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The spectrum of the Chern subring
David J. Green and Ian J. Leary

Dedicated to Charles Thomas, on the occasion of his 60th birthday

Abstract. For certain subrings of the mod-p-cohomology of a compact Lie group, we give a
description of the spectrum, analogous to Quillen’s description of the spectrum of the whole
cohomology ring. Subrings to which our theorem applies include the Chern subring. Corollaries
include a characterization of those groups for which the Chern subring is F-isomorphic to the
cohomology ring.

Mathematics Subject Classification (1991). 20J06 (20D30, 22E99, 55R40).

Keywords. Cohomology rings of finite groups, Chern classes, compact Lie groups, group char-
acters.

1. Introduction

Let G be a compact Lie group (e.g., a finite group) and let H*(G) = H*(BG;F,) be
its mod-p cohomology ring. This ring is a finitely generated graded-commutative
F,-algebra. In [16], D. Quillen studied this ring from the viewpoint of commutative
algebra. His results may be stated in terms of the prime ideal spectrum of H*(G),
but the cleanest statement concerns the variety, X(k), of algebra homomorphisms
from H*(G) to an algebraically closed field k of characteristic p. The Chern
subring, Ch(G) C H*(G), is the subring generated by Chern classes of unitary
representations of G. We give a description of X/.(k), the variety of algebra
homomorphisms from Ch(G) to k, analogous to Quillen’s description of X (k).
As corollaries of this result, we classify the minimal prime ideals of Ch(G), and
characterize those groups G for which the natural map from X¢(k) to X, (k) is a
homeomorphism.

In the case when G = F is an elementary abelian p-group, i.e., a direct product
of copies of the cyclic group of order p, Xg(k) is naturally isomorphic to F ® k,
where I/ is viewed as a vector space over IF, and the tensor product is taken over
F,. For general G, Quillen describes X« (k) as the colimit of the functor (—) ® k
over a category A = A(G) with objects the elementary abelian subgroups of G,
and morphisms those group homomorphisms that are induced by conjugation in
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G. Our description of X/ (k) is as the colimit of the same functor over a category
A’. This category has the same objects as Quillen’s category, but a morphism
in A" is a group homomorphism that merely preserves conjugacy in G. In other
words, a group homomorphism f: Fy — FE» satisfies:

feA & 3gVe fle)=g leg,
fed = VeElg7f(e):g_leg.

This theorem is a corollary of a more general colimit theorem, which says, roughly,
that the variety for any subring of H*(G) that is both ‘large’ and ‘natural’ may
be expressed as such a colimit. Other corollaries of this theorem, in the case when
G is finite, include a description of the variety for the subring of Ch(G) generated
by Chern classes of representations realizable over any subfield of C, and a slight
variation on the usual proof of Quillen’s theorem in which transfers of Chern classes
are used instead of the Evens norm map.

2. Representations and the Chern subring

First we recall some facts concerning Chern classes [3,21]. Let U(n) be the group
of n X n unitary matrices, and T'(n) its subgroup of diagonal matrices. Then
H*(T'(n)) is a free polynomial algebraFp[z1, ... , z,] on n generators of degree two.
H*(U(n)) is isomorphic to Fpley, ... ,cy], where ¢; has degree 2¢. The map from
H*(U(n)) to H*('I'(n)) is injective and sends ¢; to the ith elementary symmetric
function in the z;.

Let G be a compact Lie group. G has faithful finite-dimensional complex
representations, and any finite-dimensional representation is equivalent to a uni-
tary representation. If p:G — U(n) is a unitary representation of G, write
p: BG — BU(n) for the induced map of classifying spaces, whose homotopy
class depends only on the equivalence class of p. The ¢th Chern class of p is
defined by ¢;(p) = p*(¢;) € H*(G). Define ¢.(p), the total Chern class of p, to
be 1+ c¢1(p)+ -+ cn(p). Chern classes enjoy the following properties (‘Whitney
sum formula’ and ‘naturality’), for any 6: G — U(m) and any f: H — G:

clp®b)=clp)e(d) clpof)=felp).

There is a unique way to define Chern classes for virtual representations so that
they continue to enjoy the above properties. Let ¢/ = 1+¢j+ch+- - - be the unique
power series in Fy[[c1, ... ,¢,]] satisfying ¢/c. = 1, and define ¢;(—p) = p*(c}). In
general infinitely many of the ¢;(—p) will be non-zero, but note that they are all
expressible in terms of the ¢;(p).

Definition. The Chern subring Ch(G) of H*(G) is the subring generated by the
ci(p) for all ¢ and all virtual representations p.
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By the above remarks, the ¢;(p) as p ranges over the irreducible representations
of G suffice to generate Ch(G). In the case when G is finite, it follows that
Ch(G) is finitely generated, since G has only finitely many inequivalent irreducible
representations. For general G it is also true that Ch(G) is finitely generated. This
is a special case of the following proposition.

Proposition 2.1. Let G be a compact Lie group, and p:G — U(n) a faithful
unitary representation of G. If R is a subring of H*(G) containing each ¢;(p),
then R is finitely generated.

Proof. Venkov showed that H*(@) is finitely generated by showing that H*(G)
is finite over (i.e., is a finitely generated module for) H*(U(n)) [22,16,5]. Now R
is an H*(U(n))-submodule of H*(G), so is finitely generated since H*(U(n)) is
Noetherian. d

Remark. For G finite, the finite-generation of H*(G) is due independently to
Evens and to Venkov by completely different proofs [9,22]. There is another proof
(closer to Evens’ than to Venkov’s) in [8].

Definition. A virtual representation p of G is said to be p-regular if the virtual
dimension of p is strictly positive and for every elementary abelian subgroup £ =
(Z/p)™ of G, the restriction to E of p is a direct sum of copies of the regular
representation of E.

