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Rationality of the moduli variety of curves of genus 3

P Katsylo

Abstrait We prove that the moduli variety of curves of genus 3 îs rational

§0. Introduction

Let g > 2 be a natural number Consider the moduli variety Mg of curves of
genus g Recall that MK îs an irreducible quasiprojective variety of dimension
dim Mg 3g — 3 [5, 11] For g > 23 the variety Mx îs not unirational [6] If g < 13

then Mg îs unirational [1, 3, 13] and for g 2, 4, 5, 6 ît îs known that Mg îs rational
[4, 9, 14, 15] The aim of this paper îs to prove the following resuit

MAIN THEOREM The moduli variety M3 is rational

The group SL3 acts canonically on the space S4C3* of ternary forms of degree
4 It is known [12] that

C(M3) ~ C(P(S4C3*))SL^ (0 1)

As usual, C(T) dénotes the field of rational functions on the variety X
For n > 0 dénote by V(n) the space of forms of degree n in the variables z,, z2

The group SL2 acts canonically on V(n) and PSL2 on V(2d) For À

('o> '2> /4' /ô)e<^4 considers the homogeneous PSL2-morphism of degree 2

A +/o +/4 •-* ^eiAJn) + 2/t4(/r4(/8,/4) + <i2ll/2{fAJA) + 2/to/4/o
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508 P KATSYLO

Hère i//, dénotes /th transvectant. Recall that \j/, is the bilinear SL2-mapping

d, x V{d2) -* K(rf, +d2- 20,

where /^minl^, rf2}- Consider ^7!(0) for /io#0. It is obvious that the élément
1 e K(0) C belongs to S jl(0) and that the tangent space to ô 71(0) at the point 1

coincides with F(8) © V(0). It follows that 1 is a regular point of the subvariety
Sjl(O). Therefore, a unique 10-dimensional irreducible component U/ of the

subvariety Sjl(O) contains 1. It is shown in [10] that we hâve the foliowing
isomorphism of fields

^r^ * c*. (0.2)

THEOREM 0.1. For ail X e (C\0)4 thefield C(^ )PSL2 x c* ^ C(P U, )PSL2 w

(For a closed homogeneous subvariety U of a vector space V we dénote by P U
the corresponding closed subvariety of the projective space P V.)

Clearly, our Main Theorem is a conséquence of (0.1), (0.2) and Theorem 0.1.

We will prove Theorem 0.1 in 1-6.
This paper is organized as follows. In §1 we reduce Theorem 0.1 to the spécial

case where X — (1, 6s, 1, 6), e^O. Then we fix a basis el9. e9, a0, al9. a5 of
the space F(8) © F(0) © V(4) and describe the mapping ô, explicitly in terms of
coordinates. In §2 we recall some facts about (G, (j')-sections. In §3 we construct a

(PSL2, iV(.tf))-section PX°y of the variety PU, where H is a finite subgroup defined

in §2, and obtain isomorphisms

C(PU, )PSL2 * C(PZ?)"(//) * C(P^ )N(H)

where X, X^. In §4 we construct a 6-dimensional variety YA and a regular action
of N(H) on Y, such that

where the subgroup HaN{H) acts trivially on YA. In §§5 and 6 we construct a

birational 7VXi/)-isomorphism of YA with Rx N9 where i£ is a 3-dimensional linear
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space, Nis isomorphic to (P3, and the action of N(H) on R x Nis the direct product
of a linear représentation on R and a projective représentation on N. Thus

This finishes the proof since the field C(R x N)N{H) is rational by the "Noname
Lemma" and Castlenuovo's Theorem (see [2], [7]).

§1. Réduction to a spécial case

We first note that it is sufficient to prove Theorem 0.1 for A (1, 6e, 1,6) where
s # 0. Indeed, suppose that 6//| x6, ju4jus A4, ôejuj A2, ju0ju4 Ao. Then

o2^6 O-D

is a PSL2-isomorphism and so

Thus it remains to prove Theorem 0.1 for A (1, 6e, 1,6) where e / 0.

For further use we want to explicitly calculate the map SA for A (1, 6e, 1, 6).

