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A Hochschild homology criterium for the smoothness of an algebra

BACH (The Buenos Aires Cyclic Homology Group)'

0. Introduction

Let k be a field of characteristic zero. A k-algebra A is essentially of finite type
(ef.t.) if there exist x,,...,x, € A and a multiplicative system S < k[x,,..., x,]
such that 4 = S~ '(k[x,, ..., x,]). For example every finitely generated k-algebra is
an e.f.t. algebra.

Rodicio states in [R] the following conjecture:

If A is a finitely generated k-algebra, and HH,(A) =0 for n > n,, then A is a
geometrically regular (i.e. smooth) k-algebra.

In [M-R] the authors prove this conjecture in the case where A is a locally
complete intersection. Afterwards, [L-R] state more precisely that if the Hochschild
homology of a locally complete intersection A is zero in an odd and in an even
degree, then A4 is smooth.

In this work we deduce that this conjecture holds for 4 an arbitrary e.f.t.
k-algebra from a more general result. More precisely:

0.1. THEOREM?. Let k be a field of characteristic zero, k its algebraic closure,
A an e.f.t. k-algebra and p € Spec (k ® ,A). If p is not regular, then HH,(A) # 0 for
every i congruent to q =max (j: Q/(A4,) # 0) modulo 2.

As an immediate consequence of the theorem we see that if 4 is an e.fit.
k-algebra, and HH,;(A) =0= HH,(A) for some i odd and some i’ even, then 4 is
geometrically regular.

! The following people participated in this research: Antonio Campillo, Jorge Alberto Guccione,
Juan José Guccione, Maria Julia Redondo, Andrea Solotar and Orlando E. Villamayor.

2 When this paper had been submitted for publication, we received the manuscript [A-V], in which
L. Avramov and M. Vigué-Poirrier proved this theorem in a more general setting, i.e., over a field of
arbitrary characteristic.
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This paper has two sections. In the first one we establish some preliminary
results that will be used in the proof of Theorem 1. In the second one we prove the
main result.

1. Preliminaries

In this section we recall some basic results from commutative algebra and
establish some technical results that we shall need later.

1.1. Commutative algebra

1.1.1. THEOREM. (K, Th. 7.14]). Let A be an e.f.t. k-algebra and
p € Spec (A). Then the following facts are equivalent:

(i) A, is geometrically regular.

(ii) 2'(A,) is a free A,-module of rank dim, A

1.1.2. LEMMA. Let k be an algebraically closed field. Every e.f.t. local k-alge-
bra A is isomorphic to a quotient R/I of an e.f.t. local regular k-algebra (R, m) by an
ideal I < m?.

Proof. 1t is clear that there exists an e.f.t. local regular k-algebra (R’, m”) and
an ideal I’ = m’ such that 4 = R’/I’. Let {fi,...,f,} be a regular sequence which
is maximal amongst those included in (/nm)\m? It is clear that R =R’/
{fi,...,f,> is an e.f.t. local regular k-algebra with maximal ideal m =m’/

{frsee s

1.2. Hochschild homology

1.2.1. DEFINITION. ([C-G-G]). A k-algebra R is called homologically regu-
lar. (It has the property (#£) in the terminology of [M-R]) if the map
uR: (R®R®", b) - (2*(R), 0) (see [L-Q)) is a quasi-isomorphism and Q'(R) is flat.

1.2.2. DEFINITION. A commutative differential graded k-algebra (k-CDGA)
(R, d) is called homologically regular if R =R,® A(V), with R, homologically
regular and A (V) the free symmetric graded k-algebra generated by the graded
k-vector space V=V, @V,® .
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Given a graded k-vector space V we denote by V the graded k-vector space
V=0V,®@V,® -, where V,=V,_, (j21).

Let (Ry® A(V),d) be an homologically regular k-CDGA. We define
B: Ry® A(V) - Q*R,) ® A(V@V) as the unique derivative of degree +1 which
verifies:

(i) B(a) = dpr(a) € Q'(R,), for a e R,,

(i) pv) =0, forveV;(j=1)
To each homologically regular k-DGA (R, ® A (V), d) we associate the commuta-
tive differential graded k-algebra (Q*(R,) ® A(V @ V), §), where § is the unique
derivative of degree —1 which verifies

(i) 5|R0® AV) = d,

(il) 6'9*(R0) = O,

(1i) 6(v) = —P(dv), veV, (j=1).