Proposition 2.2. For each prime p, every compact Lie group G has a p-reqular
representation.

Proof. G has a faithful representation in U(n) for some n, and every elementary
abelian subgroup of U(n) is conjugate to a subgroup of T'(n), the torus consisting of
diagonal matrices. Thus it suffices to show that U(n) has a virtual representation
whose restriction to (Z/p)™ C T'(n) is the regular representation.

Recall that the representation ring R(7T'(n)) of T'(n) is isomorphic to the Lau-
rent polynomial ring Z[ry, 7 *,... , 7,7, ], where 7; is the 1-dimensional repre-
sentation

i diag(€1, ... ,&n) — &

R(U(n)) maps injectively to R(T(n)) with image the subring Z[o1,09, ... ,on, 0, 1],
where o; is the ith elementary symmetric function in the 7;.
The polynomial

n
P=T[a+m+ +7h
=1

is a symmetric polynomial in the 7;, and so is expressible in terms of oq,... 0.
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The corresponding (p™-dimensional) representation of U(n) restricts to (Z/p)™ C
T(n) as the regular representation.

Remark. For G finite, the regular representation of G is of course p-regular.

Using Quillen’s result that we state as Theorem 5.1, it may be shown that
H*(G) is finite over the subring generated by the Chern classes of any p-regular
representation. For genuine (as opposed to virtual) representations, this can be
deduced from Venkov’s result: If p: G — U(n) is a p-regular representation of G,
the kernel of p contains no elements of order p, and is therefore a finite group
of order coprime to p. It follows that H*(p(G)) = H*(G) (consider the spectral
sequence for the extension ker(p) — G — p(G)), and hence H*(G) is finite over
the image of p*. When p = 2, the representation constructed in the proof of
Proposition 2.2 is a genuine representation. David Kirby has shown us an argument
to prove that U(n) has a p-regular genuine representation if and only if either p = 2,
orn=1,or (p,n) = (3,2).

3. Varieties for cohomology

Let k& be an algebraically closed field of characteristic p, and let R be a finitely
generated commutative F,-algebra. Define Vi (%), the variety for R, to be the set
of ring homomorphisms from R to k, with the Zariski topology, i.e., the smallest
topology in which the set

Fr={¢:R— k| ker(¢) D1}

is closed for each ideal I of R. A ring homomorphism f: R — S gives rise to a
continuous map f*:Vg(k) — Vgr(k). If S is finite over f(R) (i.e.,, S is a finitely
generated f(R)-module) then f* is a closed mapping and has finite fibres, by the
‘going up’ or ‘lying over’ theorem [4,6]. If S is finite over f(R) and ker(f) is
nilpotent, then f* is surjective.

There is a continuous map from Vg (k) to Spec(R), the prime ideal spectrum of
R, that sends the map ¢: R — k to the ideal ker(¢). If the transcendence degree of
k over I, is sufficiently large (as large as a generating set for R will suffice), then
this map is surjective. Thus information about Vg (k) gives rise to information
about Spec(R).

We shall also require the following:

Proposition 3.1. (a) Let S be a subring of R containing RP, the subring of
pth powers of elements of R. Then the natural map from Vg(k) to Vs(k) is a
homeomorphism.

(b) Let a finite group G act on R, with fized point subring S = R%. Then the
natural map Vr(k) — Vs(k) induces a homeomorphism Vr(k)/G — Vs(k).
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Proof. Each of these claims may be proved by showing that R is finite over S,
and deducing that the map given is continuous, closed, and a bijection. See for
example [4,6,16]. O

For p = 2, the ring H*(G) is commutative. For p an odd prime, elements
of H*(GQ) of odd degree are nilpotent, so although H*(G) is not commutative,
the quotient of H*(G) by its radical, h*(G) = H*(G)/V/0, is commutative. Any
homomorphism from H*(G) to k factors through h*(G). Define X (k) to be the
variety Ve (k) for R = h*(G). By the above remark, points of X (k) may be viewed
as homomorphisms from H*(G) to k. Let S be the subring of elements of H*(G)
of even degree. A homomorphism ¢: S — k extends uniquely to a homomorphism
from H*(G) to k (if  is in odd degree, then either p is odd, and z2 = 0, or
p = char(k) = 2, so in either case ¢(z) is the unique square root of ¢(z2)). It
follows that the natural map X (k) — Vs(k) is a homeomorphism, since it is a
closed, continuous bijection. Hence X (k) could equally be defined in terms of S.

Note that a group homomorphism f: H — G induces a map f.: Xg(k) —
X (k). We write L% for f, in the case when f is the inclusion of a subgroup H in
G. A theorem of Evens and Venkov [9,22] states that in this case H*(H) is finite
over H*(@). (To deduce this from the result quoted in the proof of Proposition 2.1,
note that a faithful representation of G restricts to a faithful representation of H.)
It follows that ¢ is closed and has finite fibres.

Define X¢(k) to be Vo (¢ (k). By Proposition 2.1 the natural map from X¢(k)
to X, (k) is surjective, closed, and has finite fibres.

Proposition 3.2. Let p be a representation of G, and let R(n) be the subring of
H*(G) generated by the Chern classes of np = p®" = p®---® p. Then the natural
map Vi) (k) — Vi, (k) is a homeomorphism.