Fix the following basis in the space F(8) © F(0) © V(4):

e, 28(zfz| - z?z|), e2 56(z jz2 + zfz| - zjzf -
z?zi + zxz\), eA z\- z\,

e5 8(zlz2 - 7z?zi + lz\z\ - z,zl), e6 8(z?z2 + 7zfzl + lz\z\

z\, a2

Let (x, s) (x,,..., x9, s0, 5,,.. 55) be the corresponding coordinates. We find

à, (x, s) 6,(x, s){z\ + zj) + Q2(x, s)6z\zl + Q^x, s)(z] - z|)



510 P KATSYLO

where

Qx(x, s) qx(x) -f 2x1sl 4- I2xss2 4- 2x9sx 4- e(\2sxs2) + 2sosx

4- 48x254 — 48x355 — 2x4s3 4- \6x5s4

Q2(x, s) q2(x) + 4xssx 4- I2x9s2 + e(2s2 -
— 4x^3 + \6x2s4 H- I6.X3S

- \6xes5 + s(-2s\ - As\

g3(x, 5) q3(x) -f 2x4^! -f 12x^2 -f

4- 2x9s3 + e(12^^ 24Ss) + 2ss

Q4(x, s) q4(x) 4- 4x5sx 4- 12x2^! - 12x55-2 4-

— 8x^5 — 16x35*3 4- 8x854 — 8x9^4

-f e( — 6sls4 — 6s2s4 4- 6s3s5) 4- 2s0s4,

Q5(x, s) qs(x) 4- 4x6^! 4- 12x3^! 4- 12x6.s2 - 12x3^2

4- 8x^4 — 16x25-3 — 8x855 — 8x955

4- e{6sxs5 — 6s2s5 — 65354) 4-

and

qx(x) - 192xi - 192x3x6 4- 384xf - 192x? - 192x2x5 4- 384x|

— 12xjX4 4- 12x7x8 4- 180x8x9,

q2(x) 64x| - 192x3x6 - 128xf - 64x§ 4- 192x2x5 + 128jc|

- 2x24 + 16x? 4- 2x27 - 16x1 - 50x|,

q3(x) 96x5x6 - 672x3x5 - 672x2x6 -f 1248x2x3

— 12X]X7 4- 12x4x8 4- 180jc,x9,

q4(x) 6x4x6 4- 42x3x4 4- 84x^6 4- 156x^3

— 6x5X7 — 42x2x7 4- 24x5x8 — 264x2x8 4- 30x5x9 — 30x2x9,

Qsix) —6x4X5 — 42x2x4 4- 84x,x5 4- 156x,x2

4- 6x6x7 4- 42x3x7 4- 24x6x8 — 264x3x8 — 20x6x9 4- 30x3x9.
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§2. (G, <#>sections

In this part we recall some facts about (G, G')-sections. Let G be a linear
algebraic group, X an irreducible quasiprojective variety with a regular action of G,

and let G'cGa subgroup of G.

DEFINITION 2.1. An irreducible subvariety X' a Xh called (G, G')-section of
JTiff

(1) G - X' X,
(2) Gf X' X\
(3) (G'x')nX' G'-x' for ail x'eX'.

If X' is (G, G')-section of X then the map/i—?/^ clearly induces an isomorphism

Let X' be (G, G')-section of X, Y an irreducible quasiprojective variety, with a

regular action of G, F: Y-> X a dominant G-morphism, and FcFan irreducible

component of F"'(A"'). Then one easily proves the following resuit.

PROPOSITION 2.2. Suppose that G' Y' F andF(Y') is dense in X'. Then F
w (G, G')-section of Y.

EXAMPLE 2.3. Let G be a reductive linear algebraic group, G:Ia linear
représentation, and let H c G be the stationary subgroup of gênerai position of the

représentation G\X. There exists an open nonempty G-invariant subset X° such

that Gv is conjugate to H for ail x e X°. Moreover,

(17 (XH)nX° {xeXH \GX H}

is (G, N(H))-section of X where N(i/) is the normalizer of the subgroup H in G.

