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Exponents for extraordinary homology groups

DOMINIQUE ARLETTAZ

Introduction

If E,(—) is the extraordinary homology theory associated with a CW-spectrum
E and X a CW-complex, then it is in general quite difficult to compute E,(X). The
classical way to do it is to work with the Atiyah—Hirzebruch spectral sequence
H(X;nE)=E , (X), but, as usual with spectral sequences, one must first
understand its differentials, and secondly solve the extension problems given by its
E>-term (see [Ar3] for some general results on the differentials).

The purpose of this paper is to introduce a new method which does not
determine exactly E,(X), but which produces, in a very general way, a good
approximation of the extraordinary homology groups E,(X). The argument pre-
sented here explains actually the relationships between E,(X) and the groups on the
line s +t=n of the E*term of the Atiyah—Hirzebruch spectral sequence, but
avoids the two difficulties which occur in the spectral sequence calculations.

Remember that it is sufficient to compute the reduced homology groups E, (X)
since E,(X) > E (X) ®n,E for all n. Our comparison of an extraordinary homol-

ogy group with ordinary homology may be formulated as follows (see Theorems
2.2 and 2.4).

Let E be a bounded below spectrum (with ¢ € Z such that n,E =0 for i < c), then for
any connected CW-complex X and for any integer n 2 b +c + 1 (where b is the
greatest positive integer for which H.(X;Z) =0 for i < b):

(a) there exist homomorphisms

n—b

®,:E(X)> @ H,_,(X;mE)

t=c

and

n-—-b

v, @ H, (X;nE)-E,(X)

t=c

with the property that the composition ¥, ®, . EX)-E X)is multiplication
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by P _oPu_b_1 """ Pos1, Where the p;’s (i = c) are integers depending on the
spectrum E;
(b) for any integer t with ¢ <t < n — b there exist homomorphisms

0,,:H,_(X;nE)-E,(X)
and
An, i Ej(X) > H,_ (X;7,E)

such that the composition A, ,©,,:H,_(X;n,E)->H,_/(X;nE) is multi-
plication by Pn—6Pn—p-1 """ P.-

The integers p, are in fact the order of the k-invariants k'* '(E) of the spectrum
E (in particular p. = 1) and may be replaced by integers which are independent of
E (see Remarks 1.6 and 2.6). Notice that the homomorphisms mentioned above are
induced by maps of spectra such that their compositions are suitable power maps
(see Section 1 for the construction of these maps).

It is then possible to deduce from this result interesting information on the
groups E,(X), for instance lower and upper bounds for their exponent, depending
on the integers p, and on the exponents of the ordinary homology groups of X. This
is the main application of our argument and is formulated in general in Theorem
3.1. But in order to illustrate this, let us consider for the moment the special case
of the Brown— Peterson homology theory BP (—) for a given prime p: we obtain
the following assertion (see Corollary 4.5).

Let X be a connected CW-complex, b the greatest positive integer for which
H,(X;Z) =0 for i <b, and assume that all homology groups H,(X; Z,) are of finite
exponent p¢ for i = b. If n is any integer 2b + 1 and r the positive integer such that
2r(p—1) <n—>b <2(r + 1)(p — 1), then the exponent of BP,(X) is p°, where

r(r+1)
2

&, <max{e, 5, 1, |0St<r}+

and

r+nr—t+1)
2

6,,2max{e,,“2,(,,_,,—— Ostsr}.

These inequalities enable us to perform some computations on the Brown-
Peterson homology of the classifying spaces of certain special linear groups.
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The second application of our method is the study of the relationships between
the p-torsion (where p is a given prime) in the ordinary integral homology of a
CW-complex X and the p-torsion in the extraordinary homology £ (X) associated
with connective spectra E such that n, E is not p-divisible. For instance, we consider
this question when X is the classifying space BG of a p-torsion-free group G. For
certain primes p, the congruence subgroups I', of odd prime level g # p in the
infinite special linear group SL(Z) turn out to be examples of torsion-free groups
having p-torsion in £ «(BI',) when E «(—) runs over the reduced homology theories
associated with all connective spectra E such that ny E is not p-divisible (see
Corollary 5.4); we say that such groups have universally strange p-torsion.

Let us remark that our main results also hold if the spectrum E is not bounded
below or if we consider an extraordinary cohomology theory (instead of homology),
assuming that the CW-complex X is finite dimensional.

The paper is organized as follows. In Section 1, we construct maps between a
given spectrum and the corresponding Eilenberg—MacLane spectra, which we
control on the homotopy level. Section 2 shows how these maps induce the
homomorphisms @,, ¥,, ©,, and A, , presented above. The consequences on the
investigation of the exponent of the groups E,(X) are explained in Section 3. We
examine the special case of the Brown-Peterson homology in Section 4: in
particular, we determine the integers p, for BP, prove the inequalities involving the
exponent of the Brown—Peterson homology groups and calculate some examples.
Section 5 is devoted to the study of the relationships between the torsion in the
ordinary integral homology of a CW-complex (or of a group) and the torsion in its
extraordinary homology theories. Finally, our main results are formulated in
Section 6 for cohomology theories applied to CW-complexes of finite dimension.