Proof. If p does not divide n, then
ci(np) = nei(p) + Pli,n),

for some expression P(i,n) in the ¢;(p) for 7 < ¢. So in this case R(n) = R(1).
On the other hand, if n = pm then

c(np) = c(mp)f =1+ ci(mp)f + ca(mp)? + -,

so in this case R(n) = R(m)P, the subring of pth powers of elements of R(m), and
the map Vg(k) — Vge (k) is a homeomorphism. O

The methods that we shall use to study the Chern subring apply equally to
the Stiefel-Whitney subring, defined analogously, in the case when p = 2. (For
information concerning Stiefel-Whitney classes see [21]). As an alternative, the
following proposition may be applied.
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Proposition 3.3. Let p = 2 and let S be the subring of H*(G) generated by
Stiefel-Whitney classes of real representations of G. Then

S?CCh(@) C S,

and the natural map from Vs(k) to X[ (k) is a homeomorphism.

Proof. 1If 6 is an n-dimensional real representation of G, then 6%, the complexifi-
cation of 6, is an n-dimensional complex representation of G with ¢;(6%) = w?2(6).
Conversely, if ¢ is an n-dimensional complex representation of G and v is the
same representation viewed as a 2n-dimensional real representation, then w;(ygr) =
0 for 7 odd and wg;(¥r) = ¢;(¢0). This proves the claimed inclusions. The claimed

homeomorphism follows from Proposition 3.1(a). O

4. Examples

In this section we discuss the case of an elementary abelian p-group, and also give
an example to show that the map X (k) — X[ (k) is not always a homeomor-
phism. This example was the starting point for the work of this paper.

Let E be an elementary abelian p-group of rank n, E 22 (Z/p)". Then E may
be viewed as a vector space over F,. Write E* for Hom(F,F,). There is a natural
isomorphism E* = HY(E). For p = 2, H*(E) is isomorphic to the symmetric
algebra on H 1(E), or equivalently, the ring of polynomial functions on F viewed
as a vector space:

H*(E) = S(E*) = F,[E].

For p > 2, the Bockstein 5: H\(E) — H?(E) is injective, and H*(E) is isomorphic
to the tensor product of the exterior algebraon H1 (E) tensored with the symmetric
algebra on B = B(H(E)):

HY(E)= AE*)® S(B) = A(E*) 9 F,[E].

In any case, h*(F) is naturally isomorphic to F,[E], generated in degree one for
p = 2 and in degree two for odd p. It follows that Xg(k) is naturally isomorphic
to E ® k, where I is viewed as a vector space over I, and the tensor product is
over I, so that F® k = k™.

Irreducible representations of E are 1-dimensional, and the map p — c1(p) is
a natural bijection between the set of irreducible representations of £ and B =
BHYE)). (When p=2, 8=Sq!, and so 8(z) = #2.) The Chern subring Ch(E)
of H*(F) is the subalgebra of H*(F) generated by B. For p > 2 this subring maps
onto h*(E), and for p = 2 it maps onto h*(E)?, the subring of squares of elements
of h*(E). In any case, the map from Xg(k) to Xy (k) is a homeomorphism.

Proposition 4.1. Let p be a direct sum of copies of the regular representation of
E, and let R be the subring of H*(E) generated by the Chern classes of p. Then



412 D. J. Green and 1. J. Leary CMH
the natural map from Xg(k) to Vr(k) factors through a homeomorphism

k" GLn(Fp) 2 X p(k)/GL(E) — Vg (k).

Proof. By Proposition 3.2 it suffices to consider the case when p is the regular
representation. Identify Ch(#) with F,[E], generated in degree two. The total
Chern class of p is

elo)= ] a+a)

TCE*

This is invariant under the full automorphism group, GL(E), of E. By a theorem
of Dickson, the only ¢ > 0 for which ¢;(p) is non-zero are i = p® — p?, where
0 < j < n = dimy,(#). Moreover, these ¢;(p) freely generate a polynomial
subring of F,[E], and this is the complete ring of GL(F)-invariants in F,[F] [6,23].
The claim follows by part (b) of Proposition 3.1. O

Remark. Let A be a non-identity element of GL, (IF,), and let v be an element
of k™ fixed by A. Then v is in the kernel of I — A, a non-zero matrix with entries
in IF,,, and so v lies in a proper subspace of k™ defined over F, (i.e., a subspace of
the form V ® k for some proper Fy-subspace V' of Fy). It follows that GL,(F,)
acts freely on the complement of all such subspaces. For an elementary abelian
group F, let

X (k) = Xp(k)\ | B(Xr(k)).

F<E

By the above argument, GL(E) acts freely on X} (k).

Example. Let g = p™ for some n > 2. Let G be the affine transformation group of
the line over Fy. Then G is expressible as an extension with kernel £ = (Fy,+), an
elementary abelian p-group of rank n, and quotient Q@ = GL{(F), cyclic of order
q—1. The conjugation action of Q on F is transitive on non-identity elements of F.
One example of such a group is the alternating group A4 (p =2, n = 2). An easy
transfer argument shows that H*(G) maps isomorphically to the ring of invariants,
H*(E)?, and it follows from Proposition 3.1 that Xg(k) is homeomorphic to
Xp(k)/Q = k*/Q, where Q = GLy(F,) < GLy(F,) < GLy (k).

It is easy to check that GG has exactly ¢ distinct irreducible representations.
All but one of these are 1-dimensional and restrict to E¥ as the trivial represen-
tation. The other one is (¢ — 1)-dimensional and restricts to E as the regular
representation minus the trivial representation. Hence by Proposition 4.1, X/ (k)
is homeomorphic to Xg(k)/GL(E) = k™/GL, (F,). Thus the map from X (k) to
X/.(k) is not a homeomorphism.
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5. Quillen’s colimit theorem

In [16], Quillen showed that for general G, X (k) is determined by the elementary
abelian subgroups of G. Roughly speaking, he showed that X (k) is equal to the
union of the images of the Xg(k), where E ranges over the elementary abelian
subgroups of G, and that as little identification takes place between the points
of the Xg(k) as is consistent with the fact that inner automorphisms of G act
trivially on H*(G). More precisely, let f: E1 — E9 be a homomorphism between
elementary abelian subgroups of G that is induced by an inner automorphism of
G. Then the following diagram commutes.
o G) L ge)
Res Res
H(E) L= H'(E)

Consequently the following diagram commutes.

