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Partial resolutions and the zeta-function of a singularity

S. M. Gusein-Zade, I. Luengo and A. Melle-Hernandez*

Abstract. We give a generalization of N. A’Campo’s formula for the zeta-function of the mon-
odromy of a singularity and show some examples of its applications.

Mathematics Subject Classification (1991). 14B05, 32525, 32545.
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1. Introduction

Let f: (C"t1 0) — (C,0) be a germ of a holomorphic function, H = {f = 0} -
(the germ of) its zero level hypersurface, x5 -the Euler characteristic of its Milnor
fibre V; = {z € C"t1 . f(z) = ¢, ||z|| < 8}, (0 < || << 4, § small enough),
Cf(t) -the zeta-function of the (classical) monodromy, x ; = deg (f(t); for general
notions see [2]. If the germ f has an isolated critical point at the origin, then
xfr=1+(-1)" F‘f7 where u{ is the Milnor number of the singularity f.

Let 7 : (X,D) (€, 0) be a modification of (C"11 0), that is a proper
analytic map of a non—smgular ((n + 1)-dimensional) manifold X', which is an
isomorphism over a dense open subset of a neighbourhood of the origin in (C"'H7
that is over the complement to the germ of a proper analytic subspace in ((C”+17 0).
If the (total) preimage 7 L(H) of the zero level hypersurface H is a divisor with
normal crossings at each point of X and if 7 is a modification of H as well (i.e. if
it is an isomorphism over a dense open subset of H), then 7 : (X, D) — (C**1,0)
is said to be a resolution of the singularity f (or an embedded resolution of the
hypersurface singularity H = {f = 0}). Of course, in this case, D is a normal
crossings divisor itself. The fact that the preimage a1 (H) is a divisor with normal
crossings means that in a neighbourhood of any point of it, there exists a local
system of coordinates yg,y1, ... ,yn such that the lifting ¢ = f ox of the function
[ to the space X of the modification has the form yy™ - 47" - ... - y'~. Let S,

*First author is partially supported by RFBR-95-01-01122a and INTAS-4373. Last two
authors are partially supported by CAICYT PB91-0370-C02-01 and CAICYT PB94-291.
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be the set of points of the space D, in a neighbourhood of which the lifting ¢, in
some local system of coordinates, has the form yg* (in particular the intersections
of the components of 7~ 1(H) do not lie in this set), x(A) will denote the Euler
characteristic of the space A. The following result is due to N. A’Campo.

Theorem. [1]. Suppose that the modification 7 - (X,D) — (C"1,0) is a reso-
lution of the singularity f and that it is an isomorphism over the complement to
the (germ of the) hypersurface H = {f = 0}. Then

Xf= Z mX(Sm)7

m>1

&) = JT =), (4'c)

m>1

Remark. The formula for the zeta-function differs by the minus sign in the ex-
ponent from that in [1] since we use the definition of the zeta-function from [2].

An important Remark. In §1 of [1], where the result is formulated (and thus
in some other papers where it is cited), the requirement that the modification 7 :
(X,D) — ((C"+1,0) should be an isomorphism outside the zero-level hypersurface
H = {f =0} of the germ f is not indicated explicitly. It is mentioned only in §3
in the proof of the Theorem. A similar remark about the theorem of A’Campo
can be found e.g. in [8] (remark 2.4 and example 4.2).

The reason which makes the requirement essential is the following. Let V, =
{z € X : p(x) = €} be the non-singular level manifold of the lifting ¢ = f o7 of
the function f, x, = x(V,,) its Euler characteristic, {,(t) - the zeta function of the
monodromy of the function ¢ (defined in the natural way). In fact the right-hand
sides of the formulae (A’C) give the Euler characteristic of the level manifold and
the zeta-function of the monodromy just for the function ¢. They coincide with
those for the singularity f if the projection m : V, — V; onto the Milnor fibre
Vi of f is an isomorphism. In its turn, this projection is an isomorphism if and
only if the modification 7 : (X, D) — (C**1,0) is an isomorphism outside the
zero-level hypersurface H. Of course it is always possible to resolve a singularity
f by a modification which is an isomorphism outside H = {f = 0}. However for
applications, sometimes it is useful to consider resolutions which do not possess
this property (see example 1 below).