1. Maps between a given spectrum and the corresponding Eilenberg—MacLane
spectra

If E is a spectrum and » an integer, let us call a, : E — E[n] its n-th Postnikov
section: E[n] is a spectrum with 7, E[n] =0 for i >n and «, is a map of spectra
inducing an isomorphism on 7; for i < n. The purpose of this section is to consider
bounded below spectra E (i.e., for which there exists an integer ¢ with n,E = 0 for
i <c¢) and investigate the relationships between E[n] and the wedge of the corre-
sponding Eilenberg—MacLane spectra \//_, Z'H(n,E).

For an Q-spectrum E and a positive integer p, let us denote by y”: E — E the
p-th power map; if E is an arbitrary spectrum, we may also consider the self-map
x”, because E is homotopy equivalent to an Q-spectrum. The map x” induces

multiplication by p on all homotopy groups of E. Notice that for any n, y*: E—> E
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extends to a map E[n] — E[n] which is also the p-th power map and which will also
be denoted by yx”. Our first goal is to show that for a given integer n, if p is big
enough in comparison with »n, then the map x*: E[n] — E[n] factors through
\/"_. Z'H(n,E) in the case of a bounded below spectrum E.

In order to formulate our first result, let us consider the Postnikov k-invariants
of a spectrum E: they are homotopy classes of maps of spectra k"*!(E):
E[n — 1] > X"+ 'H(n,E) and therefore cohomology classes in H"* (E[n — 1]; =, E).

THEOREM 1.1. Let E be any spectrum, n an integer, and assume that the
k-invariant k" Y(E) is an element of finite order p, in H"*'(E[n — 1]; n,E). Then
there exist maps of spectra

¢, E[n] > E[n—1]v 2"H(n,E)
and
n,:En—1]v 2"H(n,E) - E[n]

such that the composition n,(, is homotopic to the power map y*» : E[n] — E[n].

Proof. Let us denote by f, _, the Postnikov section E[n] — E[n — 1]. The map
zP : E[n] > E[n] has an extension j7”» on E[n — 1] and restricts to 7”7 on the fibre
2"H(n,E) of B, ,; these three self-maps induce multiplication by p, on all
homotopy groups. Look at the commutative diagram

S"H(n,E) ——— $"H(n, E) —— X"H(n,E)

l I l

lﬁn - lffn - l

JPn kn+ I(E)

Eln—1] - E[n—1] —— Z"*'H(n,E),

where the vertical arrows are (co)fibrations, the right one being the path fibration
over the Eilenberg—MacLane spectrum 2" *'H(n,E), and the bottom right square
is a pull-back diagram. Now, write F for the homotopy fibre of the composition
k"*Y(E)z* and o for the inclusion map F o E[n‘—— 1]; observe that the homotopy
fibre of ¢ is X"H(n,E). The cohomology class corresponding to k" *!'(E)g* is
actually the image of k" *'(E) e H"* '(E[n — 1]; n, E) under the induced homomor-
phism (g*")*: H"*'(E[n —1}; n,E) > H"* '(E[n — 1]; n,E). By naturality of the
k-invariants with respect to the map y*» (see [Wh], p. 424, Theorem 2.6), this is
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exactly the image of k"*'(E) under the homomorphism H"*'(E[n — 1]; n,E) —
H"*Y(E[n —1]; n,E) induced by (3", : n,E —>mn,E, in other words induced by
multiplication by p,. Thus, we may deduce from the hypothesis p,k" " '(E) = 0 that
(x")*(k"* Y(E)) = 0, or that the composition k" * (E)7*" is homotopic to the trivial
map. It then follows that there is a homotopy equivalence F~E[n—1] v
2"H(n,E).

This construction provides clearly a map of spectra (, : E[n] > F with the
property that ¢{, = f, ,:thus, the induced homomorphism ({,), : m,E[n] = n,F is
an isomorphism for /i <n — 1 and the commutativity of the above diagram shows
that ({,), : m,E[n] - =, F is multiplication by p, (up to an automorphism).

On the other hand, 7”7 : E[n — 1] - E[n — 1] induces a map #,, from the fibre F
of k"*Y(E)g"» to the fibre E[n] of k" *'(E) such that 8, ,n, = 7°c. It turns out
that the homomorphism (n,), : n,F - n, E[n] induced by #, is multiplication by p,
(up to an automorphism) for i <n — 1 and an isomorphism for i = n.

Finally, observe that the composition #,(,: E[n] - E[n] and the map
x" 2 E[n] - Eln] satisty g, n,{, =x"al, ="B, ,and B, ,x"" =y"p, . This
means that both are the restriction of y?7: E[n — 1] — E[n — 1] to E[n]: conse-
quently, »,(, and y*» are homotopic. This completes the proof. Notice that the
maps (, and 5, given by this argument are not uniquely determined.

COROLLARY 1.2. Let E be any spectrum, m and n two integers with m < n,
and assume that for m < i < n the k-invariant k' *'(E) of E is a cohomology class of
finite order p, in H'* Y(E[i — 1}; n,E). Then there exist maps of spectra

Ppm - E[n] > Elm — 1] v ( \“/ Z’H(n,E))

1=m

and

t=m

l//n,m . E[m - 1] Vv < \n/ Z[H(TCIE))_—)E[”]

such that the composition \J,, ,,, . is homotopic to y**» 1 ¢m: E[n] — E[n].

