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Relative growth rates of closed geodesics on a surface under
varying hyperbolic structures

John W Morgan* and Jean-Pierre Otal

This paper has two interrelated goals The first îs to give necessary and sufficient
conditions that an action of a surface group on a tree be géométrie, that îs to say,
be dual to a codimension-1 measured lammation on the surface The second îs to
study the limiting ratios of lengths of simple closed geodesics under a degenerating

séquence of hyperbolic structures on the surface We begm by explaimng in more
détails each of thèse goals

In order to explain the first, let us return to an old resuit of Stallmgs Recall
from [5] that if X c M îs a compact codimension-1 submanifold, then there îs an
action of ti,(M) on a simplicial tree dual to X a M (or more precisely dual to
X a M where M îs the universal covenng of M)

THEOREM (Stallmgs) Let S be a closed surface, let F nx(S), and let
F x T -&gt; T be a minimal action of F on a simplicial tree Then this action is dual to
a compact \-manifold X cz S if and only if the stabilizer in F of every edge of T is

cyclic

Our first goal is to generahze this resuit to actions of surface groups on IR-trees

and on /1-trees for more gênerai ordered abehan groups A As was proved in [7],
associated to any codimension-1 measured lammation in a manifold M, satisfying
some mild conditions, there is a dual action of nx(M) on an IR-tree which is
minimal If M is a surface then the stabihzers of germs of edges in such a dual
action are ail cychc This leads naturally to the following question

If F, the fundamental group of a closed surface S acts on an R-tree so that the

action is minimal and so that the stabilizer of the germs of edges are cychc, then is
the action dual to a measured lammation in S9

We do not know the answer to this question The first purpose of this paper is

to show that, with one additional assumption on the action, the answer is yes

* Work partially supported by the National Science Foundation under grant number DMS-82-01045
and DMS-85-03758
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It is easy to establish that the answer to the above question is yes if the Euler
characteristic x(S) is non-negative. We prove the following theorem which provides
a partial answer to the question in the hyperbolic case.

THEOREM. Let F x T-+T be a minimal action of a closed hyperbolic surface

group n j (S) on an U-tree. Then the action is dual to a measured lamination in S ifand

only if the following two conditions are satisfied:
(a) The stabilizer of every germ of an edge is cyclic.
(b) Any time yQ and yx are éléments in F whose axes in the universal covering S

cross, then the axes of y0 and y j in T, provided that they both exist, also

intersect.

Thus, one of our conditions is purely géométrie and the other concerns the

stabilizers. To answer the question above is to décide whether (a) implies (b). It
seems likely to us, though we hâve not seriously tried to establish it, that (b) implies
(a). When we prove this theorem in Section IV. 1, we prove it in the generality of
/l-trees for any ordered abelian group A of flnite rank.

The second main thème of the paper is the study of growth rates of simple
closed geodesics under a degenerating séquence of hyperbolic structures. A hyperbolic

structure a on a surface S détermines a function from the set %&gt;(S) of
conjugacy classes in F 7r,(5) to !R. This function associâtes to each y e %&gt;(S) the

length /y((x) of the closed géodésie representing y in the hyperbolic structure. If (ocn)

is a séquence of hyperbolic structures, we can always extract a subsequence so that
for any pair of éléments y, /1 e C the ratio lim^^^ /y(an)////(an) exists in [0, 00]. If
(aw) is an unbounded séquence in Teichmùller space, then thèse limit ratios
détermine a point in the projective space with homogeneous coordinates indexed by
%&gt;(S). This point is the limit point in Thurston&apos;s compactification of Teichmùller

space.
It is easy to establish that conditions (a) and (b) above hold for the action

produced in [6] from unbounded séquences in Teichmùller space. Thus, one

corollary of the above theorem is that ail limit points of Teichmùller space in the

projective spaces are given by intersection numbers with a fîxed measured lamination.

(In [6] this resuit was recovered by appealing to Hironaka&apos;s resuit on
resolvability of singularities; hère we give a more direct, satisfactory proof.) Thus,
this part of the paper can be viewed as a natural conclusion to [6].

Because we work with /l-trees rather than [R-trees we are able to generalize the
results of [6] from the archimedean context described above to the non-
archimedean context.

The idea is that the limit point in the projective space ignores much of the

information in the limit ratios. Any time \\van^ao{y(Xn)l^^{Xn) 0 for / 0, 1,
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then the value hm^^^ t?yo(Xn)//}l(Xn) îs completely undetermined by the point m
the projective space In this sensé, taking the point in projective space îs hke taking
a top order term of the ratios and ignoring the rest As we indicated above, the

restriction of the results of this paper to R-trees gives a différent proof of
Thurston&apos;s resuit that the top order term îs represented geometncally by intersection

with a measured lamination on the surface By working with more gênerai
ordered abehan groups we extend this resuit to the full limit ratio we show that ît
îs represented geometncally by intersection with a non-archimedeanly measured

lamination on the surface

The paper îs organized along the following lines Chapter I îs an introductory
one, devoted to expanding the theory of/l-trees introduced in [6] and to developing
the theory of codimension-1 measured laminations where the measure takes values

in an arbitrary ordered abehan group In Section I 1 we define the notion of an edge

of a /l-tree Using this we define a morphism of /l-trees In Section I 2 we define

transversely measured codimension-1 laminations where the measure takes values m
an arbitrary ordered abehan group In Section I 3 we state axioms for a codimen-
sion-1 measured lamination and show that thèse axioms guarantee that the lamination

has a dual /l-tree In Section I 4 we give an alternate set of axioms for the case

of hyperbolic surfaces, and we show that thèse alternate axioms imply the original
ones

Chapter II îs a one-section chapter which introduces the notion of a transverse

map from the complément of a codimension-1 lamination in a manifold to a /l-tree
Next, we show that if the measured lamination has a dual tree then the transverse

map factors through a morphism of the dual tree Lastly, we show that given a

compact manifold M and an action of nx(M) on a /l-tree T, there îs a measured

lamination if cM and an equivanant transverse map of M — $ to T
In Chapter III we prove that if M îs a complète hyperbolic surface of finite area

and if we hâve an action nx (M) x r-^Tona /l-tree T then there îs a codimension-
1 measured lamination ï£ c M with a dual tree and a transverse, equivanant map
(M — J?) —? T The method of proof îs to begin with any measured lamination and

transverse, equivanant map as constructed in Chapter II and modify ît until the

axioms set forth in Section I 4 are satisfied There are several steps in this process,
they occupy the entire chapter

Chapter IV îs devoted to proving the two main results of the paper The
charactenzation of géométrie actions of surface groups on A -trees îs proved in the

following way Given an action of nx(M) on a tree T, by the results of Chapter III
we construct a measured lamination in M with a dual tree 7&quot; and a transverse,

equivanant map from the complément of the lamination to T We then show by a

direct argument that the natural map T&apos; -+T can hâve no folding if the action of T
satisfies the two conditions given in the theorem above Hence ît îs an isomorphism
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Then, we show that ail the limiting ratios of lengths of closed geodesics for a

degenerating séquence of hyperbolic structures on a surface are given by intersection

numbers with a non-archimedeanly measured lamination in the surface.

Given the first main resuit of the paper and the work of [6], this resuit is easily
deduced.

The authors would like to thank IHES and l&apos;Université de Paris-Sud, respec-
tively, l&apos;Université de Genève and the Max Planck Institute, Bonn, for their

support and hospitality while this work was being done.
Since this paper was accepted, its main resuit has been extended by R. Skora

([9], [10]), who proved that an action of a surface group on a A tree is dual to a

A -measured lamination, once the edge stabilizers are cyclic.

Chapter I. Trees and measured laminations

Section 1.1. Trees and pre-trees

In this section we expand the theory of trees developed in [6]. Let A be an
ordered abelian group and let T, d : T x T -* A be a /1-tree. Let T To II Tx be a

division of T. A spanning segment for this division is a segment / cz T with one

endpoint in To and the other in T{. If any two spanning segments for the division
hâve the property that their intersection contains at least one point of both To and

Tl9 then we say that the division is an edge of T.

If T TqUT] is an edge of T, then an élément v, e Tt is a vertex of the

edge if v% belongs to every spanning segment for the edge. There is at most

one vertex of the edge in each Tn and hence at most two vertices in ail. In
gênerai, an edge can hâve none, one, or two vertices. If e is an edge with vertex v,

then e is called a direction at v. The order of v e T is the number of distinct
directions at v.

If / is a segment in a yl-tree, then a Dedekind eut of / is a division / Io 11 Ix,
with neither /0 nor /, empty, such that there is an isometric embedding q&gt; : I c+ A
with (p(a0) &lt; (p{oi\) for ail a0 e Io and olx e Ix. A point p e I is an end point of the

Dedekind eut if either /0 {a e / | (p(oc) &lt; (p(p)} or Io {a g I | &lt;p(a) &lt; &lt;p(p)}.

If e is an edge of T and if / is a spanning segment of e, then e détermines a

Dedekind eut of /. Any endpoint of this Dedekind eut is a vertex of e and

conversely. Conversely, if / c T is a segment, then a Dedekind eut of / détermines

an edge of T. If / /0II /, is the Dedekind eut, then we define Tt c T to be the

set of points in T which can be joined by a segment which misses /, __f to /,. One

sees easily that T TollTl is an edge of T and that / is a spanning segme&apos;nt for
this edge.
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Examples, (i) A Z-tree is the same thing as the set of vertices of a simplicial
tree. An edge of a Z-tree is the same thing as an edge of the corresponding
simplicial tree. Each edge of a Z-tree has two vertices.

(ii) If A is a dense subgroup of R, then any yl-tree T can be embedded

isometrically as a dense subset of an R-tree T. An edge of T corresponds to a

maximal class of arcs in T with the property that any two members of the class hâve

intersection which contains a third member. An edge e of T has at most one vertex;
and it has p as a vertex if and only if ail the arcs in T belonging to the

corresponding class contain the point v.

The notion of an edge is important in order to define a morphism between

A-trees. A morphism from T to T&apos; is a fonction q&gt; : T ^&gt;Tf with the property that
for each edge e of T there is a spanning segment Ie &lt;= T for e with cp \ Ie an isometry.

We claim that if cp : T -? T&apos; is a morphism then cp induces a map from the set

of edges of T to those of T&apos;. To define the induced map on the set of edges, let e

be an edge of T. Choose a spanning segment Ie for e for which cp | Ie is an isometry.
The edge e is équivalent to a Dedekind eut (/e)ou(/e)i °f h- The image under cp is

a Dedekind eut of cp(Ie). Hence, it détermines an edge e&apos; of 7&quot;. One sees easily that
e&apos; is independent of the choice of Ie. We define cp + (e) =e&apos;.