EXAMPLE 2.4. Consider the linear représentation of PSL2 on F(4). It is

known that the stationary subgroup of gênerai position of this représentation is

H {e, œ9 p, cap} where

1 0\ / 0 1\ /-/ 0

-1 0/' 'U
It can easily be checked that N(H) <t, a} where
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We hâve N(H) - S4 and N(H)/Hc~S3. It follows from Example 2.3 that

V(4)"f {/g V(4)H | (PSL,), //}

is a (PSL2, 7V(#))-section of F(4).

§3. A spécial section

In this part we construct a (PSL2, N(H))~section PX°, of the variety PU, (see the

définition of N(H) in §2).

For convenience we first write down explicitly the actions of H and N(H) on the

space F(8)® F(0)©K(4):

CO ' (X, .S) X\, X2, X3, X4, X5, X6, X7, Xg, X9, So, ^15 ^2> ^3î ^4» ^5/>

/? ' (-^î S) (Xj, X2, X3, X4, X5, X6, X7, X8, X9, 5"o, 5j, 5"2, 5"3, 54, ^5),

t ' (X, S) Xj, ZX3, iX2, X4, /Xg, ZX5, X7, Xg, X9, 5q, S], 52,

(3.1)

^3, Xj,fX2, OX6, *ô"^4' ^5j

1 7 35 115
1 3 1 1 /

From this we get

(F(8)0 F(0)0 V(A))H <e7, e8, e99 Oq, a,,

and

The décomposition of the A^(//)-module F(8) © F(0) © F(4) is as follows:

«0> © <a,, ^
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Let p: K(8)0 F(0)© V(4)-> V{4) be the projection /8 +/0 +/4 h->/4. First we con-
struct a (PSL2, N(H))-sçction X°A of the variety UA by applying Proposition 2.2 to
the PSI^-morphism/?^ and a (PSL2, iV(/J))-section (V{4)Hf of F(4) (see Example
2.4).

LEMMA 3.1. 5e7

/ Consider the plane <a0, 5e7 + e9) c F(8)0 K(0)© F(4). We hâve

<$,(*, 5) (?.(#(#) • (x, s)) ô, (x, ^) for ail (x, 5) 6 <a0, 5^7 + e9> (see (3.1)). There-

fore, ^«a0, 5^7 + e9»c: K(4)Ar(//)={0} and (a0, 5e7 + e9) c ô~l(0). Note also

that aoe UA and that a0 is a regular point of <571(O). It follows that <ao, 5e7 4- e9} c
t/x and hence 5e7 + eoeUA. D

Consider X =p-\V(4)H)nôjl(0). From §1 and (3.1) above we obtain the

followmg équations for X, c F(8) © F(0) © F(4):

53 s4 s5 0,

qx{x) + 2x7^j -f 12x8s2 + 2x95! 4- e(125l4s2) + 2>SoSx 0,

— 652) -f 250,52 0,

(3 2)
+ 2x4^! -h 12x^2 0,

+ I2x2sx — 12x552 -f 12x2^2 0,

+ 12x3^! + I2x6s2 — I2x3s2 0.

LEMMA 3.2

(1) 5e7 -h e9 is a regular point of the subvariety XÀ9 dim T5e7 + e9(XÀ) 7.

(2) Exactly one irreducible comportent, denoted by X^ of the subvariety XÀ

contains 5e7 + e9 and dim XA 7.

(3)

Proof The proof of (1) is by direct calculations and statement (2) is a

conséquence of (1).
For (3) we remark that N(H) • Xk XÀ (see above), that N(H) • (5e7 + e9)

5e7 -f e9, and that 5e7 -f e9 is a regular point of the subvariety Xk. Hence we see that
N(H)- XA XA. a

It follows from Lemma 3.2 that XÀ is an irreducible component of the

subvarietyp~\V(4)H)nUÀ. We set

X°A={(x,s)eXÀ \p(x,s)
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Since N(H) • XA XA, N(H) • (V(4)H)° (V(4)H)°, we see that N(H) • X°A - X°À. It
follows from Lemma 3.2 that X°A is a nonempty open subset of XA and that p(X°À)
is dense in (V(4)H)°. This and Proposition 2.2 imply that JT° is a (PSL2, N(H))-sec-
tion of £/x.