Proof. We proceed inductively by using Theorem 1.1. First, if m =n,
take ¢,,=¢(, and ¢,,=mn, Now, suppose that ¢,, . :E[n]—E[m]v
(\iop 1 ' H(ME)) and ., E[m] v (\/1_, . Z'H(n,E)) - E[n] are con-
structed with the property that ¥, ,,, . \@um 1 = 7" =1 Pm+1 then define ¢,,, and
Y, as follows:

Pnm = (Cm v id)cpn,m +1- E[n] _—)E[m - 1] v ( \n/ ZIH(T[,E)>

t=m
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and

l#n.m = wn.er l(r’m Vv Xpm) : (E[m - l] Vv Z'”H(T[,NE)) Vv ( \/ Z!H(nIE)> - E[n],

t=m+ 1

where (,, : E[m] - E[m — 1] v 2”"H(n,,E) and y,, : E[m — 1] v 2"H(n,, E) - E[m]
are the maps given by Theorem 1.1, id denotes the identity of \//_,, , , 2'H(x E)
and yx”» the p,-th power map on \/7_, ., Z'H(mE). The composition
Upm®nm + E[n] = E[n] 1s actually

wn.m + l(nm Vv Xpm)(Cm Vv id)QD,,_m +1= l//n,m + ](r,m‘:m v X.pm)(ron.m + 1

According to Theorem 1.1, #,,{, v x*~ is the p™”-th power map on E[m] v
(\/7=m+1 Z,H(TC,E)), and ﬁrl'dlly., l//n,m(pn,m is homOtOpiC to X‘)”p" l ')""'X""”
E[n] - E[n] by the induction hypothesis.

REMARK 1.3. In fact, the homomorphisms induced by ¢,,, and ¥, , on
homotopy act as follows: (¢,,,), is multiplication by p, on n E (up to an
automorphism) for m <t < n and an isomorphism for ¢t <m; (¢,,,), 1s multiplica-
tion by (p,p, " pn)/p, on n,E (up to an automorphism) for m <¢ <n and
multiplication by p,p, ., p,, (up to an automorphism) for ¢ < m.

Now, if E is a bounded below spectrum, the hypothesis that the k-invariants of
E have finite order is always fulfilled (see Section 1 of [Ar3]) and the previous
corollary produces the following factorization of a suitable power map E[n] - E[n]
through the wedge of the corresponding Eilenberg—-MacLane spectra.

COROLLARY 1.4. Let E be a bounded below spectrum (with ¢ € Z such that
n,E =0 for i <c)and for i = ¢ + 1 let p, denote the order of the k-invariant k'*'(E)
in H' " Y(E[i — 1]; n,E). Then for any integer n = ¢ + 1 there exist maps of spectra

¢, : E[n] - \n/ 2'H(n,E)

=<

and

v \/ Z'H(nE) - E[n]

=

such that the composition \,,@, is homotopic to the map y?=P» 17Pc+1: E[n] - E[n].
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Proof. This is a direct consequence of Corollary 1.2 with m = ¢ + 1, because
E[c] = 2“H(n_E). Note that the statement of the corollary is trivial if n = c.

In the next theorem, we show that it is also possible to get a similar result in the
other direction: more precisely, if we consider a suitable power map X'H(n, E) —
2'H(n E) for a given integer t < n, then we can factor it through E[n].

THEOREM 1.5. Let E be any sprectum, t and n two integers with t < n, and
assume that for t <i < n the k-invariant k'*'(E) of E is a cohomology class of finite
order p, in H'*'(E[i — 1); n,E). Then there exist maps of spectra

0,,:2'H(n,E) - E[n]
and

by E[N] > Z2'H(n, E)
such that the composition 2

w0, is homotopic to the map y*n?rn—1 P X'H(n, E) —
2'H(n,E) which induces multiplication by p,p,_, " p, on ©n,E.

Proof. The Eilenberg—MacLane spectrum X'H(m,E) is the fibre of the
Postnikov section f,: E[t] » E[t — 1]. If ¢t =n, define 6,, just as the inclusion
2"H(n,E) o E[n]. If t <n, then 2'H(n,E) (which is a subspectrum of E[t]) may be
viewed as a subspectrum of the wedge E[7] v (\/7_,,, Z*H(n, E)) and we denote by
0., the composition of that inclusion with the map ¢, ., given by Corollary 1.2.
Then, let 4,, be the composition of the map ¢, , of Corollary 1.2 with the projection
of Elt —1]v(\/'_,2'H(n,E)) onto the summand X'H(m E). According to
Remark 1.3, 6,, and 4,, induce multiplication by p,p,_, - p,,.,, and by p,
respectively, on 7, E, eventually up to an automorphism of 7w, E: this implies
hg g Oy = PP 1 P,

Again, if E is bounded below (with ¢ € Z such that n,E =0 for i <c¢), the
hypothesis of Theorem 1.5 is always satisfied for any integer ¢ such that ¢ <t <n.

REMARK 1.6. For bounded below spectra we have actually proved in Section
1 of [Ar3] the existence of integers R, (j = 1), independent of E, which have the
property that R, ., k' T'(E) =0 for all i > ¢ + 1. It is important to notice that a
prime number ¢ divides R, if and only if ¢ <j/2+ 1 and consequently that if g
divides p,, then g < (i — ¢ + 3)/2 since R, .., is a positive multiple of p;. In the
formulation of Theorems 1.1 and 1.5 and Corollaries 1.2 and 1.4, we can of course
replace p, by any positive multiple of p,, in particular by R, _, . ,. Now, if we define
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T,,=1II7_, R, for integers u and v with 1 <u <o, then our argument produces the
following assertions.
(a) There are maps ¢, and ¥, as in the statement of Corollary 1.4 such that
V@, = x"2n-<+1: E[n] - E[n].
(b) For each integer ¢ with ¢ <t <n, there exist maps 6,, and /,, as

in the statement of Theorem 1.5 such that 4,,0,, >~y -«+tn <+
2'H(n,E) —» X'H(n,E).
Observe again that a prime ¢ divides T,,, _ ., ,, respectively T, _ ., ,, .4, if

and only if ¢ < (n —c + 3)/2.

