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Classification of certain infinite simple C*-algebras, 11

GEORGE A. ELLIOTT AND MIKAEL ROGRDAM

1 Introduction

The main purpose of this paper is to complete the construction of classifiable
models of separable, purely infinite, simple C*-algebras that was started in [15].
The class € of classifiable models has, almost by its definition (see [15, Defini-
tion 5.5], and also Definition 5.1 below), the property that if 4 and B are two
unital C*-algebras in € with (K,(A4), [1], K,(A4)) isomorphic to (Ky(B), [1], K, (B)),
as abelian groups with a distinguished element of K, then 4 and B are isomor-
phic. Non-unital C*-algebras in ¥ are always stable and are classified by the two
K-groups alone (see [15, Theorem 5.7]).

The class € is closed under inductive limits, which is proved in [15, Theorem
5.9], and in a stronger form here in Theorem 5.4. The C*-algebras in € are
natural models for separable, purely infinite, simple C*-algebras with the same
K-theory in, at least, two different ways. First, ¥ has nice properties as a class,
such as the one mentioned above. Secondly, there is a necessary and sufficient
condition of a rather intrinsic nature, that a C*-algebra be isomorphic to its
model in 4 (see Theorem 5.6) if this exists. In fact, as we shall show, every
separable, purely infinite, simple C*-algebra has a classifiable model. Recall that
it was proved in [15, Theorem 8.2], that for every triple (Gy, g0, G,), where G,
and G, are countable abelian groups and g, € G,, such that G, is torsion free,
there is a unitial C*-algebra 4 in € with (K,(4),[1], K;(4)) isomorphic to
(Gy, g0, G,). To complete the construction of classifiable models we must show
that the condition that G, be torsion free can be removed. This is done in
Theorem 5.6.

The construction involved is an elaboration of simultaneous but independent
work, [2] and [10], in which simple inductive limits of direct sums of matrix
algebras over C*-algebras of the form ¢,, ® C(T) are proved to be classified by
K-theory. The C*-algebra ¢, is the Cuntz algebra, and this C*-algebra is so far
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616 GEORGE A. ELLIOTT AND MIKAEL RGRDAM

known to be classifiable in the above sense when 7 is even. Since K, (0, ® C(T)) is
isomorphic to Z/(n — 1)Z, these results bring C*-algebras with torsion into the
picture, but it is not proved in [2] or in [10] that the simple inductive limits they
consider actually belong to 4. The Cuntz algebras ), have models Q, in € by [15]
because K;(0,) =0, and it is known that O,, is isomorphic to Q,,. We shall prove
here (in Corollary 5.5) that every simple, inductive limit of direct sums of matrix
algebras over Q, ® C(T) belongs to %, and that these C*-algebras therefore are
classified by K-theory. This, together with techniques from [15], brings C*-algebras
with arbitrary K,-groups into the classifiable class €. In short, the class € exhausts
the invariant.

2 Preliminaries

We shall in this chapter in part recall and in part develop the theory needed for
the constructions which follow later on.

2.1 The decoy Cuntz algebras

The Cuntz algebra 0,,n >2, is defined in [5] as the universal C*-algebra
generated by isometries s, . . ., s, satisfying 1 =s,s¥ + - - - + s5,5F. Cuntz proved in
[5] that O, is simple and purely infinite, and in [6] he proved that K,(0,) is
isomorphic to Z/(n — 1)Z and that K,;(0,) = 0. The class of the unit in (), generates
Ko(0O,).

It is proved in [15, Theorem 8.2] that what is called there the classifiable class
€ of purely infinite, simple C*-algebras (see also Section 1 above) contains unital
C*-algebras Q,,n >2, with K,(Q,) =Z/(n —1)Z, K,(Q,) =0 and with K,(Q,)
generated by [1]. Moreover, by the properties of €, there is for each n >2 only one
C*-algebra — up to isomorphism — in € with this K-theory. It is proved in [14] that
0, is isomorphic to ¢, (equivalently, ¢, belongs to %) if n is even. It is not known
(at present) if this also holds for odd n. The C*-algebras Q, might be called the
decoy Cuntz algebras (with the idea being to replace the decoy with the real thing).

The decoy Cuntz algebra Q, is, like 0, generated by a UHF-algebra B of type
n® together with an isometry s such that b > sbs* defines an endomorphism of B.
This endomorphism is a perturbation of the Bernoulli shift by an approximately
inner automorphism. It is here that the construction of Q, differs from that of 0,
which involves the Bernoulli shift itself. By [15, Proposition 3.7] (possibly after
replacing s with us for some unitary u € B) there exists a generating nest {B,} of
subalgebras of B such that for each k, B, is isomorphic to a full matrix algebra of
order a power of n, and sB,s* and s*B,s are contained in B, _ .
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We may assume that B, is isomorphic to M, and that ss* is a one-dimensional
projection in B,. In that case there are partial isometries b,, ..., b, € B, such that
X b;ss*b} = 1. This defines an embedding of ¢, into Q, by mapping s; onto b;5. We
shall have occasion to refer to this embedding later.

2.2 The Bott element associated with two almost commuting unitaries

Two communting unitaries # and v in a unital C*-algebra A determine in a
canonical way a *-homomorphism ¢ : C(T?) — 4. Define b(u, v) € K,(4) to be
Ky(@)(b), where b € K,(C(T?)) is the Bott element.

Terry Loring observed in [11] that there are real-valued continuous functions
1. g, h € C(T) such that if z,, z, are the canonical unitary generators of C(T?), then

o = ( f(z2) h(z3)z, + g(Zz))
Z1h(zy) + g(2) 1 —f(z,)

is a projection in M,(C(T?)), and

o[ 9)

It follows that the image of e in M,(A), with respect to two commuting unitaries
u,vin A as above, i.e.,

” v)_< @ hu +g)
DT\ uth) +g0) 1)

s

>eMgAx (2.2.1)

is a projection, and

bmw=Mmm—Kégﬂ. (2.2.2)

Loring observed further that there is a universal constant J, >0 such that if
u,v € A are unitaries with |juv —vu| < d,, then the spectrum of the self-adjoint
element e(u, v) does not contain 3. This allows us to associate a Bott element to a
pair of almost commuting unitaries # and v as

1 0
b, 0) =t ot )] = [(O 0)] (223)
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Note that if {u,},1€[0,1], is a continuous path of unitaries such that
|0 — vu, || < 6, for all ¢, then b(uy, v) = b(u,, v). It follows easily from the defini-
tion of the Bott element that

b _ , . = > b(u;, v,) (2.2.4)
* i j= 1
0 u, 0 v,

when |u;v; —v;u;| < J,. From these two observations and standard homotopy
tricks one easily deduces that

b(u, v) = —b(v, u), (2.2.5)
and that
b(uluZ T Uy, U) = b(ul, U) + 0+ b(um U)a (226)

if u,, ..., u, are unitaries such that |u,v — vu; | < do/n.
The following existence theorem for C(T?) will be used several times in this paper.