Xa(k) L Xa(k)

L L

Xp (k) L5 X, (k)

This fact motivates the following definition.

Definition. The Quillen category A for a compact Lie group G and a prime p
is the category whose objects are the elementary abelian p-subgroups of GG, with
morphisms from F4 to Es being those group homomorphisms that are induced by
conjugation in G. Any such group homomorphism is of course injective.

In general G will have infinitely many elementary abelian p-subgroups. These
subgroups form finitely many conjugacy classes though ([16], lemma 6.3). Thus
although the Quillen category for G is infinite in general, it contains only finitely
many isomorphism types of object (or is ‘skeletally finite’).

The morphisms f: F1 — FE9 in the Quillen category are precisely the maps for
which the diagram above commutes. It follows that the natural map

I Xe(k) — Xak)
E<G@
E el. ab.

factors through a map a:colimy Xg(k) — Xa(k).

Theorem 5.1. (Quillen [16]) The map o:colimaXg(k) — Xa(k) is a homeo-
morphism.

The map « is continuous and is closed because A is skeletally finite. Thus the
main content of the theorem is that « is a bijection. We shall use only half of this



414 D. J. Green and 1. J. Leary CMH

theorem, the statement that « is surjective, in our main theorem. The surjectivity
of o is equivalent to the statement ‘an element of H*(G) is nilpotent if and only
if its image in each H*(FE) is nilpotent’.

6. A new colimit theorem
Motivated by the Quillen category, we define:

Definition. A category of elementary abelian subgroups of GG is a category whose
objects are (all of ) the elementary abelian p-subgroups of G, and whose morphisms
from Fq to Ey are injective group homomorphisms.

The Quillen category, A(G), is of course a category of elementary abelian sub-
groups of G. Another example is the category Creg(G), with the morphism set
Creg(E1, B2) equal to the set of all 1-1 group homomorphisms from Ey to Fy. Any
category of elementary abelian subgroups of G is a subcategory of Creg(G).

Any subring R of H*(G) gives rise to a category C(R) of elementary abelian
subgroups of G, where f: F{ — E5 is a morphism in C(R) if and only if

Id

R — R
lReS lRes
By L ()

commutes. Note that we use h*(F;), the cohomology ring modulo its radical,
rather than H*(E;). Note that if f is an isomorphism of groups and is a morphism
in C(R), f~!isalso in C(R). Each C(R) contains the Quillen category, and hence is
skeletally finite. By the argument given in Section 5, the map a: colimya Xg(k) —
Xg(k) induces a map v = y(R): colimg gy Xg(k) — Vr(k).

Definition. Say that a subring of H*(G) is large if it contains the Chern classes
of some p-regular representation of G. Say that a subring of H*(G) is natural
if it is generated by homogeneous elements and is closed under the action of the
Steenrod algebra.

The new colimit theorem of the title of this section is:

Theorem 6.1. Let G be a compact Lie group, and let R be a subring of H*(G)
that is both large and natural. Then the map

o CO]lmC(R)XE(k) — VR(k)

is a homeomorphism.
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It is possible that this theorem could be proved using more general colimit
theorems due to S. P. Lam, to D. Rector, and to H.-W. Henn, J. Lannes and L.
Schwartz [14,18,12]. These theorems say, roughly speaking, that the variety for any
Noetherian algebra over the Steenrod algebra should be expressible as a similar
sort of colimit. Even with these theorems, Quillen’s description of X (k) would
still be needed to identify the categories that arise with categories of elementary
abelian subgroups of G. The proof given below is more elementary, in that it relies
on no work that is more recent than that of Quillen.

The proof of the theorem uses the following lemma.

Lemma 6.2. Let S be the subring of H*(G) generated by the Chern classes of
some p-regular representation of G. Then C(S) is equal to the category Creg defined
above, and the map v(S) is a homeomorphism.

Proof. Let F be a maximal elementary abelian subgroup of G. Note that the
natural map from X p(k) (mapping the category with one object and one morphism
to Creg) induces a homeomorphism

Xr(k)/GL(F) = colime,,, X (k).

By Proposition 4.1, the image of (%: Xp(k) — Vs(k) is homeomorphic to
Xp(k)/GL(F). If E is any elementary abelian subgroup of G and f: £ — F
is any injective group homomorphism, then Res%(p) and f*Res%(p) are equal to
a sum of (the same number of) copies of the regular representation of F. Hence
C(S) is equal to Creg, and Im(y) = Im(¢&). It follows that v is a homeomorphism
onto its image. Finally, by Theorem 5.1, this image is the whole of Vg (k). O

Proof of the theorem. Since R is large, it contains a subring S satisfying the condi-
tions of Lemma 6.2. Let F/, F' be two elementary abelian subgroups of G, suppose
that the rank of E is less than or equal to that of I, and suppose that ¢ € Xg(k)
and ¢ € Xp(k) define the same point of Vi (k). A fortiori ¢ and ¢ define the same
point of Vg(k), and so by Lemma 6.2 there is an injective group homomorphism
fiE < F such that ¢» = ¢ o f* = f.(¢). It suffices to show that such an f is in
C(R).

For any such f: £ — F, let S be the set of subgroups of F such that f restricted
to £ is a morphism in C(R):

S={F' <E|(flw:F — F) eC(R)},
and define a subset X (f) of Xg(k) by
X(f) ={¢ € Xp(k) | f(¢) o ResF/|r = v o ResF|r}.