2. Homomorphisms between extraordinary and ordinary homology groups

We consider here the homomorphisms induced on homotopy by the maps of
spectra introduced in the previous section, after taking the smash product with a
given CW-complex X.

LEMMA 2.1. Let E be a spectrum, X a CW-complex, E*(X) the reduced
E-homology of X, and p an integer. The p-th power map y’:E — E induces
multiplication by p : E (X) - E_(X).

Proof. 1t is sufficient to establish the assertion for an Q-spectrum E. Let us
work on the space level: if we write E, for the /-th space of the spectrum E, the p-th
power map y” € [E,, E,] is defined as the map corresponding to

fold

. pinch Vi
x°: ZE/”“"\/ ZE/_“*\/E1+1—"E1+1
p p

under the isomorphism [E,, E,] =[E,, QE,, | =[2E, E,, ] (here, i :2E, - E,
corresponds to the identity in [E,, E;]). Now, %” induces y? Aid:2E, A X —
E, ., A X, where id is the identity X — X, but the commutative diagram

pinch A 1d (vi)aid fold A 1d
SELAX—s \/ZE,>AX \VVE,. |rAX E. AX

| | | |

pinch v (i A1d) fold
S(E, A X) \/ (ZE, A X) \/ (E;, 1 A X) E . AKX,

P I

where the first line is #” A id, shows that this map corresponds in fact to the p-th
power map in [E, A X, Q(E,, ; A X)]. Consequently, it induces multiplication by p
on homotopy.
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We are now able to prove the main results of the paper which provide a new
way to obtain interesting approximations of the E-homology groups of a CW-com-
plex X; as mentioned in the introduction, it is sufficient to look at the reduced
homology groups £,(X). Throughout the paper, a CW-complex X is called (b — 1)-
homologically-connected, b > 1, if it is connected and H,(X;Z) =0 for i <b — 1.
Observe first that if E is a bounded below spectrum (with ¢ € Z such that n,E =0
for i <c) and X a (b — 1)-homologically-connected CW-complex, then £, (X) =0
forn<b+cand E,, (X) = H,(X; nE). Therefore, the interesting dimensions are
n=b+c+1.

THEOREM 2.2. Let E be a bounded below spectrum (with ¢ € Z such that
n,E =0 for i <c)and for i = ¢ + 1 let p, denote the order of the k-invariant k'™ (E)
in H'* (E[i — 1]; =,E). Then for any (b — 1)-homologically-connected CW-complex
X and for any integer n 2 b + ¢ + | there exist homomorphisms

n b

®,:E(X)> @ H, (X:;nE)

and

n b
v,: @ H, (XimE)-E,(X)
with the property that the composition ¥, ®, : E (X) — E (X) is multiplication by
Pn bPu b I“'p(+l'

Proof. We proved in Lemma 4.1 of [Ar3] that E,(X) =~ E[n — b],(X). Then, the
homomorphisms @, and ¥, are induced by the maps ¢, and ¥, constructed in
Corollary 1.4 and the assertion follows from Lemma 2.1.

COROLLARY 2.3. Let E be a bounded below spectrum (with ¢ € Z such that
n,E =0 for i <c)and forizc+1 let p, denote the order of the k-invariant k'*'(E)
in H'* "(E[i — 1); n,E). Then for any (b — 1)-homologically-connected CW -complex
X and for any integer n =2 b + ¢ + 1 one has:

(@) pu 5Pw » 1 Poir - EJX) is a subquotient of @7_" H, _(X:n,E).

(b) There exists a homomorphism

n b

Hoo E,,(X) @ ker¥, — @ H, (X;nE)

=

SuCh I/’l(lf Pn 6Pn » 1777 [ I ker En = O and Pun—bPn—-b-1""" P +1°
coker =, = 0.
Proo.f' Since Pu bPn » 17 Pt E~n(X) = an(pn(En(X))s lt iS a SUbgroup Of

the image of ¥, and thus a subgroup of a quotient of @ /- H,_ ,(X;n,E). It is

=
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easy to verify the second assertion if one defines =, as follows: Z,(g, h) = &,(g) + h
for ge E,(X) and heker ¥,.

Similarly, the next result follows from Theorem 1.5.

THEOREM 2.4. Let E be a bounded below spectrum (with ¢ € Z such that
m,E =0 for i <c) and for i = ¢ let p; denote the order of the k-invariant k'™ '(E) in
H'*YE[i — 1); n,E) (observe that p, =1). Then for any (b — 1)-homologically-con-
nected CW-complex X and for any pair of integers t and n with ¢ <t <n — b there
exist homomorphisms

@n,l . Hn;t(X; TEIE) _’E~n(X)
and
A E(X)—> H,_(X;m,E)

such that the composition A, ,0,,: H, (X;nE)—-H,_ ,(X;nE)is multiplication
bY Py pPu—b—1""" Pr-

COROLLARY 2.5. Let E be a bounded below spectrum (with ¢ € Z such that
m,E =0 for i <c) and for i = ¢ let p,; denote the order of the k-invariant k' *'(E) in
H'*YE[i — 1]; n,E). Then for any (b — 1)-homologically-connected CW-complex X
and for any pair of integers t and n with ¢ <t < n — b one has:

(@) Pp_sPn_p_ 1" p. - H, (X;mE) is a subquotient of E, (X).