THEOREM 2.2.1. Let D be a stable, purely infinite, simple C*-algebra. It
follows that for every pair of group homomorphisms o, : Ko(C(T?) — Kyo(D) and
o, : K, (C(T?) = K (D) there is an injective *-homomorphism ¢ : C(T?) - D such
that K,(o) = oy and K,(¢) = «;.

The theorem can be rephrased as follows: If D is a unital, purely infinite, simple
C*-algebra, if g, € K,(D) and if g,, h, € K,(D), then there are commuting unitaries
u, vin D such that [u] = g,, [v] = h, and b(u, v) = g,, and such that C*(u, v) = C(T?).

Proof. We prove the rephrased version. Set
G=27[1]2)®Z, G*={(t,n) e G|t >0} L {(0,0)}, u=(1,0).

Then (G, G*, u) is a dimension group with a distinguished order unit, and there is
a unital AF-algebra B which has that dimension group as its invariant. Notice that
B is simple because G is a simple dimension group. It is proved in [9] that there is
a unital embedding ¥ : C(T?) —» B with K,(¥)(b) = (0, 1) € G.

Find mutually orthogonal, non-zero projections p,,p,,p; in D with
pi+p,+p3=1 and [p;] =0 in K,(D). By the existence theorem for AF-algebras
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(see [15, Lemma 7.2]) there is a unital *-homomorphism y': B —p,Dp, with
Ko(¥')((2, n)) = ng,. Combining this with the embedding of C(T?) into B and the
fact that K,(B) =0 we get commuting unitaries «,, v, in p, Dp, with b(u,, v,) = g,,
and [u;] =[v,] =0 in K,(D). Find unitaries u, € p,Dp, and v, € p;Dp, such that
[u,] =g, and [vs] =h,, and set u =u, +u, + p;, v =v, + p, + v3. Then, clearly,
[u] =g, and [v] = A, and by (2.2.4) we find that b(u, v) = g,. O

The following theorem is a fundamental ingredient in our proof of the unique-
ness theorem for Q, ® C(T).

THEOREM 2.2.2. ([3, Theorems 8.1 and 9.1]) For every ¢ >0 there is a
0 € (0, 0y) so that the following is true. Let D be a unital, purely infinite, simple
C*-algebra and let u,v be unitaries in D. Suppose that [u] =0 in K,(D), that
|uv —vu|| <6 and that b(u,v) =0 in Ky(D). Then there is a continuous path
{u,},t€[0,1], of length less than Sn + 1, consisting of unitaries in D such that
up=1,u, =u and |u,o —vu, | < for all t €0, 1].

2.3 Approximate unitary equivalence of two unitaries

The purpose of this section is to prove a sharper version of the following
theorem.

THEOREM 2.3.1. ([7]) Let D be a unital, purely infinite, simple C*-algebra, and
let u, v be unitaries in D. If [u] =[v] in K,(D) and sp (u) =sp (v) =T, then u and v are
approximately unitarily equivalent in D (i.e., there is a sequence {w,} of unitaries in
D such that w,uw} —v).

LEMMA 2.3.2. Let D be a unital, purely infinite, simple C*-algebra, and let
u € D be a unitary with full spectrum. Then for every 6 in (0, d,), where d, is as in
Section 2.2, every g, € Ky(D), and every g, € K,(D) there exists a unitary v € D with
|uv —vu || <6, [v] =g, and b(u, v) = g,.

Proof. It follows from Theorem 2.2.1 that there are commuting unitar-
ies u,, v, € D with full spectrum such that [u,] = [u], [vo] = g, and b(uy, vy) = go. We
conclude from Theorem 2.3.1 that there is a unitary weD such that
[wugw* — u|| <56/2. With v = woow*, we get |juv —ou| <4, [v] =g, and

b(u, v) = b(wugw*, woow*) = b(uy, vy) = go- O
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THEOREM 2.3.3. Let D be a unital, purely infinite, simple C*-algebra and let
u,v € D be two unitaries with full spectrum such that [u] =[v] in K,(D). Then for
every g € K, (D) there is a continuous path {w,}, t € [1, 00), of unitaries in D such that
[w,] =g and wuw¥ —-v as t - oo.

Proof. Let 6 =4, correspond to ¢ =1/n in Theorem 2.2.2. By Theorem 2.3.1
there exists a sequence {z, } of unitaries in D such that

|zouz} —v|<zmin {n-1,4,}.
By Lemma 2.3.2, there are unitaries x, € D with

|x,ux} —u|| <jmin{n~",4,},

[xn] =8 — [Zn]7

b(xn+]9 u) = _b(x: Z:‘ Zuits u)'
Set z,x, =w,. Then [w,] =g,
|O0% Wyt = u(w W, )| <min {n~", ,},

and b(w}w,. ,,u) =0. Hence Theorem 2.2.2 yields a continuous path
{w,}, t €[1, o), of unitaries in D such that w, is as above when n e N, and for
ten,n+1]j,

|w,wuw} —v| < ||wuwf —wuw} | + |w,uw} —v|

<n-! +1n‘l =§n’l
- 2 2
This proves that w,uw®* - v as t — cc. O

We conclude this section by quoting the following “tail lemma”.