The map on edges and vertices is compatible: if v e T is a vertex of an edge e,

then cp(v) is a vertex of (p*(e). Thus, cp induces a map from the set of directions at
v g T to the set of directions at &lt;p(t&gt;) in T&apos;. This map need not be 1-1. If it is not
1-1, then we say that cp folds at v. Along the same Unes, we say that cpfolds along
a segment I a T at v g / if the two directions at v in / are identified under (p.

Suppose that cp folds along / at v. Parametrize / as {a g A \ a &lt; a &lt; b}. Set a0 equal
to the parameter value at v. Then there are a_, a+, with a &lt; a__ &lt;ao&lt;a+ &lt; b such

that for ail a g A, 0 &lt; a &lt; a0 — a_, we hâve (p(a0 -h a) cp(a0 — a).

LEMMA 1.1.1. Let (p : T -+T&apos; be a morphism of A-trees. Either there is a vertex
v e T at which cp folds or &lt;p is an isometry onto a sub-A-tree of T.

Proof

STEP I. For ail a, b e T we hâve d{cp{a\ cp{b)) &lt; d(a, b).

Proof of Step I. Suppose that there is a, b with d((p(a), (p(b)) &gt; d(a, b). Let / be

the segment in T from a to b. Let Io c / be {t \ d((p(a), (p(s)) &lt; d(a, s) for ail s,

a &lt; s &lt; t}. Clearly, if /, &lt; t2 and if t2 g /o, then tx e Io. Also a e Io and b $ 70.

Hence, if we set /, / — /0, (70, Ix) is a Dedekind eut of /. This détermines an edge

e of T. Let / c / be a spanning segment for e with the property that cp \ J is an

isometry. Let j0 and j\ be the endpoints of / with j\ g Ir For any j g /, we hâve
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d(aj) d(aj&apos;o) + d(jo,j)). Since j0 e /0; d(a,j0) &gt; d(cp(a)9 (p(jQ)). Since cp \ J is an

isometry, d(cp(j0), cp(j)) d(jo,j). Hence, for ail j e J, we hâve

d(aj) &gt; d(&lt;p(a),

By the triangle inequality,

d(q&gt;(a),

Hence, the required inequality holds for ail j e J. Hence, y*! e /o. This contradicts the

fact that y, e Ix.

STEP IL For any a, b e T let I be the segment with endpoints a and b. Then

d((p(a), q&gt;{b)) — d(a, b) if and only if cp has no folding along I.

Proof of Step IL If &lt;p\I folds at tel then there are tx&lt;t &lt;t2 with
(p(t{) (p(t2). Hence

d(cp(al cp(b)) d(&lt;p(a)9 &lt;p(tx)) + d(q&gt;(t2), ç{b))

&lt; d{a, r,) + d(t29 b) d(a, b) - d{t2, tx) &lt; d{a, b).

Conversely, suppose that cp \ I has no folds. Let Io c / be the set of t for which
d(&lt;p(a), &lt;p(fj) d(a, t). Clearly, a e Io. By step I, if a &lt; s &lt; t, and t e Io, then s e Io.

Hence, either /0 /, in which case d((p(a), cp(b)) d(a, b), or (/0,/ —/0) is a

Dedekind eut of /. Let us assume the latter. Let e be the corresponding edge of T,

and let / a I be a spanning segment for e with the property that cp \ J is an

isometry, say / [yo^i] with y&apos;o e /0 and j\ e I — i0. We hâve ç([aj&apos;o]) is a segment
of length d(a,j0), and (p([j&apos;oJ\]) *s a segment of length d(joj\). Thus, either
&lt;?([&lt;*Ji]) is a segment of length d(ajo) + d(jo,j\) d(a,j\) or cp([a, j0]) n&lt;jo([/o,7i])

is a non-degenerate segment. In the former case j\ e Io which is a contradiction; in
the latter cp folds along / at j0.

Proof of Lemma. If cp is not 1 -1, then there are points a / b in T with
cp(a) &lt;p(&amp;). Let / be the segment in T Connecting a to b. Clearly, according to Step

II q&gt; folds along / at some point. This proves that either cp is 1-1 or cp has folding.
If cp is 1 -1, then it follows immediately from Step II that cp is an isometry onto its

image.

COROLLARY 1.1.2. Suppose that T and T are A-trees each with a r-action.
Suppose that T&apos; is minimal with respect to its F-action, and suppose that cp : T&apos; -+F&apos;

is a F-equivariant morphism. Then either cp is an isometry or cp has folding.
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Proof. cp(T) cz T&apos; is a F -invariant subtree. Since 7&quot; is minimal for the F
-invariant subtree. Since T is minimal for the T-action, this implies that (p(T) T.
The resuit is now immédiate from Lemma 1.1.1.

(1.1.3). It is convenient to work with slightly more gênerai objects than
/1-trees. Thèse were introduced by Bass [1] and Gillet-Shalen [2], We follow
Gillet-Shalen and call them pre-trees. A A pre-tree is a yl-metric space (T, d)
such that:

(i) for any x,yeT the set [x, y] consisting of ail z e T with d(x, z) +
d(y,z) d(x, y) is isometric to a subset of a closed interval in A, with x and y
corresponding to the endpoints of that interval;

(ii) for any x, y, z e T we hâve [x, y] n [x, z] [x, w] for some w e T; and

(iii) if [x, y] n [x, z] {x} then [x, y] u [x, z] [&gt;&gt;, z]. The set [x, j] is the pre-
segment with endpoints x and y. Gillet-Shalen [2] show that any A -pre-tree can be

embedded isometrically in a yl-tree AT in such a way that every point of AT lies

in a segment with endpoints in T. Furthermore, AT is unique up to an isometry
which is the identity on T. It is called the A-completion of T. Every point of
AT - T is an edge point of AT.

Section 1.2. Non-Archimedean measured laminations

In [7] the basic theory of codimension-1, measured laminations is presented.
Thèse objects hâve a transverse measure which is real-valued, or equivalently
complète and archimedean. In order to measure the non-archimedean growth rates
discussed in the previous sections we need non-archimedean measures. Thèse will
not be complète but rather will hâve values in an ordered abelian group.

Recall that a codimension-1 measured lamination JS? has at most countably
many complementary régions each bounded by at most countably many leaves of
£. Thèse leaves are said to be isolated on one side.

(1.2.1). Let 5£ cM be a codimension-1 lamination and let V — U xi be a

flow box for j£\ Then the local leaf space of &lt;£ \ V is identifîed with a closed
subset X^l and the support of jSf, |jS?|, meets F in U x X. The set Y of
complementary régions of &lt;£ in V is then identified with the set of components of
I — X. Thèse complementary régions are ordered (up to sign) by the order on /.
By a segment in Y we mean any subset of the form Sba {y e S \ a ^ y ^ b}, for
a ^ b arbitrary éléments of y. Given a segment Sba c Y and an élément j&gt;0 g Sba

we can subdivide Sba into two segments Sya° {y e S \ a &lt;y ^ y0} and Sb0

{yeS\yo&lt;y&lt;b}.
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A measure on Y with values in an ordered abelian group A is a symmetric
function

ju: Yx Y-+A*0

such that for any segment Sba a Y the function

Sa -» [0, /x(a, b)] defined by y -? ji^, a)

is an order preserving bijection. We define the measure fi(S^)9 to be fi(a, b). This
measure is an additive function on segments in the sensé that if yoe Sa, then

fi(Sya°) + n(ShV0) n(Sba). A segment S is degenerate if and only if n(S) 0; if S is

a subsegment of S, then fi(S) &lt;¦ ^(5&quot;). Lastly, if S S^ u • • • u Srt is a finite partition
of S, then n(S) E&quot;= fi(Sl Since we do not assume that A is complète we cannot
hope to extend this to a countably additive measure, nor can we hope to define the

intégral over an arbitrary sub-interval of /.

If / : [0, 1] -&gt;N is transverse to &lt;£ (see [7]) and if the endpoints of J lie in
V — |if|, then ja(J) is defined as an élément of A. Namely, we partition / into
finitely many closed measure intervais with endpoints in V — \£P\, each of which is

either contained in a complementary component or is monotone in the /-direction.
Each such interval has a natural image in Y which is a segment. By définition /ll(J)
is the sum of the values of \i along thèse segments in Y.

If Vx and V2 are two flow boxes and if ^ and jx2 are yl-valued transverse

measures for Vx and V2, then iix and \x2 are compatible provided that for any closed

interval /in Vxn V2 which is transverse to if and has endpoints in Vxc\V2 — \$£\

we hâve fix(J) =ju2(/).

DEFINITION 1.2.2. A transverse measure with values in A for if, is a

compatible set of transverse measures with values in A, one for each flow box of if.

Notice that if /i is a transverse measure and if / : [0, 1] -+ M is a path transverse

to ^ with {/(0) u/(l)} czM- \&lt;£ |, then fi(J) e A is defined.

Examples 1.2.3. Let 5 be a surface and let x c S be a train track. Associated to
this train track we hâve the real vector space with basis the branches of t, R®, and
the intégral linear branch équations (see [7]). A non-negative solution w e M* to
thèse équations gives rise to a measured lamination carried by t with the given

weights. One can show that any closed interval transverse to the lamination has

measure in the free abelian subgroup of IR generated by the weights w(b), b € S.
Thus, in fact the measured lamination has value group contained in this free abelian
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group of finite rank Of course, this group îs ordered via îts inclusion into M This
order îs archimedean It thus can be completed to a R-measure This completion îs

the usual (countably additive) transverse measure

Example Let A be Z x Z with the lexicographie order Let &lt;£ be the lamination
on a surface with two leaves, indicated below

The transverse measure îs determined by defimng fi(A) (0, 1) and n(B)
(1,0) This lamination does not admit an archimedean measure of full support, for
the intégral of B must be înflnitely large with respect to the intégral of A

Section I 3 Trees dual to measured laminations

In [5] the notion of a tree dual to an (archimedeanly) measured lamination
was introduced and necessary and sufficient conditions were given for the existence

of such a dual tree In this section we generalize this to the non-archimedean

case

Let (&amp;*, fi) be a codimension-1 lamination in a compact w-manifold M with a

transverse measure taking values m the ordered abehan group A We dénote by
(&lt;^, p) the induced measured lamination m the universal covenng M of M
Throughout this section we make the following assumptions

(13 1)

(a) |jÇ?| îs nowhere dense in M,
(b) each leaf of S îs a closed subset of M,
(c) if p and q are points of M — X then there îs a path co I-+M,

with co(0) /?, and œ(\) — q, which îs transverse to S and which

crosses each leaf at most once

In [5] it was proved that if A R, then under thèse assumptions there îs a dual
tree Miniking this argument, we shall construct a dual /t-tree for arbitrary A What
we actually do îs construct a vl-pre-tree T and then appeal to the gênerai results

which allow us to complète the yl-pre-tree to a yl-tree
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The points of T are the complementary régions of J? in M, i.e., the connected

components of M — \&amp;\. To define d : T x T-&gt;A*0 let Ro and R{ be complementary

régions. Choose an arc œ : [0, \]-+M transverse to S with œ(i) e Rt for
/ 0, 1 that meets each leaf of S in at most one point (hère, [0, 1] dénotes the

segment in the real numbers). We set d(R0, Rx) Jw fi fi(œ). The argument in [5,
Lemma 5] generalizes mutatis-mutandis to show:

LEMMA 1.3.2. d(R0, Rx), as defined above, is independent of the choice of
œ.

