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One sided branching in Anosov foliations

SERGIO R. FENLEY!

Abstract. We study topologically transitive Anosov flows in 3-manifolds. We show that if one of the
stable or unstable foliations in the universal cover does not have Hausdorff leaf space (branching occurs)
then both have branching in the positive and negative directions.

1. Introduction

Generally speaking there are two well established techniques for studying
Anosov flows. First there is the widely developed regularity theory of stable and
unstable foliations [Gh2, BFL] yielding powerful rigidity results. The second
technique consists of specifying a property of the fundamental group of the
manifold (for instance being solvable, in codimension one Anosov flows [P12, P13])
which determines the flow up to topological equivalence. In dimension 3, the above
flows are always topologically equivalent to suspensions or geodesic flows, hence
the underlying manifolds cannot be hyperbolic.

On the other hand Goodman [Go] and Christy [Ch] constructed many examples
of Anosov flows in hyperbolic 3-manifolds. The examples were obtained by doing
Dehn surgery on closed orbits of suspension Anosov flows. This idea was then
greatly extended by Fried [Fr], who proved that any topologically transitive
Anosov flow in dimension 3 has a Birkoff section and consequently is obtained by
doing Dehn surgery on finitely many closed orbits of a suspension of a pseudo-
Anosov homeomorphism a closed surface [Ca-Bl].

In order to study Anosov flows in hyperbolic 3-manifolds, a technique that has
proven fruitful is the analysis of the joint topological structure of the stable and
unstable foliations in the universal cover [Fel, Fe2]. This technique was introduced
in a remarkable paper of Verjovsky [Ve] which studies codimension one Anosov
flows. This technique has also been used by Barbot to study transversely projective
Anosov flows [Bal, Ba2], Anosov flows in graph manifolds [Ba3, Ba4] and
incompressible tori in 3-manifolds supporting Anosov flows [Ba5].

e
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The main issue in this theory is whether branching occurs in the stable and
unstable foliations in the universal cover. In this article we deal with a basic
question concerning the structure of such branching. Let #° and #* be the stable
and unstable 2-dimensional foliations (here called Anosov foliations) associated to
the Anosov flow @ in M>. Let #*, % “ be the respective lifts to the universal cover.
The leaf spaces of % and #*, are 1-dimensional manifolds, a priori not Hausdorff.
If they are Hausdorff then they will be homeomorphic to the set of real numbers R
and the foliation (#° or & “) is said to be an R-foliation, otherwise we say the
foliation has branching. If #° (or #*) is an R-foliation we say that #° (or #Y) is
R-covered. Suspensions and geodesic flows are always R-covered.

One fundamental fact in this topological theory is the following: if one of #* or
F * is R-covered then both are R-covered (hence the flow is R-covered) [Fel, Ba2].
In addition the joint topological structure of &, #“ in M can be, up to isotopy,
of only two simple types [Fel, Ba2]. The types correspond to the types of
suspensions and geodesic flows.

It is easy to prove that if the flow is R-covered then it is topologically transitive
[So, Ba2]. The main problem in the subject was to decide whether topologically
transitive implies R-covered. This implication was claimed by Verjovsky [Ve] in the
seventies, but later 2 gaps were found in his arguments. Since then the R-covered
property has been proved by Ghys [Ghl] when the manifold is a Seifert fibered
space and by Barbot [Bal] when the fundamental group is solvable. In both cases
this is an essential step in showing conjugation to a canonical model. Barbot [Ba3,
Ba4] showed the R-covered property for many flows in graph manifolds and this
property was also proved in [Fel] for flows obtained by Dehn surgery on closed
orbits of suspensions and geodesic flows.

It was widely expected that all topologically transitive Anosov flows in dimen-
sion 3 are R-covered. However in a striking development, Bonatti and Langevin
[Bo-La] have recently constructed a counterexample to this. Then in the past year
Brunella [Br] constructed a large class of counterexamples.