LEMMA 2.34. ([3, Theorem 11.3]) Let D be a unital, purely infinite, simple
C*-algebra, and let {u,} and {v,}, t € [0, 1], be two continuous paths of unitaries in D
such that [u,] =[v,] in K,(D) and all u, and v, have full spectrum. Let 6 > 0 be given.
Then there is a continuous path {w,},t €[0,1], of unitaries in D such that
[w,uw¥ —v,| <dforallt €0, 1]. If uy = vy, then {w, } can be chosen such that w, = 1.
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2.4 The universal coefficient theorem
Let A, here denote either ¢, or Q,. Suppose that ¢,y : 4, ® C(T) -» D are
*-homomorphisms, where D is an arbitrary C*-algebra. We shall determine when

KK(¢) = KK(¥) in terms of specific data associated with the *-homomorphisms ¢
and . By the universal coefficient theorem of Rosenberg and Schochet, [13], if

K(9) = Ku(¥) : Ki(4, ® C(T)) — Ki(D),
then KK(¢) — KK({) = (&, &), where

¢ € Ext (K;(4, ® C(T)), K, _(D)).
The Ext-elements ¢, and ¢, can be calculated as follows. Consider the C*-algebra E
of pairs (f,a) with f:[0,1]—- D continuous, a € 4, ® C(T), f(0) = ¢(a) and
f(1) = y(a). By means of the map

n:E—->A,®C(T), (f,a) —a,
there is then associated to the pair (¢, ) an extension of C*-algebras:

0->SD »E5 A, ®C(T) —0. (2.4.1)

If K.(p) = K.(}), then the six-term exact sequence of K-groups of this extension
has zero index maps and therefore yields two short exact sequences:

0 K (D)~ Ky(E) =5 Ky(4, ® C(T)) =0, (2.4.2)
0 K, (D)~ K,(E) -5 K, (4, ® C(T)) —0. (2.4.3)

These are the elements ¢, and ;.

We wish to identify ¢, and ¢ more explicitly. The following construction from
[4] will be used in the proof of the following proposition and in Section 4. Let CD
denote the C*-algebra of all continuous bounded functions f: [1, c0) = D, and let
C,D denote the ideal in CD consisting of those f € D for which f(f) -0 as ¢ — co.
There is a canonical map j: D - CD/C,D, mapping an element x € D into the
constant function f(f) =x modulo C,D. The induced group homomorphism
K.(j) : Ku(D) » K4(CD|C,D) is injective. It has been proved by G. Nagy in [12]
that K,(j) is an ismomorphism when D is stable. (Moreover, K,(j) is an
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isomorphism when D is a purely infinite simple C*-algebra, but the two facts about
K, (j) quoted above will suffice for the purposes of this paper.)

PROPOSITION 2.4.1. Suppose that D is a unital, purely infinite, simple C*-alge-
bra and that ¢,y : A, ® C(T) > D are injective unital *-homomorphisms. Let
B, = A, be as described in Section 2.1, and let z denote the canonical unitary
generator of C(T). Assume that ¢|B,®1=y|B,®1 and that |e(l1®z) —
Y(1®2)| < 80/2, where &, is as stipulated in Section 2.2. Then K.(p) = K.(}),
u=q@(s®)*Y(s ®1) is unitary, and if v = ¢(1 @ z), then |uv —vu||<d,. Let D € E
be a short path of unitaries in D connecting ¢(1 ® z) to Yy(1® z). Then, with o, and
o, as in (2.4.2) and (2.4.3),

nag([u)) =(n — Dllgl,  nay (b(u, v)) = (n — D[5].

In particular, KK(o) = KK(y) if and only if [u]l € (n — DK, (D) and b(u,v)e
(n — DKy (D).

Proof. That K,(p) = K.(y) follows from the fact that the class of the unit in
A, ® C(T) generates its K,-group and the class of 1 ®z generates its K,-group,
together with the assumptions that ¢ and ¢ are unital and that ||p(1®2z) —
Y(1®2)| <8/2 <2, whence [p(l ®2)] =[yY(l®z)]. Because ss* e B,, we get
o(ss*®1) =yY(ss*®1), and it follows that u is unitary. It is easily checked that
uv — vu || < 6,.

Assume to begin with that Y(1®2z) =¢(1®z)(=v), and let us relax at
the same time the assumptions on D, and assume only that D is unital.
Set Dn{vy =D, and let ¢, Y,:A,—>D, denote the *-homomorphisms
a— @ea®l),a—>Y(a®1). Then Ky(p,) = Ky(¥,) because ¢, and ¢, are both
unital. Consider the extension of C*-algebras analogous to (2.4.1) for the pair

(®05 ¥o),
0—SD,—E, 5 A, -0,
and its induced exact sequence of K-groups,
% Ko(mp)
0 - K, (Do) — Ko(Ey) — Ko(4,) —0.
Since @|B, = Y,|B, there is an embedding : : B, —» E, such that 701 =id,, . (Map

b € B, into the pair (f, b) where f denotes the constant function with value ¢ (b).)
We can now apply [15, Lemma 6.9], and conclude that

nag ([u]) = nKo()([1] — [ss*]) = Ko()((n — D[1]) = (n — D[1g,].
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Considering the extension (2.4.1) arising from (¢, ¥), we have that v € E (when v is
identified with the pair (f,v) with f the constant map) and E, < E. Define
*-homomorphisms Dy®@ C(T) »D and E,®C(T)—»E by a®l+a and
1 ® z > v. These lead to the commutative diagram.

0—— SDy® C(T) — E,® C(T) 225 4, ® C(T) — 0

|

0 , SD E— " 4, ®C(T)—0

in which the rows are exact. By functoriality, from the first square we obtain the
following commutative diagram of groups:

K,(Do) ® K, (C(T)) —2% Ko(Eo) ® K, (C(T)

4

K, j(Dy,®@C(T) —— Ki(E®C(T)

K,_/D) ——  K(E)

Consider the composition of the two maps in the left column. For j =0, the
element [u] ®[1] € K, (Dy) ® K,(C)T)) is first mapped onto [u ® 1] € K, (D, ® C(T)),
and then onto [u] € K,(D). For j =1, [u] ®[z] € K,(D,) ® K,(C(T)) is first mapped
onto bu®1,1®z) € Ko(Dy® C(T)), as we shall show below, and then to
b(u, v) € Ky(D). Consider next the composition of o, ®id with the two maps in the
right column, and recall that og(n[ul) = — D[l ] For j=0, (nu]) ®[1]
is mapped to ((n—1D[lg])®[1] and then on to (n—1)[1g] € Ko(E). For
j =1, (n[u]) ®z is first mapped onto ((n — 1)[1,]) ®[z], then to (n — 1)[1 ® 2], and
finally to (n — 1)[v] € K, (E). Because the diagram is commutative, we conclude that
noto([u]) = (n — 1)[1;] and na; (b(y, v)) = (n — 1)[v] when ¢(1®2) = Y(1®2).

