ C* £^ is G-conjugate to £ ;
(iv) there exists H G Q such that £o &d(H) £ ;
(v) the annihilator jç of £ in Q is contained in Ker £
When these conditions are satisfied, the Kostant-Kinllov symplectic structure

on O comes from a G-invariant contact structure on PÖ

(i)-4=> (iii): Let Zç be the stabilizer of £ in G, and Zw the stabilizer of
the image [£] of £ in P(fl*) The action of Zw on the line [£] defines a

homomorphism £ : Zw —s- C* and we have an exact sequence
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Since the orbit Ö is even-dimensional, (i) is equivalent to dimZr^i dimZç + 1

that is to the surjectivity of £, which is nothing but condition (iii).
(ii) ¦<=> (iii): Clear.
(iii)-4=> (iv): The Lie algebra v£, of Zw consists of the elements H of q such

that ^o ad(H) A£ for some A \(H) G C The homomorphism A : v£, —s- C

thus defined is the Lie derivative of £, so the surjectivity of £ is equivalent to the
surjectivity of A that is to (iv).

(iv) ¦<=> (v) : The linear map u : H i—s- Ço ad(H) of q into q* is antisymmetric,

hence Im m (KerM)^ But (iv) is equivalent to £ G Im« and (v) to
CG (Keru)-1.

Finally when Ö is invariant by homotheties, the Kostant-Kirillov 2-form on
Ö is C*-equivariant, and therefore comes from a G-invariant contact structure
on PC (lemma 1.4). D

Remark 2.3. Assume that the equivalent conditions of Prop. 2.2 hold; the
contact structure on PC can be described explicitely as follows. Let ip G O ;

the tangent space Tr^i(PO) is canonically isomorphic to fl/jr^i Observe that

jr^i is contained m Kertf): each element Z of jr^i satisfies ipo ad(Z) Xip for
some A G C ; if A 0 we have ij){ï) 0 by (v) above, while if A ^ 0 we have

A~V([Z,Z]) 0 Then the contact structure F C TPO is defined by

(2.4) Suppose that the Lie algebra q is semi-simple. Using the Killing form we

identify the G-module q* to q endowed with the adjoint action. The element £

corresponds to a nonzero element N of g Conditions (iii) to (v) read:

(iii') for each £ G C* £N is G-conjugate to N ;

(iv') there exists H G g such that [H, N] N ;

(v') the centralizer %N of N in q is orthogonal to N.
They are equivalent to N being nüpotent: (iii') implies Tr p(N)p 0 for any

representation p of q and any p > 1 ; conversely, if N is nilpotent, (iv') holds
by the Jacobson-Morozov theorem.

(2.5) Let I) be a Cartan subalgebra of q R R(g, [)) the root system of q

relative to \). We have a direct sum decomposition fl f) © 0 Qa A nonzero
aeR

vector Xa G Qa is called a root vector (relative to a
If q is simple, the Weyl group acts transitively on the set of roots with a

given length, and the corresponding root vectors are conjugate. This defines the
(nilpotent) orbits Omm of a long root vector and Oshort of a short root vector;
these orbits coincide if and only if all roots have the same length (types A;, D;, E;

Proposition 2.6. Let g be a simple complex Lie algebra. There exists exactly
one closed orbit in P(fl) {for the adjoint action), namely the orbit POmm of a

long root vector. Every orbit contains POmln in its closure.
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Proof. Let N be a nonzero element of q The orbit of [N] in P(fl) is closed if
and only if 3,^ contains a Borel subalgebra b so that there exists a linear form
A on b such that ad(X) • N X(X)N for all X e b This means that AT is a

highest weight vector for the adjoint representation; since q is simple, the adjoint
representation is irreducible, and its highest weight vector is Xg where 6 is the
highest root with respect to the basis of R(g, [)) such that b f) © 0 Qa We

conclude that the orbit POmm of Xg is the unique closed orbit in P(fl)

Examples 2.7. For the classical case, we get the following Fano contact manifolds:

A; : the projectivized cotangent bundle PT*(P') ;

B;, D; : the Grassmannian Gîso(2, V) of isotropic 2-planes in a quadratic vector

space V of dimension 21 + 1 and 21 respectively;
Q : the projective space p2'^1
For the type G2 we get a Fano 5-fold of index 3 which appears in the work of

Mukai [Mu]. The other exceptional Lie algebras give rise to Fano contact manifolds
of dimension 15, 21, 33 and 57.