(b) There exists a homomorphism

Q,,: H, (X;mnE)® ker A,, - E,(X)

n,t
SuCh that pn—bpn‘b—l e pt ) ker ‘Qn.l = O and pn P pr :
coker 2, , =0.

REMARK 2.6. As mentioned in Remark 1.6, it is sometimes useful to replace
Pn—6Pn-b-1"""Pex1 bY T5,_p_.. in the statement of Theorem 2.2 and
Pr—tPru-b_1"" P VYT, _ i1, p»_.+ in the assertion of Theorem 2.4. Let us also
recall that a prime ¢ divides T, _,_ ., respectively T, _ ., |, _4_ .4, 1f and only
ifg<s(mn—»b-c+3))2.

REMARK 2.7. It is of course possible to formulate the results of this
section for an wunreduced homology theory E_(—) by using the isomorphism
E,(X)=E (X)®n,E for all n.
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3. Upper and lower bounds for the exponent of extraordinary homology groups

In order to show a first application of the homomorphisms given by Theorems
2.2 and 2.4, let us investigate the exponent of the groups E,(X), where E,(—) is the
reduced homology theory associated with a bounded below spectrum E and X a
CW-complex. Our argument produces the following comparison of the exponent of
the extraordinary homology groups of X with the exponent of the ordinary
homology groups of X. (We shall write exp (G) for the exponent of a group G.)

THEOREM 3.1. Let E be a bounded below spectrum (with ¢ € Z such that
m,E =0 for i <c) and for i = ¢ let p, denote the order of the k-invariant k'* '(E) in
H'*Y(E[i — 1]; m;E). Assume that X is a (b — 1)-homologically-connected CW -com-
plex with the property that its integral homology groups H,(X;Z) are of finite
exponent for i = b, then for any integer n 2 b + ¢ + 1

(a) exp (E,(X)) divides

Pn—bPn—b—1"" " Pey1 Max {exp (anr(X; ﬂ,E)) l tsfsn— b}s
(b) exp (E,(X)) is a positive multiple of

exp (H,_ ,(X; n,E))
pnAbpnfhfl U p!

for all integers t such that c <t <n —b.

Proof. Since

n- b
exp ( ® H, (& Tr,E)> = max {exp (H, (X;mE))|c<t<n—b},

=

we get that
(m'dX {eXp (an I(X, n,E)) IC <t=n _b} "Pu—bPn—b—1""" P+ I)En(X) =0

because of Corollary 2.3(a). On the other hand, we may deduce from the same
argument and Corollary 2.5(a) that the integer p, ,p, 5 1" p, ' exp (E, (X)) 1s
a positive multiple of exp (H, _ (X; n,E)) for all integers ¢t with ¢ <t <n —b.

REMARK 3.2. Because of Remarks 1.6 and 2.6, the approximations of
exp (E,(X)) given by the previous theorem may be done with the universal bounds
(i.e., integers which are independent of E and of X) T,, , ., instead of
Pw_bPn-b_1"" " Peys in assertion (a), and T, ..y, 4 .4+ Iinstead of
Pn_sPu_p_1° " P, in assertion (b).
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4. Brown-Peterson homology

In this section, we consider our results for a specific example, the Brown — Peter-
son homology assaciated with the spectrum BP for a given prime number p (recall
that BP, = Z,[v,, v,, .. .], where the degree of v, is 2(p’ — 1)). Let us start with
the study of the k-invariants of BP; for this purpose, we first need the following
general result.

LEMMA 4.1. Let E be a spectrum, n an integer and h, : n,E — H,(E; Z) the
Hurewicz homomorphism. Assume furthermore that the k-invariant k" *'(E) is of
order p, in the group H"*'(E[n —1]; n,E). Then there exists a homomorphism
v, : H,(E; Z) > n,E such that the composition v, h, : n,E — n,E is multiplication by
P

Proof. According to Theorem 1.1, the composition
£ E 5 E[n] —> E[n —1] v E"H(n,E) — S"H(n, E),

where proj denotes the projection on the second factor, induces multiplication by p,,
on 7, E. This map f, produces the following commutative diagram:

(e
n,E —— n,2"H(n,E)

lhn e lHurewncz

)4

(M
H(E;Z) — H,(2"H(n,E); Z).

It is clear that H,(2"H(n,E);Z) =n,E and that the composition (f,),h, is
multiplication by p,: thus, we obtain the conclusion of the lemma by defining

vn :Z(ﬁ)# .

PROPOSITION 4.2. The Postnikov k-invariants of BP, k‘*Y(BP)e
H'*Y(BP[i — 1]; BP,), satisfy:

(a) ki*'(BP) =0 if i % 0 mod 2(p — 1),

(b) k2mP=D+YBP) is of order p™ for all m > 1.