To prove the assertion made above concerning the image of [u] ®[z], let us
examine the map K,(D,) ® K,(C(T)) - Ko(Do ® C(T)). Upon identifying S4 with
Co(R) ® A, this map is the composition of the following three natural maps:

K, (D) ® K;(C(T)) — Ko(Co(R) ® Do) ® K, (C(T))
— K (Co(R) ® Dy ® C(T)) = Ko(Do @ C(T)).
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Let s be a unitary in Cy(R), with a unit adjoined, whose class in K,(C,(R)) is a
generator. Denote by (., .) the natural pairings

KJ(A) ® K, -—j(B) —K,(4® B).

Then, by the definitions of the isomorphisms K,(D,) — K,(Cy(R) ® D,) and
K (Go(R) ® Dy® C(T)) = Ko(Dy® C(T)), and by associativity of the tensor
product, we get
M®[z] —,bs®1,1Qu) ®[z]
HBERIRLIRuE,[I®1®z])
={[@1IR®1],(1®uR,1R®1®2))
Hbu®1, 1®2).
Consider now the case that |¢(1®2z) —y(1 ®z)|<dy/2 and D is simple and
purely infinite. Theorem 2.3.3 gives us a continuous path {w,}, ¢ €[l, o0), of
unitaries in D n @(B}) such that w,=1 and wyY(l®@z)w* > p(1®z). Set

¢ =jogp:A4,0C(T)~>CD|CyD, where CD|CyD and j: D — CD|C,D are as de-
scribed above, and let § : 4, ® C(T) » CD/C,D be given by

Y(x) = {(Adw, > Y)(x)}1cp1.00y + CoD.

Then ¢(1 ® z) = Y(1 ®z) (=0), and we have a commutative diagram

0—s SD — E —sA4,®CT)——0

_—

0—— S(CD|CyD) —— CE|CYE —— 4, ® C(T) —— 0

where the second row is the extension associated with the pair (¢, /). From the first
square we obtain the following cummutative diagram of K-groups with injective
vertical maps:

%

K_;(D) —— K(E)

|

K,_,(CD|C,D) —— K;(CE|C,E)
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Set @(s ® )*Y(s ®1) =u. From the previous paragraphs we deduce that
ndo([@#]) = (n — 1)[1] in Ko(CE|/CyE), and na, (b(i, v)) = (n — 1)[#] in K,(CE|C,E).
To complete the desired calculations of «, and «,, just check that [u] € K,(D) is
mapped onto [#] € K,(CD/CyD), that b(u, v) € K,(D) is mapped onto b(i, D) €
Ko(CD|CyD), and that [§] € K,(E) is mapped onto [#] € K,(CE|/C,E).

The universal coefficient theorem yields, as mentioned above, that KK(¢) =
KK(y) if and only if the extensions (2.4.2) and (2.4.3) split.

Since K;(4, ® C(T)) =Z/(n —1)Z for j =0, 1, and these groups are generated
by [1], respectively [1 ® z], the extensions split if and only if these two generators lift
to elements in K;(E) of order n — 1. Since Ky(n)([1]) =[1] and K, (n)([#]) =[1 ® z],
this is the case if and only if there are elements g; € K;(D) with

(n —D(1D) —a(g1) =0,  (n — 1)([?] — 01(g)) = 0.

But

(n = D([1] — ao(g1)) = ao(n[u] —(n — 1)g,),
(n — 1)([0] — ,(80)) = o, (nb(u, v) — (n — 1)g,).

Because o, and o, are injective, it follows that g,, g, can be found if and only if
[u] € (n — 1)K, (D) and b(u, v) € (n — 1)K,(D). O

3 A uniqueness theorem for 0, @ ((T)

It will be proved that every pair of injective, unital *-homomorphisms from
0, ® C(T) into a unital, purely infinite, simple C*-algebra that define the same
element in KK-theory are approximately unitarily equivalent. The proof of this
follows the lines of [15], [2] and [10], but significant sharpenings of results from
these papers are necessary and will be carried out in the lemmas below. We shall try
to make as much use of the already established results as possible without
disrupting the present exposition unduly.

Let {B,} and b,,...,b, € B, be as in Section 2.1. Suppose that D is a unital,
purely infinite, simple C*-algebra and that ¢ : @, —» D is a *-homomorphism. Set,
as in [15],

a(x) = Zn:] @(b;)xp(b;s)*, x € D. (3.1
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Observe that if x € D, 8 > 0, and v € U(D) are such that |x| <1, |ve(s) — @(s)v]|| <
d, |vx — xv|| < 8, and |Jvp(d) — @(b)v| < d|b|| for all b € B,, then |jv —v,| < & for
some v, € D N ¢(B,)’ with |v,]| <1, and hence

lo@x)v — va(x) || <26 + ||o(x)vy — voo(x) | < 114.
We therefore get by induction that

|e4()v — vak(x) | < 11%6 || x| (3.2)
for all x € D.

LEMMA 3.1. (cf. [15, Lemma 6.5]) For every ¢ >0 and k € N there are m > k
and d € (0, 6,/2), where O, is as defined in Section 2.2, such that the following holds.

Let D be a unital, purely infinite, simple C*-algebra and let @, : Q,— D be
unital *-homomorphisms such that ¢|B,, =y|B, and such that (u =) ¢(s)*y(s)
belongs to Uy(D N @(B,,_,)). Let ve D be a unitary in D n ¢(B,,)’ such that
lvp(s) — @(s)v|| <6 and |vY(s) —y(s)v|| <6, and such that b(u,v) =0 in
Ko(D n @o(B,,_)). Then there exists a unitary w in D 0 @(B,) such that
[wols)w* — y(s) | < & and |wv —ow|| <e.

Proof. Notice that |uv — vu|| <20 < J, so that b(u, v) is defined. The proof is a
modification of the proofs of [15, Lemmas 6.4 and 6.5], and we shall just describe
what changes must be made to those proofs. Let N denote the least integer so that
(57 + 1)/N <¢/2 and let r ( > k) denote the integer appearing in the first paragraph
of the proof of [15, Lemma 6.5]. Set r + 3N — 1 =m. (The size of 6 >0 will be
determined in the course of the proof.)

By Theorem 2.2.2, if é is chosen small enough, then there is a continuous path
{u,},t €[0, 1], of unitaries in D N ¢(B,,_,)’ connecting 1 to u such that

N ) -1
;0 — vu, || < QZ 111) o
=1

for all ¢ € [0, 1]. Set

x =0()o’(w) - - - oW,

X = a(u,)az(u,) T GN(ut)s

and observe that {x,} is a continuous path of unitaries in D n @(B,_y_,)’
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connecting 1 to x (use [15, Lemma 6.3]). It follows from (3.2) that

N
|xv —ox, || < Y 1V|u,0 —ovu, || <6,
=1

[xv —vx | sji 1V||uv — vu|.