Given this result, it now becomes essential to understand the structure of
topologically transitive, non R-covered Anosov flows. In this article we start this
program by analysing the simplest question in this direction. As A is simply
connected, the foliations #*, & * are transversely orientable. We say that & * or (or
%) has one sided branching if its leaf space is not R, but the branching occurs only
in the positive (or negative) transversal direction. The main result of this paper
states that there is a symmetry in branched Anosov flows, that is, one sided
branching cannot occur:

MAIN THEOREM. Le: & be a topologically transitive Anosov flow in M . If
one of % or F* has branching then both % * and ¥ * have branching in the positive

and negative directions.
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The first part of the proof involves showing that if one of the foliations has one
sided branching, then so does the other. This uses only the analysis of the orbit
space. Using the full 3-dimensional picture we then derive a contradiction to one
sided branching.

This article concerns the study of the global structure of branching in & * (or # ¥).
In a forthcoming paper [Fe3] we study the local structure of branching. We say that
Fe#* (or FYisa branching leaf, if it is a non Hausdorff point in its leaf space.
In [Fe3] we study the structure of the set #, of non separated leaves from a branching
leaf F. We show in [Fe3] that #, has a simple, well understood structure.

When studying branching one essential object is the following: given G € # ¥,
consider the set #*(G) of stable leaves intersecting G, see detailed definition in
section 3. Branching in & * is equivalent to a particular relation between sets #* for
some leaves in # ¥, see lemma 4.4. Another important idea is that of “perfect fits”
of leaves in the universal cover, see section 4. These two tools are used both here
and in [Fe3]. Aside from this, the techniques and results are different in the 2
articles.

This article is organized as follows. The next section contains needed back-
ground material. Section 3 analyses product regions, a very useful condition
implying the R-covered property. In the following section we prove that one sided
branching in one of the foliations implies one sided branching in the other one also.
In section 5 we show this produces a contradiction.

2. Preliminaries

Let @, : M — M be a nonsingular flow in a closed Riemannian manifold M. The
flow @ is Anosov if there is a continuous decomposition of the tangent bundle TM
as a Whitney sum TM = E°@® E*@® E* of D®, invariant subbundles and there are
constants yy = 1, u, > 0 so that:

(i) E°is one dimensional and tangent to the flow,
(ii) |D®,(v)| < poe=*"||v| for any v e E*, t 20,
(ili) |DP_,()| < poe*'|v| for any v € E¥, t 20,

In this article we restrict to M of dimension 3. Then E°, E* are one dimensional
and integrate to one dimensional foliations & *, & ““ called the strong stable and
strong unstable foliations of the flow. Furthermore, the bundles E°@ E° and
E°@® E* are also integrable [An] producing 2-dimensional foliations & *, # * which
are the stable and unstable foliations of the flow. The flow is said to be orientable
when both #°, #“ are transversely orientable.
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The leaves of #°, #* are either topological planes, annuli or Mdebius bands.
The last two correspond exactly to leaves containing closed orbits of ®. The flow is
topologically transitive if the nonwandering set is the whole manifold [Sm]. Equiva-
lently (i) the periodic orbits form a dense subset of M, or (ii) there is a dense orbit,
or (iii) every leaf of #°, or #* is dense [An, P11, Sm]. No closed transversal to
either of the foliations is null homotopic [No].

Let n : M — M be the universal covering space of M. This notation will be fixed
throughout the article. The Anosov foliations &, #* lift to foliations #°, #*“ in
M. The leaves of #*, #“ are topological planes, so M is homeomorphic to R? [Pa).
The induced flow in M is denoted by &.

Let O be the orbit space of ¢ obtained by collapsing flow lines to points and let
@ : M — 0 be the projection map. A key property which will be repeatedly used is
that ¢ is Hausdorff and homeomorphic to R? [Fel]. This is a significant simplifica-
tion since now much of the analysis can be done in dimension 2 instead of
dimension 3. We stress that @ is only a topological object. There is no natural
metric in @ since the flow direction contracts and expands distances in M. The
foliations & *, #* induce two transverse 1-dimensional foliations in @, which will
also be denoted by &, #* By an abuse of notation we will many times identify
sets in M or orbits of @ to their respective images in 0.

Lew W*(x) be the leaf of #° containing x and similarly define W*(x), W*(x),
Wi(x), W*(x), W¥(x), W*(x) and W**(x). General references for Anosov flows are
[An], [Bo], and [Sm].