1.2.3. THEOREM. The Hochschild homology HH ,(R,® A (V'), d) of an homo-

logically regular algebra (Ry® A(V),d) is the homology of the k-CDGA
(Q*R) D AV DY), ).

Proof. See [C-G-G, Th. 2.1.5].

By definition, for m € N, A*(¥) is the vector subspace of A (V) generated by
the monomials 7, - - -3, , with 9, € V. It is clear that

5(@ Q2/R) @ A(V)® A"’“’(V)><—: @0 QIR @ A(V)® A" V)

j=0

Hence the Hochschild homology of (R, ® A (V'), d) splits into the direct sum of the
homologies of the complexes

( QUR)® A(V)® A"V, 6)

J

That is

HH,(Ry® A(V),d) = © H*(@O QIR) ® A(V)® A" P, 5)

m20
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2. Proof of the theorem
We shall now prove the Theorem announced in the introduction.

Proof. Since Q(A) < HH,(A) Vi e N it is clear that HH,(4A) # 0Vi < gq. Let’s
suppose now that i =g +2h and A > 0. Let S = (k ® , 4)\p. Since

S~k ® (HH, g+20(A4) = HH,  5,(S™ Ik ® (A)),

we can suppose that k is algebraically closed and A is a local e.f.t. k-algebra with
maximal ideal p. By Lemma 1.1.2. 4 can be written as R/I, with (R, m) a local
regular k-algebra and 7 = m? Let {P,,..., P,} be a set of generators of I. It can
be easily seen that there is an homologically regular k-CDGA (R ® A (V), d) which
verifies that

(1) Vi=kx, @ -@kx,, and V; is finitely generated for j > 1
(i) dOx;)) =P, (j=1,...,7)
(i) H;(R® A(V),d) =0, for all j =1

Then the canonical projection n: (R ® A(V),d) - A4 is a quasi-isomorphism. As a
consequence,

HH (A) = HH,(RQ A(V),d) = @ H*(é Qf(R)®A(V)®A”“f(I7),6).

m=20

Let {y,,... ,ys} be a base of V,. For every y, there exist F;, e R (1 <j <r), such
that d(y,) = X/ F,x;. It is easily seen that if i = g + 2k with 4 > 0, then

(1) (qu QIR @AV)R AT - J(V)) =0, for a <i,

ji=0

(ii (69 m(R)@A(V)(zz)/w"—f<r7))_= @ QUR)Z- - %

(i) (?fB 9f(R)®A(V)®A4+"—f<V)). =(é—> @ m(R)x,--xa"---x:r)

j=0 j=1 Bh

EB(@ D QuRxp--x )@( 9""(R)3??""f2">,
Bh+1)

j=1 Bth—1)

where B(i) = {o;, ..., 10, +-
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Applying the definition of &6 we have that, when w, € Q*R):
(i) 5(60qu PRI X)) = (= l)qwqu C XX

(ii) 8@, - £+ -%4F) = (— l)qwq( ) E,xj) R R

j=1

(iii) 6(wq_1 ¢ X?" * -fgr) =("‘ l)q-—l< Z Otja)q_l A dDR(Pj).i?l' * '.i;j—l' * 'f:’).
Jj=1

Let us now consider the map

0: @ QYR)x3- - X% > QUR)

B(h)

wq o j‘?l. . 'ff’ — quTl. . .P?r
The map @ has the following properties

() Im (@) = QYR)I*

r

(ii) @ o 5(coq S XM 'ff'J—’z) =(—-1)"a)q( Z F}sz) - P21 P4 =0

Jj=1

because Y F,P,=d*(y,)=0

Jj=1
(iii) @ Oé(wq__l ‘ le' : 'x~f’)=(--1)q”l< Z ajwq__l /\dDR(Pj)P?l' * 'P;j—-" ‘ 'Pf’)
j=1

which belongs to Q9(R)mlI", because P; € m* implies that dpg(P;) € mQ'(R).
(iv) O o d(w,x; - - - %) = (— )%, P, - P - -P*,
which is an element of QUR)I"*+' = QUR)mI".

Then, ® - § maps
q+h
(@ m(R)@A(V)@AH""f(V))
j=0 i+ 1

into Q9 R)mI*. As a consequence, the Hochschild homology does not vanish at the
desired degrees.
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