Remark 2.8. It follows from [L], Cor. 3.2, or from a direct computation, that if
q is not of type Q the manifold POmm admits a unique contact structure; in
all cases, the contact structure we have defined is the unique G-invariant contact
structure.

3. First consequences of (HI) and (H2)

(3.1) From now on we assume that 92 is generically finite (or equivalently,
dimy(M) =dimM). By Cor. 1.8, this implies that G has an open orbit M°
in M Since 92 is G-equivariant, it is everywhere defined on M° ; the image
cp(M°) is an orbit PC of G in P(fl*) and the induced map ip° : M° -> PC is

a finite étale covering.
Let us mention at once an immediate consequence: if a connected normal

subgroup of G fixes a point [£] G PO it acts trivially on M° hence on M ; it
follows that the stabilizer vf, of [£] in Q contains no nonzero ideal of Q In

particular, the center of Q is trivial.

Lemma 3.2. Assume that the character group of G is trivial, and Pic(M) Z
Then M — M° has codimension > 2 m M.

Proof. Let m be a point of M° [£] its image in P(fl*) The stabilizer Zm
of m in G is a subgroup of finite index in the stabilizer Zm of [£] Since M°
and therefore PC are odd-dimensional, the equivalent conditions of Prop. 2.2 are
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satisfied; hence the homomorphism I : Zw ^ C* deduced from the action of Zw
on the line [^] is surjective, and so is its restriction to Zm

Recall that the group PicG(M°) of G-linearized line bundles on M° G/Zm
is canonically isomorphic to the character group X(Zm) On the other hand, the

hypothesis on G ensures that the forgetful map Pic (M°) —> Pic(M°) is injective
([M],Ch. 1, Prop. 1.4). Since we have found a surjective character of Zm it follows
that Pic(M°) contains an infinite cyclic group.

Let (Dj)j£j be the family of one-codimensional components of M — M° We
have an exact sequence

Z1 ^—> Pic(M) —> Pic(M°) -> 0

Since Pic(M) Z and each D^ has a nonzero class in Pic(M) the only possibility
is I 0 D

Lemma 3.3. Let M be a normal projective variety, L an ample line bundle
on M ip : M ---> Pr the associated, rational map, N C Pr its image. Assume
that there are open subsets M° C M and N° C N whose complements have codi-

mension > 2 such that ip is defined, everywhere on M° ip(M°) N° and, the
induced morphism <p° : M° —s- N° is finite. Then <p is everywhere defined and

finite.

Proof. Replacing N by its normalization we may assume that N is normal; then
the restriction maps H°(N, ON(n))^H0(No,ON(n)) and H0(M,Ln)^H°(M°,Ln)
are bijective. Let CM Spec 0 H°(M,Ln) and CN Spec 0 H°(N,ON(n))

n>0 n>0
be the cones over M and N respectively associated to the line bundles L and
On(1) • The homomorphism (<f°)* induces a finite morphism dp : CM —> CN
which is C*-equivariant. The inverse image of the vertex of CN under dp is

finite and stable under C* hence reduced to the vertex of CM Therefore dp
induces a finite morphism M —s- N which extends (p° D

(3.4) Let us now assume that q is reductive (this is our hypothesis (H2)). By
(3.1) this actually implies that q is semi-simple. We will always identify q* with
q using the Killing form. We also make a third hypothesis:

(H3) Pic(M) Z
This is innocuous because Theorem 0.1 is known to be true when b% > 2 as a

consequence of a theorem of Wisniewski (see [L-S], cor. 4.2).

Proposition 3.5. Under the hypotheses (HI) to (H3), the map (p : M —s- P(fl) is
a finite morphism onto the closure of a nilpotent orbit PO M has only finitely
many orbits; each orbit is a finite étale covering of a nilpotent orbit in P(fl)

Proof. Since G is semi-simple, the hypotheses of lemma 3.2 hold. We have already
seen that the orbit Ö is C*-invariant, hence nilpotent (2.4). Therefore PC is a
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finite union of nilpotent orbits in P(fl) Since such an orbit is odd-dimensional, the
codimension of PC in PC is > 2,so we can apply lemma 3.3; the Proposition
follows. D

Remark 3.6. Conversely, suppose given a compact manifold M with an action of
G and a finite surjective G-equivariant morphism tp : M —s- PO onto the closure
of a nilpotent orbit in P(fl) Then M is a Fano contact manifold. Indeed, let
M° (p^1(PO) and L <p*O(l) The contact structure of PC pulls back to
a contact structure 9° G H°(M°, Qj[^o <g> L) which extends to a contact structure
6 G H°(M, Qjy[ <g> L) because M — M° has codimension >2. Since L is ample,
M is a Fano contact manifold.