3. Product regions

The following definitions will be useful. If L is a leaf of Fsor F then a half
leaf of L is a connected component A of L — y, where y is any full orbit in L. The
closed half leaf is 4 = 4 Uy and its boundary is d4 =y. If L is a leaf of #* or #*
then a flow band B defined by orbits a # f in L is the connected component of
L — {a, B} which is not a half leaf of L. The closed flow band associated to it is
B=Bu{a, B} and its boundary is dB = {a, f}.

We first describe the two topological types possible for the joint structure of F
and £* in the case of R-covered Anosov flows. First identify the orbit space @
(homeomorphic to R?) to

H={(x,y) eR|-1<x<1}.

In the product structure & * is identified to the foliation by horizontal segments in
H and #* is the foliation by vertical lines in H. In the skewed structure #° is the
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foliation by horizontal segments in H and & is a foliation by (bounded) parallel
segments making an angle #n/2 with the horizontal. In this case, any two distinct
leaves or half leaves of #* do not intersect the same set of leaves of # * and vice
versa. Suspensions have product type and geodesic flows have skewed type. The
basic result about the R-covered case is the following :

THEOREM 3.1 [Fel, Ba2]. Let ® be an Anosov flow in M3. If one of F* or F ¢
is R-covered then ® is R-covered and its structure is up to isotopy (in O) either product
or skewed.

Furthermore we will use the following result, announced by Solodov [So] and
proved by Barbot [Ba2].

THEOREM 3.2 [Ba2, So]. Let & be an Anosov flow in M>. Suppose that any
leaf of % ° intersects every leaf of #*. Then ® is topologically equivalent to a
suspension Anosov flow.

Let now @ be an Anosov flow in M3, not a priori R-covered. Choose transversal
orientations to # s v assumed to agree with the lifts of the transversal orienta-
tions to &F°, #* if any of these is transversely oriented.

For p € M, let W*,_(p) be the half leaf of W*(p) defined by the orbit &g (p) and
the positive transversal orientation to & * at p. Similarly define W*_(p), W* (p) and
W™ (p). 3

A fundamental fact for us is the following: since M is simply connected then any
leaf L in #* or #“ separates M. The front of L is the component of M — L defined
by the positive transversal orientation to L. Similarly define the back of L. For
peM let W% (p) be the component of W*(p)— {p} defined by the positive
transversal orientation to & “ at p. Similarly define W* (p), W**(p) and W*(p).

The key object for the study of one sided branching is the following:

DEFINITION 3.3. Given p € M (or p € 0), let

Fi(p)={FeF*|FaW" (p) # O}

Similarly define #“ (p), #* (p) and #° (p). Let also

v ()= \J F
Fe g4 (p)
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Notice that £% (p) is an open subset of M and that W*(p) = 0.2 (p). Similarly
define Z“ (p), £°. (p) and Z* (p).

DEFINITION 3.4. A positive unstable product region of & is defined by a
strong stable segment f = F e # ¢ so that

Vp,qeB, I (p)=S1"%(9).
Similarly define negative unstable product regions and stable product regions.

PROPOSITION 3.5. Let & be a topologically transitive Anosov flow in M>. If
there is a product region of @ in M, then ® is R-covered and of product type.
Therefore @ is topologically equivalent to a suspension Anosov flow.

Proof of 3.5. Since the hypothesis is a statement about the structure in the
universal cover we may lift to a regular finite cover where the lifted flow is
orientable. We may also assume that there is a stable product region defined by a
strong unstable segment f = G € #“ Changing transversal orientation to & if
necessary suppose this is a positive stable product region.

A B
p . 9(F) q,
r

(b)

Figure 1. Contradiction to a product region.

If @ is not R-covered then by theorem 3.1, #° is not R-covered and there are
F, L € #* which form a branching pair, that is, they are not separated in the leaf
space of #°. Suppose they are not separated in their negative sides (so the
branching is in the positive direction), the other case being similar. First notice that
if F, L are not separated then they do not intersect a common unstable leaf. In fact
there is no transversal (to % °) from F to L. Let

H,H,e%*, with HNnF#J H,nL#J.

Switching the roles of F and L if necessary we may assume that H, is in front of
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H,. As n(F) is dense in M, let g be a covering translation of M so that
gF)NB# and let peg(F)nP,p’ =g (p). Assume H, is W4 p’). Let
q'e H,nL and G,=g(H,). Since F, L are not separated on the negative side,
choose r’ € W*“(p’) near enough p’ so that W*(r')nH,# & and r =g(r’) € B.
After applying g:

GAW. (N #P, 50 Gye £5.(1).

