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Finiteness obstructions and cocompact actions on Sm x M&quot;

Douglas R. Anderson1 and Francis X. Connolly2

We recall that an action of the group F on the space X is properly discontinuons

if for every compact set KinX the family {yK \ y e F} is locally fini te and that the
action is cocompact if the orbit space X/F is compact.

The question of which groups F can act freely, properly discontinuously, and

cocompactly on Sm x Un has gained interest in récent years. (If the action is not
required to be cocompact, this problem is solved for a very large class of groups in
[C-P].) This paper studies the following aspect of this question: Suppose F acts

freely, properly discontinuously, and cocompactly on Sm x M&quot; and that G is a finite
subgroup of the group F. What restrictions does this impose on G?

It is a classical resuit of Cartan-Eilenberg [C-E] that in this situation G has

periodic cohomology of penod d and that m=—\ (mod d). Furthermore, it is

natural to expect that any additional restrictions on G will dépend on m and n. For
example, a well known resuit of Milnor [Mi] shows that if n 0, G cannot contain
a dihedral subgroup; while a récent resuit of Hambleton-Pedersen [H-P] shows

that if n &gt; 2, then this restriction on G is no longer necessary. So the restrictions on
G dépend on n. Another such example arises out of the work of Lee [Le] and
Madsen-Thomas-Wall [M-T-W]. In [Le], Lee gives examples of finite groups G

with periodic cohomology of period d and not containing a dihedral subgroup that
do not act freely on s(2r+])d~l for any r &gt; 0. On the other hand, the results of
[M-T-W] show that such groups G do act freely on S2rd~ l for any r &gt; 1. So the

restrictions on the finite subgroups of F also dépend on m.
The main results of this paper are Theorems I and II below. Since the examples

of Lee play a central rôle in Theorem II, we describe them in more détail. Following
Lee [Le; p. 195], we let Q(2q,p, 1) be the group with présentation

y2q~\ zp 1, xzx&quot;1 z&apos;\ yzy&quot;x z^1}
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where p is an odd prime. Notice that since there is a split short exact séquence

Q(2q,p, 1) is the semidirect product CpxQ(2q) where Cp &lt;z&gt; is the subgroup
gênerated by z and 0(2*) is the generalized quaternion group with présentation
{x9y \x2 (xy)2 y2&quot;&quot;2}. We embed Q(2q) in Q(2q,p, 1) via the homomorphism
that sends x and y respectively, to x and y. This group acts linearly and freely on
SSr~l for any r &gt; 1. On the other hand, Lee [Le] proved the following theorem:

THEOREM (Lee). Ifthefinite group G contains a copy ofQ(2q, /?, 1) with q &gt; 4,

then G cannot acî freely on S8r + 3 for any r &gt; 0.

Lee proved this theorem using a semicharacteristic invariant. This resuit was

sharpened in subséquent work by Davis [Da]. He used the Swan-Wall finiteness
obstruction to prove the following theorem:

THEOREM (Davis). Let G be a finite group containing Q(2q,p, 1) with q&gt;A

and p an odd prime with p =£ —l (mod 2q~ l) and p ^ 1 (mod 8). Then G does not act

freely and cellularly on a finite CW complex having the homotopy type of S*r + 3 for
any r &gt; 0.

We recall that a Hadamard manifold is a simply connected, complète Rieman-
nian manifold of non-positive sectional curvature. For the purposes of this paper,
a discrète subgroup F c Iso (H), where Iso (H) is the group of isometries of H, is

called a lattice if the orbit space H/F is compact although this is slightly nonstan-
dard terminology. A group F is called lattice-like if it is virtually torsion free and

admits an epimorphism onto a lattice with finite kernel. (Recall a group is virtually
torsion free if it contains a torsion free subgroup of finite index.) For example,

crystallographic groups, discrète, uniform subgroups of a matrix group, and finite

groups are lattice-like. Notice that the natural action of a lattice-like group on H is

properly discontinuous.
Unless otherwise stated, in this paper the symbol F will dénote a lattice-like

group and the letters //, etc will dénote finite groups.
In Section 2 we define an additive category %&gt;G($T, I;Z) and the transfer

homomorphism

tr : K0(ZG) ^K0(VG(IT, I, Z))

which appears in the following theorem.
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THEOREM I. Suppose the lattice-like group F acts freely, cellularly, and

cocompactly on the CW complex X and that for every finite subgroup H of F, X/H
is a finitely dominated CW complex. Let G be a fixed finite subgroup of F and

oG{XjG) be its finiteness obstruction. Then tvaG(X/G) 0 in K0(&lt;gG(ST, T;Z)).

A group F has finite virtual cohomological dimension if it contains a finite index

subgroup Fo with finite cohomological dimension. In this case we write vcd F s,

if r0 has cohomological dimension s. If G is a subgroup of F, then Zr(G) dénotes
the centralizer of G in F.

The following theorem, which will be denved from the stronger Theorem 5.1 in
Section 5, is a generalization of the resuit of Lee and Davis:

THEOREM II. Let F be a lattice-like group. Suppose that F contains a copy of
Q{2q,p, 1) with q ^ 4 and for which p is an odd prime p with p =£ 1 (mod 8) and

p =é - 1 (mod 2q~ l) and that Zr(Cp) is finite. If either

(1) 3&lt;vcdZr(£(2&lt;0); or
(2) vcd F &lt; 3,

then F cannot act freely, cellularly, and cocompactly on a CW complex X homotopy
équivalent to 5&apos;8r + 1 for some r &gt; 0. In particular, F cannot act freely, properly
discontinuously, and cocompactly on SSr + 3 x Un for any r &gt; 0.

Notice that if F is itself finite, then Zr(Cp) must be finite and vcd F 0. Hence

(2) holds and we recover Davis&apos;s theorem. This is not an independent proof of his

theorem, however, since we use his proof in the one given hère.

Recall that Cp acts freely on Z[ÇP] where Çp is a p-th root of unity. To show that
Theorem II contains new information, we prove the following corollary:

COROLLARY III. Let q &gt; 4 and p be an odd prime with p # 1 {mod 8) and

p^—l (mod2q~l). Let F be a crystallographic group of the form F
A x Q(2\p, 1) where A indg (Ao), Q Q(2«,p, 1), C Cp9 and Ao {I^p])k.
If p 3, assume that rankz (Ao) / 2. Then F cannot act freely, cellularly, and

cocompactly on a CW complex X homotopy équivalent to 58r + 3 for any r &gt; 0. In
particular, F cannot act freely, properly discontinuously, and cocompactly on
SSr + 3x U&quot; for any r &gt; 0.