This then defines T and a function d:T xT-+A*°. One sees easily that (T, d)
is a A-metric space (i.e. d is symmetric, d(x, y)=0 iff x y, and d(x,y) +
d(y,x)&gt;d(x,y)).

LEMMA 1.3.3. T is a A-pre-tree.

Proof Since we know that T is a A -metric space we need only show that the

three axioms in (1.1.3) hold. Let x, y e T correspond to complementary régions Rq

and R{. Let œ be an arc in M from Ro to R{ satisfying (I.3.1)(c). We claim that
(x, y) is equal to the set w e T corresponding to complementary région that œ

meets. Clearly w e T corresponds to a complementary région that œ meets then

d(x, w) -h d(w, y) d(x, y). Conversely, suppose that d(x, w) + d(w, y) d(x, y).
Let cox and œ2 be a path as in (I.3.1)(c) from x to w and from w to y. We can

assume that ^,(1) =co2(0).
Then œ œl * œ2 is a path from Ro to i£, and Jw // d(x, &gt;&gt;). Arguing as in [5,

Lemma 5] we see that œ satisfies (I.3.1)(c).
Associating to each w e T corresponding to a complementary région that œ

meets d(x, w) gives an isometric embedding of [x, y] into [0, d(x, y)] a A.
The argument in the proof of Lemma 5 in [5] shows that [x, y] n[x, z] [x, w]

for some w e T.

Lastly, Axiom (iii) is clear from the description, of [x, y].

COROLLARY 1.3.4. Let (if, pi) a M be a measured lamination. Let S c M be

the induced lamination in the universal covering of M. If S satisfies Axioms II.3.1,
then there is a dual A-tree AT&amp;. The action of nx{M) on S and M — L induces an

action of nx(M) on AT^.

Having finished the construction of the /l-tree dual to (J^, fi) cz M, let us
describe the correspondences:
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(a) A point of the pre-tree T%&gt; a AT^ is a component of M — \3?\
The set of directions in AT&amp; at the point corresponding to R is

in natural one-to-one correspondence with the boundary leaves

(1.3.7) { of R.

(b) Every point of AT# — T^ is an edge point of AT^. Each edge of
AT&amp;, whether or not it is represented by a point of AT^ — T&amp;,

corresponds to a unique leaf of J?\

(1.3.8). It follows from (1.3.7) that the stabilizer of a point in T&amp; is the stabilizer
of a complementary component of S in M, or equivalently is the image in nx{M)
of the fundamental group of a complementary component of if in M. The
stabilizer of any point of AT&amp; — T^ is the stabilizer of a leaf of S, or equivalently
is the image in nx{M) of the fundamental group of some leaf of ££.

Let (J^7, fi) c M be a measured lamination. A loop w in M is said to be

transverse to 5£ if either œ lies in a leaf of if or a; is covered by intervais transverse

to if in the sensé of Section 1.2. In either case we can define jM œ. In the first case

the intégral is zéro.

COROLLARY 1.3.9. Let (if, y) a M be a measured lamination. Suppose

S cz M satisfies Axioms 1.3.1 and that nx(M) x AT-^ AT is the dual action. Then

for each y e nx(M) there is a loop coy cz M representing y and transverse to $£ such

that the géométrie intersection of coy with (if, /x) i.e. Jœ //, is equal to the translation

length x{y). Furthermore, Jw jx &gt; Jw fx for any loop coy freely homotopic to y and

transverse to if.
Proof Let if&apos; be a loop in the free homotopy class of y transverse to 5£. Let

x e /f^niM — |if |). Cut ^ open at x and lift it to an arc in M. The endpoints of
this arc are of the form Je and yx and lie in complementary régions R and yR. We

hâve

d(R, yR) &gt; x(y).

Now we construct a loop £y to minimize the intégral. Suppose first that y either
has an axis or a fixed point meeting T. Let Rq be a complementary région to J? in

M corresponding to a point in the axis or fixed set of y. Let œ be a path in M from
jR0 to yR0 crossing each leaf of S at most once. We can suppose that co projects to
a loop £ in M. This loop satisfies J^ £ t(y) and is in the free homotopy class of y.

The last case to consider is when y is an inversion, i.e. y fixes no point of T but
has translation length 0. Such an élément leaves invariant an edge of AT. Thus, the

élément is represented by a loop in a leaf of ^£. Clearly \^ jj, 0.
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DEFINITION 1.3.10. Let (J^, p) c M be a measured lamination satisfying
Axioms 1.3.1. We define géométrie intersection with (if, fi), i^,M) &apos;• nx(M) -+A *° as

follows; 1(^)00 min^ fi where £y ranges over ail transverse loops in the free

homotopy class of y. Clearly, by (1.3.9) \&lt;e^ :nl(M)-+A:t0 is the same as the

translation length function of the dual tree.

Section 1.4

In the last section we gave gênerai axioms (1.3.1) for a measured lamination to
hâve a dual tree. In this section we gave an alternative set of axioms in the spécial
case of a surface.

The work of this section is to establish that the axioms given hère are simply
the conditions expressed in (1.3.1) thus guaranteeing that the measured
lamination has a dual tree. It is the axioms (1.4.1) with which we work in the next
chapter.

Let M be a complète hyperbolic surface of finite area and let if c M be a

codimension-1 lamination. The universal covering M of M can be identifîed with
the hyperbolic dise D2. Hence there is an idéal boundary at infinity identifîed with
S1. We dénote it by dM. Let S c M be the lamination covering S£. Let t c M be

a non-compact leaf of S with the leaf topology, t is homeomorphic to the real line.
Let A c / be a ray. We identify A with [0, oo) &lt;= U. Then the embedding a D2

induces a map &lt;pA [0, oo[-»D2. We say that A has endpoint a e S1 if in the

compactifîcation of D2 by D2u51, lim^^ &lt;pA(t) a. Notice that this notion is

independent of the identification of A with [0, oo).

Now we formulate our alternative conditions. Let M be a complète, hyperbolic
surface of finite area. Let (S£,\i) be a codimension-1, measured lamination in M.
Let S c M D2 be its lift. We suppose:

(a) Each leaf of S is a proper and non-compact submanifold.

(b) Each xe|j?| has arbitrarily small flow box neighborhoods
meeting M — \S\ and meeting each leaf of S in a connected set.

(c) Each leaf £ of S possesses two distinct endpoints in
dM S1 and so defines a point e(£) in (S1 x S1-diagonal)/

} ^ (flip of factors) X.
(d) The map from the leaf space of S to $£ is continuous in the

sensé that if xt e |j?| converges to x^ e \S&amp;\ and jc, lies on the

leaf/, of S for ail i: ^ oo, then the points e{£t) converge to e^^)
in 9.



Relative growth rates of closed geodesics on a surface 183

Notice that we don&apos;t assume that e is one-to-one. The main resuit of this section
is the following.

THEOREM 1.4.2. Suppose that M is a complète hyperbolic surface offinite area.
Suppose that (£f, fi) c= M satisfies (1.4.1). Then it satisfies Axioms 1.3.1.

Proof. Axioms 1.3.l(a) and (b) are clear. We establish Axiom 1.3.l(c). That is

to say if Rx and R2 are distinct complementary régions of J?, then there is an arc
œ : [0, 1] -? D2 with endpoints in Rx and R2, transverse to J?, and crossing each leaf
of S at most once. Since each leaf £ of J? is proper and non-compact, it divides M
into two simply connected pièces. We say that a leaf £ of S séparâtes Rx from R2

if Rx and R2 lie in distinct components of M — £. Clearly, if £ séparâtes Rx and R2

then any arc from Rx to R2 which is transverse to S must cross £ an odd number
of times.

We claim that the set of leaves separating Rx from R2 is an open and closed

sublamination of JS?. To prove this notice that each of Rx and R2 has a single

boundary component separating the two régions. We call thèse leaves £x and £2. If
£x £2 then the resuit is clear. Suppose £x^£2. Thèse leaves are the frontier of a

sub-disk B in D2 with B ndD2 consisting of two closed intervais (possibly reduced

to points). For a leaf £ of S to separate Rx from R2 it must be contained in B.

Furthermore, it must hâve an endpoint in each of /+ and /_. It is easy to see that
this is an open and closed condition on the leaves of J? because of (I.4.1)(c) and (d).

Let us dénote by &lt;é?{Rx,R2) the sublamination of J? consisting of leaves

separating Rx from R2. The leaves of J&amp;(RX, R2) hâve a natural total ordering which
is described by the progression from Rx to R2: £ &lt; £&apos; if and only if £ séparâtes jR,

and £&apos;. The first élément in this ordering is a boundary component of Rx, and the

last is a boundary component of R2. Furthermore, one sees that each complementary

région - other than Rx and R2 - which has a boundary component separating
Rx and R2 has exactly two and thèse two are neighbors with respect to the ordering
in the sensé that there is no leaf of J&amp;(R{, R2) between thèse two leaves.

Consider the subset of leaves £ a £?{RX, R2) with the property that there is an

arc œ : [0, 1) -&gt; D2 transverse to S with endpoint in Rx which crosses each leaf of
S at most once, and which crosses £.

We claim that this set of leaves has the following properties:

(1.4.3)

(a) It is closed under forming least upper bounds.

(b) It is non-empty.
(c) If it contains one boundary component of a région R / Rx or R2,

then it contains the other boundary component of R which

séparâtes Rx from R2.
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Let us show that (I.4.3)(a), (b), (c) imply that £2e &amp;(RX, R2). By (a) and (b)
the lub of ail leaves of J?(RX,R2) exists and is an élément of J?(RX,R2). We shall
show that this lub is £2. Clearly, since our paths are open paths the lub must be

isolated in S on the side containing R2. Thus, the lub, £, is the boundary
component of a région R ^ Rx. Unless R R2, the other boundary component £&apos;

of R which séparâtes Rx and R2 is contained in &amp;{RX, R2) and satisfies £ &lt;£&apos;.