We have thus reduced our problem to a question about nilpotent orbits of
semi-simple Lie algebras, which we will study in the next sections.

4. Nilpotent orbits

(4.1) At this point we need to recall Dynkin's classification of nilpotent orbits in
a semi-simple Lie algebra q (a general reference for the material in this section
is [C-M]). We fix a nilpotent element Nq of q and denote by Ö its orbit in q

(under the adjoint action).
By the Jacobson-Morozov theorem, there exist elements H and N\ in q

satisfying

[H, No] 2N0 [H, Nt] -2Nt [Nt ,N0]=H

so that the subspace of q spanned by Nq,N\,H is a Lie subalgebra isomorphic
to sl% • As a s[2-module, q is then isomorphic to a direct sum of simple modules
SfcV where V is the standard 2-dimensional representation. It follows easily that:

(4.1.a) there is a direct sum decomposition q © g(i) where g(i) is the
reZ

subspace of elements X G g with [H, X] iX
(4.1.6) Put p © g(i) n © g(i) Then p is a parabolic subalgebra of q ;

n is a nilpotent ideal in p The map ad(A<o) : p —? n is surjective.
(4.1. c) Let I be a Cartan subalgebra of q containing H. There exists a

basis B of the root system R(g, [)) such that a(H) G {0,1, 2} for each a G B
The weighted Dynkm diagram of iVo is obtained by labelling each node a G B of
the Dynkin diagram of q with the number a(H) G {0,1,2} It depends only on
the orbit Ö of JVo; two different nilpotent orbits give rise to different weighted
diagrams.

(4.2) Let P be the parabolic subgroup of G with Lie algebra p We denote
by G xpn the quotient of G x n by P acting by p ¦ (g,N) (gp^1 ,Ad(p)N) ;

in other words, G xpn is the G-homogeneous vector bundle on G/P associated
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to the adjoint action of P on n For geG, N G n, we denote by (g,N) the

image of (g,N) in G xpn the tangent space to G xpn at (g,N) is canonically
isomorphic to the quotient of g x n by the subspace of elements [N, ]) with

The orbit G (1,NO) is open m G xpn Since the stabilizer m G of (1,NO)
is Zjv0 there is a unique G-equivanant isomorphism O —> G (1, A<o) mapping
No onto (l,No) We will identify O to the open orbit of G xpn through this
isomorphism The following lemma is due to D I Panyushev [P] (I am indebted
to the referee for pointing out this reference)

Lemma 4.3. The Kostant-Kinllov symplectic 2-form on O extends to a G-
vnvanant 2-form u> on G X n Let (g,N) G G X n, the kernel of u>/ N\
consists of the images of the elements (X, [N,X]) with X G n © q(i) and

t>—1

[N, X] G n

Proof Consider the alternate bilinear form on q x n defined by

((X, Q), (X', Q')) » (N | [X, X'\) + (X | Q') - (X1 \ Q)

where | stands for the Killing form Its kernel consists of pairs (X,Q) with
IB1 and Q [N,X] in particular, it contains the elements [N, ]) for

G p so that our form factors through TV jy)(G xpn) and defines a G-mvanant

2-form u! on G xpn
The isomorphism Ö —> G (1, Afo) induces on the tangent spaces the isomorphism

q/$Nq —> Tn ato)(G xpn) which maps the class of X G g to the class of
[X,0) Through this isomorphism, con N\ corresponds to the alternate form

(X,X') h^ (No | [X,X'}) that is to the Kostant-Kinllov 2-form uj0 at No Since

lu and coo are G-mvanant, the restriction of w to O is equal to u>o D

The following lemma will be the key technical ingredient for our proof of the
mam theorem We put gx q — {0} nx n — {0}

Lemma 4.4. Let N G n Let O be the closure of O in gx Assume thai the
normalization O of O is smooth above N Then the centrahzer $N is contained

in n1-

Proof Consider the morphism G x nx —> gx which maps (g,N) to Ad(g)N,
it is proper Its image is the closure Ö of Ö in gx since G xpn is smooth,
it factors through 0 The induced morphism tt Gxpnx->0 is proper and
birational it induces the identity on the open orbit Ö C G xpnx