We remark that the group F of Corollary III acts on A ® U F in such a way
that A acts as translations. In addition, F/A Q{2q,p, 1) acts freely and linearly on
S8r + 7 for each r ^ 0. Hence F acts freely, properly discontinuously and cocompactly

on»S8r + 7x K via the diagonal action. Thus the &quot;géométrie period&quot; of F is

8, even though its &quot;algebraic period&quot; in the sensé of Farrell cohomology [Fa] is 4.
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Section 1 of this paper contains the key géométrie resuit underlying the proof of
Theorem I, while Section 2 defines the transfer map mentioned above and gives the

proof of Theorem I Sections 3 and 4 contain the main new technical tools used in
this paper Section 3 introduces the equivanant géométrie module theory needed for
the proof of Theorem II, while a spectral séquence for calculating this theory is

desenbed m Section 4 The proofs of Theorem II and Corollary III are given in
Section 5 with the proof of one lemma deferred until Section 6

The reader who is most interested in Theorem II and îts proof should read

Sections 1, 2, and 5 first and refer back to Sections 3 and 4 only as need dictâtes

It is a pleasure for the authors to thank Bruce Williams for several very helpful
conversations about this paper and Jim Davis for his assistance in clanfying the

matenal in Section 6 In addition, the first named author would hke to thank the

Department of Mathematics at the University of Notre Dame for providing a

stimulating atmosphère for him dunng the penod in which this paper was wntten

1. The key géométrie resuit

Let r be a lattice-hke group Throughout this paper the Hadamard manifold on
which r acts by isometries will be denoted by SF In this section we study the

spaces SF and SF that play a basic rôle m this paper and dérive their properties
The notation SF for thèse spaces was introduced in [C-K] where they were studied

m a more gênerai context The main resuit of this section is Proposition 15 It is the

key géométrie ingrédient in the proof of the Theorem I

LEMMA 1 1 Let F be a lattice-hke group Fhen F contains a normal torsion

free subgroup Fo of fimte index Furthermore the left action of F on SF has the

following properties
(1) SF admits the structure of a fimte dimensional, contrat tible CW complex on

which F acts cellularly,
(2) For each cell a e SF, the stabihzer of o fixes a pointwise,
(3) For each point x e SF, the isotropy subgroup Fx is fimte,
(4) For each fimte subgroup G of F, (SF)G is contractible, and

(5) There is a normal subgroup Fo of F for which the orbit space SF/F0 is a
closed manifold

Proof Let Fx be a torsion free subgroup of fimte index in F and Fo be the

intersection of the (fimtely many) conjugates of F} Then Fo is still torsion free and

of fimte index but is also normal
Since F acts properly discontinuously on SF, each isotropy subgroup Fx is

fimte Thus if Fo is a normal torsion free subgroup of fimte index, Fo acts freely,
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properly discontinuously, and cocompactly on SF. Hence the orbit space SF/F0 is

a closed manifold. Since F acts smoothly on SF, the finite group G F/Fo acts

smoothly on SF/Fq and SF&apos;/Fo has a an equivariant cell décomposition. The lifting
of this décomposition to SF endows SF with a finite-dimensional CW structure on
which F acts cellularly. Thus (1), (2), (3) and (5) follow.

We now show that (4) holds. Let H SF and G c= F be a finite subgroup. By
a theorem of £. Cartan [He; Theorem 13.5, p. 75 {cf. also p. 72)], HG ^ 0. Since

F acts by isometries, HG is totally géodésie. Choose x e MG. Then it follows from
[Ch-E; Cor. 1.34, p. 37] that expx : TMX-*H is a diffeomorphism which is

G-equivariant. Hence HG is homeomorphic to (TMX)G which is obviously contractible.
We recall that a group F has finite virtual cohomological dimension (ved) if it has

a finite index subgroup Fo of finite cohomological dimension and that ved F is

defined to be the cohomological dimension of any such subgroup.

LEMMA 1.2. Let F be a lattice-like group. Then ved F — dim SF and for any
finite subgroup G of T, ved Z7 (G) dim {SF)G.

In this lemma, Zf(G) is the centralizer of G in F; that is Zr(G) {y e F \

ygy~l =g f°r ail g eG}.

Proofi That ved F dim SF follows trivially from 1.1(5). Let ZFo(G)
Zj (G)nF0. Then ZFo(G) has finite index in Zr(G) and acts freely on {SF)G. Let

n\ F/Fo be the natural homomorphism. By [C-K; Lemma 2.2], (êF)G\Zï o(G) is a

component of (SF/F0)ri{G) under the action of T/r0 on the closed manifold SF/Fo.
Hence it is also a closed manifold and ved Zr(G) ved ZFo(G) dim (SF)G as

claimed.

LEMMA 1.3. The space SF has a compactification SF SFul with the

following properties:
(1) The action of F on SF extends to an action of F on SF\
(2) For any finite subgroup G of F, SF is a G-homeomorphic to the unit disk in

a k-dimensional représentation of G; and

(3) For any compact set C a SF, the sets {yC \ y g F} get small near I.

To say that the sets {yC \y e F] get small near I means that for any point z si
and any neighborhood U of z in SF, there is a neighborhood V of z such that if
yCnV^ 0, then yC cz U.

Proofi The proof given hère is essentially that in [F-H; pp. 206-207].
Let H SF and fix a point x e H. Choose an orthogonal framing for THX. This

détermines an identification fo R* with THX for which the exponential map
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expx: R*-&gt;H is a distance non-decreasing diffeomorphism by [Ch-E; Cor. 1.34, p.
37]. Let H be the compactification of H obtained by adjoining an end point to each

géodésie ray in H emanating from x. Under expx the géodésie rays correspond to
linear rays so expv extends to a homeomorphism ëx : Dk -? H for which / expx ëxj
where j: Uk-&gt;Dk is a radial embedding. That (1) holds follows from the argument
of [F-H; pp. 206-207]. The same argument also shows the following: If Fx is the

isotropy subgroup of x under the r action on H, then Fx is fini te, R* T¥bx is a
linear représentation of Fx, and ëx : D(THX) -+H is a Tx-equivariant homeomorphism.