The main object of the paper is to give a generalization of the theorem of
A’Campo for the case when the considered modification 7 : (X, D) — (C**1,0) is
not a resolution of the singularity f. This generalization expresses the zeta-function
of the singularity f in terms of zeta-functions of the germs of the lifting o = fon
of the function f at points of the exceptional divisor. It can be effectively applied
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in a situation when one can construct a partial resolution of a singularity f with
zeta-functions of all the germs of the lifting ¢ = f o known (e.g. obtained from
the formula of A. Varchenko [9]).

We apply the obtained formula to singularities of the form f = fq+ farr +
... (fm is homogeneous of degree m) with fg and f4ys satisfying some special
conditions which has been extensively studied: E. Artal-Bartolo [3], I. Luengo[4],
A. Melle-Hernéndez [5], D. Siersma [6], J. Stevens [7]. In particular we show how
the formula of D. Siersma, [6] and J. Stevens, [7], for the zeta-function (or rather
for the characteristic polynomial in their papers) of some isolated singularities of
the form f = fq + fa4-x can be obtained in this way.

The authors are thankful to the referee of the paper for useful remarks and
suggestions.

2. Zeta-function via partial resolutions

Let 7 : (X, D) — (C**1,0) be an arbitrary modification of (C*+1,0), f : (C*+1,0)
— (C,0) - a germ of an analytic function, ¢ = f o - its lifting to the space of
the modification. At each point z € 7 '(H) the germ of the function ¢ has a
(non-isolated) singularity of a certain type. Let {, ,(¢) be its zeta-function of the
monodromy, X, » = deg (,.»(t) the Euler characteristic of its non-singular local
level manifold. Let S = {Z} be a prestratification of D = 7—1(0) (that is a
partitioning into semi-analytic subspaces without any regularity conditions) such
that, for each stratum = of S, the zeta-function ¢, .(¢) does not depend on z, for
z € Z. Let us denote this zeta-function by (z and by x= its degree deg (=. Let
Cp(t) be the zeta-function of the ("global”) function ¢ on X, x, = deg (,(t) -the
Euler characteristic of its non-singular level manifold V.

Theorem 1.

&) = [ e, (1)

=S

Xe= Y Xz X(E). (2)

Zes

If the modification 7 : (X, D) — (€1 0) is an isomorphism outside the zero-
level hypersurface H = {f = 0}, then the Milnor fibre V, its Euler characteristic
X, and the zeta-function (,(t) of ¢ coincide with those for f : Vy = V,,, x5 =

X Cf(t) = Qp(t)~

Corollary 1. If the modification 7 : (X, D) — (C*T1,0) is an isomorphism out-
side H = {f = 0}, then (;(t) and x¢ are given by the same formulae (1) and
(2).
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Proof of Theorem 1. First of all let us remark that the theorem of A’Campo
obviously can be applied not only to a germ of an analytic function at a point, but
also to a germ of an analytic function in a neighbourhood of a compact analytic
subspace (such as the lifting ¢ in a neighbourhood of D in X). Let 7’ : (¥, D) —
(X, D) be a modification which is an isomorphism outside the zero-level set of ¢
and which is a resolution of singularities of ¢ (or equivalently 7o 7’ : (¥,D’) —
(€7 +1,0) is a resolution of f). Because of the additivity of the Euler characteristic
(x(AU B) = x(A4) + x(B) if AN B =0) it is sufficient to prove the statement for
any subpartition of S. Let &’ and S* be stratifications of J and X respectively,
such that:

(z) 8" and S* are Whitney stratifications and the modification =’ : (¥, D’) —
(X, D) is a stratified morphism with respect to these stratifications.
(#4) D is a stratified subspace of the stratified space (X, S*).
(23i) For each stratum Z' of &', the germs of the lifting ¢’ = o’ at points of =/
have one and the same normal form (i.e. are equivalent to g™ -y} -.. ..y
with one and the same set of powers mqg,mq,...,my).