Since the complement of O in O has codimension > 2 the symplectic 2-form
on Ö extends to a 2-form w on the smooth part Osm of Ö the pull-back of w
to 7r~1(öSTO) C G xpn coincides with the restriction of lu It follows that every
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tangent vector at the point x (1,N)' of G xpnx killed by Tx(tt) belongs to
the kernel of ivx Since the orbit of x under 7>°N maps to a point in O the
vectors 0) with G $N must belong to the kernel of ivx ; in view of Lemma
4.3, this means that %N is contained in n1. D

5. The birational case

In this section we will prove Theorem 0.1 in the simpler case when the map y>L
is assumed to be birational. We start with a technical lemma about Lie algebras;
we keep the notation of (4.1).

Lemma 5.1. Assume that Nq is not contained, in a proper ideal of Q and
that for every nonzero elements N G g(2) and Q G g( —2) the bracket [N,Q] is
nonzero. Then Q is simple, and either O is the minimal orbit, or Q is of type
G2 and O is the orbit of a short root vector.

Proof. Assume first that q is a product of two nonzero semi-simple Lie algebras g'
and g" Write No (Aß, Aß') H (H1, H") A^ (N[,N'{) ; the hypothesis
on Ao ensures that Aß and Aß' (and therefore also H',H", N[,N" are nonzero.
We have N[ G fl(-2) Aß' G fl(2) and [N[, Aß'] 0 contrary to the hypothesis.
Thus q is simple.

For any nonzero N G fl(2) we have %N ng(-2) (0) ; by [C-M], 3.4.17, this
implies that N is conjugate to Afo There exists a root a with a(H) 2 (the
corresponding root vectors span g(2) ); therefore Ao is conjugate to Xa

Assume that q is of type B;,Q or F4 and that a is a short root. According
to [C-M] the weighted Dynkin diagram of Xa is one of the following:

2 0 0 0 0

0 1 0
G G O

0 0 0 1

O O > G O

In each case the highest root 9 satisfies 9{H) 2 hence Xg should be conjugate
to Xa - a contradiction. Therefore either a is a long root, or q is of type G2

D

Proposition 5.2. Let O be a nilpotent orbit in Q and O its closure in Qx

Assume that O is not contained in a proper ideal of Q and that the normalization
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of O is smooth. Then Q is simple, and either O is the minimal nilpotent orbit,
or Q is of type G2 and O is the orbit of a short root vector.

In the first case O is equal to O hence smooth. In the second case O is

not normal, and its normalization is isomorphic to the minimal nilpotent orbit in
50 (7) [L-Sm].

Proof. By Lemma 4.4, we have %N C n1- for each nonzero element N of n.
Taking N in g(2) we see that the hypotheses of Lemma 5.1 are satisfied, hence
the result. D

Corollary 5.3. Let M be a Fano contact manifold, such that
(i) the rational map <p : M ---> P(fl) is generically mjective;
(ii) the group G of contact automorphisms of M is reductive.
Then <p induces an isomorphism of M onto the minimal nilpotent orbit in

Proof. Consider the commutative diagram (1.5)

Lx

M > P(fl)

By Prop. 3.5 92 is a finite birational morphism onto the closure of a nilpotent orbit
PC in P(fl) ; since the diagram is cartesian, \i is finite and birational onto Ö,
hence realizes Lx as the normalization of Ö. Since the image PC of 92 spans
P(fl) Ö cannot be contained in any proper subspace of q By Prop. 5.2, this
implies either that O is a minimal orbit, or that q is of type G2 and Ö is the
orbit of a short root vector; in that case M is isomorphic to PC where Ö' is

the minimal orbit in so(7) and this isomorphism preserves the contact structures
(remark 2.8). But then q contains 50(7) a contradiction. D

6. The general case

(6.1) As explained in Remark 3.6, we want to classify finite G-equivariant sur-
jective morphisms 99 : M —s- PO where M is smooth and Ö C Q is a nilpotent
orbit; such a morphism will be called for short a G-covering of PC Examples of
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G-coverings appear in the classification of "shared orbit pairs" [B-K], associated
to certain pairs q C g1 of simple Lie algebras: the manifold M is the minimal
orbit PO'mtn for g1, while the orbit O C g is given in the list below. Brylinski
and Kostant find the following cases:

S

A2

B;

B4

Q

D;

D4

F4

G2

G2

&'

G2

F4

Mi-l
Bi

F4

E6

B3

D4

O

°(3)

O(3,l, ,1)

®(2,2,2,2,1)

^(2,2,1, ,1)

O(3,l, ,1)

C(3,2,2,l)

^short

^short

osub

deg^

3

2

2

2

2

4

2

1

6

(6.2)

The notation for the orbit Ö requires some explanation: in the classical

cases, q is viewed as an algebra of matrices via the standard representation;
then O/d d\ denote the conjugacy class of a matrix in q with Jordan type
(d\,... ,dk). As in (2.5), Oshort is the orbit of a short root vector. Finally Osub
is the so-called subregular orbit, that is the unique codimension 2 orbit in the
nilpotent cone.

Proposition 6.3. Let G be a simple complex Lie group acting on a manifold
M Q the Lie algebra of G O C Q a nilpotent orbit, <p : M —s- PO a finite G-
equwariant surjectwe morphism. Then either O Omm and <p is an isomorphism,

or ip is (up to isomorphism) one of the G-coverings appearing in the list
(6.2)

Proof (6.4) Let M° be the open G-orbit in M ; let m be a point of M° H° its
stabilizer in G and H the stabilizer of <p(m) Since M is Fano, M and therefore
M° are simply connected; this implies that H° is the neutral component of H.
So the covering M° —> PC is a Galois covering, with Galois group F := H/H°
Since M Proj © H°(M°,Ln) the action of F on M° extends to an action on

n>0
M which commutes with the G-action.

Observe that the G-covering M —s- PO is uniquely determined by Ö : the

open G-orbit M° C M is the simply-connected covering of PC and M is the
integral closure of PC in M° Thus our task is to prove that only the orbits
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listed in (6.2) can occur.
(6.5) We will prove this by induction on the dimension of Ö the case Ö Omm

being clear in view of (6.4). By Prop. 5.2 we can assume deg(y>) > 1 Let 7 G F

and let F be a component of the fixed locus of 7 Then F is a closed submanifold
of M stable under G ; the map 92 induces a G-covering F —s- POp for some
orbit Op C O By the induction hypothesis, F is isomorphic to the minimal
orbit PO'mm for some simple Lie algebra q1 containing q ; either q1 q or the
pair (q,q') is one of the pairs appearing in the list (6.2).

Let us say for short that an orbit O'cO is ramified if 92^ (PC) is contained
in the fixed locus of some nontrivial element of F Let C C O an orbit which
is not ramified; since 92 induces an isomorphism of M/F onto the normalization
PO of PÖ, we have:

(6.5.a) PO is smooth along PC ; in particular, the centralizer of any element
of 0'nn is contained in n1- (lemma 4.4).

(6.5.6) Any nonzero element AfeO'n g(2) satisfies %N n g(—2) (0) hence
is conjugate to No by [C-M], 3.4.17; therefore if C n fl(2) ^ (0) then O' O

(6.5. c) Assume that O is normal along C. Then 99 is étale above PC so
that Tm{(f) is injective at each point m of 92^ (PC) But this implies that m
belongs to the open orbit M° (Prop. 1.7), hence C O again.

(6.5. d) Assume that the Galois group F is cyclic of prime order, and that O is

normal. Let Mr be the fixed locus of F in M Then 92 induces an isomorphism
of Mr onto its image; in particular, 92(Mr) is smooth. By Prop. 5.2, this implies
that the only ramified orbit is Omm so by (6.5.c) we have ö ÖL) Omm

(6.6) Now we examine which orbits Ö C Q may occur. We order the nilpotent
orbits by the relation " C < Ö iff C C C'. Given the Lie algebra q the possible
ramified orbits are those contained in the closure of the orbit Ö in (6.2). Using the
above arguments we will show that only one more orbit is allowed: its boundary
must contain only ramified orbits. This gives us for each Lie algebra q a small
list of orbits, among which we may eliminate those which are simply connected;
we will show that the remaining ones are those which appear in the list (6.2).

Type Ai (/ > 4)
All orbit closures in case A; are normal [K-Pl], so by (6.5.c) there is only one

orbit which is not ramified. There is no shared orbit pair, so the only ramified
orbit is the minimal one. The next orbit in the partial ordering is O/2 21
which is simply-connected [C-M, p. 92].