Proof. The first assertion is trivial since BP, =0 if i #0 mod 2(p — 1). Let us
show the second. It is known that there is a non-trivial element y € H,, _,,(BP; Z)
such that h,, ,(v,) =py, where hy, ,, is the Hurewicz homomorphism
BPy, )= Hy,_(BP;Z). (See [R], p. 71, Theorem 3.1.5, for the similar state-
ment for the spectrum MU: the Hurewicz homomorphism A, : MU, =
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Z[xy, X35 .. ] > H (MU; Z) = Z[by, by, ... ] fulfills h (x,._) = —pb._, for
i 21 and h,(x,) = —b; otherwise, where the degree of x; is 2j and the degree of b,
is 2j, j = 1; because the usual map from MU to BP sends x,_,, onto v,, the above
result on Ay, _,,(v,) follows from the injectivity of 4, : BP,— H,(BP;Z) [AL].)
Since BP is a ring spectrum, the Hurewicz homomorphism 4, : BP, — H (BP; Z)
is a ring homomorphism with respect to the Pontryagin ring structure, and we then
may conclude that

Moy - n(@07) =p™y™ form=1.

On the other hand, if p,,,, , denotes the order of the k-invariant k2"(# = D+ 1(BP),
the previous lemma implies that vy, 1)y 1) (©7) = Papm, - 0T and conse-
quently that

Poamip— 0T =P Vamp— n(y™) € Bsz(p- -

This shows that p™ divides pj,., 1)

In order to prove that p,,,, ,, is exactly p”, it is then sufficient to verify that
pk*m?=V+Y(BP) =0 in H*"?~V*YBP[2m(p — 1) — 1]; BP,,,(,_1)). The spec-
trum BP[2m(p — 1) — 1] has non-trivial homotopy groups (which are direct sums
of copies of Z,)) only in dimensions 0,2(p —1),4(p —1),...,2(m — 1)(p — 1);
notice in particular that BP[2m(p — 1) — 1] = BP[2(m — 1)(p — 1)]. Therefore, we
can consider the cofibrations of spectra

BP[25(p — 1)] — BP[2(s — 1)(p — )] — 2>~ D+ 1H(BPy,, 1))
and the corresponding long exact homology sequences (with integral coefficients)

fht = Hzm(p— 1)+2225(p_ D+ IH(szs(p_» 1)) — Hypip 1)+ 1 BP[2s(p — 1)]
— Hypip— 1y 1 BP[2(s — D)(p — 1)] —> - -

for s=1,2,...,m—1. According to [Cl, Hap, 1y 227" VT H(BPyy,_ 1))
is a direct sum of copies of Z/p, as is H,,, . BP[0]. By induction, it is
then clear that p”H,,, 1, 1 BP[2(m —1)(p —1)] =0, and it follows from the
same argument that p”H,,, ,,BP[2(m —1)(p — 1)} =0. Finally, the universal
coefficient theorem implies that the exponent of the cohomology group
H>r =D+ BP[2(m — 1)(p — 1)]; BPy,,,_ 1)) divides p™ and thus that
p"k2m(r=D+1(BP) =0 because k™7~ Y+ (BP) belongs to this cohomology group.
(I would like to thank Yuly Rudyak for useful discussions concerning the first part
of the proof of this proposition.)
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This enables us to apply Theorems 2.2 and 2.4 to the case E = BP, p,=0 if
i#0mod 2(p — 1) and py,, 1y =p™ for m 2 1.

THEOREM 4.3. Let X by any (b — 1)-homologically-connected CW -complex, n
an integer 2b + 1, and let r denote the positive integer such that 2r(p —1) <
n—b<2(r+1)(p-1).

(a) There exist homomorphisms

®,:BP,(X)> @ H, 5, 1,(X; BPy,_1)

t=0

and
Y, : (—BO H, - 1)(X; BPy,,_ 1)) = BP(X)
{ =

such that the composition ¥, ®, is multiplication by p’"* "2 on ﬁ’n(X ).
(b) For any integer t with 0 <t <r there exist homomorphisms

@n.t . Hn—Zt(p~ I)(X; BP2,(,,_ l)) '—)BPn(X)
and

A, BP,(X)—-H, —21(p —~ (X, BPZt(p 1)

such that the composition A,,®,, is multiplication by p =+ -1+ b2

H,_ 20(p — 1)(X; BPZI(p 1))-

on

EXAMPLE 4.4. Let us take p =2 and X = BSL(Z) ", the space obtained by
performing the plus construction on the classifying space of the infinite special
linear group SL(Z) =lim,, SL,(Z) (this is the O-th space of the spectrum
of the algebraic K-theory of Z). It is known that H,(BSL(Z)*;Z) =0,
H,(BSL(Z)™";Z) = Z]2 and H;(BSL(Z)*;Z,) = Z/8 (see [Arl]). Therefore, the
first dimension where the assertion (b) of the theorem gives a non-trivial informa-
tionis n=>5 (b =2,r =1): there are homomorphisms

Os) ~ As.y
7/8 — BP(BSL(Z)*) —5 7/8

such that the composition A4, @5, is multiplication by 2; this implies that the group
BP(BSL(Z)*) contains a cyclic subgroup of order 4.

Finally, let us describe our approximation of the exponent of the Brown—Peter-
son homology groups of a CW-complex.
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COROLLARY 4.5. Let X be any (b — 1)-homologically-connected CW-complex
with the property that its homology groups H;(X, Z,,)) are of finite exponent p* for
i2b, n an integer 2b + 1, and r the positive integer such that 2r(p —1) <
n—b<2r+1)(p—1). Then exp (BP,(X)) = p*, where

r(r + 1)

&, <max{e, 5, ,|0<t<r}+ i

and

r+600r—t4+1)
2

€n 2 max {en 2e(p—1) —

OSISr}.