Hence b(x, v) =b(1,v) =0 in Ko(D N @(B,,_n_1)'). Moreover, to a given 6, > 0 if
0 is small enough, then another application of Theorem 2.2.2 yields a new
continuous path {y, } of unitaries in D n ¢(B,,__,) of length at most 57 + 1 such
that y,=1,y,=x, and |y,v —uvy,|<é, for all t€[0,1]. Choose a division
O0=t<t,< - <ty=1 of the interval [0,1] such that, with z =Y
j=0,...,N—1,

|21 — 2| <(5n + 1)/N <¢/2.

Then z,=1,zy = x, and |z;v — vz;| < 6, for all j.

Set z;=w, and z}fz;,,=w;,,. Then x =w,w,- - wy, |[w,— 1] <e/2, and
[w;v — ow; | <28,. Continue the proofs of [15, Lemmas 6.4 and 6.5] using these
unitaries w,,...,wy (and with w equal to x above) to obtain unitaries
Vo» Uy, ..., Uy in D @(B,) such that |v,A(v;_)* — Au) || <e/2 (where Ax) =
@(s)xp(s)*) and |jv;v — vv; | < &, for some &, > 0 which depends on 8, and tends to
zero as 0, tends to zero. The proof of [15, Lemma 6.5] will then produce a unitary
w in D n @(B;)’ (called v in [15]) such that |we(s)w* —y(s)|| <& and |wv —

vw| < ¢ if & and hence §, are sufficiently small. 0

LEMMA 3.2. Let D be a unital C*-algebra and let ¢ : Q,® C(T)—>D be a
unital *-homomorphism. Set (1 ®z) =vand o(s® 1) =t. Let m € N and let w be a
unitary in D 0 @(B,®1) with |wo—vw| <8, Then t*wt is a unitary in
D N @(B,,_,®1), |t*wtv — vt*wt || <8y, and b(w,v) =nb(t*wt,v) in Ky(D N
@o(B,,_,®1)).

Proof. The map pu:x—t*xt is a unital *-homomorphism from D n
o(B,®1) into D n ¢(B,_,®1), because tt*e @B, ®1) < ¢(B,®1) and
to(B,,_,® Dt* < o(B,,®1); cf. Section 2.1 (see also [15, Lemma 6.1]). We sce
in partiéular that t*wt = u(w) is a unitary in D n ¢(B,,_, ®1)". Since v and ¢
commute,

[t*wev — vt*we | = |e*(wo —ow)t | = [|wo —ow || < .
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If p is a projection in @(B,,_,® 1), then tpt* is a projection in ¢(B,, ® 1) and
[p] = nltpt*] in K,(e(B,, ® 1)). Hence, for every projection e in D n ¢(B,, ® 1),

lep] = nletpt*] = nt*etp]

in K,(D), which implies that [e] = n[t*et] in Ky(D n ¢(B,,_,)’). This again implies
that

nKo(1) = Ko(1) : Ko(D 0 9(B,,® 1)) = Ko(D N @(B,,_, ®1)).

Denote by b(-,-) and b'(-,-) the Bott elements in K,(D n ¢(B,,_,;)") and
Ky(D n ¢(B,,)"). Then

b(w, v) = Ko (1)(b'(w, v)) = nKo(u)(d'(w, v))
= nb(t*wt, t*vt) = nb(t*wt, v). O

LEMMA 3.3. Suppose that D is a unital, purely infinite, simple C*-algebra and
that @, ¥ : Q,® C(T) » D are injective, unital *-homomorphisms with KK(¢) =
KK(). Then for every m € N and every 6 >0 there is a unitary w € D such that if

u=(Adwop)s@D*"W(s®1), v=(Adwee)1®2),

then |uv —vu| < 8, and
() (Adw-9)|B,®1=y|B,®1,
(i) u € Up(D 0 ¢(B,,_1® 1)),
(i) o —v(1®2)] <3,
(iv) b(u, v) =0 in Ky(D m @o(B,,_, ®1)").

Proof. 1t follows from the uniqueness theorem for Q,, [15, Theorem 6.12],
that there is a unitary w, € D such that (i) and (ii) hold with w, in the place of
w and with m + 1 instead of m. Since KK(Adw, - ¢)=KK(¢p), we may,
upon replacing ¢ with Ad w, o ¢, suppose that ¢|B,,,,®1 =y|B,,.,;®1 and that
Ps@DN*Y(s®1) € Up(D N ¢(B,, ®1)).

We have in particular that K,(¢) = K,(), and so, for every projection
p € B,, ., the following holds in X, (D):

[e(1®2)p(p @D +(1—@(p@®D)] =[p(p®z+1—-pR1)]
=(p®z+1-pR1)]
=y(1®2)p(p®1) +(1 —o(p ®1))]
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This shows that [p(1®2)]=Y(1®2z)] in K,(D N ¢(B,,,,®1)), and Theorem
2.3.3 therefore yields a unitary w, in Uy(D n ¢(B,,,, ® 1)) with

|(Ad w; 0 X1 ®2) —Y(1 ®2)| < min {5/2, 5,/4} (=6,).

Observe that (i) and (ii) hold with w, and m + 1 in place of w and m. If we replace
@ with Adw,>¢ we obtain that ¢|B,, ®1=y|B, ., @@L e(s@D*Y(s®1)e
Us(D A ¢(B,, ®1)), and [p(1®2) —Y(1®2)] <.

Proposition 2.4.1 yields that the Bott element b(@(s ® 1)*Y(s ® 1), o(1 ® 2))
belongs to (n — 1)K,(D). It also belongs to Ko(D N ¢(B,, ® 1)’), and because n* and
n — 1 are relatively prime for every k € N, we conclude that

(n — DKo(D) N Ko(D N (B, ® 1)) = (n — DKo(D N 9(B,, ®1)).

The Bott element therefore belongs to (n — 1)Ky,(D n ¢(B,, ®1)’), and so is equal
to (n — 1)g, for some g, € Ko(D N ¢(B,, ®1)).