Type A3
The possible ramified orbits are Omin and C2 2) ; the next orbit in the partial

ordering is C3 j\ The orbit 0(2 2) gives rise to case (D3,B3) of (6.2); 0(3 1)
is simply-connected.

Type A2
There are only two orbits, Omin and the principal orbit O(3\ which gives rise

to case (A2,G2) of (6.2).
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For the types B;, Q or D; most orbit closures are normal, with the following
exceptions [K-P2]:

a) There may exist an orbit O whose closure is non-normal along a codimension
2 orbit O', but whose normalization is singular along O'. In this case by (6.5.a)
O' is ramified;

b) When q is of type D; there are orbits (corresponding to the so-called
"very even" classes) whose closure is not known to be normal. However these
orbit closures have a boundary component of codimension 2 along which they are
normal, so that (6.5.c) still applies.

Type Bt and Dt / > 5

The Lie algebra q is so(n) (n > 10) The possible ramified orbits are Omm
and O/3 1 \ ; the only possible next orbit is O/2 2 2 2 1 ^(3 2 2 1 ls excluded

because its closure contains O/2 2 2 2 1 which is n°t ramified). The orbit
C(3,l, gives rise to cases (B;,D;+i) and (D;,B;); 0(2,2,2,2,1, is simply-
connected ([C-M], p. 92).

Type B4
The configuration of orbits is the same as above, but here the orbit O(2 2 2 2 1)

can be ramified. Therefore the next orbit Op 2 2 1 1) might occur. However its
fundamental group is Z/2 and its closure is normal [K-P2], so we deduce from
(6.5.d) that this orbit does not occur.

The orbit O/2 2 2 2 1) is no longer simply-connected; it gives rise to case (B4,F4)
in (6.2).

Type B3

Again the orbit Op 2 2) can occur a priori; the same argument as for B4
applies.

Type D4
The possible ramified orbits are Omm the three orbits next to Omm in the

partial ordering (namely Op ^ \ and the two orbits Op. 222) )> an(i ^(3 2 2 1)

the next orbit is Op 311).
The three orbits next to Omm have the same weighted Dynkin diagram up to

automorphisms, and are therefore isomorphic; they give the case (D4,B4) The
orbit O/3 221) gives the case (D4, F4) Finally Op 311) has fundamental group
Z/2 and normal closure [K-P2], so is excluded by (6.5.d).

Type Q (/ > 2)
The possible ramified orbits are Omm and O/2 2 ^ \ ; the next orbit is

O(2 2 2 1 if / > 3 and O^ if 1 2. This orbit has fundamental group Z/2
and is normal [K-P2], so it is excluded again by (6.5.d). The orbit Op 2 1 gives
the case (Q, A21-1)

Type E;
The only possible ramified orbit is the minimal one. If O is not reduced to

Omm it contains the next orbit O\ in the partial ordering, which is the orbit of
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X\ + XM where A and \i are two orthogonal roots. By (6.5.a) the centralizer of
an element of ö\ n n is contained in n1-

Let a be the sum of the simple roots, and a,/3,7 the simple roots
corresponding to the three ends of the Dynkin graph. Then a, a — a, a — ß, a — 7 are
roots ([B], § 1, n°6, cor. 3 of prop. 19); since (<t|<t) 2 and (a\a) (a\ß) 1

a — a and a — ß are orthogonal. The element N Xa-a + Xa-ß satisfies
[N X7_CT] 0 Let s a(H) and m max{a(ff), ß(H), j(H)} If s - m > 2

we have Afen and X7_<j £ n1- a contradiction.
Suppose s 2 and a(H) ß(H) 0 Then N belongs to fl(2) which by

(6.5.6) implies Ö O\ ; this is excluded because O\ is simply-connected ([C-M],
pp. 129, 130, 132).