Proof. This is a direct consequence of Theorem 3.1.

EXAMPLE 4.6. If X is the classifying space BG of a group G and b the greatest
positive integer such that ﬁ,-(G;Z( ») = ~O for i <b, then the previous corollary
gives an estimate of the exponent of BP,(BG) in terms of the exponent p¢ of
the ordinary homology groups H;(G;Z,), i 2b. For r =1 and 2, we get the
following approximations. If 2(p — 1) <n —b <4(p — 1), then exp (BP,(BG)) =
p, where

max {env €r1_2(p— l)} —1< €, < max {env enAZ(p— I)} + 1.
If4(p —1) <n —b <6(p — 1), then exp (BP, (BG)) = p*, where

max {e,,-—3,€n,2(p_ ])—-3,(?,1_4(,,__])“2}

= €y < max {en’ € —_20p—1)» en-4(p-—f l)} + 3.

Choose for instance p =2 and for G the infinite special linear group SL(F,)
with coefficients in the field of g elements (¢ a prime number). The integral homo-
logy groups of SL(F,) are known from [H]: H,(SL(},); Z) = H,(SL(F,); Z)
=0, H\(SL(F,); Z) = Z/(g> — 1), HiSL(F,); Z) =0, Hs(SL(F,); Z) = Z/(g’ - 1),
Hy(SL(F,); Z) =0, H;(SL(F,); Z) = Z/(g*—1)®Z/(g*>—1), ... Assume for exam-
ple that ¢ is a prime = 5mod 8: then g>—1=28" (odd integer), ¢*> —1=4" (odd
integer) and ¢* — 1 = 16 - (odd integer). When one computes the small-dimensional
Brown-—Peterson homology groups of BSL(F,) with the Atiyah—Hirzebruch spec-
tral sequence E?, = H, (BSL( F,); BP,) = l?i’s +(BSL(F,)), one checks easily that
BP,(BSL(F,)) =0 for n=1,2,4,6 and that BP,(BSL(F,)) ~Z/8.
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The first difficult dimension is » = 5, because there are two non-trivial groups,
Z/8 and Z/4, on the line s + ¢t = 5 in the E*-term of the Atiyah—Hirzebruch spectral
sequence; since no differentials may modify these groups, the spectral sequence
gives the short exact sequence

0 —> Z/8 — BP5(BSL(F,)) — Z/4 — 0.

But our approximation, for n =5, b = 3, asserts that exp (l}j’s(BSL(qu))) divides
16. We then may conclude that l?f%(BSL( F,) =2Z/8®Z/4 or Z/16® Z/2 (but not
Z/32).

The next interesting dimension is n = 7, where the line s + f = 7 in the E*-term
of the Atiyah—Hirzebruch spectral sequence contains three non-trivial groups: Z/8,
Z/4 and Z/16@® Z/8. Tt follows from our method that exp (BP,(BSL(F,))) is a
positive multiple of 2 and a divisor of 128.

5. Universally strange torsion

The objective of this section is to present a second application of our results.
For simplicity, we only consider here connective spectra E (i.e., such that 7,E =0
for i <0). Let p be a prime number, X a CW-complex, n a positive integer, and
suppose that the group H,(X; Z) has p-torsion. We are interested in the following
problem: does E,(X) also contain p-torsion when E,(—) runs over the reduced
homology theories corresponding to all connective spectra E satisfying the condi-
tion that 7, E is not p-divisible? Our argument provides a positive answer to this
question if p is large enough in comparison with n. More precisely, we get:

THEOREM 5.1. Let X be a (b — 1)-homologically-connected CW-complex, p a
prime number and n an integer =b with the property that H,(X;Z) contains
p-torsion. If p =2 (n — b)/2 + 2, then E (X) also contains p-torsion, for any reduced
homology theory E «(—) associated with a connective spectrum E such that nyE is not
p-divisible.

Proof. Since nyE is not divisible by p, the tensor product H,(X; Z) ® n,E,
which is a direct summand of H,(X; 7, E), has p-torsion. According to Theorem 2.4
and Remark 2.6, there exist, for any connective spectrum E, homomorphisms
0,0 H,(X; n,E) - E,(X) and A,,: E,(X) > H,(X; nyE) such that the composi-
tion 4,0, is multiplication by T, _,, . But T, _,, , is only divisible by primes
<(n—b + 3)/2. Consequently, the hypothesis p = (n — b)/2 + 2 implies that the
p-torsion of H,(X; n,E) survives in £, (X).
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This theorem is a suitable tool for the detection of p-torsion in all connective
homology theories applied to a given CW-complex X. This game is of special
interest if X is the classifying space BG of a p-torsion-free group G.

In [We], a group G is called a group with strange p-torsion if it is p-torsion-free
and H(G; Z) has p-torsion. Let us extend this definition as follows.

DEFINITION 5.2. A group G has universally strange p-torsion if it is p-torsion-
free and E*(BG) contains p-torsion for any reduced homology theory E*(-—)
associated with a connective spectrum E such that nyE is not p-divisible.