Since this observation is independent of the choice of x g H and HG # 0 for
any finite subgroup of T, (2) follows.

Let C be a compact set in H. Since r acts by isometries on 0-fl and expx is

distance non-decreasing, the sets {expj^yC)} (yef) hâve uniformly bounded
diameters in Uk. Hence for every z&apos; e Sk~l and every neighborhood U&apos; of z&apos;, there
is a neighborhood V c U&apos; so that if exp~l(yC) c\V ^ 0, then yC c [/&apos;. Since ëx

is a homeomorphism, (3) now follows.
A space over SF is a pair (X, p) where X is space and p : Jf -&gt; &lt;fr is a continuous

map. A map/: (X, p)-&gt;( F, #) between spaces over SF is continuously controlled
at infinity (or simply, continuously controlled or ce) if for every z e I and every
neighborhood U of z in &lt;fr there is a neighborhood Fof zso that^&quot;1(F) aq~l(U).
If we set (X, p) x I (X x I, pn) where 7i is projection on the first factor, there is an
obvious notion of a ce homotopy between ce maps/, g : (X, p) -&gt; (F, #) and of/being
a ce homotopy équivalence. If thèse maps and thèse homotopies are also T-equivari-
ant, we say that/is a ce T-homotopy équivalence.

LEMMA 1.4. Let (X, p) and (F, q) be spaces over êF. Suppose F acts on X and

F, that p and q are F-equivariant, and that f : X-&gt; Y is a F-equivariant map. If
&apos;

X/F
is compact, then f is ce.

Proof. Let Z) be a fundamental domain for SF (i.e. D is compact and

SF [j{yD \y e F}) and consider E Duqfp~\D). Since p is proper, p~\D) is

compact. Hence so is E. Let z g I and U be a neighborhood of z in &lt;£T. By 1.3(3)
there is a neighborhood F of z so that if yE n F ^ 0 for some yef, then yis c £/.

Suppose now that xep~\V). Since D is a fundamental domain for $F,
x e p~l(yD) czp~l(yE) for some y. Hence yE nV 7e 0 and by the choice of F,

yEaU. Suppose x=yd with dep~\D). Then qf(x) =yqf(d) eyqfp~\D) a
yE a U since # and/are T-equivariant. Thus/(x) eq~\U) as required.

A space (X, p) over &lt;fF for which X is a CW complex is called a CW complex

over êF. A CW complex (X,p) over SF is continuously controlled at infinity (or
simply either continuously controlled or ce) if for every z € I and every neighborhood

U of z in &lt;£T there is a neighborhood F of z so that if e is a cell in X for which
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p(e) nV ^ 0, then p(e) c U Ail CW complexes over êF considered in this paper
are assumed to be ce Ifp is proper, (X, p) is called a finite ce CW complex over êF

Let X be any CW complex on which F acts freely and cellulary Then there is

an equivanant map / X -? êF, unique up to equivanant homotopy, that classifies

this action (cf [C-K]) If X/F is compact, (X, /) is a finite ce CW complex over
êF Let p2 X x êF -*êF be projection on the second factor Then (X x êF, p2) is

a (usually non-finite) ce CW complex over êF

PROPOSITION 15 Let X be a CW complex on which F acts freely, cellularly,
and cocompactly Suppose that for every finite subgroup G a F, X/G is finitely
dominated Fhen W (1, /) (X, J) -&gt;(X x êF,p2) is a ce F-homotopy équivalence

Proof Let FQ be a torsion free subgroup of F, as in 1 1, for which there is a

short exact séquence 1 —?/&quot;()-&gt;F -?//-? 1 with H a finite group and so that êF/F0
is a finite complex We break the proof into two cases

Case I We assume that for every finite subgroup G a F, X/G has the homotopy
type of a finite complex In this case consider the diagram

SF/F» &gt; SF/F,

where f, /and /?2, respectively, are induced by W, /and p2, respectively The map
p2 X x, o

ST/Fq is an //-fibration For any cell a e SF/F0, let Ya=p2\a) Then

Ha acts freely on Ya, where Ha is the isotropy subgroup of g Let à g êF be a cell

in êF having p(â) a where p êF -+êF/F0 is the orbit map and let Fa be îts

isotropy subgroup The map p restricts to an isomorphism Fa -&gt; Ha and the map

XxêF-+XxJoêF restnets to a cellular, p-equivanant homeomorphism
X x ô -&gt; Ya Since X/FG has the homotopy type of a finite complex by the

assumption above, so does Ya/Ha and Ya has the Ea -homotopy type of a finite
complex on which Ha acts freely and cellularly

By induction on the skeleta of êF/F0, we can now construct a diagram of
//-maps

X xlQêF -?-

p

êF/F0
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with the following properties: E is a finite CW complex on which H acts freely and

cellularly; q : E-+ST/r0 is a map so that for each cell aeSr/r0, the block

Ea=q~\o) is a finite //ff-complex; &lt;P(Ya) c Ea and ^ : Ya -*Ea is an 7/^-homo-
topy équivalence. It follows that &lt;È&gt; : X xrQSF^&gt;E is an //-equivariant block
fibration homotopy équivalence. (That is &lt;P, its homotopy inverse, and the homo-

topies préserve the blocks Ya and Ea for each g.) Hence the lift S : (X x êT, p2) -?
(/?, #) of 0 to r0-covers is a ce homotopy équivalence. Notice that since &lt;P is

//-equivariant, &lt;P is F-equivariant. In addition, since &lt;P*F : X/ro-+ E is an //-homotopy

équivalence between finite CW complexes, &lt;PW : (X,J) -+(E, q) is also a ce

F-homotopy équivalence by 1.4. Hence W : (X, J) -+(X x ST,p2) is a ce F-homo-

topy équivalence as claimed.