From the definitions,

X2 |J BXlk),
E'eS
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and it suffices to show that equality holds. Note that a subgroup £/ < Fisin S
if and only if ¢ X g/ (k) is a subset of X(f). Hence it suffices to show that X (f)
is equal to some union of sets of the form ¢+ X g+ (k). Now let I(f) be the ideal of
H*(E) generated by all elements of the form Res§(r) — f*Res%(r), where r € R.
The subvariety of Xg(k) defined by I(f) is the set X (f) defined above. Since R is
natural (in the sense defined above the statement), the ideal I{f) is homogeneous
and closed under the action of the Steenrod algebra. But by a theorem of Serre
[19,16], the variety corresponding to any such ideal of H*(F) has the required
form. O

Minimal prime ideals of a commutative F,-algebra R correspond to irreducible
components of Vg(k). Hence one obtains:

Corollary 6.3. Let R be a large, natural subring of H*(G). The minimal prime
ideals of R are in bijective correspondence with the isomorphism types of mazximal
objects in C(R).

An object of a category is called maximal if every map from it is an isomor-
phism. An isomorphism class of maximal objects in the Quillen category is a
conjugacy class of maximal elementary abelian subgroups of G.

Corollary 6.4. Let R and S be large natural subrings of H*(G), and suppose that
R is a subring of S. The natural map Vs(k) — Vr(k) is a homeomorphism if and
only if the categories C(R) and C(S) are equal.

Proof. A direct proof could be given at this stage, but it is easier to apply Propo-
sition 9.1, which implies that no subcategory of Creg that strictly contains C(5)
gives rise to the same variety. |

7. Applications to rings of Chern classes

We start by defining some categories of elementary abelian subgroups of G.
Definition. Define categories of elementary abelian subgroups of G, A’, A, Ap,
and for each d dividing p — 1, Ay, by stipulating that an injective homomorphism
fFE — Fisin:

A’ if Ye, f(e) is conjugate (in G) to e;
r if Ve, f(e) is conjugate to e or to e 1
Ai;,.if Ve, the .subgr.oups (e) and (f(e)) are 'conjugate;
Al if Ve, f(e) is conjugate to £(e) for some £ in the order d subgroup of Aut({e}).

Note that for p = 2, A" = A = A}, and for odd p, Ap = A5, and A} =
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A;fl. Note also that the difference between A’ and the Quillen category A is the

difference between Ve Igf(e) = g leg’ and ‘IgVef(e) = g leg’. The reason for
introducing these categories is the following proposition.

Proposition 7.1. Let K be a subfield of C and let |K((p): K| = d, where {p is a
primitive pth root of 1. Let G be a compact Lie group, and in cases (¢) and (d)
suppose that G is finite. Let R be the subring of H*(G) generated by Chern classes
of:

(a) All representations of G;

(b) Representations of G realisable over the reals;

(¢) Permutation representations of G;

(d) Representations of G realisable over K.

In each case, the variety Vr(k) is homeomorphic to colime(p) Xp(k). The
category C(R) is:

(W) A, () Ay (c) Ky, () A,

Proof. In each case, the morphisms in the category given are precisely those
group homomorphisms for which x(e) = x(f(e)) for all characters x coming from
representations of the given type. (See [20] Chapter 12 for case (d), and for case
(¢) note that if e, € are elements of G of order p, then the permutation action of e
on G/ (€'} has a fixed point if and only if (e) is conjugate to (¢’).) The proposition
therefore follows from the lemma below. O

Lemma 7.2. Let A be an additive subgroup of the representation ring of G, gen-
erated by genuine representations, and containing a p-regular representation. Let
R be the subring of H*(G) generated by the Chern classes of all elements of A.
Then R is large and natural, and hence by Theorem 6.1

7:colime(gy X g (k) — Vr(k)

is a homeomorphism. Furthermore, f: E < F is a morphism in C(R) if and only
if for all e € E, and all characters x of elements of A, x(e) = x(f(e)).

Proof. First, suppose that A is generated by a single representation p. The image
of p*: H*(U(n)) — H*(G) is natural since H*(U(n)) is graded and acted upon
by the Steenrod algebra. The general case follows from the Cartan formula. By
hypothesis, R is large. The claimed homeomorphism follows from Theorem 6.1,
and it only remains to describe C(R).

A representation is determined up to equivalence by its character. Hence for
any f as in the statement and p a generator of A, f*Resc.(p) = Res%e.(p), and
so any such f is in C(R). For the converse, note that since Ch(F) is a unique
factorization domain, a representation of F is determined up to equivalence by its
dimension and its total Chern class. Thus if f: ¥ <— F is a homomorphism for
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which there exists e and x with x(f(e)) # x(e), there exists ¢ and p, a generator
of A, such that Res%(c;i(p)) — f*Res%(ci(p)) # 0. Hence f is not in C(R). O

Quillen’s description of X (k) (Theorem 5.1, and Theorem 8.1), Corollary 6.4
and Proposition 7.1 together yield:

Corollary 7.3. The natural map Xa(k) — X[ (k) is a homeomorphism if and
only if the categories A(G) and A'(G) are equal. O

Example. (A p-group G for which the map X (k) — X/ (k) is not a homeomor-
phism.) Let E be the additive group Fy for some n > 2, and let U < GL(E) =
GL,,(F,) be the Sylow p-subgroup of GL(FE) consisting of upper triangular matri-
ces. Let Q be the subgroup of U consisting of all matrices (a; ;) that are constant
along diagonals, i.e., a; ; = a; 1441 whenever 1 <i <m and 1 < j <m. Finally,
let G be the split extension with kernel £ and quotient @. The group F is a
maximal elementary abelian subgroup of G. Easy matrix calculations show that
the orbits of the action of @ on elements of I are equal to the orbits of the action
of U, and that any element of GL(FE) that preserves the U-orbits in F is fact an
element of U. It follows that the image of Xp(k) in X/ (k) is Xp(k)/U, whereas
the image of Xg(k) in X¢(k) is of course Xg(k)/Q. Thus G is a p-group such
that the fibres of the map X« (k) — X/ (k) above general points of one irreducible
component have order |U: Q)| = pln—1)(n-2)/2