Use Lemma 232 to find a unitary x in Uy(D n ¢(B,, ®1)") with
[xp(1®2) —@(1® x| <8, /n and b(x, p(1@2)) = —g, in Ko(D N (B, ® 1)),
and set w = x". Then (i) and (ii) are satisfied, and (iii), holds because

lv =¥ (1®@2)| < |we(1®2) — (1@ 2)w| + |o(1 ®2) —Y(1®2) | <20, <4.
Finally, from Lemma 3.2 and (2.2.6) we get

b(u, v) = b(u, p(1 ®z))
=b(w, p(1®72)) +ble(s @ )*w*p(s ® 1), ¢(1®2))
+b(ps @D *Y(s® 1), (1@ 2))
= nb(x, p(1®2z)) —nb(e(s @ 1)*x¢(s ® 1), (1 ®2))
+b(p(s @ D*Y(s ® 1), (1 ®2))
= —ngo+go+(n—1)g=0
in Ko(D N ¢(B,,-1)") O
THEOREM 3.4. Suppose that D is a unital, purely infinite, simple C*-algebra

and that ¢,y : Q, ® C(T) = D are injective, unital *-homomorphisms. Then ¢ and Y
are approximately unitarily equivalent if and only if KK(p) = KK(¥)).
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Proof. The “only if” part follows from [15, Proposition 5.4], because
KK(Q, ® C(T), D) = KL(Q,, ® C(T), D) (this holds as K,(Q,® C(T)) is finitely
generated; cf. above). To prove the “if” part it sufficies to show that for every k e N
and every ¢ > 0 there is a unitary w in D such that

(i) (Adwo)|B,®1=y|B,®1,

(i) [(Adweo@)s®1) —Y(s® D) <&,

(i) [(Adwee)X1®2) —Y(1®2)|| < 2.

Let m >k and 6 >0 be as in Lemma 3.1, corresponding to the given k and e.
By Lemma 3.3 we may assume that ¢ and y agree on B,, ® 1, and that

le(1®2) —y(1®2)| < min {¢, §/2},
@ =) ps ®D*Y(s®1) € Ug(D N @(B,,_,)"),
b, p(1®2)) =0 in Ko(D N @(B,,_1)").
Set ¢(1 ®z) =v and observe that ve(s ® 1) = ¢(s ® 1)v and that

lo(s ®1) —yY(s @ v|| <2|p(1 ®2) —Y(1®2)|| < 6.

Lemma 3.1 yields a unitary w in D n @(B,)’ satisfying (ii) and such that
[wo(1®2) — (1 ®z)w| <e. It follows that (i) holds, and that (iii) holds is seen
from

I(Adwoo)(1®2) —¥(1®2)| < [wo(1®2) — p(1@2)w|
+e(1®2) —¥(1®2)| < 2. 0

4 An existence theorem for Q, ® (AT)

The existence theorem for O, ® C(T) is proved via an approximate existence
theorem for ¢, ® C(T). From this we obtain an approximate existence theorem for
0, ® C(T). We turn this into an exact existence theorem for Q, ® C(T) using the
trick of Connes and Higson to replace the target algebra D with CD/C,D, in much
the same way as above in the proof of Proposition 2.4.1. (In doing this we use the
uniqueness theorem of Section 3, which also holds for approximate homomor-
phisms. More precisely, it turns out to be sufficient to use Lemma 3.1.)
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PROPOSITION 4.1. Let D be a stable, purely infinite, simple C*-algebra. Then
every element of KK(0, ® C(T), CD|C,D) is represented by an injective *-homomor-
phism 0, ® C(T) - CD|C,D.

Proof. We show that for every pair
% : K; (0, ® C(T)) - K;(CD/C, D),

k =0, 1, of group homorphisms and every pair
¢; € Ext (K; (0, ® C(T)), K, _,(CD|D,D)),

j=0,1, of extensions there are injective *-homomorphisms ¢,y : 0, ® C(T) —
CD/CyD such that K, (¢) = K;(}) =a;, and KK(¢) — KK(}) = (&, €,), when the
Ext-groups, via the universal coefficient theorem, are viewed as subgroups of
KK(0, ® C(T), CD|CyD). Since the universal coefficient theorem holds for the
given pair of C*-algebras, since the Ext-groups are torsion groups, and since the
KK-elements that can be represented by *-homomorphisms form a sub-semigroup,
the proposition will follow from the assertion.

Set o([1]) =g and «,([1 ® z]) = g,. Choose a non-zero projection e in D with
[e] = go. Replace D with eDe, so that D becomes unital and «,([1]) =[1]. Consider
representations of the Ext-elements ¢;:

0K, _,(CD|CyD) > E, 3K (0,® C(T)) —0.
Lift [1] and [1 ® 2] to ¢, € E, and e, € E,. Since (n — 1)m;(e;) = 0 there are elements

h; € K;,(CD|C,D) such that y;(h,_;) = (n — 1)e;, We find two unital *-homomor-
phisms @, § : 0, ® C(T) - CD/C,D such that

p(1®2) =y(1®2), ¢B®1=y|B®1, [p(1®2)]=g,

[os @ D*W(s @Dl =hy,  blo(si ® D*Y(s; @ 1), (1 ®2)) = hy.
It will then follow from Proposition 2.4.1 that ¢ and y define the given element of
the KK-group.

By Theorem 2.2.1 there are commuting unitaries u, v € D with full spectrum

such that [¥] = h,, [v] =g, and b(u, v) = hy. Since D is purely infinite and

(n — DI1p] = (n — Dao([1]) = a((n — D[1]) =0,

there is a unital embedding of 0, into D, i.e. there are isometries ¢,, . . ., t, € D such
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that £ ¢;¢¥ =1. Set A(x) =X ;xt}, x € D, and recall from [6] that K,(4) =n id.
Hence

[A)] =nlv] =ng, =, (n[1®@z]) =, ([1®2]) =g, =[v].

Theorem 2.3.3 yields a continuous path {w, }, ¢ € [1, o), of unitaries in D such that
w, A(v)w¥ - v. Define *-homomorphisms ¢,, {,: 0, > D, t €[1, o0), by

(Pt(sj) = thjs l/l,(Sj) = thju-

Since A(v)t; = t;v, we obtain that

“ ®, (Sj)v —VQ, (Sj) H ""Oa “l/,I (Sj-)U - Ul/l,(Sj) “ -0

as t — co. Notice that ¢,(s;)*¥,(s;) =u and that ¢,|B, =y, |B,.
Define now ¢,y : 0, ® C(T) - CD/CyD by

pa®1) = {fpz(a)} + Gy D, Yya®l) = {l//,(a)} + CoD,
P(1®2)=yY(1®2z) =j({),

where j : D - CD/C,D is the canonical inclusion. Since ¢(s, ® 1)*Y (s, ® 1) =j(u),
it follows from the choice of » and v that ¢ and Y are as desired. O

COROLLARY 4.2. If D is a stable, purely infinite, simple C*-algebra, then every
element of KK(Q,, ® C(T), CD|C,D) is represented by an injective *-homomorphism.