// (The gênerai case). Let Y X x 51, F act on 7 by acting only on the

first factor, and JY JxPr where Jx : X -&gt; ^F is the classifying map for the F action

on X and pr\ X x »S! -? X is projection on the first factor. Then for each finite
subgroup G of F, Y/G (X/G) x S1 has the homotopy type of a finite complex.
Hence (l,JY) • (Y, JY) -?(? x Sr,p2) is a ce F-homotopy équivalence by Case I.
It follows that the induced map on infinité cyclic covers

(l,Jxpr) :(X x M\Jxpr)-&gt;((X x (R1) x &lt;fF,p2)

is also a ce F-homotopy équivalence. Since the projections maps (X x U\Jxpr)
-*(X, Jx) and {{X x 1R1) x Sr,p2) -&gt;(X x éT,p2) are obviously ce F-homotopy
équivalences, it follows that (1,7*) :(X,Jx)-+(Xx ST,p2) is a ce F-homotopy
équivalence. This complètes the proof of 1.5.

2. Transfers, finiteness obstructions, and the proof of Theorem I

In this section we shall introduce the additive category &lt;€G(8Y,I.\~E) of
equivariant géométrie modules over ST with continuous control at infinity. This

category is a variation on the category ^f,g(^) considered by Hambleton and
Pedersen in [H-P] and has the advantage of being a topological invariant of ST.
In particular, it does not dépend on the metric on ST. This extra flexibility plays an

important rôle in Section 5 and in particular, in Theorem 5.2. We use this category
to define a transfer homomorphism tr : K0(ZG) -^K^G{ST, I; Z)) and to prove
Theorem 1 of the Introduction.

Let F be a group, G be a finite subgroup of F, and R be a commutative ring
with unit. Let ^G(SF, E; R) be the additive category in which an object is a pair
(M,p) where M is a left RG -module and p : M -+&amp;f(E) is an equivariant map



Finiteness obstructions and cocompact actions on Sm x 1R&quot; 93

where 0&gt;1 (E) is the collection of finite subsets of E. ït is required that (M, p) satisfy
the following conditions:

(1) For each x g êl\ Mx {m e M \f(m) &lt;= {x}} is a finitely generated free

/^-submodule of M;
(2) As i?-modules M 0 Mv;
(3) p(m +m&apos;) ^p(m) up(m&apos;) for ail m.m&apos;eM;

(4) For each compact set K a E, {x e K \MX ^ 0} is finite.

A morphism/ : (M, p) -? (N, q) is an 7?G-homomorphism/ : A£ -&gt; N with the following

property: If we write/as a family of i?-module homomorphisms {/* : Mx -+Ny \

x, y g SF}, then for every point z e Z and every neighborhood U of z, there is a

neighborhood K of z with Kc[/ and so that if x g F and/vv ^0, then y e U. We
describe this by saying that / is continuously controlled ai infinity. The opération
(M,p) ® (N, q)=(M®N,p®q) makes $G(IT, £; R) into an additive category.

EXAMPLE 2.1. Let Cn{Sr\R) be the w-th cellular chain group of &lt;fr with
coefficients in R and G be a finite subgroup of F. Let {e, | i g /} be a family of
représentatives for the G-orbits of «-cells in êf. If x e Cn(SY\ R), then x Z ^;ge,
where the r^ are éléments of R, only finitely many of which are non-zero, and

geG. Define p : Cw(^r; R) -*0&gt;f{£r) by setting /?(Z r^ge,) {gx, \ rgJ =£ 0} where

xt is any point of e, (/ g /). Then (Cn(&lt;$r; R), p) is an object in yG(¥T,I\R).
Although p dépends on the choice of the xn it follows from 1.3(3) that any two
such choices yield isomorphic objects in ^G(éT, I; R).

Let &lt;gG(Ir, Z;R)be the full subcategory of ^G(êT, I; R) with objects the pairs
(M,p) for which M is a free RG-module and Mx is a free i£Gv-module for each

x g $F, where Gx is the isotropy subgroup of x.
In this case when SF is a metric space on which G acts by eventually Lipschitz

maps, the catégories &lt;&amp;G(&amp;r,E; R) and %&gt;G($F, Z; R) are very similar to the

catégories ^^^G{R) and ^^[^(R) respectively, of [H-P]. In many cases (€sl G(R) is

actually a subcategory (êG{SF, Z; R) with the only différence being that the hom
sets in ^G(Sf, Z; R) are bigger than those of «^/,GCR).

Let ^(RG) be the category of finitely generated, free RG -modules. The tensor
product over R defines a bifunctor

(g) : &lt;£(RG) x &lt;gG(7r, Z; R) -+&lt;€G(gr, Z; R).

More concretely ® sends (F, (M,p)) to {F® M, q) where ® ®R and q is such

that {F®M)X =F®MX. Since F®MX is a finitely generated, free /ÊG-module for
every x g &lt;£T, (F® M, q) is in ^G(&lt;fT, Z; R). Then ® extends to a bifunctor
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&lt;g&gt; : &lt;i(RG) x &amp;G(7f, I; R) -+&lt;€G(êT, I\ R)

where s4 dénotes the idempotent completion of se (cf. [Fr]). Using this bifunctor,
we define a pairing

K0(RG) ® K^G(ïf, X; R)) ^K0(&lt;éG(ST, I; R)),

denoted by juxtaposition, by setting [P][M, p]=[P® M, q]. Hère P g ^(RG) (which
is isomorphic to the category of finitely gênerated projective RG -modules),

(M, p) g ^G((fT, I; i£), and for any additive category se\ K0(s#) is the cokernel of
the obvious homomorphism K0(stf) -+K0(sf). A pairing similar to this one was first
investigated in [An].

Let x{êr\ R)=Z(- \)n[Cn(gr\ R)} g K0(gG(7T, Z; R)) and define

by setting \x(y)=yx{gr\ R).
We now recall some results of Ranicki [Ran]. Let 3F be an additive category, #

be a full subcategory, and F\ {Fn, ôn | n &gt; 0} be a chain complex whose objects
are in 3F. We shall say that F^ is ^-finitely dominated if there exist a chain complex
C+ {Q, dn} of objects in ^, only finitely many of which are nonzero, chain maps
r : F^-ïC^ and / : C* -+F# in 3F, and a chain homotopy h : 1 ^ ir in 3F. If F^ is

^-finitely dominated, Ranicki shows there is chain complex P+ {Pn9dn} in ^
having Pn 0 for ail n &lt; 0 and ail « sufficiently large and a chain équivalence

P^-^F^ in J^ where F^ is the chain complex image of F^ in 3F, i.e. the chain

complex {(/;, 1), (dn9 1)}. He also shows that a(FJ Z - 1 )&quot;[/&gt;„] g ^) is a well
defined invariant of F^ that dépends only on the chain homotopy type of F^. This
invariant is called the % -finiteness obstruction of F^ and vanishes if and only if F^
is !F -chain équivalent to a finite chain complex in ^.