But H,nL # J, implies that H,NF = &, hence G, W‘(p) =@, s0 G, ¢ #° (p)
and #° (p) # #° (r). As a result f does not define a product region, contradiction.
This shows that @ is R-covered. Furthermore there are distinct half stable leaves
intersecting the same set of unstable leaves. Therefore the flow cannot have skewed
type, hence by theorem 3.1, it has product type.

The last assertion of the theorem follows from theorem 3.2. O

4. One sided branching

If Fe#° and G € #* then F and G intersect in at most one orbit, since two
intersections would force a tangency of & * and £ “. This is easiest seen in 0, as Z*
and #“ are then 1-dimensional foliations of the plane.

We say that leaves F, L e #° and G, H e #* form a rectangle if F intersects
both G and H and so does L. We also say that S intersects F between G and H is
S N F is contained in the flow band in F defined by FNG and FN H.

LEMMA 4.1. Let F,Le¥° and G,H € %" forming a rectangle. If Se #*
intersects F between G and H then it also intersects L between G and H.

Proof of 4.1. 1t is easier to understand the proof in @ = R?2 Let S’ be the half
leaf of S defined by S N F and contained in the same side of F that L is. There are
4 cases to consider:

(i) S’ stays in the region bounded by F, L, G and H. This is a compact region
in 0. By the Poincaré—Bendixson theorem, S’ has to limit on either a closed
curve or a point, both impossible since #* (as seen in O, which is
homeomorphic to R?) is a foliation of the plane.

(ii) S’ cannot intersect G or H as they are all unstable leaves.

(iii) If S’nF # &, then S intersects F in at least 2 orbits, contradiction.

(iv) Therefore S’ intersects L and since both G and H separate M, then S'nL

is between G and H. O
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Figure 2. Perfect fits in the universal cover.

The following definition will be essential for all the analysis that follows.

DEFINITION 4.2. Two leaves F, G; Fe #° and G € #*, form a perfect fit if
FnG = and there are half leaves F;, of F and G, of G and also flow bands
LicLe%*and H cHe %" (see fig. 2) so that:

EIHG—1=(3LIF\3G|, L_lhﬁ1=6Lln5H1, ﬁth,=aH|ﬁaF1,
VSeF* SAL #F < SAnF,#Q

and

VEeF* EnG,#Q <EnH,#J.

Notice that the flow bands L,, H, (or leaves L, H) are not uniquely determined
given the perfect fit (F, G). We will also say that F and G are asymptotic in the sense
that if we consider stable leaves near F and on the side containing G they will
intersect G and vice versa.

LEMMA 4.3 (uniqueness of perfect fits). Let F e F+. Then there is at most one
unstable leaf G making a perfect fit with a given half leaf of F and on a given side
of F.

Proof of 4.3. Let Fe % and suppose that G,, G, € F* form a perfect fit with
the same half leaf of F and both are in the same side of F. Let L,, H,,i =1,2 be
flow bands defining the perfect fit (F, G;). Let p,e Fn0H,. By Reeb stability [Re]
there are open, strong unstable segments 7, with p, € 7, and so that the set of stable
leaves intersecting ¢, and t, is the same. Let E € #* with Ent, # & and E on the
side of F containing G,. If E is near enough F it follows (again by Reeb stability)
that EnH;, # & and hence EnG, # . Notice that E is between F and L,.
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Furthermore since G, and G, form perfect fits with the same half leaf of F then
E NG, and ENG, are on the same side of H, (and also on the same side of H,).

Suppose first that G, intersects E between H, and G,. Then the leaves
E L, G,, H, form a rectangle in (), so by the previous lemma G,NnE # & =
G,n L, # . But this implies that G, " F # (J contradicting the fact that (F, G,) is
a perfect fit. By the same reasoning, G, intersecting E between H, and G, is also
ruled out. Therefore G, = G, and the lemma is proved. O

If (L,G) forms a perfect fit and g is any orientation preserving covering
translation with g(L) = L, then g(G) = G. This follows from uniqueness of perfect
fits and the fact that, as g acts by homeomorphisms in 0, it takes perfect fits to
perfect fits.