This is impossible. Hence, R R2. This implies that £ £2.

This complètes the proof that (I.3.1)(c) holds.

Chapter II. Construction of measured laminations by transversability

The material in this section is the analogue for /1-trees of Section I of [8].

DEFINITION H.l. Let N be an n-manifold. Let &amp; c=M be a codimension-1
lamination and let T be a /l-tree. A transverse map q&gt; : (N — |«Sf |) -? T is a locally
constant function with the property that for any point x g |if | there is a flow box
Un~x x (0, 1) containing x in which 5£ is horizontal (i.e. so that |«£?| U x X,
where A&quot; is a closed subset of (0, 1) containing no neighborhood of either end of
(0, 1)) and in which ç takes the form

proj À

U x ((0, l)-X) &gt; ((0, 1) - X) &gt; T

where X is a locally constant, weakly monotone function inducing an order-pre-
serving bijection from the components (0, 1) — X to the points of a segment in T.

We call such a neighborhood U x (0, 1) a flow box for q&gt;.

Notice that a flow box for cp is also a flow box for the lamination 5£ and the

map X : ((0, 1) — X) -» T defines a transverse /t-measure for if in this flow box. It
is easy to see that thèse transverse /1-measures are compatible, so that X actually
defines a global transverse yl-measure for if. This codimension-1, A -measured

lamination is the induced measured lamination. The map cp : (N — \S£ |) -? T assigns

to each complementary région of ££ in N a point of T. It also assigns to each

leaf of &lt;£ an edge of T. To define the map from the leaves of if to the edges of
7, let x g |i?|, and let U x (0, 1) be a flow box for S£ near x with jc corresponding
to (w, /). The point t détermines a Dedekind eut of (0, 1) — X which is mapped by
À to a Dedekind eut of a segment of 71 corresponds to an edge of T. It is clear

that the resulting edge of T dépends only on the leaf of if in which x lies. Two
leaves of ^£ passing through the same flow box will détermine the same edge of T
if and only if there are no complementary régions of if between them in that flow
box.
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Remark 112 Suppose that (J2\ y) a M satisfies Axioms (13 1) Let T be

the tree dual to (J?, fi) c M as constructed in Section I 3 The natural map
p (M — |i?|) -? T îs transverse Furthermore, if cp (M — |j^|) -» 7&quot; îs a transverse

mapping, them we hâve a factonzation cp \j/ o p where \j/ maps T to T&apos; By the

définition of transverse, \j/ îs actually a morphism of trees, though there îs no reason
to think m gênerai that ît îs an îsomorphism

The goal of this section îs to prove that equivanant transverse map always exist

Namely, we hâve

THEOREM II 3 Let F be the fundamental group of a n-manifold M Let
F x T-+T be an action of F on a A-tree T Then there exists a codimension-l
laminatwn &lt;£ a M and a F -equivanant transverse map cp {M — J?) -» T If there is

a neighborhood of infinity Z^M such that for each component Zo of Z,
Im (71! (Zo) -? 71! (M)) fixes a point in T, then we can take ££ to hâve compact support

The rest of this section is devoted to proving this theorem We begin by
choosing a triangulation t of M We dénote by f the mduced triangulation of M
We shall construct cp by induction over the skeleta ît of f

(a) 0-skeleton We choose arbitranly a F -equivanant map &lt;po of f0 to T We
define j£f n f0 cj&gt;

(b) l-skeleton To extend (p0 to a map cpl defined on rl we need the following
resuit

LEMMA II 4 Let [a, b] be a segment in a countable ordered abehan group A Let
[0, 1]R ci |R be the unit interval Then there is a A-measure fi on [0, 1]^ with the

following two properties

(î) The support F of jx is nowhere dense and contained in the intenor of[0, \]u
(n) The funet ion t -+a H- \odfx defines a monotone bijection from the components

°f ([0, IL — F) to [a, b] c A Finally, if pLx and fi2 are A-measures satisfy-

ing (î) and (n) then there is an orientation-preserving homeomorphism
h [0, 1]R -? [0, 1]R such that h * fix n2

Proof For any countable segment [a, b] m a totally ordered set S, there is an

order-preserving injection/ S i—? (0, 1)R with the property that for some compact
nowhere dense set F c (0, 1)R —/([a, b]), each connected component of (0, 1)R — F
contams a unique point of f(S) The proof of this fact is elementary

If [a, b] is a segment in a totally ordered abehan group A, we can further define

a measure fi on (0, 1)R supported on F, as follows for any two points a and )8 m
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(0, 1)R - F, set hQql, 0D =/&quot;1(i&quot;) -/&quot; lW where À and ,u are the points of f([a, b])

belonging to the same connected component of (0, 1)R— /([#, b]) as a and /?

respectively.
This proves the existence of a measure \i with properties (i) and (ii). The

uniqueness of such a measure up to an orientation preserving homeomorphism is

left to the reader.

We are now ready to extend the map cp0 to the 1-skeleton. Let e be an edge of
t with endpoints a and b. Let a (po(â) and b (po(b). There is in T a unique
segment with endpoints a and b. This segment is isomorphic to an interval of A. By
using Lemma II. 1.4 above, we can &quot;pullback&quot; this interval to e. More precisely,
there is a nowhere dense closed set F c int e, support of a measure \i, such that

x -&gt; a + J~ d^ furnishes a monotone bijection from the components of e — F to
[a, b] a t. The closed set F will be the trace of S on e and the above map the

extension of cp0 to e. We make such a choice for each 1-simplex e of f. Clearly, we

can get an extension of cp{ to the whole 1-skeleton. Making the choices equivariant
(as we can always do) makes (px equivariant.

(c) 2-skeleton. Let A be a 2-simplex of f. Its boundary is the union of 3 edges

ex, e2 and e3, each endowed with a vd-measure \it with support jF,. The mal cpx allows

us to identify the components of et — F, with the intervais It a T. From the axioms

for a tree, one sees that the intervais /,, /2, /3 (after possibly a permutation of the

labels) fît together in one of the two ways pictured below:

Ii

v
¦4—

The vertex v corresponds to 3 components cl a et — Ft, which &lt;px sends to v. By
the uniqueness of the jun there exists a homeomorphism ht between components of
et — C, identified by cpx. We use the h, to identify the traces of the Ft on thèse

components and to extend |J F, cz dA to one of the laminations in A pictured below
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We let this lamination be 3 \ A. There is a unique map (p2&apos;.(A — 3 \A)-+T
which is locally constant and extends (px on the boundary. Working T-equivari-
antly, we define a lamination 3 restricted to f2 and an equivariant transverse map
y2.

(d) The higher skeleta. Suppose by induction we hâve defined 3 restricted to

ff_ and an equivariant transverse map &lt;pf_, on rt_, — 3 \xl_x, for some i &gt; 3.

Let zT be an /-simplex. We hâve {&lt;pt_ x
\ dA1 — 3 | c A1). Before extending cpl_x

over A\ we must study 3 \ dAl. First recall the following définition contained in [7].

DEFINITION. A lamination &lt;£ c M is a family of parallel compact leaves if
there is a neighborhod £/ of if, homeomorphic to Sx/, where S is a compact
codimension 5£ submanifold of M such that ifn(7^5xFfora closed set F a L

LEMMA II.5. 3 | dAl décomposes as a finite disjoint union of sublaminations;
each of them is a family of parallel compact leaves.

Proof First we show that each leaf of 3 \ dA &apos; is compact. Choose a finite set

of transversality flow boxes for cpt \ (dA1 — J&amp; \dA%U,9. ,UK. Because of the

transversality property, each leaf of 3 \ dA &apos; meets each f/7 at most once. Hence,
each leaf of S \ dA &apos; is compact. If a leaf £ had non-trivial holonomy, then a leaf

near to £ would cross one of the flow boxes Ul at least twice. Since ail leaves are

compact and ail holonomy groups are trivial, the argument in [7] shows that each

leaf has a saturated neighborhood which is a family of parallel compact leaves. As
dAl is compact, there can be only a finite number of such families.

We are now in a position to extend &lt;pl_l\dAl to A1. By the above resuit,

3 n dAl décomposes in a finite number of families of parallel compact leaves. A
leaf of each family bounds in dA1 a codimension-0 submanifold. By pushing into A1

and using the product structure for a given family, we construct a lamination 3?&apos;

of Al bounded by 3 n dA \ We then define cpl \ (A
&apos;

— 3) as the unique possible
extension of q&gt; \(dAl — 3). Clearly, we can choose thèse extensions to be F-
equivariant. This complètes the inductive définition of K and (p.

If there is a neighborhood Z of infinity in M with the property that for each

component Zo of Z, the group Im (ux(Zq) -+nx(M)) fixes a point, then we can
define the map q&gt; to be locally constant onZcM sending each component of Z to
a point left invariant by the subgroup of nx(M) fixing that component.

To end this section, we want to remark that the constructed lamination has only
a C^-regularity along the leaves, this is because the glueing maps ht in the above

construction at the level of the 2-skeleton are only homeomorphisms.
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Chapter III. The case of surfaces continued

The main resuit of this chapter is the following.

THEOREM III. 1.1. Let M be a complète hyperbolic surface offinite area, and
let n (M) x T-^T be an action ofnx(M) on a A-tree with the property that,for each

cusp E of M, the group nx(E) cznx(M) has a fixed point in T. Then there is a

codimension-X, measured lamination (JSf, fï) a M with compact support such that:

(a) (if, fi) satisfies Axioms (1.4.1);
(b) there is a transverse equivariant map cp : (M — |i?|) -* T such that the trans¬

verse measure for S by cp is fi.

COROLLARY III. 1.2. Let M be a complète hyperbolic surface offinite area. Let
n,(M) x T —? !T be an action on a A-tree with the property that, for each cusp E of
M, H\(E) =&gt;nx{M) fixes a point of T. Then there exists a A-measured lamination

{S£,\i)aM of compact support and a transverse nx (M)-equivariant map
&lt;p :(M -3?)-*T such that:

(i) {S, fi) has a dual tree Tg, and

(ii) the A-measure induced by q&gt; is fi.
The map ç factors as the natural map cp^ \(M — \§?\)-±Tg by a nx(M)-

equivariant morphism of trees ij/ : T$ -&gt; T.