Example. (A group G for which X/ (k) has fewer irreducible components than
Xa(k).) Let G be GL3(F,). There are two distinct Jordan forms for elements of
order p in G (resp. one if p = 2), and hence G has two conjugacy classes (resp. one
conjugacy class if p = 2) of elements of order p. All maximal elementary abelian
subgroups of GG have rank two. The subgroups

1
Ei=10
0

=3
— O ¥

10
and Fo=[0 1
0 0

—_ % ¥

are maximal elementary abelian subgroups, and are not conjugate, although every
non-identity element of F{ is conjugate to every non-identity element of Fo. It
follows that the images of Xg, (k) and Xg, (k) in X (k) are distincet irreducible
components of X¢(k), whereas their images in X[, (k) are equal.

8. Transfers of Chern classes

Throughout this section, G shall be a finite group. Following Moselle [15], we con-
sider the ‘Mackey closure’ of Ch(G), or in other words the smallest natural subring
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of H*(@) that contains Ch(G) and is closed under transfers. More formally, we
make the following:

Definition. Let G be a finite group. Define C__h(G) recursively as the subring of
H*(G) generated by Ch(G) and the image of Ch(H) under the transfer Cor for
each proper subgroup H < G.

We shall prove:

Eleorem 8.1. Let G be a finite group, with Quillen category A, and let R =
Ch(G). The map « induces a homeomorphism «:colim 4 Xg(k) — Vg(k).

We do not use the injectivity of Quillen’s map in proving Theorem 8.1, so two
immediate corollaries of Theorem 8.1 are:

Corollary 8.2. (Quillen) For a finite group G, the map co: colim 4 X (k) — Xa(k)
is injective. O

Corollary 8.3. For a finite group G, the inclusion of Ch(G) in H*(G) induces a
homeomorphism of varieties. O

Proof of the theorem. The transfer map Corg commutes with the action of the
Steenrod algebra, by either a topological argument [1] or an algebraic one [10]. It
follows that R = Ch(Q) is a large natural subring of H*(@). By Theorem 6.1, it
suffices to show that C(R) = A.

First we show that if F, ' are elementary abelian subgroups of G such that
E is not conjugate to a subgroup of F', then there is no map in C(R) from F to
F'. Since any map is the composite of an isomorphism followed by the inclusion
of a subgroup, it suffices to consider the case when E and F' have the same rank.
(Note that if f is any map in C(R) that is an isomorphism of elementary abelian
groups, then the inverse of f is also in C(R), so f is an isomorphism in C(R).)

Let N = Ng(F') be the normalizer of F' in G, let § = CF' — 1 be the (|F| —1)-
dimensional representation of I’ given by the difference of the regular representa-
tion and the trivial representation, and let p = Ind¥ () be the induced representa-
tion of N. Equivalently, p is the regular representation of /N minus the permutation
representation on the cosets N/ I of I'. Note that p is a genuine representation of
N of dimension |[N| — |N: F|. Now let F’ be any elementary abelian subgroup of
N. The regular representation of N restricts to I as a sum of |N: F”| copies of
the regular representation of F. The number of orbits of F on the cosets N/F,
or equivalently the number of trivial I-summands of the permutation module
CN/F, is equal to |[N: F'F|. 1t follows that Res®, (p), the restriction to F’ of p,
contains the trivial F’-module as a direct summand if and only if F'F # F', i.e.,
if and only if I is not a subgroup of F’.



420 D. J. Green and 1. J. Leary CMH

Let n be the dimension of p, so that n = |N|(1 — 1/|F|), and note that since
the restriction to I of p does not contain the trivial representation, Res¥ (c,,(p))
is non-zero. Let zp = Cor§(c,(p)). For E an elementary abelian subgroup of G
of the same rank as F', the Mackey formula affords a calculation of Resg(z P

ResG(zr) = Y Corgr n,-1¢iRes) 1o v (ea(p)),
EgN

where for any subgroup K of G, ¢, is the homomorphism & — g 1kg, and the
sum is over a set of double coset representatives for F\G/N. The restriction map
from F to any subgroup is surjective in cohomology, and Corg, Resg, is equal to
multiplication by |FE: F’|. Hence the transfer Corg, is zero for any proper subgroup
E’ of E. Thus the only non-zero contributions to the above sum come from terms in
which gilEg < N. On the other hand, we know that the restriction of ¢, (p) to an
elementary abelian subgroup of N is non-zero if and only if that subgroup contains
F'. Since we are assuming that E has the same rank as F, it follows that the only
non-zero terms will come from g such that F = g 'Eqg. If F = g 1Eg = h ' Eh,
then g hFhlg = F so g7lh € N, and so EgN = EhN. It follows that, for F
and F' of the same rank, ResG(zp) = cy(en(p)) for any g such that g 'Eg=F,
and is zero if there is no such g, i.e., if F and F' are not conjugate in GG. Since
Res¥ e, (p) is non-zero in h*(F), it follows that when E and F' have the same rank,
there are morphisms from F to F' in C(R) only if E is conjugate to F'.