The condition (i) implies that the morphism 7’ is locally trivial over each stratum
of 8*. In particular if the stratum = of S* is the image of the stratum =’ of &',
E=x'(2'), then ' : £/ — = is a smooth locally trivial fibre bundle. In particular

- - _1 - —
x(E) =xE) - x((*)"(z)NE), (z€E).
Let S/, be the set of strata from S’ such that the germs of ¢’ at their points are
equivalent to yi*; Yo, = _ Lé =’. Using the theorem of A’Campo we have
=eS
G = [T —emptm)
m>1
> oxE) —
_ H (1 _ tm)E/eslm _ H H (1 _ tm)x(z )
m>1 m>15eS ,,

H H H (1 _tm)x(E')

m>12es  Ees, n(x)-1(8)

B H H H (1 — tmxEx(@) T @)E)

Eesmz1l  Ees, n(x)-1(E)

T 1T I a-mxE @)

Bes \m>1  =res n(n)-1(E)

x(B)
[z

es

[1]

The strata outside D can be excluded from the formula since their Euler charac-
teristics are equal to zero. As usual the formula for the Euler characteristic of the
Milnor fibre follows from the formula for the zeta-function. O
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For some applications of Theorem 1 we need to have a possibility to treat cases
when the modification under consideration is not an isomorphism outside the zero-
level hypersurface H = {f = 0} of the germ f. Here we do not try to formulate a
general statement, but describe a situation which we use in examples below.

Let C"*1 be represented as the product C*H = ¢l f: (C**+10) — (C,0)
a germ of an analytic function such that the restriction of f to C1 = {0} x Clis not
equal to zero. Let d be the multiplicity of this restriction at the origin in C1. Let
7w (X, D) — (C™,0) be a modification which is an isomorphism outside the origin
inC", 7 = wxid : (XxCl Dx0) — (C*xC,0%0) the corresponding modification
of €1 = ¢ x C! ("the trivial extension”), ¢ = fo7 : (X x Cl, D x 0) — (C,0).

Theorem 2.

Colt) = Cp(t) - (1 —tPI=L) (3)
Xe = X5 +d-(x(D) - 1). (4)

Proof. Let T'y : Vy — V; be the classical monodromy transformation of the sin-
gularity f, I'y : V,, — V, -that of the function ¢. We can suppose that (the
diffeomorphism) T'y preserves the intersection of V; with the line C!. The inter-
section Vy N C! consists of d points, T’ 7 is a cyclic permutation of them. The
zeta-function of the cyclic permutation of d points is equal to (1 —t%). The projec-
tion 7 : V,, — Vj is an isomorphism outside V; N (Cl7 the preimage of each point
from V; N C! coincides with D. The transformation T'y, permutes d copies of D
cyclically. The zeta-function of such transformation of D x {dpoints} is equal to
(1 —td)X(D>. The result follows from the multiplication property of the zeta-function
of a transformation, (see [2] p. 94). O

3. Applications and examples

Let f : (C**1,0) — (C,0) be a germ of a holomorphic function, f = fg+ fatx+. ..
-its decomposition into the sum of its homogeneous parts (deg fn, = m, fqa # 0).
For a homogeneous fy,, let Z(f,) be the hypersurface in CP"™ defined by the
equation {f,, = 0}, Z,cq(fm) the reduced hypersurface, S(fn,) = S(Z(fm)) -the
singular locus of Z(f,,).

3.1. It is possible to start a resolution of f with the blowing-up at the origin.
While treating a singularity this way, one meets the problem to calculate the zeta-
function of the singularity ¢ : (C*+1 0) — (C,0) of the form ¢(u,y1,... ,yn) =
u(g(y1,. .. ,yn) + u?), where g : (C™,0) — (C,0) is an analytic germ. Let us
analyse the case when g has an isolated critical point at the origin.