Proof that III. 1.1 =&gt; III. 1.2. This is immédiate given Theorem 1.4.2 and Remark
H.2. n

Section III. 1

In this section, we find a measured lamination («£?, /x) cz M and a transverse

equivariant map cp : {M — |j?|) — T such that Axioms 1.4.1 (a) and (b) hold and
such that Axioms 1.4.l(c) and (d) hold for ail leaves of S lying over non-compact
leaves of 5£. In the next section, we shall deal with the leaves lying over compact
leaves of 5£.

By Theorem II.3, there is a lamination if cz M of compact support and an

nx (M)-equivariant, transverse map q&gt; : (M — |#|) -&gt; T. We shall modify 5£ and cp

until Axioms (1.4.1) are satisfied. First, however, let us show that some of what we
need to establish is automatically true.

Cover M by a finite set of flow boxes for if which lift to standard flow boxes

for the map ç as in Définition II. 1. We label the lifted flow boxes in M by
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CLAIM III. 1.3. ££ satisfies (7/7.5.1(6)) and each leafof3? is a proper submani-

fold of M.

Proof. Since \&amp;\ is nowhere dense in M by construction, if a leaf of S crosses
Vx twice, then a complementary région of S in M also crosses Vx twice. This
contradicts the fact that Vt is a flow box for (p. Hence, each leaf of J? crosses Vl at
most once. The claim follows immediately.

We must modify S and ç in order to arrive at a situation which satisfies the
conclusion of Theorem III.3.1. The first modification is to remove the compact
leaves of S£.

Step A. Elimination of the compact leaves of S

Suppose that 7 is a closed interval in a leaf of S. We say that 7 follows the path
offlow boxes V,{,. Vlt if there is a partition of 7 into subintervals /,, /2,...,/,
(in order) with 7; cz Vl for j 1, t. (Notice that 7 can follow many différent
paths of flow boxes; also notice that there is a completely analogous notion of an
entire half-leaf following an infinité path of flow boxes.)

Any closed leaf follows a finite path Vï 1,. Vh which is periodic in the sensé

that V,x Vlt.
There are analogous notions of paths of flow boxes in M. Thèse paths are

obtained from projections paths for the lifted leaf in M down into M. The compact
leaves of S project in M onto the compact leaves of &lt;£ homotopic to zéro. To
eliminate them, we need the following:

LEMMA III. 1.4. The leaves of ^ homotopic to zéro décompose into a finite
number of équivalence classes under the relation &quot;following the same path of flow
boxes&quot;. Each équivalence class is a sublamination.

Proof. Suppose that we hâve a fixed finite path of flow boxes in M. The set of
leaves of S containing intervais following this path is an open and closed subset.

If the path of flow boxes is periodic, then each leaf containing an interval following
the path must close to form a compact leaf following the periodic path (this is

because each leaf crosses V, at most once).
This proves that those compact leaves of S with a given periodic path of flow

boxes form an open and closed sublamination of S&apos;. They project into an open and
closed sublamination of if of leaves which are trivial in M and follow a given path
of flow boxes in M. The proof will be complète when we show that the image
sublaminations in &lt;£ form a finite family of sublaminations.
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Let V be one of the flow boxes in M, say V U x (0, 1). We claim that each

leaf é of if in the image of the compact leaves of S meets V at most twice. Let A

be an embedded dise in M, with boundary /; each component of A n V is of the
form U x (0, a), U x (6, 1), of U x (a, Z&gt;) with 0 &lt; a, b &lt; 1. But if J n V has a

component of the third type, then there is a lifting of A to A c M which meets a lift
F of V also in £/ x (a, 6). This would mean that there is a lift / of J? meeting V
twice. This contradicts Claim III. 1.3.

From this it follows easily that the sublaminations of trivial leaves with a given
path of flow boxes in M form a finite family.

Now we are ready to eliminate the leaves of if which are homotopically trivial.
We hâve decomposed thèse leaves into a finite collection of open and closed

sublaminations, say Cx,. C,, in ££. Each Cl consists of a nested family of circles

with an outermost member which bounds a disk containing ail the rest. Let Dt be

this maximal disk associated to the sublamination C,. Of course, dDt is a leaf of Ct

which is isolated in S£ on the outside of Dr Let Dt be a slightly larger disk whose

boundary is contained in M — \S£ |, and which meets if exactly in Cr
We begin by eliminating Cx. We define S£

x ££ — Cx ; we then construct a new
transverse map çx on M — \§?x | to be equal to q&gt; on (M — |J?|) n (M — Dx) and to
be locally constant on Dx. This has the effect of removing C, and ail other families
contained in Dx.

Continuing in this manner, we construct a new lamination if &apos;

cz 5£ consisting of
^£ minus its trivial leaves and a transverse equivariant map cp : M — \3?&apos;\ -&gt; T.

At this point, we hâve Axioms 1.4.l(a) and (b) satisfied. Let us take up the

study of the endpoints of half-leaves of S&apos;.

Step B. Existence of endpoints for ail half-leaves of S

The main resuit of this study is:

PROPOSITION III. 1.5. Let 70 be a half-leaf of S\ then /0 has an end in S&apos;.

The proof of this proposition is an adaptation of [3, p. 124] to our case. Let us

start with a classical resuit.

LEMMA III. 1.6. Let /0 be a half-leaf of a lamination on a complète hyperbolic
surface offinite area M. The set C of cluster points of£0 is a minimal lamination (i.e.
each leaf of C is dense in C).

Proof It is well-known (and easy to show) that C is a sublamination of if\ We
establish that it is minimal. If C contains a compact leaf /, then /0 niust spiral into
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£ Clearly, then C £ Otherwise, let A be a noncompact leaf of C and dénote by
X the closure of k in C, then X îs a sublamination If AQ &lt;= X, then Ccl and hence

k îs dense m C If £0 &lt;fi X, then £0 îs contained in a connected component of M — |X|

Let us study thèse complementary components

DEFINITION A spike for K îs an end of a complementary component i* of K
which îs bounded by two rays in leaves of K which follows the same infinité path
of flow boxes

CLAIM Let K be a lamination in M Each complementary région R of K in M
consists of a compact part together with a finite number of spikes

For a proof, see [7]

Let X M — \X\ If £0 îs contained in a compact part of X, then the closure of
£0 îs contained in the complément of the spikes of X This îs impossible since the

boundanes of the spikes are contained in |X] c |C| Thus, £0 must enter at least one
of the spikes of X Once ît enters a spike ît must run out to înfimty in that spike,

following the same infinité path of flow boxes that the sides of the spike do One

sees easily then that the set of cluster points of £0 îs the same as the set of cluster

points of either half leaf of ÔX which bounds the spike Since dX c |X|, ît follows
that C ci X This proves that C X, or equivalently that k îs dense in C This
complètes the proof of the lemma

Proof of Proposition III 15 If £0 c S projects down to a compact leaf of
&lt;£ c M, then ît has an endpoint in dD which îs the attracting fixed point of the

hyperbohc transformation associated with the onented simple closed curve (homo-
topically nontnvial) on M

If £0 projects to a non-compact half leaf £0 of J^f, then we apply Lemma III 1 6

Let C be the hmit set of £0 If C îs a simple closed curve, then £0 spirals into C
and has the same endpoint as the hyperbohc transformation associated to C If C

îs an exceptional minimal set, there îs a transversahty flow box U for &lt;£ which
meets C

Choose a leaf £ # £0 in C, which îs not isolated on either side in C By using that
£ îs dense in C, one constructs easily a simple closed curve y a u /? where /? îs an

arc transverse to «£\ contained in a flow box U, and a îs an arc &lt;=.£ which intersects
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with the same orientation at both endpoints, as pictured below:

Since é is not isolated on one side, C n /? # &lt;f&gt;, so that /0 intersects j? infinitely
many times. Consequently /0 will meet the full preimage y of y infinitely often.

FACT. Let y0 be a component ofy; then, the intersection yon?o is either empty
or a single point.

Proof. We note g the hyperbolic translation corresponding to %. It acts on y0

by translation with a fundamental domain a union of a lift a of a and a lift fi of /?

(cf. picture).

a

Assume that yon?o has more than a single component. Then /0 crosses

successively two translates of fi, say #7? and gsfi9 r &lt; s.

By considering the leaves of S containing the translates g&apos;a, r &lt; t &lt;&gt; s, we find
one which intersects some g*fi twice.

This contradicts the fact that U is a transversality flow box for S£. D

To complète the proof of Proposition III. 1.5, we argue as in [3, p. 124]. Choose

a séquence yx of components of y, each meeting /0 in one point such that, if i &lt;j,

then %n/0 is farther out in the end of/0 than is y, n?0. The intersection of the half
spaces bounded by yt defines a point in ôO which is the end of *f0- D

Remark III. 1.7. If the cluster points of/0 form an exceptional minimal set, then
the half spaces hx &gt; h2 &gt; • • • détermine one endpoint of /0- Since /0 crosses the

boundary of each ht at most once, the other endpoint of /0 lies outside /F,. Hence,
the endpoints of /0 are distinct in this case.
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Step C. Continuity of the endpoints of half-leaves of S lying above non-compact
leaves of &lt;£

PROPOSITION III. 1.8. Let 70Œj?bea half-leaf which projects to a non-compact

leaf of 5£. AU half-leaves of S which pass sufficiently close to the initial point
of?0 and with the same orientation as /0 hâve ends in dB which are close to the end

Proof. If the image of /0 in M spirals around a closed loop C, then the same is

true for ail sufficiently close half-leaves. Thus ail half-leaves which are sufficiently
close to /0 hâve the same end in 30.

Now let us consider the case when the cluster points of /0 forai an exceptional
minimal set. In M, construct a simple close curve y which meets ^0 infinitely often

(as in the proof of Proposition III. 1.5). Let y,, y2,. be the séquence of lifts of y,
in order, that /0 meets. We know that the half spaces that they bound, Al5 h2,..
form a decreasing family. The closures of thèse half-spaces in D hâve a single point
in common - the endpoint of /0. For any neighborhood N of this endpoint, there

is an / such that h~tndD a N. Any half-leaf /a that passes sufficiently close to the

initial point of /0 (with the same orientation as /0) will meet y,, y2, y,. Since

/a cannot cross y7 twice, its endpoint must be contained in ^nS1 and hence

in N.

This complètes the proof that Axioms IIAl(c) and (d) hold for leaves of S
lying about leaves of $£ whose closures contain exceptional minimal sets. We hâve

also established the continuity of the endpoint map for oriented leaves at any leaf
of S lying above a non-compact leaf of 5£.

Section III.2

In this section, we complète the proof of Theorem III. 1.1 by studying the

endpoint phenomena near compact leaves of if. We keep the notation and

assumptions of the last section. In particular, ifcM satisfies Axioms 1.4. l(a) and

(b).