Let ^(JT,I;R) be the category containing ^G(JT,E;R) whose objects are

pairs (M,/?) with M a free RG -module, p a function satisfying conditions (l)-(3)
above, and having Mx a free RGX -submodule for each x eéT&apos;, and whose mor-
phisms/= {/vv} are those that are continuously controlled at infinity.

EXAMPLE 2.2. Let (Y,q) be a ce CW complex (respectively, finite ce CW
complex) over SF on which F acts cellularly and freely and for which q is

F-equivariant. Then for any finite subgroup G of F, the cellular chain complex

C+(Y;R) can be regarded as a chain complex in ^G{êT,l\K) (respectively,
^G(^F, T;#)). A function qn\Cn(Y\R)-*0&gt;f(gr) can be defined in a manner
similar to that of 2.1. Namely, one chooses a family {et \ i g /} of représentatives for
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the G-orbits of «-cells in Y and a point x, e et. If x g Cn(Y; R), then jc I r^ge,
where the rgl are éléments of R, only finitely many of which are nonzero. Then
qnÇL rgtlge,) {gq(x,)\ nga # 0}.

/V00/ 0/ Theorem I. By 2.2, C,,,^? x SF\ Z) is a chain complex of objects in
Jg(^T, Z; Z). We show that this chain complex is ^G(SF, Z; Z) -finitely dominated
and evaluate its (€G{SF, Z; Z)-finiteness obstruction in two ways. Let C+(X) be the
cellular chain complex of X regarded as a chain complex of free ZG-modules and

C+(SF\ T) be the chain complex of 2.1. Then C*(X x ST\ Z) is Jg(^T, Z; Z)-chain
équivalent to C+(X) ® C+(ST; Z). Since X/G is a finitely dominated CW complex,
C^(X) is ZG-finitely dominated, say by C*. Then C^{X)®C^{Sr\Z) is

#G(Zr, £;Z)-finitely dominated by C^®C^{ST\ Z). Let Ps|e {Pn,an} a chain
complex of fini te length with Pn in &lt;i(RG) for which there is a ZG-chain équivalence

f:P+-+CJiX). Then

/® 1 : /\,®C,(«fr; Z) ^C^i) ® C*{êr- Z)

is a ^G(Zr, Z\ Z)-chain équivalence. Since oG{XjG) =S (-l)n[PJ, a straightfor-
ward calculation shows that in k^G{êT, I\ Z)) we hâve

a(C+(X x êT\ Z)) aCC^i) ® C^r; Z)) a(P+ ® Ctfr; Z)) trorG(J?/G).

On the other hand, since (Z, /) is a fini te ce CW complex over SF on which F acts

freely and / is T-equivariant, C^(X; Z) is a %&gt;G($F, Z; Z)-chain complex by 2.2.

Since ¥ (1, /) : (Jf, J) -+{X x S&gt;F,p2) is a ce homotopy équivalence by 1.5, *P

induces a ^G(^T, Z; Z)-chain équivalence C^CJ? x £F; Z) » C^CZ; Z). Hence

^X x ^r; Z)) &lt;t(C*(X; Z)) 0

since the latter chain complex is a finite ^G{SF, Z; Z)-chain complex. By combining
this with the équation above, we see that tr aG(X/G) 0. This complètes the proof
of Theorem 1.

3. An equivariant reduced homology theory

The section begins the development of the algebraic tools needed to prove
Theorem II. The reader who is most interested in the proof of Theorem II can

proceed directly to Section 5, referring back to this section and the next only as the

need arises.



96 DOUGLAS R. ANDERSON AND FRANCIS X CONNOLLY

The main resuit in this section is Theorem 3.4, which describes a reduced

homology theory defined on the category ^O^ of finite G-CW complexes for G a

finite group. We begin by generalizing some of the discussion of Section 2.

Let ê be the category with objects pairs (Ë, Z) with Ë a compact Hausdorff
space and Z a closed subset. Let E Ë — Z. A morphism in S is a set-theoretic
function /: (Ëu Zj) -+{E2, £2) which is continuous at every point of X&quot;,, has

f~l(E2) =r,, and for which f\Ex-*E2 is proper in the sensé that if K c= E2 is

compact, thenf~x(K) has compact closure in Ex. Hère Et Ël—Zl.
Let G be a group and SG be the category with objects pairs ((£, Z), p) where

{Ë, Z) is an object in ê and p : G -* Aut^ (Ë, Z) is a homomorphism where

Aut^ (Ë, Z) is the group of automorphisms of (Ë, Z) in ê. Thus an object in êG is

an object of S equipped with an action of G via automorphisms in ê. A morphism
in SG is a G-equivariant (f-morphism/: (£,, £,) -*(Ë2, £2).

EXAMPLE 3.1. If G is finite, we let ^^g be the category of finite CW
complexes equipped with a cellular action of G. Taking the closed cône defines a

functor c \(€itG&apos;-+êG that sends X to (cA\ X). Hère cX is the quotient space
X x [0, 1]/X x {0} and X is the image of X x {1} in cX. Such pairs (cX, X) give

many examples of objects in SG.

An additive category %&gt;G{Ë, I; R) analogous to C€G{SF, Z; i?) can be defined for
any pair (Ë, I) sêG. An object is a pair (M,p) where M is a free RG-module,

p : M -^^Pf(E) is a G-equivariant map where &amp;f(E) is the set of finite subsets of E,
and (M,p) satsifies conditions (l)-(4) of Section 2 and has Mx a free RGX-module
for each x e E. The morphisms are defined as in Section 2 except that SF is

replaced by Ë.

REMARK 3.2. If G acts trivially on the pair (Ë, I) then the functor
J:VG(Ë,Z;R)^&gt;&lt;g(Ë,Z;RG) that sends (M,/?) to J(M) {Mx\x e E} is an

isomorphism of catégories. Hère #(/s, 2&quot;; i?G) is the category of géométrie i?G-mod¬

ules on (Ë, Z) with continuous control at infinity introduced in [A-C-F-P]. Notice
that if (£, Z) =(c0, 0), then %(E, Z; RG) =&lt;iï(RG) is the category of finitely
generated free RG-modules.