Proof. Given Proposition 4.1 it suffices to find an embedding g : 0, ® C(T) —
0, ® C(T) which induces an invertible element of KK(Q, ® C(T), 0, ® C(T)). By
the universal coefficient thoerem, [13, Proposition 7.2], this will be the case if (and
only if) K _(B) is an isomorphism. Since Q, belongs to the classifiable class €, [15,
Definition 5.5], it follows from that definition or from [15, Propositon 8.3] that
there is a *-homorphism o : Q, — @, such that K.(«) is an isomorphism. Now,
p =a®id is an injective *-homomorphism such that K,(f) is an isomorphism.
O

LEMMA 4.3. Let D be a unital, purely infinite, simple C*-algebra, let B be a
finite dimensional C*-algebra and let 6 > 0. Suppose that ¢,: B—D,t€[0,1], is a
continuous path of *-homomophisms and that v € D is a unitary with full spectrum
such that

EAORLACH B ]
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for all b € B and all t €0, 1]. Then there is a continuous path {w,},t €[0, 1], of
unitaries in D such that wo=1, Adw,° ¢, = @,, and

|wo —ow, || <56

for all t €0, 1].

Proof. Standard arguments give continuous paths {v,} and {x,}, ¢ €[0, 1], of
unitaries in D such that v, —v| <28, v, has full spectrum, v, commutes with
¢,(B), xo=1 and Ad x,° ¢, = ¢,. Set

u, =Ad x,(v,) € D n @y(B)'.

Since uy = v, it follows from Lemma 2.3.4 that there is a continuous path {z,} of
unitaries in D N @o(B)’ such that z,=1 and |z,u,z} —v, | <4 for all ¢ €0, 1]. Set
z,x, =w,, and observe that Ad w, - ¢, = @, because z, commutes with ¢q(B). Also,

[wow¥ —v| <2|v—v, | + [|wowF —v, | <46 + |wu,w} —v,| <56. 0

THEOREM 4.4. Every element of KK(Q,® C(T), D) is represented by an
injective *-homomorphism Q, ® C(T) —» D if D is a stable, purely infinite, simple
C*-algebra.

Proof. We identify the KK-groups KK(-, D) and KK(-,CD/CyD) and the
K-groups K (D) and K,(CD/C,D) via the map j : D - CD/C,D (see the discussion
preceding Proposition 2.4.1). Every element of KK(Q, ® C(T), D) is in this way by
Corollary 4.2 and its proof represented by a continuous path {¢,}, t €[1, ), of
*-homomorphisms ¢, : Q, = D (which we may assume to be unital upon passing
to a corner of D) and a unitary v in D (or in a corner of D) such that
|o,(@v — v, (@) -0 as t—oco. The pair ({¢,},v) defines a *-homorphism
¢ :0,® C(T)—> CD/C,D as described in the proof of Proposition 4.1. It therefore
sufficies to find a *-homomorphism y : 0, ® C(T) — D such that KK(j - ) = KK(¢)
when ¢ is given as above.

Let {B, } be a generating nest of finite dimensional subalgebras of the UHF-sub-
algebra B of Q, as in Lemma 3.1. Find an increasing sequence {m, } of positive
integers and a decreasing sequence {J, } of positive numbers such that for each k e N
we have that Lemma 3.1 holds with ¢ =27* when m =m, and 6 = §,. We may
assume that J, <min {27%,25,}, where J, is as in Section 2.2.

Find 1 <t, <t,<t;<--- such that ¢, - co and

lvp,(s) — @, (s)v]| <0x /2 fort =1,
oo, (B) — @, (B)v| <0, |b]|/20 fort>t and beB,,.
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We construct below a sequence {w, } of unitaries in D such that
(1) Adwyo D 1 IBk =@y, |Bk,
(i) [[(Adwie @, ., )5) — 9, ()] <275,
(i) |Ad w(v) —v| <27%+",
Let k e N be given, and use Lemma 4.3 to find a path {x,},t €[t t;. ], of
unitaries in D such that x, =1 and

Ad x( ° (pt IBmk = (plk lek’ ”va - vxf ” S %5/(’
for all ¢ €[z, t;,,]. Check that
“(Ad X, ° (p,)(S)U - U(Ad X, ° (Pt)(s) ” < 5k~

Set (Ad x, © @,)(s)*¢,, (s) = u,, and observe that {u, }, t €[t,, 1, ,,], is a continuous
path of unitaries in D n ¢(B,,_,)" with u, =1, whence u,, € Uy(D n ¢(B,,_,)").
We also have that |u,0 —uu, | <36, <J,, which implies that b(u,  ,v)=0.
Lemma 3.1 yields a unitary w in D n ¢(B,)’ such that

Iw(Ad x,, ,, > @, )EW*—0,(s)] <274 [wo —ow | <27%

It follows that the unitary w, =w, _, is as desired.

The sequence {Ad (w; - w,_,)° ¢, } converges in the pointwise norm topol-
ogy to a *-homomorphism ¥, : Q, — D, and {Ad (w, - - - w,_,)(v)} converges to a
unitary v, in D with full spectrum such that v, and y,(Q,) commute. We therefore
have an injective *-homomorphism ¥ : Q,® C(T) » D such that Yy(a®1) =
Yola), a € @,, and Y(1®z) = v,.

Define a *-homomorphism % : CD —I1*D by #(f) = {f(#,)}. This reduces to a
*-homomorphism y : CD/CyD —[*D/[c,D. Put

w={ww, - we_}+coD el*D|cyD,
and observe that Adwoyo@ =yojoy. It follows that KK(y o ¢) = KK(y o jo §),
and because K,(y) is injective, this implies that KK(¢) = KK(j o ¢). O
5 Classifiable models

We give below a slightly revised definition of the classifiable purely infinite,

simple C*-algebras compared with the original definition ([15, Definition 5.5]).
Recall from [15] that KL(A4, B) is KK(A, B) divided by the subgroup obtained by
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taking the closure of {0} in a certain natural topology. If K,(A4) is finitely
generated, then KL(A4, B) = KK(A, B). Recall also from [15] that H(A, B) is the set
of full *-homomorphisms from 4 ® & into B ® X (i.e. every non-zero element in
A®XA i1s mapped into a full element of B® #) modulo approximate unitary
equivalence, and that there is a natural homomorphism « : H(4, B) - KL(A, B).