LEMMA III.2.1. If70 is a leaf of 3? which projects to a compact leaf ^ocz 5£,

then any leaf Ia with distinct endpoints which is sufficiently close to ?0 has endpoints
close to the endpoints of *f0.

Proof Any leaf in &lt;£ nearby to *f0 contains some end which spirals around *f0.

The spiralling end has the same endpoint as /0 moving in the same direction. If the
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nearby leaf /0 has distinct endpoints, by equivariance under the cyclic group
generated by /0&gt; we see that the other endpoint of /a converges to the other
endpoint of /0 as ^« ge*s closer and closer to /0.

Lemma III.2.1 and Proposition III. 1.8 imply the following.

COROLLARY III.2.2. If every leaf of S a M has distinct endpoints, then the

map from the leaf space of &amp; to J is continuons.

Our next task is to modify S until each leaf has distinct endpoints. First let us

give an example to show an example where leaves with the same endpoints actually
arise.

Example. Let *f0 and £x be parallel simple closed curves on M and form a Reeb

component between them;

il
AH leaves in this Reeb component hâve both endpoints equal in

Elimination of Reeb-type components

We define an annulus for if to be an annulus A a M bounded by two closed

leaves of &lt;£. An annulus for 5£ is maximal if it is contained in no larger annulus for

if. Let us show first that any annulus for if is contained in a maximal annulus. Let

(At)ieN be an increasing séquence of annuli bounded by the leaves / + and i~ of
if. In the universal cover of M choose an increasing séquence Ât of lifts of the Ar
The A, are infinité strips bounded by leaves /+ and /&quot; of S\ each Ât is invariant
under a fixed élément y enx{M) and the endpoints of /+ and (~ are the fixed

points of y on dM. Let x? be a séquence of points on ?x converging to a point
x £ e H. If the leaf /+ of S passing through /^ projects down to a non-compact
leaf of 5£, then by the continuity of the endpoint map (Proposition III. 1.8),
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endpoints of / + coincide with those of the /,+. By the assumption that the At form
an increasing séquence, the leaf /+ is invariant under y, contradicting the fact that
*T+ projects to a non-compact leaf.

If the leaf /+ projects to a compact leaf / +, then, by Lemma III.2.1, ail the nearby
leaves /,+ are parallel to / +. The same reasoning applied to the {~, shows that the
union of the At is the interior of an annulus bounded by the two leaves /+ and /~.
Hence, any annulus is contained in a maximal one. Furthermore, maximal annuli are
disjoint and non-parallel; they are in fînite number.

DEFINITION. We say that an annulus A for ££ is taut if when we consider a

component A of the pre-image of A in the universal covering of M, there is a spanning
arc a transverse to S such that (p (ce — \3* | n oc) is a strictly monotone function from
the components of (a — |j?|na) onto (a possibly infinité) segment of T.

One sees easily that if A is taut, then &lt;£ \ A consists of leaves parallel to dA and
leaves which spiral between them, always spiralling in the same direction.

We are going now to define j£f and &lt;p until ail the maximal annuli for ££ are

taut, proving:

LEMMA III.2.3. Given an action nx(M) x T-&gt;T, there is a measured lamination
££ c M without trivial leaves and a transverse map (p : M -&gt; S -+T with only taut
annuli. Furthermore, each leaf of S has distinct ends in the Poincarè disk, and the

induced map from the leaves of S to J is continuous.

Clearly Theorem III. 1.1 is immédiate from Lemma III.2.3.

Proof We begin with the lamination if obtained in the previous section. The

proof is by induction on the number of maximal non-taut annuli. There are several

cases of non-taut maximal annuli to consider. In each case we shall succeed either
in removing the annulus entirely or replacing it by only taut ones. Since we shall

never create new non-taut annuli, this will complète the proof.
Let A a M be a non-taut maximal annulus for S£. Let /0 and Sx be its boundary

components. Let A be a component of the pre-image of A in the universal covering
of M with boundary /0 and Ix. Let e0 and ex be the edges of T given by &lt;p(/0) anc*

&lt;p(/,). Let s0 and sx be the sides of e, in T determined by the normals to /0 and /,
pointing out of A.

Case (1). eQ ex and ^0 and sx are opposite sides of e0 ex in T.

In this case, we change the lamination if by removing the interior of A and

gluing *f0 to £x. In the universal covering this removes the interior of each
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component of the pre-image of A and glues the sides together. The map cp induces

a map on the new manifold. One sees easily that, under the conditions of Case 1,

this new map is transverse. Choosing a product structure in a neighborhood of the

original annulus defines an identification of this new manifold with the original one
M. Thus, under this identification, we hâve constructed a new lamination

&lt;£&apos; &lt;g | (M — A) uy where y is the image in M&apos; of the gluing circle. We hâve a

new transverse equivariant map q&gt;&apos; : (AT — |j?|) -&gt; T. This opération has the effect

of removing the annulus A for if and replacing it by a single circle. Hence, it
reduces the number of non-taut maximal annuli by one.

Case (2). e0 ex and s0 sx.

In this case we shall do a surgery and then remove ail trivial leaves. Choose an

arc a0 through a point x0 e /0 which lifts to an arc a0 in M which is a vertical arc
in a transversality flow box for &lt;p. Of course a0 is transverse to ££&apos;. There is a

subinterval Jo a a0, meeting A exactly in one endpoint, such that the Poincaré map
P around *f0 is defined on /on|j£?| and sends it to aon|j£?|.

We can take the other endpoint of Jo to miss |j£?|.

If Jon\£f\ Jon£o, trien ^0 is isolated on the side M — A. Otherwise, at the

expense of reversing the direction of/0, ail leaves crossing Jo spiral towards *f0 as

we go once around /0-
Using this we construct a simple closed curve y0 in M — A which is parallel to

/0 and transverse to &lt;£. Take an arc a which spirals around /0 once parallel to the

leaves of &lt;£ beginning at a point x g Jo — Jon\&amp;\; complète a to a simple closed

curve 7, by adjoining the appropriate subinterval of Jo.

Let Co be the annulus in M bounded by *f0 and y0.

Let leMbea component of the pre-image of A to the universal covering of
M. Let Jo be a lift of Jo ending at /0 cz Â.

Since so su if Jo is short enough, there will be an arc Jx with endpoint in
Ix a A and a homeomorphism K : Jq-*J\ such that the following diagram
commutes

jo-joU\Z\

25
Let x e Jo cover jc. Then, we can construct a loop y, parallel to /, in M using the

point fï(x) e J, analogous to y0. Let C, be the collar bounded by &lt;f, and y,.
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Let Co and C, be the components of Co and C, which meet the component A

of A in M.

G)

Ci

We can extend H \ Jo^&gt; J{ to an equivariant homeomorphism fc : Co -? Cx which
sends Con|j?| to ^,n|j^| and which makes the diagram below commute

Now we shall change J? and (p. The change will take place in the pre-image of
CouAvC{. Fix a component Co u A u Co. We hâve a homeomorphism £ : y0 -&gt; y j

commuting with the map to T and with the cyclic subgroup of ^(M) leaving this

component invariant. We remove int (Co u A u Cx and glue y0 to y, by £
Making this change equivariantly over ail components of the pre-image of

CouAuC{ in M constructs a new transverse map cpf : M-&gt;T. Let J?&apos; dénote the

induced, measured lamination. First, notice that (p&apos; : (y0 — yon|j^|) -? T induces a

bijection between the components and the points of a segment in T. Thus, any leaf
of S&apos; crosses y0 at most once.

CLAIM. S&apos; has no trivial leaves and each annulus of &lt;£&apos; a M is either an

annulus of 1£ c M or is taut.

Proof Let ï&apos; be a leaf of S&apos;. Either it is also a leaf of S or it crosses some lift
of y0 exactly once. Since 3? has no trivial leaves neither does S&apos;&apos;.

Let Af c M be an annulus for S\ bounded by £\ and £&apos;2. If both t\ and t&apos;2 are
leaves of JS?, then A&apos; is an annulus for if. Suppose that (\ $ &lt;£. Let l&apos;cMbea

component of the pre-image of A, bounded, say by f\ and 7&apos;2. Since I\ $ S, there
is a component y0 of the pre-image of y0 so that I\ crosses y0 once. We divide into
2 sub-cases.
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Case a: £\ is not parallel to y0. In this case, the ends of £\ are distinct from the
ends of y0. Since /&apos;, and £2 hâve the same ends, £2 must also cross y0.

The arc yonÂ&apos; projects to a spanning arc for A&apos;. Since q&gt; \(y0 — yon\&amp;\) is

injective on components, this proves that A
&apos; is taut.

Case b: £\ is parallel to yQ. In this case, £2 *s als° parallel to y0. Thus, since the

original annulus A was maximal for &lt;£, £2 cannot be a leaf of S£. Thus, £2 also

crosses some lift y0 of y0. Since £2 and /&apos;, hâve the same endpoints, they cross the

same lift y0 of y0. Once again, the arc %nÂ&apos; projects to a spanning arc for A&apos;,

showing that A&apos; is taut.

Case (3). e0 ^ ex\ e0 is not on the ^,-side of ex and ex is not on the %-side of e0.

In this case, we replace this maximal annulus by a taut one with the same

boundary. There is (a possibly infinité) segment /of rjoining the edge e0 to ex. This

segment is, as an oriented segment, invariant under the cyclic group generated by
the loop £0. Let a be a spanning arc for A. Let à be a lift of a to A. We define S&apos;

| a

and &lt;p&apos; | (a — a n J^&apos;) so that the latter is a strictly monotone map of a — a n S&apos;

into /. Since / is invariant under the cyclic subgroup of nx(M) which leaves A

invariant, it is an easy matter to extend S&apos; and q&gt;&apos; to ail of A. This, when extended

by equivariance to the other components of the pre-image of A, replaces ££ by a

lamination S£&apos; which is taut in A and which agrées with «S? outside A.

Case (4). e0 ^ ex\ ex is not on the so-side of e0, but e0 is on the ^-side of ex.

Consider the leaves of S in A which map to the edge ex of T. Clearly, £x is such

a leaf. Since a neighborhood of £x in A maps into the side of ex opposite to sx and
hence opposite from the side of ex containing e0, there must be other leaves £ in A
which map to ex. We claim that each of thèse leaves projects to a closed leaf in
££ nA. If one such leaf / projects to a non-closed leaf of &lt;£ nA, then £ must
accumulate to points x g ££ nA not contained in £. Since £ is contained in A, the
various éléments of nx{M) which measure the différences of the various branches of
£ near x ail lie in the same cyclic group and this group fixes the edge ex. In the
universal cover, since (p# (£) ex and gtex ex for ail /, we see that (p#(gt£) ex for
ail /. Hence $#(£&apos;) =ex. This contradicts the transversality of (p. This proves that
ail leaves of A mapping to the edge ex project to simple closed curves in A.