If p, q are in the same strong stable or strong unstable leaf then [p, g] denotes
the closed segment in that leaf from p to q.

We say that #° (p) and #° (¢q) are comparable and will denote this by
5 (p)~ F°.(q, if one of them is cntained in the other. Then we write
F% (p) < #° (g if the former is strictly contained in the latter. Similarly define <,
> and =. The symbol + means not comparable.

LEMMA 4.4. Let @ be an Anosov flow in M®. Then % * has branching in the
positive direction if and only if there is Fe #° and p, q € F with #% (p) + 7% (9).

Proof of 4.4. Suppose first that % has branching in the positive direction. Let
E, L € #* which are not separated in their negative sides. Then there are F, € #*
with F, - E UL (in the leaf space of # *) when a —0. Fix p’ € E, ¢’ € L. For a small
enough F, intersects both W* (p’) and W* (q’). Let p, and g, respectively be points
in this intersection. Then E € #* (p,) — #“ (¢.) and L € #% (q,) — #*“ (p.), hence
these sets are not comparable and W*(p,) = W*(q,) = F, as desired.

For the converse, let p,qeFe #° satisfying the hypothesis. Parametrize
W“(p) by arclength as p,, te(0, +). Similarly parametrize W“(q) as
q,, s € (0, c©). As W*(p) = W*(g), then for ¢ small W(p,) e £% (¢). Let

t'=inf {t | W(p,) ¢ £ (9)}.
Similarly define s”. For t€(0, t’), let @(f) € (0, +00) with W*(p,) = W*(q,,)- As
leaves of & * separate M it is easy to check that ¢ : (0, ') — (0, s’) is an orientation
preserving homeomorphism. When ¢ — ¢”:

Wi(p,) = W(q,u) = Wi(p,)uW(q,) and W*(p,) # Wg,),

so there is branching in the positive direction as desired. (]
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Therefore if there is no positive branching in & * then a priori various sets #*
will be comparable. This fact will be repeatedly used in the proof of the next
therorem.

THEOREM 4.5. Let @ be a topologically transitive Anosov flow in M3. If one of
F 5 or F* has one sided branching, then both have one sided branching.

Proof of 4.5. The proof will be done using various intermediate lemmas. Up to
finite cover, assume that @ is orientable. Reversing the flow direction and changing
the transversal orientation to & ° is necessary, assume that #° has one sided
branching and only in the negative direction. By theorem 3.1 since #° is not
R-covered then & is also not R-covered.

Fix Fe#° and let p,qeF,qe Ws(p). By the previous lemma,

F4 (D)~ 74 ().

LEMMA 4.6. 7% (p) # 74 (9).
Proof of 4.6. Suppose that they are equal. If for all z €[p, q]

F4 @) = 7% (D),

then [p, q] is the base segment of a positive unstable product region and by
proposition 3.5, it follows that @ is R-covered, contrary to hypothesis.

Let Ee #“ (p). Then E € #£“ (q) and therefore F, E, W*(p) and W*(q) define a
rectangle. By lemma 4.1 it follows that for any z €[p, g], W“ (z2) nE # &, hence
E e #% (z) and consequently #% (2) 2 #% (p).

Choose now z € [p, q] with #% (2) > #% (p). Since £* (p) is connected, there
is a unique leaf E € #“ (z) which is in the boundary of £% (p). We remark that
E # F. Furthermore

En(W*(p)uW(q) = .

Since & is topologically transitive m(W*“ (p)) is dense in M [Fel]. Let g be
a covering translation with g(W*“ (p)) "F # & and so that g(W*(p)) is in the
front of W*(g). Then £ (g(z)) > #* (g(p)). Since Fn W* (g(p)) # &, letwe Fn
W (8(2)). Notice that g(E) € #% (w). But g(E) ¢ #* (g(p)), hence g(E) ¢ 7% (2)
(since W*(g(p)) separates M). Similarly E ¢ #“ (g(z)) so it is not in #* (w). Since
z, w € F, this contradicts proposition 4.4. O

If necessary switch the transverse orientation to # “ and exchange the roles of
p and ¢ to ensure that #* (p) < #% (g). We will then prove this implies that #*
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has only negative branching. Let F, be the leaf in the boundary of #* (p) so that
F,n W (g) # .