It remains to show that the automorphisms of F' in the category C(R) are
precisely the maps induced by conjugation in G. Let C = Cx(F') be the centralizer
of F' in G, and suppose that |C: F| = p™r, for some r coprime to p. For any
representation A of F', Res@Ind¥(A\) = p™rA. It follows that the image of Ch(C)
in Ch(¥') contains the subring of p™th powers. In Fp[F| = Ch(F), there is a

homogeneous element yy such that the F,GL(F")-submodule generated by y; is

free (see [2], pp. 45-46). The element ys = yfm also has this property, and

yo = Res§(y}) for some y) € Ch(C). Now let y' = y5ResN (¢, (p)), where p and n
are as in the previous paragraph. Then y’ is an element of Ch(C) whose restriction
to an elementary abelian subgroup of C is non-zero only if that subgroup contains
F'. Moreover, the restriction to I of the representation p is invariant under GL(F'),
and so y = Res%(y’) generates a free F,GL(F)-submodule of Ch(F"). Now define
zp € H*(GQ) by zp = Cor&(y’). The Mackey formula gives

Res%(zp) = Z Corpryoy1csResS s po oY),
FgC

Now Res% (y') = 0 unless F’ contains F, and so only those terms for which
g 1Fg = F can be non-zero. Thus

Resfi(ep) = 3 €5(v),

geN/C
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where the sum is over cosets of C = Cq(F) in N = Ng(F). Since y generates a free
F,GL(F)-summand of Ch(F), an automorphism f of F satisfies f*Res%(zp) =
Res%(zp) if and only if f is equal to conjugation by some element of N. O

Remark. The first part of this proof is very similar to Quillen’s second proof
of this statement, using the Evens norm map [17,11,5]. The second part is less
similar however. Our argument is complicated by the weaker technique that we
are using to construct elements, but is simplified by our use of Theorem 6.1 which
means that we do not need to construct as many elements as are needed in [17].

Corollary 8.3 seems to be fairly well-known, although we have been unable to
find it stated in the literature. Our first proof of Corollary 8.3 was essentially
independent of the rest of this paper, but used a comparatively recent theorem
of Carlson ([7], or theorem 10.2.1 of [11]): For G a p-group, with centre Z, the
radical of ker(Resg) is equal to the radical of the ideal generated by the images of
Corfh where H ranges over all proper subgroups of G.

To prove Corollary 8.3 directly, note that if G}, is a Sylow p-subgroup of G, the
transfer from H*(G)p) to H*(G) is surjective. Thus it suffices to consider the case
when G is a p-group. Let G be a p-group, with centre Z. Using representations
induced from Z up to G it may be shown that the image of Ch(G) in H*(Z)
contains the subring of p™th powers for sufficiently large m (as in the proof of
Theorem 8.1). Thus if y € H*(G), there exists m and 21 € Ch(G) such that
y1 = yP" — xq is in the kernel of Resg. By Carlson’s theorem, there exists n,
subgroups H(1),...,H(l) of G and 2, € H*(H(¢)) such that

va=v] =Y. Cor'fy ().

N

By induction on the order of &, there exists N such that, for each ¢, ()P e
Ch(H (7). Noting that for z of degree 24,

Cor§(zP) = Cor§(Pz) = P'Cor$ (z) = Cor%(z)?,
it follows that

v =Y Corfyy (@) = Y Corfyy (@) € THG).
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9. A closure operation

Definition. Let C be a category of elementary abelian subgroups of a group G.

Define C, the closure of C, to be the smallest subcategory of Creg such that:

1. C is contained in C;

2. if f: By — Eo is in C, and F; < F; with f(Fy) < Iy, then f : I} — F5 is in C;

3. if f: By — E9 is in C and is an isomorphism of groups, then f~1: Ey — Fj is
inC.

Say that C is closed if C = C. Note that the categories A, A’, and C(R) for any
R < H*(G) are closed.

Proposition 9.1. For any C containing the Quillen category A, the category C is
the unique largest subcategory of Creg such that the natural map

colim¢ X g (k) — colimz Xp(k)

is a homeomorphism.

Proof. Let D be the subcategory of Creg Whose morphisms f : I/ — F are those
group homomorphisms that make the diagram

Xpk)y L Xp(k)

I |

colimeg X g (k) N colim¢ X g (k)

commute. Then D has the property claimed, and it suffices to show that C = D.
Note also that C is contained in D and that D is closed. Let f: F{ — Ea be a
morphism in D. Since f: By — Fy is in D (vesp. in C) if and only if f: By — f(F1)
is, it may be assumed that f is a group isomorphism. Let ¢ be an element of
X;El (k), i.e., an element of Xg, (k) not contained in X p(k) for any proper subgroup
F of Ey. Since GL(FE1) acts freely on X;fl(k)7 it follows that f: E; — FEa is
uniquely determined by ¥ = f.(¢).

By definition of D, ¢ and ¢ have the same image in colim¢ X g (k). Since C is
skeletally finite (because it contains .A), there are chains (Fp, ..., [F,,) of objects
of C and (f1,..., fm) of morphisms in C, where

fir B qqe() — Fife(i)
for some €(z) € {0,1}, and (%o, ... ,¥m), ¥; € X, (k), with

Fy=E1, Fn=E), tYo=¢, tYm=%  [filbiitew) = Yi—ew-
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Let F! be the unique subgroup of F; such that ; € X;f,(k). Then F/ has the same
rank as /) and f; restricts to an isomorphism f] from F/ | ted) to FZ,’_E( ) Letting

i

6(2) = 1 — 2¢(7), f;Mi) is a morphism in C from F/ | to I, and the composite
. ff,fz(m) Bt s By fi5(1)

is a morphism in C from Ey to Eg such that f'(¢) = ¢. Hence f' = f, and f is a
morphism in C as claimed. |

For any category C of elementary abelian subgroups of a group G, one may
define a subring R(C) of H*(G) as the inverse image of lim¢ H*(E). This subring
is large and is natural because lime¢ H*(F) is.