Following the notation in [A-C-F-P], for any category se, we let s/ dénote its

idempotent completion [Fr] and if se is additive, we let Ksé be the classifying space
BA~lA where A Iso {se) is the category of isomorphisms in se and A~lA is the

category of [Gr].
For any object Xe^ifQ, let K°(X; R) =QK&lt;êG(cSn+ 1Ar, Sn+lX; R) where

Sw+1 is the (« + l)st (unreduced) suspension of Z (« &gt; 0). Let KG(X; i?)
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LEMMA 3 3 For any space Ie^, the séquence of spaces KG(X,R)
has the structure of an Q-spectrum, that is, there are homotopy équivalences

sn Kfj(X,R)-+QK%+ï(X,R) Furthermore the correspondence Xt-+KG (X,R)
defines a functor KG(_, R) from %&gt;i^ to the category of Q-spectra

The category of Œ-spectra has objects O-spectra and morphisms/ {An, an} -?

{Bn, Pn} familles of maps {/„ An -+Bn | n &gt; 0} with/w+1aw pomted homotopic
t° PnÂ F°r anY ^-spectrum A {An,an}, let A^ ns^X be the stable homotopy

of A The functor A #
takes values in &lt;Ssé the category of graded abehan

groups

THEOREM 3 4 The functor K%{_, R) ttJKg(_, R) ^^%-^^sé is an

equwanant reduced homology theory on the category ^O^ That is,

(î) K°.(_, R) is a homotopy functor
(n) For any pair (X, A) in ^itQ, there is an exact séquence

-+KG(A, R)-+KG(X, R)-&gt;KG(XvvA,R)^KG(A, R) -
(m) KG(pt,R)=0

REMARK 3 5 If G acts tnvially on the CW complex X, the functor / of 3 2

mduces a natural isomorphism i* KG(X, R) -+K^(X, RG) where K^(X, RG) is the

homology theory of [A-C-F-P] In particular, if X 0, there are îsomorphisms
&apos;* KG(0, R) -£,,(0, RG) and rj K*(0, RG)^K^(RG) where rj is induced by
the isomorphism of catégories / &lt;#(c0, 0, RG) -*%(RG) of 3 2

A) is a pair in %%, let KG(X,A,R) KG(XuvA,R) where the union is

over A and vA is a disjoint basepoint if A 0

COROLLARY 3 6 The functor (X, A) h-&gt; KG(X, A,R) is an equwanant homology

theory on

Proof This is an elementary formai conséquence of 3 4

Proofs of 3 3 and 3 4 An examination of the proofs of the corresponding
statements in [A-C-F-P, Section 4] shows that 3 3 and 3 4 will follow once we
hâve proved the following propositions

PROPOSITION 3 7 Let G be afinite group, I e &lt;€% and vl be the closed cône

on I with vertex v Then W€G(c(vZ), vl, R) is contractible
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PROPOSITION 3.8. Let X be the pushout of the diagram X]&lt;^X0^X2 of
inclusions of spaces in ^HQ. Then the square

G(cX0, Xo; R) -^ K&lt;ëa(cX,,Xt;R)

tG(cX29X2;R) &gt; KVG(cX9X;R)

is a pullback up to weak homotopy. Hence there is a long exact séquence

(n &gt; 0) where W€Gl K$G(cXn Xt\ R) (/ 1, 2, 0) and W€œ K&lt;êG{cXQ, Xo; R).

In this proposition, ^G(cXn X,; R) (i — 1, 2, 0) is the idempotent semicomple-
tion of&lt;#G(cX,9 X,; R) with respect to &lt;£G(cX0J Xo; R). We recall that if â8 is a full,
additive subcategory of the additive category se, then the idempotent semicomple-
tion (or simply, semicompletion) of se with respect to M is the full, additive

subcategory of se containing those objects (A,p) isomorphic to (B, q) ©(C, 1) with
(B, q) e $ and C e U. The semicompletion is denoted by df.

Proposition 3.8 is a conséquence of the following stronger resuit:

PROPOSITION 3.9. Let (Éu Ix) ^— (E0,Z0) -^-&gt; (Ë2,12) be a diagram of
inclusions in SG and let (E, I) be its pushout. If Io is an eventual G-neighborhood
retract in E, then the square

^xcf (Tp y • if^ y M.tf (F Y, * ÎX^

is a pullback up to weak homotopy. Hère the semicompletions are with respect to
^G(É0, So; U). Hence there is a long exact séquence

(« &gt; 0) where K&lt;ëGl K&lt;$C{Ë,, S,; U) (i 1, 2, 0) and W$G0 K&lt;iG(É0, Zo; U).

The requirement that Zo be an eventual G-neighborhood retract in É means that
there is a G-invariant neighborhood N of £0 in É and a G-equivariant func-
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tion r (N — Z)uË0-+É0 with r l(E0) Zo and r \ Io îd and with the property
that if W îs a G-invanant open neighborhood of I — Zo in Ë — Ëo, rw r\
((N-S-W)vÉ0,2:0)-*(Ê0,Z0)9 and ^ (£0, Zo) -&gt;((# - I - W) u£0, Zo) is

the inclusion, then for every point p in Z&quot;o and every G-invariant neighborhood
U of p in (N — I — W)kjEq, there is a G-invanant neighborhood V of p m
(N — E — ff) u^q W1*h (lwrw) X(Y) c ^ The map r is called an eventual G-neigh-
borhood retraction An obvious extension of the argument used to prove [A-C-F-P,
Lemma 1 6] shows that if Io is a G-neighborhood retract in I&quot;, then Io is an eventual

G-neighborhood retract m cl

Proof of 3 7 The proof is identical with the proof of [A-C-F-P, Corollary
2 5] The ingrédients of that proof are [A-C-F-P, Theorem 2 3] and the fact that
^(r{lI){R) is flasque Hère ^6(lI)(i?) is the category of géométrie /^-modules over
(9{vl) and bounded morphisms deflned in [P-Wl] and O(vl) =Ix[0, oo)/£ x {0}
is the large open cône on vl

Let X e ^H^ and observe that the cône action on cX repsects the radial
direction Since the proof of [A-C-F-P, Theorem 2 3] uses only &quot;annular&quot;

régions, this observation shows that Theorem 2 3 carnes over to the présent
equivanant setting without change It is also easy to see that the proof that