LEMMA 4.7. W*(p) and F, form a perfect fit.

Proof of 4.7. Let ze[p,q] be the point closest to ¢q in [p,q] with
WH(2) NF, = . Any leaf in the back of F,, near enough F, belongs to #* (p) as
F,c 02" (p). Hence W*(z) and F, form a perfect fit. If p # z then since [p, z] does
not define a product region, there is we[p,z] with #* (w)> #4 (p). Let
Le g% (w)— #%(p). By lemma 44, w,qecF, together with leaves L and F,
produce positive branching in %, contradiction. O

By uniqueness of perfect fits F, depends only on p and not on g. It now follows
that there is a strict ordering in the sets £ (z), z € W*(p):

LEMMA 4.8. For any z, w € W*(p) with w € W* (z) then £% (z) < £* (w).

Proof of 4.8. As before #% (w) ~ #% (2). Equality is disallowed by lemma 4.6.

If £ (w) < #% (2) choose a covering translation g so that g(W*“ (w)) N F # & and
g(W*(w)) is in the back of W*(p). As before this is disallowed by proposition 4.4.
O

As in the proof of lemma 4.7 it is easy to see that if w € F then there is F, € & *
so that F,, is in the front of W*(w) and so that (F,,, W* (w)) forms a perfect fit. For
fixed ¢ € F, the leaves F,, w € W* (g) will intersect W*(g) in a nested fashion. We
stress that a priori this set of intersecting points might be a proper subset of W*(q).

LEMMA 49. Let F,, F,e#°, intersecting a common unstable leaf G € #*.
Suppose that F, is in the front of F,. Let u;€ F,nG with u,€ W*(u,). Then
5 () > #5 (u;) and there is H e #* making a perfect fit with F, and so that
HoW: (w) # 3.

Proof of 4.9. There are 4 cases:

Case 1. £% () 1 £ ().
Let H,, He #* with H, € #* (u,) — #° (4;) and H, e 7 (4;) — #7 (u). Let
g be a covering translation so that

gF)NnG#F and g(F)nH,#J.

Let geg(F)nGand r e W% (q) " H,. Then F, € £ (q) — #“ (r). Translating back
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by g we get g7 '(F)) e #“ (g7 '(q) — F£* (g~ '(r). This contradicts the previous
lemma, as g ~'(r) e W% (g~ (q)) = F.

Case 2. §° (u) < F ().
There is H, € #° (u,) — #° (u;). Ruled out as in case 1.

Case 3. 7°, (u) = 7' ().

Since @ is not R-covered it follows [u,, u,] is not the basis segment of a stable
product region. As in proposition 4.4, there is u; € [u,, u,] with #°_(u3) > #°5 (u;).
Then apply the proof of case 2 to get a contradiction.

Hence it follows that:

Case 4. ¢#°. (u1~) > 7° (u,).
Let now He % “ in the boundary of #° (u,) so that HW* (u,) # &. The
same proof as in lemma 4.7 shows that H and F, form a perfect fit as desired.
O

End of the proof of theorem 4.5. The proof of case 1 in the previous lemma,
together with proposition 4.4, properly applied to & * rules out the existence of
positive branching in #*.

In fact the analysis in the theorem shows the following:

COROLLARY 4.10. Let @ be a topologically transitive, one sided branching
Anosov flow so that % ° and & * have branching only in the negative direction. Then:

For each G,,G,e #* (L,, L,e #°) so that they intersect a common stable leaf
(respectively unstable leaf’) and so that G, is in front of G, (L, is in front of L,), then
there is a unique Ee %° (S € #“) making a perfect fit with G, (L,) and so that
EnG,# 3 (SNnL, # D).

Proof of 4.10. Consider the pair G,, G,. There is a covering translation g with
g(F) intersecting both G, and G,. The result then follows from lemma 4.8. The
other statement is exactly as in lemma 4.9. O

S. Two sided branching
In the last section our only tool was the structure of the foliations in the

2-dimensional orbit space 0. We will now use the full 3-dimensional picture of M
in order to rule out one sided branching.
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FI

U
W5(p) (a) (b)

Figure 3. a. A lozenge. b. Closing up of a lozenge.