Proposition 9.2. For C any category of elementary abelian subgroups of G con-
taining the Quillen category A, C(R(C)) =C.

Proof. Clearly, C(R(C)) contains C, and is closed. Hence it suffices to show that
the induced map of varieties is a homeomorphism. Quillen showed that the map
from H*(G) to limy4 H*(E) contains the subring of p"th powers for some n (in
fact this is equivalent to the injectivity of the map colim4 X g (k) — Xa(k)) [16].
Let S = lim¢ H*(FE), and note that if z is any element of S, the p™th power of
z is in the image of R = R(C). It follows that the map Vg(k) — Vg(k) is a
homeomorphism, and it suffices to show that the natural map

colime X g (k) — Vs(k)

is a homeomorphism. But this is a special case of lemma 8.11 of [16]. O

The proposition shows that there is a sort of ‘Galois correspondence’ between
large natural subrings of H*(G) and categories of elementary abelian subgroups
of G.

10. Some other categories

For each n > 0, define a category Am) of elementary abelian subgroups of a group
G by declaring that the morphism f: F — F is in A if and only if for all

€1,... ,en € E, there exists g € G such that f(e;) = g leg.

Note that A is the category Creg of Section 6, and AW is the category A’
For each n, Aln) 2 A<”+1>, and when n is greater than or equal to the p-rank
of G, A ig equal to Quillen’s category A. This suggests that A®) should be

defined to be A. Each of the categories A is closed in the sense of section 9,
and the subrings R — R(A™)) form a natural filtration of H*(G) = R(>).
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The categories A™ (@) are related to the generalized characters of G due to
Hopkins, Kuhn and Ravenel [13] in the same way that the category A’ is related
to ordinary characters. It seems possible that there should be a description of the
variety for the subring of elements of H*(G) coming from EO(BQ), where E is
a generalized cohomology theory to which Hopkins-Kuhn-Ravenel’s work applies,
in the same way that Chern classes are elements of H*(G) coming from K°(BG).
We shall not make a precise conjecture, but shall give examples to show that the
categories A" can be distinet from each other.

Proposition 10.1. For each n > 0 and each prime p, there is a p-group G for
which A™(Q) # ATD(@).

Proof. For n = 0, the cyclic group of order p (for p odd), or the elementary abelian
group of order four (for p = 2), will suffice. Hence we may assume that n > 0. Let
C be a cyclic group of order p, let E be a faithful IF,C-module of F,-dimension
n+ 1, and let ¢ € GL(FE) represent the action on F of a generator for C. Now let
Z be a vector space over I, with basis {zas} indexed by the maximal F,-subspaces
of E, so that Z has dimension (p"t1 —1)/(p — 1).

For each maximal subspace M of F, pick a linear map yu;: B — Z, with kernel
M and image generated by zp;. For each M, define by € GL(F @ Z) by the
equation

bar(e,z) = (cle),z + ¥ne)).

Let A be the subgroup of GL(E @ Z) generated by the bps, and let G be the
semidirect product (F & Z): A.

The subgroup Z is left invariant by A, so is central in G. Let ¢ be the ho-
momorphism sending A < GL(E @ Z) to GL((FE @ Z)/Z) = GL(E), and let
B = ker(¢) < A. Note that elements of B act trivially on Z and on (F® Z)/Z,
and so B may be identified with a subgroup of the elementary abelian p-group
Hom(F, 7).

We claim that the automorphism ¢ of E is a morphism in A (@), but is not
a morphism in A("+1)(G). If M is any rank-n subgroup of E, then the element
by € G acts on M in the same way as ¢. On the other hand, if ¢ were a morphism
in At (@), there would have to be an element d of G, acting on @ Z as
d(e,z) = (c(e),z). But then, for any M, d = d by, would be an element of
(E® Z): B acting as d'(e, 2) = (e, 2 + ¥ar(e)). To complete the proof, it suffices
to show that there can be no such element d’.

Let R be the image of F,C in the ring End(F). Since F,C is a commutative
local ring, it follows that R is too. In particular, the non-units in R form an ideal.
Fix M, a maximal subgroup of E. The group B < A < GL(FE) is generated as a
normal subgroup by the elements b4 ,, and bjT/[le7 where N ranges over all other
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maximal subgroups of F/. The action of these generators on £ & Z is given by:
p—1
by (e, z) = <CP(6)7 z+ ZtﬁM(cl(e))) = (e, ¥u(7e) + 2),
i=0

where 7 is the image of ¢ = EfA ¢ in R = End(E), and

b&le(@z) = (e,z+ ¥n(e) —pr(e)).

We therefore have to show that the element d’ described above does not lie in the
subgroup of GL(E @ Z) generated by

(e,2) — (e, z+ ¢Yp(Te)) and (e,2) — (e,2 + Y(cie) — Yar(cle)),

forall N# M and 0 <i<p—1.
Ifd" (e, 2) — (e, 2+1ar(e)) is in the subgroup B, there are pu, Ay € R < End(E)
such that
ImAy Cker(¢n) =N forall N # M, and

Im [ 1—pr4 Y An | Cker(¢n) = M.
N#M

From the first family of equations, it follows that each Ay is a non-unit in R, and of
course 7 is a non-unit. But then 1 — p7+ > Ay must be a unit in R, contradicting
the second equation. O

Remark. We exhibit p-group examples above because p-groups control the be-
haviour of mod-p cohomology, and hence p-group examples tend to be harder to
find. Similar examples can be constructed for other cyclic groups C. One inter-
esting example is the case when C = GL(F,) for ¢ = p"+1 > 2 and F is the
additive group of IF,. In this case F,C is not a local ring, but its image in End(E)
is isomorphic to Fy, and 7 = 0, so the argument used above still applies.
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