^c{ii)(R) ls flasque given in [P-W2, Lemma 4 1] respects the G-equivanance and
shows that the equivanant analogue ^(lI)G(i() of ^6(lI)(i?) is also flasque Thus
the proof of [A-C-F-P, Corollary 2 5] holds in the présent setting and proves 3 7

Proof of 3 8 This follows from essentially the argument given in [A-C-F-P,
Sections 3 and 4] The only change needed to adapt that argument to the présent
equivanant setting is to require that the neighborhoods U that appear in the

partially ordered set A of [A-C-F-P, Lemma 3 3] be G-invanant

Proof of 3 9 This also follows from the argument of [A-C-F-P, Section 3]

modified by the same changes as were needed in the proof of 3 8

4. A spectral séquence

This section dérives a spectral séquence that will be used m the next section The

main resuit is Theorem 4 2 Before stating it, we recall some définitions and notations
Let G be a fimte group Let (9G be the category of canonical orbits of G,

î e the category of ail G-sets of the form G/H where H is a subgroup of G A
coefficient System is a covanant functor from (9G to the category of abehan groups
Such Systems are called simple coefficient Systems in [Br]
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Let I be a GW complex. Foliowing [Br], we define the reduced Bredon
homology of X with coefficient System F as follows: Let Cp be the discrète G-set of
p-cells of X. Let Ap — Y* F(G/Ga) where the sum runs over a e Cp and write
éléments of Ap in the form o\Xx + • • • + akxk with x, e F{GIGa). Let Bp be the

subgroup of Ap generated by ail éléments of the form (go)x — o(g~xx). The

quotient group Ap/Bp CG(X; F) is called the group of equivarianî p-chains
on X. The boundary map ôp : CG(X\ F) -+CG_ X(X\ F) sends the chain ax to

It[t \c]Fax(x) where [t : a] is the incidence number and F°x F(G/Ga-+G/Gt).
Notice that there is also an augmentation d0: CG(X; F) -+F(G/G) that sends ax to
F(GIGa-&gt;G/G)(x). We set CG_X(X\ F) F(G/G). The homology of the augmented
chain complex {Cp(X; F);ôp} is called the reduced Bredon homology of X and is

denoted HG(X; F).

REMARK 4.1. If P&gt;0, then H$(X; F) HG(X; F) is the usual Bredon

homology of X. In addition, H°_X{X\ F) F(G/G)/im Ind where Ind is the sum of
the homomorphisms F(G/Ga-+G/G) over the set of 0-cells of X. In gênerai this

group is non-zero.

THEOREM 4.2. Let X e &lt;£% and {Ga\o e X) be the family of isotropy sub-

groups of the celte a in X. Then there is a spectral séquence {E\ dr) converging to

KG(X,R) with E2pq HG{X\Kq_x{RGG)) for ail p and q. Hère K^^RG,) is

coefficient System that sends G/H to Kq__ X(RH).

Proof To simplify notation in this proof, we shall suppress mention of the ring
R and will write KG(X) instead of KG(X; R).

Suppose dim X n and consider the exact couple obtained by applying KG to
the filtration

0 c X(0) c • • • a X(p~l) c X^p) c • • • c X{n) X.

For p&gt;09 this exact couple h^s E\q Kp + q(Xip)uvXip~l)) and D\q
Hp -1, Dlq KG_x(0). Since KG_x(0) Kq_2(RG) *0, to get

a convergent spectral séquence we redefine this exact couple by setting Ex_Xq —

KGq-x(0) Kq_2{RG\ DlM =0ifp&lt;-2, and letting DlM^ElPiq be the identity
if p &lt;, — 1. Then {Er, dr} is the spectral séquence associated with this exact couple.

The careful examination of the homology version of the argument in [Br;
p. IV. 6ff] shows that the JE&apos;2-term of this spectral séquence is HG(X; KG) where
KG : (9G-+$4$ is the coefficient System that sends G/H to KG(G/H+). To complète
the proof of 4.2, it now suffices to identify this coefficient System. That is the

content of the next lemma.
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LEMMA 4.3. There is a naîural équivalence of functors [i :K^(G/H + ,R) -*
Kq {{RH).

Proof. The map fi is the composite

KG(G/H + ; R) ^-L Kq(S°; RH) -^ Kq__{(0; RH) -^-&gt; Kq_x(RH)

where r\ is the isomorphism of 3.5; ô is the Connecting homomorphism in the exact

séquence obtained by applying 3.8 to the diagram v_&lt;-0-+v+ of spaces in &lt;^#g

and is an isomorphism since the other terms in the exact séquence vanish by 3.7;
and A^\ KJ^S0; RH) -+K%(G/H +

; R) is an isomorphism induced by a map of
spectra A : K(S°; RH) -KG(G/// +

; R).

Let X be a based //-space and set Y G xHX/G xH {x0}. If
M {Mx\ x e cX - X} e &lt;«H{cX, X; R\ let M RG ® M T RG ® Mx where ®
is tensor over RH. As R -modules, RG ® Mx Z gjMx where {g7 \j 1,. r} is a

set of représentatives for the cosets of H in G with g, e. Define /? : M -^^f(c(Y))
by setting p(m) — {[g,,-*]} if wï eg,Mx and &quot;extending linearly.&quot; That is, if m

m, -f • • • + râ, with 0 # m, € RG ®MXi (i 1, s) and m, rhl n -f • • • + miJ/(()
with 0 # wf,/fc g g/AMV7 (A: 1, /(/)), then p(m) {[gJk, xt] \ i 1,. s;
k 1, t(i)}. The conditions that/must satisfy to be ce imply that/is ce. It is

now easily verified that the correspondence that sends M to (M, p) and / to / is a

functor /g : &lt;»H(cX, X; R) -*c£G{cY, Y\ R).
In particular, we may apply this construction to the pointed space S&quot;(S°)

(n &gt;0) with trivial //-action to obtain a functor Bn :%H(cSn(S°), Sn(S°); R) -?