Looking at the list of possible weighted Dynkin diagrams in loc. ctt. and
eliminating the simply-connected orbits, the above constraints leave us with only one
possible case, the weighted Dynkin diagram

10 0 0 0 0 1

G G G G G G O

for Es In that case one finds easily two orthogonal roots A and /x with
X(H) fJ,(H) 2 for instance (with the notation of [B], planche VII) A ^ J2t £i
and /x es — £7 ; we conclude again by (6.5.6) that Ö O\

Type F4
The orbits which can be ramified are Omm and OshOrt If O is bigger than

Oshort it contains the orbit O\ next to Oshort ', this is the orbit of Xa + Xß
where a and ß are two orthogonal roots of distinct lengths. Let

h h h
o o > o

be the weighted Dynkin diagram of O Assume first l\ + 1% + ^3 > 2 Using the
notation of [B], planche VIII, let

a e<2 o.\ + a<2 + «3 ß e\ — £4 a.\ + 2«2 + 2«3 + 2«4

7 £\ + £4 a\ + 2«2

We have [Xa + Xß, X ,,] 0 Xa + Xß G n and X_7 ^ n\ contradicting (6.5.a).
A glance at the tables ([C-M], p. 128) shows that the nilpotent orbits with

h + h + ^3 < 1 are simply-connected, with the exception of Öshort ', the latter
gives the case (F4, Eß)
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Type G2
The only orbit which is not simply-connected is the subregular orbit ([C-M],

p. 128), which gives rise to case (G2,D4) D

Example 6.7. Let us give an example of a G-covering when q is not simple. Let
n (n\,... rik) be a sequence of positive integers; for each i, let Qt be the Lie
algebra sp(2nt) and V^ C2lH) its standard representation. Then Qt can be

identified with S V^ ; the minimal nilpotent orbit öt C Qt is then identified with
the cone of rank one tensors, so that we have a 2-to-l map \i% : N% —> Ot öt U {0}
mapping a vector v to v1 We put g Ilfl» O Y[O% M P(V) with

V © Vt The maps \i% define a G-covering tpn : P(V) —s- PÖ of degree 2fc~1

Note that M is a minimal orbit in P(fl') with q1 sp(V)

Proposition 6.8. Assume that Q is a product of simple Lie algebras fli,. ,Qk
(k > 1) Let ip : M —s- PO be a G-covering. Then there exists a sequence n
{n\,. nfc) of positive integers such that ip is isomorphic to the G-covering ipn
of example 6.7 In particular, Qt is isomorphic to sp(2nt) for each i the orbit
O is the product of the minimal orbits Ot C Qt and M is isomorphic to p^n~l
with n y~]nt

Proof. The orbit O is a product of nontrivial orbits öt C Qt Let Ostc be the
simply-connected covering of Ot and O\c the integral closure of Ot in Ostc

(contrary to an earlier notation, we denote by Ot the closure of Ot in q The
action of G x C* on Ot extends to an action on Ostc and O\c There is only
one point ot of Ostc above 0 G q ; the open subset Ostc — {ot} is a principal
C*-bundle over a variety M^ which admits a finite G-equivariant morphism onto

Let M' (nOjC)x/C* where the superscript x means that we take out the

point (o1;... ok) This is a normal variety, with a finite morphism onto PC ; the

open subset (nOfc)/C* is simply-connected and its complement has codimension

> 2 This implies that M' is isomorphic to M
Since M is smooth, it follows that each O^c must be smooth. This implies

first of all that M^ is smooth, hence by Prop. 5.2 and 6.3 isomorphic to the
minimal orbit PC' for some simple Lie algebra g't containing Qt Then Ostc is

the simply-connected cover of O[ and O\c is its integral closure in Ot Since

O\c is smooth, this happens if and only if Qt q[ sp(2nt) for some integer
nt > 1 ([B-K], thm. 4.6); then Ot O[ by Prop. 6.3, so we are in the situation
of example 6.7. D

The above results imply directly Theorem 0.1, in a slightly more precise form:
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Theorem 6.9. Let M be a Fano contact manifold, satifying the conditions (Hl)
and (H2) of Theorem 0 1 Then the Lie algebra Q of infinitesimal contact
transformations of M is simple, and the canonical map <p M —s- P(fl) induces an
isomorphism of M onto the minimal orbit POmln C P(fl)

Proof By (3 4), we can assume that M satisfies also (H3), then tp induces a

G-covering M —s- PO onto the closure of some nilpotent orbit in P(fl) (Prop
3 5) By Prop 6 3 and 6 8, M is lsomorphic to the minimal orbit in P(fl') for
some simple Lie algebra g' containing q moreover if (p is not an embedding,
g' contains strictly q which is impossible since g' is an algebra of infinitesimal
contact transformations of M (see remark 2 8) Therefore (p is an embedding
and g' q D
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