Now, consider the subsets PX°AczPXAczPUA. It follows from the previous
paragraph that PX°y is a (PSL2, iV(/f))-section of P[/r Hence

C(PUA)PSL* a C(PJfJ)w ^ C(PXJ^(//).

Our goal now is to prove the rationality of C(PXA)N(H). Note that PXA is uniquely
defined by the following conditions (see Lemma 3.2):

(1) Se7

(2) PXA is an irreducible component of PXÀ9

(3) The subvariety PXaœP(V(S)®V(0)®V(4)) is defined by the équations
(3.2).

§4. Some spécial représentations

In this part we define a linear représentation of N(H) on R, a projective
représentation of N(H) on P8, and a 6-dimensional irreducible A^/ZHnvariant
closed subvariety YA^RxP8 such that C(PXJN(H)^ C(YA)N(H) where H acts

trivially on YA.

Define a linear représentation of N(H) on R C3 in the following way:

* '(rur2,r3) (-rur39r2% a • (rl9 r2, r3) (-2r3, rj/2, -r2).

Let y (Fi : 72 : ys '- yi '- Js: ' * ' : J12) ^e homogeneous coordinates in P8. Define a

projective représentation of N(H) on P8 in the following way:

7 35 11
2 o o 2
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Clearly, the subgroup H c N(H) acts trivially onRx P8. Define the open iV(#)-in-
variant subset P8 {ye P81 yxy2y3 # 0} and set

M' {(*, s) g K(8) 0 F(0) © F(4) | 53 s4 s5 0, xxx2x3 # 0}.

We see that N(H) • M' M', and that M M' is a linear subspace of
K(8)0 K(O)0 K(4). Define the morphism tt: PM'->i? x P8 by

It can easily be checked that n is an 7V(//)-morphism and that the fibers of n are
//-orbits. Note that PX, c Pi^ c PAf. Put

LEMMA 4.1. X'y 7^ 0. More precisely,

x° \3i(5e7 -h e9) + 5(4^! - fe2 H- e3)e ^.
/. Consider the subgroup <cr> {a9 a2, a3 1} czN(H). We hâve

<5e7 + e9, 8e4 - ie5 - e6i 4e, - ie2 + e3>,

<2(zî - zj) + 4(z?z2 + 7,21) + 4i(z?z2 -
It follows from above that

(5, (a! (5e7 + e9) 4- a2(8e4 - /e5 - e6) + a3(4e, -
^(al5 a2, a3)(2(zf - z^) + 4(z?z2 + z.zi) + 4/(z?z2 - z,z|)). (4.1)

Direct calculations give us

q(al9 a2, a3) 48(5aia3 -h /af - 13fa§). (4.2)

From (4.1) and (4.2) it follows that x°, 5e7 + e9e V(8)<*>nX, and that V(8)<">nXA
is irreducible. On the other hand 5e7 H- e9 is a regular point of X/ (Lemma 3.2).
Hence V(S)<<T> r^X,czX, and so x° e X,. D
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From Lemma 4.1 it follows that X\ is an open nonempty iV(7/)-invariant subset

of Xk. Thus we get an isomorphism

C(PXÀ)N(H) ~ C(PX'À)Nm. (4.3)

Notice that PX'À is an irreducible component of PX\ and that x°ePXÀ.
We hâve an isomorphism

i )NiH) ^ C(n(PX'À ))N(H). (4.4)

Notice that n(PX'À) is an irreducible component of n(PXfÀ), and

7t(x°) ((0, 0, 0), (-5/4 : 20 : -20 : 65 : 0 : 13 : 0 : 0 : 0))e n(PXfÀ).