Let ' : (¥,D) — (C™,0) be a resolution of the singularity g which is an
isomorphism outside the origin. For m = (mq,ma,... ,my) with integer m; >
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mo > ... > my >0, let S5 be the set of points of D at which the lifting of g has
the normal form y{™* -. ...y, S, = S(m,0,... 0)- Let us take the trivial extension
7' xid: (Y xCLDx0)— (C" xC,0x0) of this modification, let ¢ be the lifting
of . At a point of Sy, the germ of ¢ has the normal form u - (y{™* -. .. -ym +u").
The zeta-function of such a germ can be obtained by the formula of Varchenko
[9]. If there are more than one power m,; different from zero, then it is equal to
(1 —t¥+%) . At a point of S,,, the local zeta-function of 1 is equal to

(1 -2ty (1 -Gy
where m’ = g.c.d.(m, k). By the formula of A’Campo

G() = [J(1 —mptsm)
According to Theorems 1 and 2

Colt) = (1 -4+ IxP)

H (1 — td+k)X(Sﬁz) H ((1 _ td+k) (1 _ t(%)(d+k)>m')X(SM>
m#A(m,0,...,0) m>1
— (-t TT (1 elan)
m>1

since %X(Sm) = x(D).

Zeta-function is defined for any map h : U — U of a space U into itself (see
[2]). Let us denote the zeta-function of the power h* of the map h by (F(t) (
Cn(t) = ¢L(t)). The zeta-function (f(t) is determined by the zeta-function ¢y (¢) of

the map h itself in the obvious way. In particular, if (,(¢) = [] (1 —¢")%, then
m>1

Cht) = H (1 _ tm)g-c.d.(k,m).am |

m>1

For a germ g of a function, let C;“ (t) be the zeta-function Cl'i(t) for the classical
monodromy transformation I' = I'y of g. Thus we have proved

Lemma 1. 1
Co(t) = (L =tT*) (G HR)) . (5)

3.2. Let f = fy+ fayr + ... and let us suppose that S(f,) is finite (consists of
s points Pr, ..., Ps), faru(Ps) # 0 (e. Z(faqr) NS(fa) = @). Let us blow-up



250 S. M. Gusein-Zade, I. Luengo and A. Melle-Herndndez CMH

the origin in CnHl Let @ be the lifting of f to the space X of the modification.
Let us consider the partitioning (in fact a stratification) of the exceptional divisor
E ~ CP™ of this blowing—up into the following strata

(a) O-dimensional strata Z0, (i = 1,... ,s) each consisting of one point P;;
(b) (n — 1)-dimensional stratum g1 Z(fa)\{P1,...,Ps};
(¢) m-dimensional stratum =" = CP™ \ Z(fd)‘

In a neighbourhood of the point P; in X, there exists a coordinate system v, y1,... ,yn
such that (locally) CP™ coincides with the hyperplane {u = 0} and the lifting ¢
has the form ¢ = ; = v-u?-(g;(y1,. .. ,yn) +u"), where v is invertible (v(0) # 0)
(further we will simply omit such "nonessential” factors), g; : (C™,0) — (C,0) is

a germ of an analytic function (with an isolated critical point at the origin) the
zero level locus of which coincides with the germ of the hypersurface Z(f4) at P;.
Let w; be the Milnor number of g;.

The Euler characteristic of the stratum 21 is equal to

x(n,d) =320 ((=1)" g + 1), where x(n,d) = (n+ 1)+ % is the Euler

characteristic of a non-singular hypersurface of degree d in CP™. At each point of

271 the lifting ¢ has the normal form ¢ - yq. Its zeta-function is equal to 1.
The Euler characteristic of the stratum =" is equal to

X(CP") = X(Z(fa)) = (n + 1) = x(n,d) + (1" 3 pu.
i=1

At each point of Z” the lifting  has the normal form u?. Its zeta-function is equal
to (1 —t%).
Theorem 1 (or rather the Corollary 1) gives

) = (1 = t4ED T ¢ou®)
i=1

Using Lemma 1 we have

_1
Gr(0) = (1= ¢ E) (1 — by (H’“td“) |

Let h be a homogeneous polynomial of degree d in (n+ 1) variables such that Z(h)
is non-singular. Then the function h has an isolated critical point at the origin.
The zeta-function of it is equal to