DEFINITION 5.1. Lozenges — Let p, g € M, p ¢ W“(g), p ¢ W*(g). Let H,(L,)
be the half leaf of W*(p) (W*(p)) defined by ®g(p) and contained in the same side
of W*(p) (W*(p)) as q. Similarly define H,, L,. Then p, q form a lozenge, fig. 3a,
if H,, L, and H,, L, respectively form perfect fits.

We say that p, ¢ (or $x(p), $r(q)) are the corners of the lozenge. If the lozenge
with corner p is contained in the back of W*(p) then p is a corner of type (+, %),
otherwise it is of type (—, *). Similarly using W*(p), define types (, +), (*, —).
The sides of the lozenge are H,, L,, H, and L,,.

PROPOSITION 5.2. Let @ be a topologically transitive Anosov flow in M>.
Assume that both %°, %* only have negative branching. Then any p € M is the
(—, —) corner of a lozenge.

Proof of 5.2. Let F = W*(p), G = W¥*(p). By corollary 4.10 there are L € #°*
and H € # * making a perfect fit with G and F respectively and so that L and H are
in the positive sides of G and F respectively. All that is left to prove is that
LnH# . Since H forms a perfect fit with F, then G and H intersect a leaf
F’€ % near F and in the positive side of F fig. 3, b. By corollary 4.10, there is
L’ € #* making a perfect fit with G so that L’ n H # . Uniqueness of perfect fits
implies that L = L’ as desired. O

DEFINITION 5.3. A (3, 1) ideal quadrilateral 2 in M (or in 0) is a region

determined by leaves F, E € Fs, G, H e #*, for which there are half leaves E, or E
and H, of H so that

(F, G), (F, Hy) and (E,, G) form perfect fits and 0E, = 0H,.
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Eo

L

G
/_F_\H 0
Figure 4. A (3, 1) ideal quadrilateral in the universal cover.

It follows that for any Le #°, LNG # & <« LA H,+# & and similarly for un-
stable leaves, see fig. 4. There are 3 ideal vertices and one actual vertex (the orbit
0E, = 0H,) in the quadrilateral.

PROPOSITION 5.4. If @ is a topologically transitive Anosov flow with one sided
branching then there are (3, 1) ideal quadrilaterals in M.

Proof of 5.4. Assume that &°, #“ branch only in the negative direction. Let
C, F € #* which are not separated and let S,, S, € # “ intersecting C, F respectively.
Assume that S, is in front of §,. Consider C'e€ #° with C'n S, # &, i=1,2. Let
p; € C'US,. There is a unique p € W* (p,), G = W*(p), so that G F = &, but for
any p’ €[p, p,] with p’ # p, then W*(p’) nF # &, see fig. 5. By lemma 4.7, G and
F form a perfect fit. Let g € S, U F. By proposition 5.2, ¢ is the (—, —) corner of a
lozenge. Let H be the leaf in the unstable boundary of the lozenge which makes a
perfect fit with F.

Sy G=W u(p) S

C'=W?3(p) p P2

I T

Figure 5. Producing a (3, 1) ideal quadrilateral.
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Notice that C’ intersects both G and H. By corollary 4.10 there is a leaf E € #*
which intersects H and makes a perfect fit with G. Let y = Hn E and let H, = W* (y)
and E, = W*_(y). Then F, G, E,, H, are the sides of a (3, 1) ideal quadrilateral.

We say that a leaf F of £ or #* (or an orbit y of &) is “periodic” if there is
a non trivial covering translation g with g(F) = F (g(y) = y). Recall that F is periodic
if and only if n(F) contains a periodic orbit of @.

The proof of the main theorem will be completed by:

PROPOSITION 5.5. Let @ be a topologically transitive, one sided branched
Anosov flow in M>. Then M has no (3, 1) ideal quadrilateral.

Proof of 5.5. Assume that #* and & ° only branch in the negative direction.
Notice that @ is orientable, since orientation reversing covering translations would
induce branching in both directions. Using corollary 4.10 it is easy to show that the
only type of (3, 1) ideal quadrilateral that can possibly occur is the one produced
by the previous proposition, that is, one with a (4, +) actual vertex. We prove that
these cannot exist either.