It is not hard to obtain from (3.2) that the équations of the subvariety n(PX'À) cr
R x P8 are given by

0 (- 192r| - 192r3 + 384)^^2 + (- 192r| - 192r2 + 384)^3

+ (- 12rO.y2.y3 + Uyiy* + ^Oysy9 + 2y7yn + \2ysyl2

+ 2y9yn H- e(l2ynyl2) + 2^,0^1,

0 (64rf - 192r3 - l2S)yxy2 + (-64r| + 192r2 + l2S)yxy3

+ (-2r? -h 16)>>2>>3 + 2j? - 16y| - 50y29

+ e(2y2u-6y2l2)

0 (96r2r3 - 672r2 - 672r3 -h 1248)^
(4'5)

- 12j7 + (12r,)y8 + 180j;9 + 2rxyu + \2yX2,

0 (6r, r3 + 42r, + 84r3 -h 156)>>2 + - 6r2 - 42)j7 + (24r2 -
+ (30r2 - 30)j9 + (4r2 + \2)yu + (- 12r2 + I2)yl2,

0 - 6r, r2 - 42r, -h 84r2 + 156)j3 + (6r, + 42)j7 + (24r3 - 264)>>8

-h (-30r3 h- 30)y9 4- (4r3 + 12)^,, + (12r3 - 12)j12.

Dénote by KA cz /? x P8 the subvariety defined by the équations (4.5). The closure
YA of n(PX'A) in i? x P8 is a union of some irreducible components of YÀ. We see

that N(H) • YÀ YÀ9 N{H) • YÀ FA, and YÀ is an irreducible component of the
subvariety YA. Thus
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~ C( Y, )"<">. (4.6)

From (4.3), (4.4), and (4.6) we obtain an isomorphism

Our goal now is to prove the rationality of C(YÀ)N(H). Note that the following
conditions hold for Y, :

(2) Y, is an irreducible component of YA9

(3) the équations of the subvariety YAaRx P8 are (4.5).

§5. Proof of rationality

In this section we prove the rationality of C(YJN(H). Define

rj: Y,-*R, (r,y)\-+r,

fi: F,->P8, (r,y)\-+y.

We hâve rj(n(x°)) 0. It follows from (4.5) that fi(rf~l(r)) is an intersection of 2

quadrices and 3 hyperplanes in P8.

LEMMA 5.1. rj~l(O) is irreducible and 3-dimensional.

Proof. The variety p(rj~l(O)) is the intersection of a 5-dimensional linear
subspace Lo of P8 and 2 quadrices. Consider the restriction of thèse 2 quadrices to
Lo. One can calculate that

(1) some linear combination of thèse restrictions of the quadrices has maximal
rank,

(2) the rank of ail nontrivial linear combinations of thèse restrictions of the

quadrices is >3.
From (1) it follows that p(rj~\O)) has no irreducible component of degree 1. From
(2) it follows that dim()9(//-1(0)) 3 and that fi(ri~l(0)) has no irreducible component

of degree 2. Therefore, rj~](O)^/3(rj~l(0)) is irreducible and 3-dimensional.
Set

R' {reR | rj~l(r) is irreducible and 3-dimensional}.
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From Lemma 5 1 ît follows that R' îs an open nonempty N(H)-mvariant subset of
R, that OeR\ and that n~l(Rf) îs an open nonempty N(H)-mvariant subset of YA

Hence

Let us prove now the rationahty of C(n~l(R'))N(H) Consider the bundle

rj\^{R') n~\R')-*R'

This bundle has the iV(//)-section

r^(r,u'(r))9 u'(r) (0 0 0 0 0 0 10 0)

LEMMA 5 2 There exists an open nonempty N(H)-invartant subset R" a R such

that

(1) 7T90,
(2) the bundle q\n HR) rj-l(R")->R" has the N(H)-section

r^(r,u"(r)) (r9u'i(r) u"9(r))

where u'j(r) u'i(r) Ug(r) 0 for reR\
(3) w"(0) (-5/4 20 -20 65 0 13 0 0 0)

The proof will be given m §6

By (4 5) and Lemma 5 2 ît follows that

<«'(/•), u"(r)y<zp(i,-l(r)) for reR'nR"

Set

N(r)~(u'(r),u"(r),(l 0 0 0 (0 1 0 0

(0010 )>c=P8, reR'nR"

We hâve N(H) N N and g N(r) N(g r) for geN(H)
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LEMMA 5.3. There exists an open N{H)-invariant subset R'" a(Rf nR") con-
taining 0 such that

(1) dim N(r) 4 and

(2) N(r)nN=0
for ail reR'".