Canlt) = (1 — th)eHD=x(nd),
Thus

(G bl Y™ 1
Cr(t) = Can(t)(1 —t%) Z” gty (H ng (it ) ‘
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This is just the formula of J. Stevens and D. Siersma in terms of the zeta-function.
3.3. Let us suppose that f = fq+ fq+% and that:

(¢) the singular locus S(fq) is one-dimensional (i.e. it consists of several points
and a projective curve C);
(4i) the curve C is reduced;
(¢it) Z(fatr) intersects S(f4) only at non-singular points of C, at each point of
intersection Z,.q(fa+x) is smooth itself and intersects C transversally.

The condition (4¢) means that the zero locus Z(f;) has the transversal singular-
ity type A1 at a generic point of C. Let C be the set of (non-singular) points of C'
with the transversal singularity type Ay, S(fq) = C U{Py,...,P,} with different
points Py,...,P,. Let 7 : (X,CP") — (C**1,0) be the blowing-up of the origin
in (C"Jrl7 @ the lifting of f to the space X. Let us consider the partitioning of the
exceptional divisor CP™ into the following strata

(a) 0-dimensional strata Eg consisting of one point P; each (i =1,...,s);
(b) O-dimensional strata A3, (j = 1,... ,r) each consisting of one point of intersec-

tion of Z(fuyr) with S(f4) (except those which coincide with one of P;);
(¢) l-dimensional stratum Z! = C;
(d) (n — 1)-dimensional stratum ="' = Z(f;)\ S(f4);
(e) m-dimensional stratum =" = CP" \ Z(f4).

At each point of Z7, the lifting ¢ of the germ f has the normal form u?. Its
zeta-function is equal to (1 —¢9).

At each point of 27! the lifting ¢ has the normal form u?-y. Its zeta-function
is equal to 1.

At a point of 21, the lifting ¢ has the normal form u?(y?+. .. +y2 ;| +u*). The
zeta-function of it can be obtained by the formula of Varchenko. But it is easier to
get it from Lemma 1 (applied to the function g(y1,... ,yn_1) = y% + ...+ ygfl).
One has

GO == e
Hence, for a point of 2!, the local zeta-function of ¢ is equal to
(1 — 31k, if n is odd,
CW"?)(t) — ¢ (1 — 4Ry (1 —¢206HR))=1  if p is even and k is odd,
f1, —gFib—L if both n and k are even.

At a point A?, the normal form of ¢ is ud(y% +.. .+yg_1 +y2uf). Its zeta-function
is equal to 1 ([9]).

At a point P;, the lifting ¢ has the form ¢; = u®(g;(y1, ... ,Yn_1) +u®), where
{g; = 0} is the local equation of the zero locus Z(f;) at the point P;. Its zeta-
function is equal to .

(1= t¥FR) (G @)~
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Remark 1. In principle we can not apply Lemma 1 to this case directly since
the singularity g; might be non-isolated (if P; € C ). In our case it means that
a resolution of the singularity g; demands some modifications outside the origin.
However, it is possible to show that the statement is valid for this case as well .
The reasoning is as follows. There exists a modification (a partial resolution of the
singularity g; ) which is an isomorphism outside the origin and which resolves all
the singularities of g; except those on the branches of S(f;). We can also suppose
that it resolves the singularity of the curve S(fq) itself. It means that the strict
transform of S(f;) consists of several nonsingular branches which intersect the
exceptional divisor transversally at its non singular points. At such a point the
lifting of g; to the space of the modification has the normal form yl(y%—l—. y .+y2_1)
and the lifting of ¢; to the trivial extension of this modification has the form
u(yy(y3+.. . +y2_ ;) +ub). That is, they are different from those which can be met
for a (complete) resolution. However the zeta-function of yg (y%Jr . .+y271) is equal
to 1, and that of ud(yl(yg +.. .+y371) +uk) equals to (1 —t41TF). So, they exactly
coincide with the zeta-functions corresponding to strata Sy, (m = (m1,... ,my,))
of a resolution with more than one m; different from zero. Therefore, the proof
goes in the same way.
Thus we have

-1
Cp(t) = (1 — ¢4 CPMZD) L (¢nk) (g ))x(zl) —rpk [y <H k (gdtky ) .