Suppose then that 2 is one such quadrilateral, with sides Fe Fs . GeF,
E,, H,, with E,c E € # *and H,c H € # “. If Fis periodic then there is a non trivial
covering translation g with g(F) = F. As @ is orientable and (F, G) forms a perfect
fit, it follows that G is periodic and g(G) = G. In the same way g(E) = E and
g(H) = H. Let 6 = En H. By the above g(6) = 6. Let 0, = F with g(6,) = d,. Notice
that

B+ W (6,)NEy=6#6.

But g(W*" (5,)) = W* (6') implies that g(6") = 6’. Then § and 6’ would be periodic
orbits in E, contradiction. Hence none of F, G, E, H is periodic.

Let now g € F, x = n(q), y = Pr(q) and a = n(y) an orbit of &. Then a is not a
closed orbit nor is it asymptotic to a closed orbit in the forward direction. Consider
a forward limit point z of « and let z; e a with z; » z, z;, = &, (x), ¢, > + 0.

Choose p a lift of z to M and let p, - p be coherent lifts of z, to M. Then there
are covering translations g;, with p,eg,(F),p;=g; (5,,,(q)). Let F,=g;(F) and
similarly define G;, H;, E;, which form the boundary of the (3, 1) ideal quadrilateral
P, =g;(D). Since W“".(@)nE #J, let u=W"(qg)nE and let B, =I[g, u]. Then
B =g (5,,,([?*)) is a strong unstable segment from p; to E;, so that

the interior of B, (as a segment) does not intersect E,. (%)

Furthermore f; has length /; and /, > 00 as i = 0. As % is a continuous foliation,
then B; — B = W**(p), having infinite length.
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After truncating finitely many terms suppose that all z; are in a box € foliated
by sheets of #° and segments of # “*. Furthermore assume that

d(p,,p) <1, Viik, I;»>1, Vi (%%)

If z; and z, are in the same local sheet of #° in € and i #k, then the curve oy,
obtained by going from z; to z, along a and then in the local sheet of W*(z;) in €
from z, to z;; is homotopic to a curve transversal to & ° hence not null homotopic
in its leaf. Therefore W*(z;) is not simply connected, contains a periodic orbit and
F is periodic, a contradiction.

Then up to subsequence there are 2 cases:

(1) For all i <k, F, is in the back of F.

Since 9; and 9, are (3, 1) ideal quadrilaterals, this implies that E; is in front of
E,, G; is in front of G, and H, is in the back of H,, see fig. 6. Furthermore G,
intersects both E, and F, and so does H,.

By (**), it follows that p is inside the (3, 1) ideal quadrilateral 2,, for all i.
Hence & # BN E; =r; and let g, > 0 be the length of the segment of § from p to r;.
Since E; is in front of E, if i <k, then g, is a decreasing sequence, so there is a > 0,
with @, < a for all i. Let B,(0, s) be the open segment of W*“(p,) with one endpoint
p; and length s. For i big enough B;(0, 2a) is very near B(0, 2a). Hence the interior
of B; will intersect E;, contradiction to (*). In this case we do not use the one sided
branching property.

F=W°p,)

Figure 6. Eliminating upper convergence of (3, 1) ideal quadrilaterals.
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Figure 7. Eliminating lower convergence of (3, 1) ideal quadrilaterals in the one sided branching case.

(2) For all i <k, F; is in the front of F,.

In this case E, is in the back of E,, G, in the back of G, and H, is in the front
of H,. The argument above does not apply because the E, are not trapped above,
so there is no contradiciton to length of B; going to infinity.

Let v, = BN F,. By (*%), v, € 2, for all i > 1. Hence any such G, intersects F,. As
G, is in front of G, for k > i and all G; are in the back of W*(p), then G, - S, with
SAW(p) =, so S # Wp). Let v,= W=(v,)NS.

CLAIM. #% (v)) = F% (v2).

(a) If L € #° (v,), then as G, - S, it follows that L NG, # &, for i big enough.
As 2; is a (3,1) ideal quadrilateral it follows that L nH;# &, hence
LW (p)# D so Le f v,)

(b) Conversely if L e #° (v,) then LN # &. Choose i big enough so that
B.nL # &, hence LNG, # & and as S separates M, it follows that L NS # &,
hence L € #° (v,), proving the claim.

Since & has one sided branching and v,e W*v,), lemma 4.6 shows that
F+ (vy) # F° (v)), contradicting the claim. This finishes the proof. O
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