Proof From Lemma 5.2 we get dimJV(0) 4 and N(0)nN= 0, and the
lemma follows.

For reR'" let

y,:P*->N

be the projection of P8 to N from N(r).

LEMMA 5.4. There exists an open N(H)~invariant subset R'" cz R" containing 0
such that y,(J3(ij-l(r))) Nfor reR"".

Proof. It can easily be checked that yo{P(rj~x({)))) N. From this the lemma
follows.

Clearly, we hâve an isomorphism

It remains to prove the rationality of C(rj~l(R""))N(H). First recall the following
fact.

LEMMA 5.5. Let X c P" be an intersection of a 5-dimensional linear subspace
and two quadrices, and let Mx, M2 c P" be linear subspaces. Suppose that X is

irreducible, dim X 3, MlnM2 0, dim Ml n — 4, dim M2 3, MxnX contains
a Une, andp2(X) M2, where p2 is the projection ofP" to M2 from Mx\ then p2\x is

a birational isomorphism of X and M2.

Proof Let L c Mx n X be the line. For a point ueM2 in gênerai position the
intersection of any of the quadrices and the plane <L, w> splits into two lines where
the line L is one of the component. Therefore, Xn(L, w> is the union of L and

some point u' where (p2\x)~l(u) — i14')- ^ follows that p2\x is a birational isomorphism.

D

From Lemmas 5.4 and 5.5 it follows that
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is a birational isomorphism for ail reR"". Therefore,

r: ri-\R"")-*R"" x N, (r,y) ^ (r, yr(y))

is a birational Af(//)-isomorphism which defines an isomorphism of fields

£,(rf-x{R""))NW ~ C(J?W/ x N)N(H).

The rationality of the field

C(JR"" x N)N(H) ~ C(R x JV)"(//)

is now a conséquence of "Noname Lemma" and Castelnuovo's Theorem [2], [7].

§6. Proof of Lemma 5.2

In this section we give a proof of Lemma 5.2.

Let Xx c P(K(8) 0 V(0) © V(4)) be the projectivization of PSL2 • <zf, z]z2, z\z22y

and let X2 c P(K(8)© K(0)© K(4)) be the projectivization of PSL2 • (5e7 -f- e9>. It
is obvious that Xx and X2 are irreducible, dim ^ dim X2 — 3, and that fe Xx iff/
has a root of multiplicity >6 (as an élément of F(8)). It is also clear that
ô/((z*,z]z2,z(îz2)) 0 and that the differential rfC^I^))!^ is surjective. This

implies that Xx is an irreducible component of P(ô~l(0)n F(8)). Note also that

(see [16]).
Since à,(5e7 4- e9) 0 and the differential d(ô,\v(8))\5e7 + e9

is surjective, we

see that X2 is an irreducible component of P(ô~l(0)n F(8)). Since the stabilizer of
5e7 4- e9 in PSL2 coincides with N(H) and 5^7 + e9 has distinct roots, we hâve

From the considérations above we obtain the following resuit.
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LEMMA6.1.

For reR define

L(r) {(x, s)\x4 rxxux5 r2x2, x6 r3x3).

We shall describe L(r)nX{ and L(r)nX2. Set

Lo {(x, s) I xx x2 x3 x4 x5 x6 0},

Lx(r) {(x, s)\xl^ 0, x4 rxxu x2 x3 x5==x6 0},

L2(r) {(x, s) I x2 # 0, x5 r2x2, Xj x3 x4 x6 0},

L3{r) {(x, s) I x3 # 0, x6 r3x3, Xj x2 x4 x5 0},

Lx(r) {(x, s) I x2x3 =£ 0, x5 r2x2, x6 r3x3, xx x4 0},

L2(r) {(x, .y) XjX3 # 0, x4 rjXi, x6 r3x3, x2 x5 0},

L3(r) {(x, s) | X!X2 # 0, x4 rxxuxs r2x2, x3 x6 0},

L°(r) {(x, s) | xxx2x3 # 0, x4 rjXl9 x5

The linear subspace L(r) is the disjoint union of the subsets Lo, L°(r), A(r), L,(r),
ï 1, 2, 3. For geN(H), reR we hâve