We consider this set of leaves projected into A. They form a fini te subset of
parallel simple closed curves. There is one such £ c A which is closer to £0 We
know that £ a int A. We use £ to divide A into two annuli A__ from £0 to £, and

A+ from £ to £x. Clearly, the argument above shows that as we pass from A_ to
A+, we pass from the side of ex containing e0 to the opposite side. Thus, we can
apply the argument in Case (3) to replace S I Â_ and ç be a taut lamination and
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map. Then, we apply the argument in Case (2) to do surgery on JS? | A+. As before,
we see ail new annuli created are taut.

Case (5). e0 ^ ex\ e0 is not on the srside of ex, but ex is on the so-side of e0.

This case is identical with Case (4) with the rôles of e0 and ex reversed.

Case (6). e0 # ex\ e0 is on the 5rside of ex and ex is on the so-side of e0.

This case is the &quot;union&quot; of Cases (4) and (5). We divide the annulus A into
three annuli A_, Ao, A+, A__ going from £0 to £&apos;O9 Ao from £&apos;o to £\ and A+ from
£\ to /j, where the single curves £&apos;o and £\ are constructed as above with respective
images £0 and £\ under q&gt;. We replace then Ao by a taut annulus and do surgery to
remove A_ and A+. This proves the first half of Lemma III.2.3.

To finish the proof, we need just to show the following

SUBLEMMA III.2.4. If &amp; a M is a lamination and &lt;p : M - S -&gt; T a transverse

equivariant map, then if S£ has no trivial leaves and no non-taut annuli, each leaf
£ of ££ has two distinct endpoints in 3D.

Proof. We hâve already seen (Proposition III. 1.5) that each half-leaf of /has a

well-deflned endpoint in 30 and (Remark III. 1.7) that thèse endpoints are distinct
if either end of £ adhères to an exceptional minimal set inside S£&apos;. Clearly, if £ is

compact it has two distinct endpoints. Thus, if the endpoints of £ are the same, then

both ends of £ must spiral around simple closed curves, £0 and £x. Let £0 and £x be

the lifts of £0 and £x with the property and £Q and one end of £ are asymptotic
whereas £x and the other end of/are asymptotic. Since £0 and £x hâve an endpoint
in common and represent closed loops in M, they must hâve both endpoints in

common. By transversality, we see that £0^£x. In particular, the région between £0

and £x projects to an annulus A in M. Since a spanning arc for A must cross the

image of £ at least twice, A is not taut. This contradicts our assumption that ail the

annuli for j£? are taut. Hence, ail the leaves of $ hâve distinct endpoints.

This finishes the proof of Lemma III.2.3.

Chapter IV. Géométrie actions of surfaces groups

Section IV. 1. Characternation of géométrie actions of surface groups

The point of this section is to prove the following theorem characterizing those

actions of a surface group on a A -tree which are géométrie.
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THEOREM IV 1 1 Let M be a complète hyperbohc surface offimîe area Let F
be the fundamental group of M Suppose F x T -*T is a minimal action on a A-tree
with the property that, for each cusp E of M, the group nx(E) c F has a fixed point
in T Then, the actwnn is dual to a A-valued measured laminatwn (5£\ fi) c M if and

only if the following two conditions are satisfied
(a) The stabilizer in F of any edge is cyclic
(b) Ify0 and yx are éléments of F whose axes in M cross and if Bo and Bx are

partial axes for y0 and yl9 respectwely, in T, then there is no non-degenerate

segment [x, y] with Bon [x, y] {x} and B{ n [jc, y] {y}

N B Whether or not the axes of y0 and yx cross in D2 is independent of the

hyperbohc structure on M

Proof Suppose F x T -+ T is dual to a measured lammation (J27, ju) in M Then,
the stabilizer of an edge is the stabilizer of the correspondmg leaf in 3? (see (I 3 8))
Thèse are clearly cyclic groups

We show that Condition (b) holds as well For any élément y enx(M), the

axis of y in T (assuming ît has one) consists of a séquence of complementary

régions for J? in M The séquence is invariant under y Choose a transverse arc œ

from one of thèse régions Rq to y Ro crossing each leaf of j£? at most once We

can suppose that œ projects to a closed loop in M Thus, U,eZy&quot;&amp;&gt; Â7 is a

properly embedded copy of IR in D2 invariant under y The régions that Ây passes

through ail correspond to points of T on an axis for y Now suppose that y&apos; is

another élément of nx(M) which acts without fîxed point on T We construct a

properly embedded line Ây as above If the axes of y and / in D2 intersect, then

ÂynÂy 7e 0 Since we can deform Ay shghtly, we can assume ÂynÂy c M — S A
complementary région containing a point of Ày n Ay is common to the axes for y
and y&apos; in T

We turn now to the sufficiency of the two conditions Suppose F x T -» T is a

minimal action satisfying Conditions (a) and (b) By Lemma III 2 3, there is a

measured lammation t£ c M with compact support and a transverse equivanant
map q&gt; (M czL)^T such that

f (î) Ail leaves of S a M are proper and non-compact,
j(n) Ail the annuh of &amp; a M are taut

We claim that \j/ T^ -&gt; T is an isomorphism Proving this, of course, will
estabhsh that the action on T is dual to 5£ By Corollary I 1 2, either \jj is an

isomorphism or ^ has folding Our goal, then, is to show that ty has no folding
Before begmmng the proof of this, we hst two facts about actions on /1-trees Let
r0 be a /l-tree and let F x To-+Tobç an action
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Fact 1. Let y e F and x e To. Suppose the translation length of y is positive. Let
t0 be the direction of the segment [x, yx] at x and xx its direction at yx. Then, x is

contained in a partial axis for y if and only if yxx0 ^xx. If yxx0 xx, then there is

a partial axis By for y missing x, and a non-degenerate segment [x, z] leaving x in
the direction t0 such that [x, z]nBy {z}.

Fact 2. Let yx and y2 hâve partial axes Bx and i?2 in r0 with BxnB2^ 0, such

that the positive directions of Bx and B2 induced by yx and y2 disagree on
Bx nB2 [x, y]. If x(yx) and x{y2) are both greater than the length of BxnB2, then
y2yx~l has a partial axis meeting BxuB2 in exactly [71 x, y] u[j,

Now we return to the proof that \j/ has no folding. For simplicity, we dénote by
the same letters a component of M — S and its image in T^ ; likewise a leaf of S
and the corresponding edge in Tç^.

If R is a component of M — J?, then R is the union of a compact pièce and

spikes. Each spike is bounded by two half-leaves following the same infinité path of
flow boxes and having the same endpoint in &lt;3D2. Conversely, any end of a

non-compact leaf in dR is part of the boundary of a spike.

LEMMA IV. 1.3. Let R be a complementary région of S a M. Suppose that
leaves /, and I2 of 3? bound a spike S in R. Then, the directions cp#(?x) and (p# (?2)

at cp(R) in T are distinct. Furthermore, there is an élément y e F with a partial axis
B&apos; in T^ such that&apos;.

(a) B) passes through R,

(b) its directions at R are given by Ix and I2, and

(c) ij/ | BY : By -? T is an injection.

Proof Clearly, the existence of a partial axis B&apos;y satisfying (a), (b) and (c)
implies that (p#(?x) # cp#{?2). There is a transversality flow box U c= M for cp

which the spike of R bounded by Ix and I2 crosses infinitely often. Choose two
crossings which go in the same direction.

Let co be the loop formed from an arc in the spike a and a vertical arc /? in U
as pictured on following page. Let U in M be a component of the pre-image of U.

We hâve fi a Û with endpoints in lifts of the spike S.

Thus, there is an élément y e F whose conjugacy class is represented by the loop
co with y - Sx 82- The image of f$ in T^ is a fundamental segment for the action
of y on a partial axis ByczT^. Since U is a transversality flow box for ç,
ç | : {$ — /?nJ?) -&gt; T is an injection onto a segment u of T. Furthermore, if x0

dénotes the direction of this segment at x&apos; &lt;p(x), then y • xQ is the direction cp#(?2)
which is distinct from t, cp#(//1) again because U is a transversality flow box for
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ç. Thus, by Fact 1, the translates of u under the powers of y form a partial axis i?y

for y in T. Clearly ij/ : B&apos;y -+ By i$ an isomorphism.

COROLLARY IV. 1.4. ij/ has no folding at a vertex v e T&lt;? of order 2.

Proof. Let R be the complementary région of^cM corresponding to v. Then
3i? consists of two leaves Ix and I2 of JSf.

Consider the map R-+M. It is either one-to-one or an infinité cyclic covering.
If the map is one-to-one, then R has finite area and Ix and /2 bound a spike in R.

By the above lemma, cp#{l\) ^ (p#(/2)- If i? -*M is an infinité cyclic covering, then
Ix and /2 Project to parallel simple closed curves and R projects to an annulus.
Since ail annuli in M are taut for &lt;£, (p#(?\) # (^#(^2) in tnis case as

Assume that ij/ has a folding. By the above resuit, this folding must be at a

vertex of order &gt; 2. Let R be the corresponding component of M — S and 7X, I2
two leaves in dR which are identified. By Corollary IV. 1.4, R has order at least 3.
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The completion of the proof of Theorem IV 1 1 îs based on the following
lemma

LEMMA IV 1 5 Let I be a leaf of S in dR which projects to a non-compact leaf
in M, let £+ and £ be the leaves of S tangent to the ends of I Then, there is an
élément œ e F suc h that

(1) The axis B&apos;w in Tj&gt; for œ passes through Rfrom the /+ to the £ direction
(2) If cp#(/+) # &lt;/&gt;#(/ then the axis B(afor œ in T passes through cp(R) from

the &lt;p#(/ to the c/&gt;#(/+) direction

(3) If (p#(/+) cp#(/ then the axis Bœ for œ in T misses ç(R) and is
connected to cp(R) by a segment [&lt;p(R), co] which leaves cp(R) in the /
direction

Proof By Lemma IV 1 3, there are éléments À and v of F such that

(IV 1 6)

(î) There is a partial axis BfAaT^ for k that crosses R from
/+ to 7 when onented in the direction that A opérâtes

(n) There is a partial axis Bv c Tj&gt; for v that crosses R from

f to £ when onented in the direction that v opérâtes
(in) \j/ | B\ and i// \ B&apos;v are injections

