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The rigidity of Clifford torus S‘( f'l;) X SH( “ ;1)

QING-MING CHENG

Abstract. In this paper, we prove that if M is an n-dimensional closed minimal hypersurface with two
distinct principal curvatures of a unit sphere $”*!(1), then S=n and M is a Clifford torus if
n<S <n+[2n%n +4)/3(n(n + 4) + 4)], where S is the squared norm of the second fundamental form
of M.

1. Introduction

Let M be an n-dimensional closed hypersurface in a unit sphere S”*1(1) of
dimension »n + 1. Let S denote the squared norm of the second fundamental form
of M. It is well-known that Chern, do Carmo and Kobayashi [2] and Lawson [3]
obtained independently that Clifford tori are the only closed minimal hypersurfaces
of the unit sphere with S = n. When the scalar curvature of M is constant, there are
very nice results on the rigidity of the Clifford torus (see [5] and [6]). On the other
hand, Otsuki[4] studied the converse problem for minimal hypersurfaces in $”*+1(1).
He proved that if M is a closed minimal hypersurface in $”*'(1) with two distinct
principal curvatures and the multiplicities of them are at least two, then M is
S/ mn) x $*="(/(n —m)/n) (1 <m <n —1). But for the case in which one of
the two principal curvatures is simple, he constructed infinitely many minimal
hypersurfaces other than S‘(\/ﬁﬁ) x 8"=1(/(n - 1)/n) which are not congruent to
each other in S"*!(1). When professor K. Shiohama visited China in 1993, he
proposed the following interesting problem:

PROBLEM. Let M be a closed minimal hypersurface in S**'(1) with two distinct
principal curvatures A, and A, and one of them be simple (we assume A,). Is there a
constant € = e(n) such that if |A, —Ay| <€ and Ay~ Ay| <€/(n —1) then M is
S ‘(\/-17;1) x 8*=1(./(n — 1)[n), where Ay are the corresponding principal curvatures
of S'(/ 1) x §"~'(\/(n = 1)n).

*The Project Supported by NNSFC, CPSF and FECC.
60



The rigidity of Clifford torus 61

This problem is equivalent to whether there is constant 6 = d(n) > 0 such that if

n—0<S<n+9J, then Mis S'(/1/n) x S"~(J(n —1)/n).

In this paper, we consider the problem and give a partial answer.

THEOREM. Let M be an n-dimensional closed minimal hypersurface of a unit
sphere S"* (1) with two distinct principal curvatures and one of them be simple.

I

n<S<n+- 2n%n +4)
- 3[n(n + 4) + 4]

then S =n and M is S'(/1/n) x 8"~ '(\/(n — 1)/n).

COROLLARY. Let M be an n-dimensional closed minimal hypersurface of a
unit sphere S"*'(1) with two distinct principal curvatures. If

2
<S<n+ 2n*(n +4)

TE2 ST S + 4) + 4]

then S =n and M is a Clifford torus.

Proof of Corollary. This is obvious from the result due to Otsuki and Theorem.

2. Local formulae

Let M be an n-dimensional closed minimal hypersurface in a unit sphere
S”+'(1). We choose a local orthonormal frame field {e,,...,e,.,} in S"*!(1),
restricted to M, so that e, . . ., e, are tangent to M. Let w,, . . ., w, denote the dual
coframe field on M. The connection form w;; are characterized by the structure
equations

dw,-{-Zw,JAwJ:O, w,-j+COj,-=0,
J

dwij + Z Wy N wkj = Qij’ (2.1)
k

1
Q= 5; Rijklwk A @y,
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where Q; (resp. R;;;) denotes the curvature form (resp. the components of the
curvature tensor) of M. The second fundamental form a of M is given by

o= Z h,-jw,-wjen_,_ 1 and Z hii = 0. (2.2)
ij i

Since « is a symmetric tensor, h; = h;. The Gauss equation, Codazzi equation and
Ricci formulas for the second fundamental form and its covariant derivatives are
given by