Now, let us give examples of groups with universally strange torsion. For an
odd prime number g and a positive integer m, let I',, denote the congruence
subgroup of level ¢ in SL,(Z), i.e., the kernel of the surjective homomorphism
SL,(Z) - SL,,(F,) induced by the reduction modulo ¢ (where F, is the field with
q elements), and define I', :=lim,, I',, , using upper left inclusions I',,, & I, ,-
The groups I', are torsion-free. We have shown in Theorem 2.5 of [Ar2] that the
groups I', have strange torsion which comes from the torsion discovered in the

algebraic K-theory of Z in [S]:

THEOREM 5.3. Let p be a properly irregular prime and j an even integer <p
such that p divides the numerator of B,[j (where B; is the j-th Bernoulli number:
B,=4¢, By=55,...). Then there is p-torsion in H, ,(I',;Z) for all odd primes
q #p.

Because j < p, the hypothesis of Theorem 5.1 is fulfilled for the CW-complex
BI', (with b =1) and n = 2j — 2. We then may conclude that the groups I', have
universally strange p-torsion (in dimension 2j — 2) for all primes g # p:

COROLLARY 5.4. Let p be a properly irregular prime and j an even integer <p
such that p divides the numerator of B;[j. Then there exists p-torsion in EZ,#Z(BI“ )
for all odd primes q # p and all reduced homology theories E,(—) corresponding to
connective spectra E such that nyE is not p-divisible.

REMARK 5.5. We established in Section 1 of [Ar2] that certain congruence
subgroups have torsion in their ordinary integral homology in infinitely many
dimensions (and thus have very strange torsion according to the definition given in
[We]). However, we don’t know if there are groups with universally strange
p-torsion in infinitely many dimensions, in other words with universally very strange
p-torsion.
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6. Relationships between extraordinary and ordinary cohomology theories
Now, we would like to do the same with cohomology theories.

LEMMA 6.1. Let E be a spectrum, X a CW-complex, E*(X) the reduced
E-cohomology of X, and p an integer. The power map y° : E — E induces multiplica-
tion by p : EX(X) » E*(X).

Proof. As in the proof of Lemma 2.1, we may assume that E is an Q-spectrum.
Then E/(X) =[X, E,] and the homomorphism (y*)*: [X, E,] = [X, E,] is just given
by (x?)*(a)(x) = (a(x))? for a € [X, E,] and x € X (using the H-space structure of
E, ~QE,, ,): by definition of the group structure of [X, E,], this means that
(x?)*(a) = po.

The point is that we cannot just formulate the results of Section 2 for
cohomology theories, because an E-cohomology group of X may not, in general, be
computed with a Postnikov section of E (as it was the case in the proof of Theorem
2.2). In order to do it, we must suppose that the space X is of finite dimension d
(and we assume again that X is (b — 1)-homologically-connected, d = b + 1), but
the spectrum E does not need to be bounded below any more.

If n is a given integer there is an obvious map of spectra y, _, : E(b —n) > E,
where E(b —n) is a spectrum satisfying m,E(b —n) =0 for i <b —n and (y,_,),:
n,E(b —n) S n,E fori = b — n; let us write E(b — n, d — n] for the Postnikov section
E(b —n)d—n] of E(b-—n): EMb-—n,d—n] satisfies n,E(b—n,d—n]l=0 if
i<b—nori>d—nand n,E(b —n,d—nl=nEif b—n <i<d—n (cf. Section
4 of [D], [M], or [V] for the existence of E(b —n,d —n]). It turns out that
E"X) = E(b — n, d — n]"(X), according to the cohomological version of Lemma 4.2
of [Ar3]. Therefore, £7(X) may be calculated with the spectrum E(b —n,d — n],
which has finitely many non-trivial homotopy groups (even if E is not bounded
below) and which has consequently all its k-invariants of finite order. This enables
us to deduce from Corollary 1.4 and Theorem 1.5, applied to the spectrum
E(b — n,d — n], the following assertions.

THEOREM 6.2. Let E be any spectrum, X a (b — 1)-homologically-connected
CW-complex of finite dimension d, n an integer, and let p; denote the order of the
k-invariant k'*Y(E(b —n)) in H*YWEb —n,i—1);m,E) for b—n<i<d-—n
(observe that p, _, =1).

(a) There exist homomorphisms

d—n

o EnX)» @ H"*'X;nE)

t=b-—-n
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and
d—n

por - C_D Hn+t(X; R,E) - E"(X)
t=b-n
with the property that the composition ¥"®" : E(X) — E"(X) is multiplica-
HON BY Py_yPu-n-1""" Pb—nt1-
(b) For any integer t with b —n <t <d — n, there exist homomorphisms

e - gn+ '(X; TL',E) . E"n(X)
and
A E"(X) - H"t '(X; R,E)

such that the composition A™'O™ . H"*'(X; n,E) > H""(X; n,E) is multi-
plication by pd - npdfn -1 pt'

REMARK 6.3. According to Remark 1.6, it is always possible to replace
the integer py ,pu-w 1" Pr i1 DY Toy_pyy and p,_,p; , - p, by
Tr b+n+ld b+1-

REMARK 6.4. Theorem 6.2 also determines an approximation of the exponent
of £"(X) as explained for the case of homology in Theorem 3.1. The results may be
of special interest if X is the classifying space BG of a discrete group G of finite
cohomological dimension ¢ (for instance a congruence subgroup of odd level in
SL,(Z), m = 2).
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