In Tçf, the picture of the axes of À and v are

B&apos;v

where z # R since Bv enters R and B&apos;, leaves R both in the /rdirection Let x{K) and

t(v) be the translation lengths of k and v m T&amp; We say that thèse lengths are
comparable if there are integers m, n &gt; 0 with n(z(À)) &gt; t(v) &gt; x{X) /m

CLAIM IV 1 7 There exist éléments X and v satisfying (IV 1 6) with x(À) and t(v)
comparable

Proof By symmetry, we can suppose t(à) &gt; t(v) Let r be the length of the

segment B&apos;A n B&apos;v If r &gt; t(v), then A and vA ~l v ~l hâve ail the properties required in
(IV 1 6) for À and v In addition t(và lv~l) — x{X) Thus, replacing v by vk 1v~1

proves Claim IV 1 7 is this case
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Now suppose v &lt; t(v). Consider the élément vk~~l. By Fact 2, it has a partial
axis as pictured below:

Clearly, x(vk ~l) t(v) -f x(k) &lt; 2t(A), and x{vk ~~l)&gt; t(A). Thus, replacing v with
vk~l will prove the resuit provided that *Is\bvX-i is injective, or equivalently that the

image of the segment / [kR, R] u [R, vR] is a fundamental domain in T for the

action of vk~l on a partial axis. Clearly, \j/ restricted to / is an injection.
Furthermore, i/^# of the direction at kR pointing toward R is transformed by vk~l
to ij/# of a direction at vR pointing away from R. Hence, \Jj{I) ni//(vk~lI) is equal
to \vR\. Hence, ^\BvA-\ *s an injection. D

CLAIM IV. 1.8. Let k and v be éléments as in (IV. 1.7). There is an integer n &gt; 0

such that the intersection of the axes B/ nBv a T is a segment of length less thon

n - min (t(A), t(v)).

Proof Since t(à) and t(v) are comparable, the length of BA n Bv is greater than
n - min (t(A), t(v)) for ail n if and only if it is greater than n • (i(A) -h t(v)) for ail n.

Let us suppose that this is the case. The éléments À and v gênerate in F a free group
of rank 2 &lt;A, v&gt;. If B, nBv has length greater than n(T(X) + t(v)) for ail n, then any
finite set of words in the commutator subgroup [&lt;A, v&gt;, &lt;A, v&gt;] fixes some non-de-

generate segment in T. This contradicts Condition (a).

We fix now éléments X and v as in (IV. 1.7) and an integer n &gt; 0 such that the

length of B/ nBv is less than n • min (t(A), t(v)). Of course, it is also true that the

length of B&apos;,c\B&apos;v is less than n • min (i(A), t(v)). We wish to study the élément

œ =vnAn and its axes in T^ and in T. First, let us consider the situation in T^. Let

y k ~nz and y&apos; v &quot;z.
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The axis B&apos;œ satisfies: B&apos;wr\(B&apos;} kjB&apos;v) [y, R] u[R, y&apos;]. In particular, B&apos;œ passes

through R, entering from the /+-direction and leaving via the /&quot;-direction. Now
\\i | B&apos;v and ij/ \ B\ are injections, but of course BvnBx can be longer than BvnB\.
Suppose that the endpoints of Bk n Bv are u and w as pictured below.

Then, œ has a partial axis Bw in T with Bœ n(BÀvBv) [Â nu, w] u[w, vnu],

This complètes the proof of Lemma IV. 1.5.

Now we return to the proof of Theorem IV. 1.1. Let /, and i2 be leaves in ôR

which are identified under &lt;p#. From Lemma IV. 1.3, we deduce that Ix and /2 hâve

no common endpoints. There are three cases.

Case 1. The images ix and t2 of £x and £2 in if are non-compact.
Let / p be the leaves adjacent to £x.

Subcase la. (p#(£x+) ^&lt;p#(ff). By Lemma IV.1.5 there is an élément œ g F
whose axis Z?^ in 7^, passes through R from direction /j+ go £x~, and whose axis

^w in r, passes through cp(R) from the ^# (/[^-direction to the c^#(/f)-direction.
By Lemma IV. 1.5 there are éléments A+, A_, y whose axes in 7^ pass through

i? from directions /, to /,+, Ix to /f and /2 to /2 where /2 is tangent to I2 and such

that \j/ is an injection on each of thèse axes.

Since &lt;p# (/j1&quot;) # &lt;p#(/f we know that tp# (Z^) is dintinct from one of &lt;p#(/f

By symmetry we can assume that &lt;p#(/2) #&lt;/&gt;#(/f).

Now consider /i A ^. Since B&apos;ynB&apos;? |/?| in 7V, the axis i?^ in T^ passes

through i? from the ^-direction to the /,-direction. Clearly, then B&apos;^nB^ \R\. It
foliows that the géométrie axes for jtx and a&gt; in hyperbolic space also cross.

Let us look at the picture in T. B} passes through cp(R) from the &lt;p#

Codirection to the q&gt;# (/^-direction and B/ passes through cp(R) from the cp#

Codirection to the ^#(/f)-direction. By Lemma IV.1.3, &lt;p#(/i) # ^#(/f). Since

&lt;P#(^i) =&lt;?#(^2)» and (?#(/2) #&lt;?#(/i we hâve
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The élément fi=Àzly has an axis in T unless Àzl(cp(R)) y~l(cp(R)) Thus,
replacing A_ by Ai if necessary, we can assume that \i — kzxy has an axis in T
Clearly, this axis does not pass through cp(R), but rather îs connectée to cp(R) by a

non-degenerate segment leaving &lt;p(R) m the q)#(?x)-direction Either the axis for œ

in T passes through cp(R) from the &lt;p#(/V&quot;) -direction to the &lt;p#(/f) -direction or ît
misses &lt;p(R) and îs connected to ît by a segment which leaves (p(R) in the

cp# (/f)-direction Since &lt;p#i/\) ^ (/&gt;#(/f), BM and B^ are connected by a
non-degenerate segment in T This contradicts Condition (b)

Subcase lb $#(/*) #ç&gt;#(/f)
Since /+ îs part of the boundary of a spike, ît does not project to a compact leaf

in ï£ Let /&apos; be the leave distinct from /, asymptotic to /,+ By Lemma IV 1 5 there

are éléments œ and n such that the axis B&apos;œ of co m T&amp; passes through R from the
1+ to the /f direction and the axis B&apos;M of \x passes through R from the /&apos; direction
to the Ix direction Furthermore, the axis Bœ in T misses cp(R) and îs joined to ît by
a segment leaving ç(R) in the (p#(/f) direction Likewise, either B^ passes through
&lt;p(R) from the ^#(//) direction to the &lt;p#(/i) direction or B^ misses cp(R) and îs

joined to ît by a segment leaving &lt;p(R) in the (p#(?i) direction Since (p#(?\) and

(p#(//) are distinct from $#(??) by Corollary IV 1 3, this contradicts condition
(b)

Case 2 €x îs compact but /2 1S non-compact
Ix corresponds to an élément y e F which stabihzes R Hence, y(/2) g ôR The

map &lt;p îs F-equivariant, hence the directions &lt;f2 and ytfi) are identified in T As /2
and y{?2) Project down on £2, non-compact, we can apply the first case Thus, once

agam Case 2 leads to a contradiction

Case 3 «f, and £2 are compact
If the région R îs not an annulus, then the stabihzers yx oilx and y2 of I2 do not

lie in a cychc subgroup of F But &lt;y,, y2} stabihzes the direction (p#(£x) (f&gt;#(?2)

This contradicts Condition (a)
Hence, R must be an annulus It îs taut for the map cp This means that

(p#(/j) ^ &lt;p#(/2) This îs a contradiction
This complètes the proof of Theorem IV 1 1

Section ÏV.2. The convergence theorem for surfaces

Let us recall the following définition from [6] Let M be a surface of fini te area,
and P the set of cusps of M We dénote by Dn(M, P) the set of characters of
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discrète and faithful représentations of F nx(M) in SL2(U), which sends periph-
eral éléments to parabolies. From an unbounded séquence (xt) in DU(M, P) one can
extract a subsequence (xt and define an action &lt;p : F x T -+T of F on a /1-tree T
with cyclic edge stabilizers such that (x, &quot;converges&quot; to the action cp : F x T -? T.

The basic property of the action F x T -* T is that for any a, /? g F such that
|tr (P(xt ))| -&gt; oo, we hâve

|tr(q(x,))| Ma)

where t^ is the translation length function for T and where the right-hand side is the
non-archimedean ratio on A&gt;0.

PROPOSITION IV.2.1. Given an unbounded séquence (xt) and an action
q&gt; : F xT^F as in IVA

9 for any éléments g, h e F with A*yp nA^yp # H2 and with

g and h having partial axes Bg and Bg in T, it cannot be the case that there is a

non-degenerate segment [x, y] c T with Bg n [x, y] {x} and Bh n [x, y] {y}.

Proof. We note by £t (y) the translation length for the représentation xt of y g F.
Since the axes for g and h meet for each of the hyperbolic structures xn it is easy
to see that

so that, for some constant C, one has

log |tr {gh{xt))\ &lt; log |tr {g{xt))\ + |tr (h(xtj))\ + C.

Since g and h hâve partial axes in the action q&gt;, it follows that log |tr (g(x,))| and

log |tr (h(xt ))| go to infînity with / Clearly

/ log|trW*1;))| log|tr(M^))|

Thus,

If there were a segment [x,y] as in Proposition IV.2.1, then a fondamental
domain for gh on a partial axis would be [g~lx,x]u [x, y] u [jc, /*)&gt;] u [/*&gt;&gt;, /ix]. Thus,
r(gh) t(g) -h x(h) -H 2 length [x, y], contradicting (*).
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We corne now to our main resuit.

THEOREM IV.2.2. Let (xt) e DU(M, P) be a séquence which defines a growth
function for the lengths of closed curves in M. Then, there is a codimension-X

nonarchimedeanly measured lamination (j£f, pi) a M such thaï géométrie intersection
with (j£f, fi) defines the same non-archimedean ratio on the set of homotopy classes of
closed curves as the séquence (x, does.

Proof According to [6] the non-archimedean growth function associated to the

séquence (xt is also associated to the translation length function of a minimal action

rxI-^Toffona vl-tree with cyclic edge stabilizer. Since the cusps of M are

represented by parabolic éléments throughout the séquence, for each cusp E, tc, (E) has

a flxed point in T. According to IV.2.1 the action satisfies Condition (b) of Theorem
IV. 1.1. Thus, by Theorem IV. 1.1., this action is dual to a measured lamination
(j£f, pi) a M. By (1.3.10) the géométrie intersection with (j£?, fi) is the translation length
function of the action. This complètes the proof of Theorem IV.2.2.
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