g • L(r) L(g • r), g • £°(r) ^°fe " 0, ^ • ^o A),

where /c: N(H)^S3 is the homomorphism given by

\ % «<•>-(; 3

LEMMA 6.2. TAere exist an open nonempty N(H)-invariant subset R" <=¦ R

containing 0 such that L(r)nP(ô~l(0)<^ ^(8)) consists o/32 /?o/«/j of multiplicity 1

/or a// re/?" wA/cA satisfy the following conditions:

(1)
(2) ||(3) 1^(^)01,1 2, l<y^3, l</<2;
(4) |L°(r)nAr,|= 12, \L°(r)nX2\ 4.
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Proof. Set

R° {r e R \ 96r2r3 - 672r2 - 672r3 + 1248 * 0,

6rxr3 + 42rx + 84r3 + 156 # 0, -6^^ - 42^ + 84r2 + 156 # 0}.

From (1.2) it follows that L/(r)nP(^71(0)n F(8)) 0 for reR°, 1 <y<3. It is

sufficient to prove that
(a) |L°(0) n P(ô 71 (0) n F(8))| 16,

(b) Lo n Xx 0, |L0 n X2 \ 4, |Ly (r) n X/1 2 (1 <y < 3, 1 < / < 2) for r e 7?.

Equation (a) can be proved by straightforward calculations.
Let us prove (b). Consider /e(L,(r)uL0)nPK(8). If (a\b) is a root of/of

multiplicity m, then so is (a:—b). It follows that if (a:b) is a root of/of multiplicity
>6, then (a:b) (1:0) or (a:è) (0:1). Suppose/eLo; then neither (1:0) nor (0:1)
is a root of/of multiplicity >6. Therefore,

LonXx 0. (6.1)

Suppose feLx(r)nXx. If (1:0) is a root of / of multiplicity >6, then /=
— ex—rxe4 + rxe7 + e%. If (0:1) is a root of / of multiplicity >6, then /=
ex + rxe44- r,e7 -f ^8- It follows that

\Lx(r)nXx\ 2. (6.2)

Direct calculations give us

LonP(Sj](0)n K(8)) {5e7 ± ^, 15^7 ± 5^8 - e9}. (6.3)

Taking into account (6.1) and (6.3) we obtain

Direct calculations give us

rxe4) + rxe1 + e^ ±(aex + rxae4) + (90 - 5r2x)e7 - 5rxes -h 6e9}, (6.4)

where a2 25(rf - 36). Using (6.2) and (6.4), we get
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\Ll(r)nX2\ 2.

We hâve

g • L,(r) L2(a • r), a - L2(r) L3(a • r), a - L3(r) LX((T • r).

For 2 <y < 3, 1 < / < 2, we obtain

\Lj{r)nXt\ |(ffI-'-L/(r))n(ff1-^jr/)| |L1(cr1 -^Onl^ 2. D

COROLLARY. L°(r)^;if2 w a/i H-orbit for reR".

Proof. It is clear that the stabilizer of any xeL°(r) in the group H is trivial.
Therefore, any //-invariant finite subset of L°(r) of 4 points is an //-orbit. Hence,

L°(r)nX2 is an //-orbit.

Proof of Lemma 5.2. Set

Statements (1) and (2) of Lemma 5.2 follow from Lemma 6.2 and its Corollary,
Let us prove statement (3) of Lemma 5.2. It can easily be checked that x° has

no root of multiplicity >6 (as an élément of F(8)). From Lemma 6.1 it follows that
x°eX2. We get

M"(0) u"{n(x*)) n(x~°) (-5/4 : 20 : -20 : 65 : 0 : 13 : 0 : 0 : 0).
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