3.4. Let n+ 1 be equal to 3. Let fio be the homogeneous form fio = (2223 +¢%)2.
The curve C = Z(2223 + y°) has two singular points P; = (0 : 0 : 1) and
Py = (1:0:0) of the type A4 and FEjg respectively. The Euler characteristic of
C is equal to 2. Let us consider plane curves defined by homogeneous forms h1q
of degree 11. The space of these forms such that Z(h11) is smooth at P| and the
intersection number of Z(f11) and C at P; is equal to 5 has dimension 74. So we
can take one of them, f{1, with the condition that all remaining intersections of
Z(f11) and C are transversal (so there are 50 of them, Ps, ..., Ps1).

Remark 2. In this dimension, the singularities of f = fg + fq+r such that the
set S(Z(fa))NS(Z(fatr)) is empty have been studied in [5], they are isolated and
their Milnor number is equal to

(d=1)*+ k- (x(Z(fa) —3d+d2+2  Z(fatr)) — 1)),

where in the sum P € S(Z(f3)) N Z(fayr) and 1,(Z(fa), Z(farr)) denotes the
intersection multiplicity of these curves at P. So f = fi0 + f11 is isolated and its
Milnor number is equal to 860.
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After blowing-up the origin, we have the following natural stratification of the
exceptional divisor CP?

(a) 0-dimensional stratum consisting of one point Pp;

(b) 0-dimensional stratum consisting of one point Pj;

(¢) O-dimensional stratum Z° consisting of 50 points, {Pa, ..., Ps1};

(d) 1-dimensional stratum Z! = C'\ {P;};
)

(e) 2-dimensional stratum =2 = CP?\ C.

At each point of EQ, the lifting of the germ f has the normal form w10, Tts
zeta-function is equal to (1 —¢10) and x(22) = x(CP?) — x(C) = 1.

At each point of 2!, the lifting of f has the normal form w1%(z2 + ). Its
zeta-function is equal to (1 —t1)=1 \(Z21) is equal to (—50).

At each point of 20, the lifting of f has the normal form u!19(22 + yu). Its
zeta-function is equal to 1.

At the point Py, the lifting of f has the normal form g = u19((2% +3%)2 +u).
The zeta-function of this germ is equal to

1 -ty ety

; ; — (43445)2 (1-9)(1—£1%)
where (,(t) is the zeta-function of the germ g = (2° +y°)~ (equal to w)
Thus

(1 _ t330)
(1 _ t66)(1 _ tllO) :

Cwo = (1 _tll)

Remark 3. In fact by blowing-up the origin one reduces the problem of calcu-
lating the zeta-function of any singularity of the form f; + fq4r (i.e. the sum
of two homogeneous polynomials), isolated or not, to the problem of calculating
zeta-functions of germs of the form u(g(z,y) + h(z,y) - u®).

At the point Py, the lifting of f has the normal form ¢ = u10((23 +4%)2 +zu).

The singularity o1 is not non-degenerate with respect to its Newton diagram, so we
cannot apply the formula of A. Varchenko directly. In order to use the formula of
N. A’Campo we have to construct an embedded resolution of a surface singularity,
what is more complicated than for a plane curve singularity. It is possible to
calculate the zeta-function of such germ by using the following procedure.
We make an embedded resolution 7 : (X, D) — (C2,0) of the curve singularity of
{g =0} U{h =0} (or equivalently a resolution of the product germ gh), which is
an isomorphism outside the origin. At each point of the exceptional divisor of the
resolution we have local forms y7" y5'? and y111 ylg2 for the liftings of the germs g and
h respectively. Let us take the trivial extension 7 : (X x C1, D x 0) — (€2 x Cl,0)
of this modification. It is not an isomorphism over the line 0 x C1, which belongs
to the zero locus of the germ 1. Thus the zeta-functions of ¢ and of its lifting
coincide. At the corresponding point the lifting of the germ (1 to the space of
this modification has the normal form u?(y}" y5'? + u"“yll1 ylgz) Its zeta-function is
given by the formula of A. Varchenko.
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E5(10,3)

E4(20,5)

Ei(4,2)

E2 (87 2)
Figure 1.