DEFINITION 5.1. (cf. [15, Definition 5.5]) Let ¥ denote the class of all
separable, simple, purely infinite C*-algebras A for which the map
k : H(A, D) — KIL(A, D) is an isomorphism for every purely infinite, simple C*-alge-
bra D.

This definition differs from the original one by restricting the class of target
algebras D (which in [15] were only assumed to have real rank zero and to contain
a properly infinite full projection). We note that none of the results about the class
% proved in [15] need to be revised, and that, in particular, two C*-algebras 4 and
B in € are isomorphic if they have isomorphic K-theory. It will be convenient also
to have the following.

DEFINITION 5.2. Let € denote the class of all separable C*-algebras 4 with
an approximate unit consisting of projections such that « : H(A, D) —» KL(A4, D) is
an isomorphism for every purely infinite, simple C*-algebra D.

We can then reformulate Theorem 3.4 and 4.4 as

THEOREM 5.3. The C*-algebras Q, ® C(T) belong to € for every n>2. In
particular, (0, ® C(T) belongs to € for every n.

The following is a generalization of [15, Theorem 5.9]. The proof in [15] applies
verbatim to the more general statement.

THEOREM 5.4. (cf. [15, Theorem 5.9]) Let A be the inductive limit of a
sequence A,— A, — Ay~ - - with injective maps of C*-algebras, each of which is a
finite direct sum of C*-algebras in €. Then A belongs to €. If A in addition is simple
and purely infinite, then A belongs to €.

COROLLARY 5.5. Suppose that A and B are the inductive limits of sequences

A, —»A,— Ay~ -and B,— B,— B;—- - -, with injective maps, where each A; and
B; is isomorphic to a C*-algebra of the form

@ M (0, ®C(T))
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(r, k; and n; depend on A; and B;). Suppose also that A and B are simple. Then A and
B belong to €. It follows in particular that A is isomorphic to B if Ky(A) = K,(B) and
K,(A) = K,(B) as abelian groups, and either A and B are both non-unital, or they
both have a unit and there is an isomorphism K,(A) — K,(B) mapping [1,] onto [1;].

Proof. Tt follows from Theorem 5.3 and 5.4 that 4 and B belong to %, and that
they belong to € if they are simple — which is assumed — and purely infinite. It
follows from [15, Proposition 8.5 and Theorem 5.7] that Q, is isomorphic to
0,®M,., where M, is the UHF-algebra of type n>. It follows in particular that
Q, is approximately divisible (in the sense of [1]), and this implies that the inductive
limits A and B are approximately divisible. Since 4 and B clearly are infinite, [1,
Theorem 1.4] yields that 4 and B are purely infinite. O

Let us conclude with the following description of the classifiable class ¢ that
may justify its name.

THEOREM 5.6. (cf. [15, Theorem 8.2 and Proposition 8.3]) Let G, and G, be
countable abelian groups and let g, € G,. There is, up to isomorphism, precisely one
unital C*-algebra A, in € such that (Ky(Ay), [1], K,(A4y)) = (G, g0, G1), and there is
precisely one non-unital (and hence necessarily stable) C*-algebra A, in € with
(Ko(4y), K, (/Io))_'é (Go, Gy).

Let A and A be separable, purely infinite, simple C*-algebras in the bootstrap
category N where the universal coefficient theorem is proved to hold c.f. [13], A with
a unit and A stable, with (K,(A), [1], K,(4)) = (G,, gy, G,) and (K,(A), K,(4)) =
(Gy, G,). Then A is isomorphic to A, if and only if

(i) there is a non-zero *-homomorphism ¢ : A — A, such that K.(¢) is an

isomorphism, and

(ii) every non-zero *-endomorphism ¢ of A with KL(¢) = KL(id) is approxi-

mately inner (i.e., approximately unitarily equivalent to the identity).
Similarly, A is isomorphic to A, if and only if

(i) there is a unital *-homomorphism ¢ : A — A, such that K, (@) is an isomor-

phism, and

(i) every unital *-endomorphism ¢ of A with KL(p) = KL(id) is approximately

inner.

Proof. Fix a natural number n > 2. There is a simple unital C*-algebra B, of
real rank zero which is the inductive limit of a sequence.

C(T) > M, (C(T)) = M, _1y2(C(T)) = M, _1)s(C(T)) = -

and such that K,(B,) = Z[1/(n — 1)] and K,(B,) =~ Z. (In fact, by [8], B, is unique,
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and is a Bunce-Deddens algebra.) It follows from Corollary 5.5 that 0, ® B,
belongs to €. We have that K,(Q,® B,) =0 and K,(Q, ® B,) = Z/(n — 1)Z.
Suppose now that G, is finitely generated, i.e.,

G=H,®@Z[(m -2 - ®@Z/(n, - 1)Z,

where H, is torsion free. By [15, Theorem 8.2], there is a unital C*-algebra 4, in
% such that (Ky(4y), [1], K(4,)) = (G, 8o, H,). Set

AOC_BA]@‘ t @Ar =A9

where 4; = Q,®B,,j=1,...,r. Since each 4; belongs to € by Corollary 5.5
there is a unital endomorphism ¢ of A4 such that for each partial homomorphism
@ A;— A; of ¢, the map ¢, is non-zero, K, (¢;) =id, and K, (¢;) =0if i #j. It
follows that K,(¢) =id and that the inductive limit D of the sequence

YL

is simple with K, (D) = K4(A4). Theorem 5.3 implies that D belongs to ¥.

Any arbitrary triple (G,, go, G,) is the inductive limit of a sequence of triples
(G§, g8, G{) with G{” finitely generated. The latter triples are, by the preceding
argument, the invariants of unital C*-algebras in ¥, and so it follows from [15,
Theorem 8.2] that there is a unital C*-algebra A4, in € with (K,(4,), [1], K, (4y)) =
(Go, g0, G,). The stable C*-algebra 4, = A,® A" also belongs to %, and is therefore
as desired. The uniqueness of 4, and A, follows from [15, Theorem 5.7]. The last
part of the theorem is just a reformulation of [15, Proposition 8.3]. O
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