Rijr = (040 — 0495 + (hyhy — hyhy), (2.3)
hijk = hikj = ik (2.4)
By — Pyt = Y, Biom Rojta + Y P Rt (2.5)
hijklm - hijkml = Z hrijriIm + Z hirerjIm +Z hierrklma (26)

where h;, h;i, and hy;,, are the coefficients of the first, the second and the third
covariant derivatives of the second fundamental form of M, respectively. The
components of the Ricci curvature and the scalar curvature are given by

R=n(n—-1)-% h. (2.8)
iy

Now we compute some local formulae. For any fixed point p in M, we can choose
a local frame field e,, ..., e, such that

h,

ij

0 ifi#j
- 2.9
{A,ifi=j. (2.9)
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The following formulas can be found in [1]. Let

S=Y k=Y i
ij i
1 .
~4S=Y h%, — S(S —n). (2.10)
2 ijk
3
—A Y h2 = hy+(2n+3—5) Y h3 +3(2B — A) —> (2.11)
ijk ij.k,l ij.k 2
—Af3 n—S)5+2 Z Ah? ks (2.12)

ij.k

where f; =X, A3,

3. Proofs of theorems

At first we give an algebra Lemma which will play a crucial role in the proof of
our theorems.

LEMMA. Let a;and b; (i,j =1, ..., n) be real numbers satisfying £, b, =0 and
L;b}=b>0, %, —b(n—b)andZ bja;; = 0. Then

i ¥y

}:a,,+3 za,,+3z(b2b — b2b,)a, — 3b(n — b)

i#j

3b(n —b)*> 3

2

Proof. We consider F=X,a;+3ZX,,,a;;+3X,,;(b?b, —b?b,)a,; — 3b(n — b) as
a function of a;;. Solve the following problem for the conditional extremum:

f= Z ai+3Y a%+3 Z (b?b; — b?b;)ay;

i#j

—3b(n — b) +A(Z ba; — b(n --b))+,u ija,-j, 3.1



64 QING-MING CHENG

where A and u are the Lagrange multipliers. It is obvious that the critical point of

f is the minimum point of f. Taking derivatives of f with respect to a;;

‘f;,” - 2a,'1 + Ab, + ﬂb,' = 0, fOI’ l =j.
Hence

Zanfaﬂ =22a?i+A Zbiaii+ﬂ Zbiaii=0a
7 ; i i

Y a, au—6Za,J+3Z(b b, —b?b))a,; + A Zb,a,1+u Y ba,; =0,

i#j i#j i#j

Z.b"f:‘ﬁ:zzaﬁbi"')»z:b?-{-u Zb?_—_

> bf, =63 ba;+3b>+1) bi+u) bb =0,

i#j i£j i#j i#j

Zb}ﬁlt —6Zbau 3b2+’12bzbj+ﬂ2b12==

i) i#j i#j i)

(3.4) +(3.5) implies

(za +3Y a2 + 3Z(b2b — b?b;)a, — 3b(n ——b))

i#j

ij ij ij

Thus

2fpin = (Za +3) aZ+3 Z(bzb,- — b?b;)a; — 3b(n — b))

i#j

=3Y (b2, — b2b,)a, — 6b(n — b) — Ab(n — b).
i

we get

(3.2

(3.3)

(3.4)

(3.5)

(3.6)

3.7

(3.8)

(3.9)
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According to (3.6), we get
2Za,.,-b,- + (A +wb =0. (3.10)
(3.6) +(3.7) +(3.8) yield
—4):a,.,.b,. + 3b% 4 6b(n — b) + nbA =0, (3.11)
—4Za,.,-b,-——3b2+nbu =0. (3.12)

Solving the system of the linear equations (3.10), (3.11) and (3.12) with unknown
A, u and X, a;b;, we obtain

A—u=—6
and
_ 6mn—b)
A=y
. 3(m—b)
—A=34+ ntd) (3.13)

From (3.2) we have
Hence

_Z 3(b12 b;—b ?bj)aij
iy
3 1
= —3 2 07y = bb;)* — 5 3 (b7b; = bbb, + b))

N-Lba-w

o )
oz ()

+ 3b2.