In our case the resolution of the curve singularity {(z3 +4%)2 = 0} N {z = 0}
is shown on the Figure 1. The numbers in brackets are the multiplicities of the
corresponding components of the exceptional divisor in the zero divisor of the
lifting of the germs (2% + 4®)2 and z respectively.

Thus we have

Cor = (1= 831)71(1 —4170),

Finally
C (t) B (1 —tlo)(l +t11)50(1 —tll)(l —t330)(1 —t170)
f (1 —¢56)(1 — ¢110)(1 — ¢34y :
3.5. Let n + 1 be equal to 3 again, f = fa+ fayx + ..., Z(fa) is a curve in

CP2. Let CP 4 ...+ C¥ be its decomposition into irreducible components. Let
S(Zreqa(fa)) consist of s points {Py,...,Ps}. Suppose that:

(1) the curve Z(fg4s) is reduced;
(2§ S(Zrea(fa))NZ(farr)=0
3

(3) for each ¢ with ¢; > 1 the curves C; and Z(f445) intersect transversally, i.e.
the set C;NZ(fq4r)consists of d;(d + k) different points (d; = deg C;).

In this case, the third author ([5]) has proved that the singularity f has an
isolated critical point at the origin it is (d + k)-determined and its Milnor number
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is equal to

@=1%+k > pp(Zrealfa) +R(d—d)(2d -3+ d)+ kK (d—d),
PeS(Zrea(fa))

where d = di + ...+ d, is the degree of Z,.q4(f4), pp,(Zrea(fa)) is the Milnor
number of the (reduced) curve Z,.4(f4) at the point P;.

Let 7 : (X,CP2?) — (C3,0) be the blowing-up of the origin in (C2,0), ¢ the
lifting of f to the space X. Let us consider the partitioning of the exceptional
divisor CP? into the following strata:

(a) O-dimensional stratum =¥ consisting of one point P; each (i =1,... ,s);
(b) 0-dimensional stratum A%] C; N Z(fayr) for each ¢ with ¢; > 1
(¢) 1-dimensional stratum = =l = Ci\ {S(Zyea(fa)) U MP} for each i = 1,... ,r;

—y

(d) 2-dimensional stratum =2 — CPp? \ Zrealfa)-

At each point of 22, the lifting ¢ of the germ f has the normal form w?. Its
zeta-function is equal to (1 — ¢t%). The Buler characteristic of 22 is equal to

X(CP?) = x(Z(fa)) = 3 — x(2,d) +Zup red(fa))

At each point of Eil7 the lifting ¢ has the form u (yclh + uk). Tts zeta-function is

equal to (1 — 15(‘7%'/‘12)(‘”’“))*q;7 where ¢, = g.c.d.(g;, k). The Euler characteristic of
=l s equal to

7
x(Ci) —di(d+ k) — ${Ci N S(Zrea(fa))}-
At each point of the stratum A97 the lifting ¢ has the normal form ud(yi“ +ufys).
The zeta-function of it is equal to 1.
At a point P;, the lifting o has the form u%(g; (y1,y2)+u"), where {g; = 0} is the
local equation of the (non-reduced) curve Z(f;) at the point P;. The zeta-function
of it is equal to

(1 _td+k) (ng (thrk))—l ‘

Remark 4. Again we can not apply Lemma 1 directly since the singularity of
the germ g is not isolated. However, it isn’t difficult to see that, actually, the
proof of Lemma 1 uses only the fact that the singularity of g can be resolved by
a modification which is an isomorphism outside the origin. This is so for curve
singularities.

Thus we have

¢(t) = (1 — tHXEY H [ — Ry (1 = las /@) (k) —a } 2

8

N ) (A

="
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