2
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From (3.9) and (3.13) and the above equality, we conclude

3b(n —b)*> 3
min__'m —E[b Zb4 (Z b3) —-2b2+nb:| (314)

Thus we complete the proof of Lemma.

Proof of theorem.

1 1

35y =3 S A
= Z A (Z APhi; + 21%; A,ch}k,)
= Z AidPhy, +2 Z Aidih Ty

= Z A’iljg(hilji + (Aj - )~i )(1 + '11 )) + 22 A uk
i

ij.k

,12s
Z ):,1 24, — A1+ AA) +2B — A

2

ij.k

Hence

0 =3 Z hj;l(./;!)t dM Z hlj(ﬁ)ij dM

M ij M ij

1
=j [-3-2 huhy;S; + (2B — A) +Sﬁ—f§—52]dM
M

ijk

where f, is defined by f, =X, 1}, i.e.,

J(A—-ZB)dM=J [SJ:,—SZ—jg—llvsP]dM. (3.15)
M M 4
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Z hljkl 2 Zhuu + 3 Z hl}l_]

ikl i#J
= Z huu 4= Z (hljlj + hjl]l)2 +- Z (hljl_] jiji)2
19*1 l#j
= Z hzm + 3 Z htw 'jjii +5 Z (hljlj Jiji)2
i#j 1#1

2
=T hu+3 3 hughyu+ 3[nS 252+ 8Y At - (Z A?) ] (3.16)
i i

itj

Since
Z hijpp = _(S - n)hijs
P

¥, A, =0and X,A? =5 >0, we have
Z hiiﬁj’i (n - S) and Z hllj] “j 0. (3.17)
ij

From Ricci formulas, we have
hiijj - hj/‘ii = (Ai - Aj)(l + A‘i'lj)'

Note that in view of (3.17) A,
have

i and A, satisfy the conditions of Lemma. Hence we

Z huu + 3 Z hzw jjii

i#j

—Zhuu+3 Z hllj]+32()'2)' /1121) jiijj 3S(n_S)

i#j

3S(S —n)? 3
ZW~5(Sﬁ—f§—2S2+nS). (3.18)

Since M has only two distinct principal curvatures A, and A, and 4, is simple, we
have 4, = —(n — 1)4, and

3 2 __%_ : 2
-2-(Sf4—f§—2S +nS)—-2nS(S n)“.
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Thus we get, from (3.16) and the above inequality,

6S(n — S)?
h = —f3-28? . LAt Sy
i’i,zk’l ikl = 3(Sj; f% 28 + nS) n(n n 4)

According to (2.10) and (2.11), we obtain

Z h%, dM = j [S(S — n)] dM,

uMl,]k

JM ijk,l iJj.k

From (3.15), (3.19), (3.20) and (3.21), we infer

3 —5)?
J {(2;1 —8) Y k2, -Z|Vs|2—6—§-g:—ﬁ5)—}dMso.

ij,k

From (2.10), we get

—j %]VS[Z j[th,,k-{—(n—S)SZ]dM
M

(3.22) and (3.23) yield

6
L{ {(2)1 + ) Y hii "'-SZ(S —n) — r—Y S(S __n)z} dM <.

ij.k

Using again (3.20) and the inequality

2n%(n + 4)
3[(n(n +4) + 4]’

n<S<n+

Zh,,k,dM J[ (2n+3-8) ¥ k2 — 3(ZB—A)+%|VS|2]dM

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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we have
0> 4+ Zh%jk+l(5—n)2h,?jk
M 2 ijk 2 ijk
3 2 6 2
—ZS(S n)—n(n+4)S(S n)}dM

[ e 5,35 6S=m\gq_
—L{Z(S n)%h%,ﬁ(zn 28 n(n+4))S(S n)}dMZO.

Hence

1
L—z-(s—n) Y h%, dM =0.

ij,k
Since S and Z,;, h}; are continuous functions, we have S =n. Thus from the

assumption of Theorem, M is S!(/1/n) x S"~!(/(n — 1)/n) according to a result
due to Chern, do Carmo and Kobayashi [2] or Lawson [3]. We complete the proof
of Theorem.
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