%G{cSn(G/H + \ 5&quot;(G///+); R). Let J be the isomorphism of 3.2. The séquence of
functors

An BnJx : &lt;$(cSn(S°), Sn(S°); RH)-^^G(cSn(G/H + l Sn(G/H+); R)

induces a map of O-spectra A : K(S°; RH) -&gt;KG(G/H + ; R). A straightforward
adaptation of the &quot;germs of infinity&quot; argument of [A-M]; Lemma 8.7 ff] shows

that An induces an isomorphism

S% S&quot;(S°); RH)) -&gt; KqWGSn(c(GjH+\ Sn(G/H+); R) (4.4)

for q &gt; 1. It then follows directly from (4.4) that A* : Kq(S°; RH)^K^(G/H+; R)
is an isomorphism for ail q.

For the reader&apos;s convenience, we indicate more completely how to make this

adaptation. We make the following interprétations of the catégories that appear in
the diagram at the beginning of the proof of 8.5 in [A-M; p. 594]: ^r(U)
%(cS&quot;(S% Sn(S°);/?//); #(U) is the full subcategory of %(VL) whose objects are
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are the géométrie G1-modules M {Mx | there is a neighborhood N of Sn{ + 1} in
cSn(S°) such that Mx 0 for ail x e U}\ and #«,(11) is the full subcategory of

whose objects M {MX} hâve Mx 0 if xec5&quot;{-l}. Similarly,
G/H+), S&quot;(G/H+);RH); 0$(A) is the full subcategory of W(A)

whose objects are the géométrie G-modules M {Mx | there is a neighborhood N
of Sn{ + \} in cSn(G/H+) such that Mx 0 for ail x e £/}; and ^(,4) is the full
subcategory of ÔU(A)I^(A) whose objects M {Mx} hâve Mv =0 if x e cSn{ + }.
With thèse interprétations, the proofs of [A-M; Lemmas 8.7 and 8.5] carry over
without change to prove (4.4).

5. The proofs of Theorem II and Corollary III

This section gives the proofs of Theorem II and Corollary III. Theorem II will
be deduced from the sharper Theorem 5.1 below. Let f be a group and
SF SF kj! be the compactifîcation of SF given in 1.3. Then for any fînite
subgroup G of F, by 1.3(3), there is a G-homeomorphism /: (SF, I) -&gt;(cZ, E)
where I is a G-linear sphère.

THEOREM 5.1. Let F be a lattice-like group. Suppose that F acts freely,
cellularly, and cocompactly on a CW complex X homotopy équivalent to SSr + 3 for
any r &gt; 0. IfF contains a copy ofQ(2q,p, 1) with q ^ 4 and p an odd prime satisfying

p # 1 (mod 8) and p # - 1 (mod 2q~l), then either

(1) Zr(Cp) is infinité&apos;, or
(2) Hf(I; K_^x{ZGa)) # 0 where 77?(Z; K_x{ZGa)) is the Bredon homology ofl

with coefficient System the functor that sends G/H to K_{(ZH).

Let/: G -+Q(2q) be the homomorphism that sends x, y, and z, respectively, to

x, y, and 1, respectively. Then there is an exact séquence

1 &gt;CP &gt;C-^Q .1

where Q Q(2q) is the quaternion group. This séquence is split by the monomor-
phism j : Q-+G that sends x to x and y to y where we hâve followed the notation
of the introduction. We shall use this notation throughout the next two sections.

Some preliminary results are needed to prove this theorem. Let/: (SF,I) -»

(cl, I) be the G-homeomorphism above. Then / induces an isomorphism of
catégories /* : (€G(SF, I; R) -+&lt;£G(cZ, I; R).

THEOREM 5.2. Let F be a lattice-like group and G be a finite subgroup of F.

Suppose there is a G-homeomorphismf : (SF, I) -+(cZ, I). Fhen there is a commutation

diagram with exact row
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K0(RG) -^ Ko(VG(Jr, Z; R))
t]

Hf((Z; K_x(RGa)) &gt; K0(RG)/im Ind-^U KQ{cZ, Z; R))

is the natural quotient homomorphism and Ind is the sum of the homomor-

uns Indga : Kq_ X{RGa) -&gt;Kq_ X(RG) over the O-cells a € Z.

Proof A standard argument, using 4.1, allows us to extract the exact séquence

Hf (Z; K_x(RGa)) ^K0(RG)/im Ind -X K$(Z; R) (5.3)

from the spectral séquence of 4.2. Let dbea 0-cell Z and Ga be its isotropy group.
Note that K0(RG)/im Ind K0(RG)/im Ind; while an examination of the définitions
shows that Kq(Z; R) À^G(cr, I&quot;; ,R)). Since there is an exact séquence

KQ(&lt;€G{cZ, Z; R))^KQ&lt;ëG{cZ, Z; R)) ^K0VG(cZ, Z; R)) -&gt;0

and KoWdcZ, Z; R)) 0 by [Pe; Remark 1.6],

K0(&lt;iG(cZ, Z; R)) « K0(VG(cZ, Z; R)).

Thus the exact séquence (5.3) reduces to the exact row in the diagram. That the

square commutes follows by the argument used to prove Theorem 6.3 in [H-P].
When we apply 5.2, Z will play the rôle of R.

PROPOSITION 5.4. Let G Q(2q,p9 1) with q&gt;4,p=£\ (mod %)andp^-\
(mod 2q~ l). Suppose G acts freely and cellularly on the finite dimensional CW
complex X homotopy équivalent to SSr + \ Then aG(X/G) ^0 in K0(ZG)/j*(K0(ZQ)
where oG{X/G) is the finiteness obstruction of X/G.

Proposition 5.4 is an easy conséquence of a resuit of [Da]. Its proof is given in
the next section.

Proof of 5.1. Suppose Zf(Cp) is finite. We show that Hf(Z; K_x(ZGa)) ^0.
Since i^ri(aG(X/G)) tr (aG(X/G)) =0 by 5.1 and Theorem I and the row in the

diagram of 5.2 is exact, i^rj(aG(X/G)) g im d. On the other hand, by 1.2

dim (ST)cp vcd Zr(Cp) =0. Since (S&apos;F.Z) is G-homeomorphic to (cZ, Z) by
1.3(2), it follows that Cp acts freely on Z and that every isotropy group of the

action of G on Z is conjugate to a subgroup of Q. Hence the natural homo-
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morphism K0(ZG) -+ko(ZG)lJ*KQ{ZQ) factors through JÇ,(ZG)/im Ind and

rj(aG(X/G)) ^ 0 in £0(ZG)im Ind. Hence d is not trivial and //?(£; K_, (ZGJ) # 0.

Some additional results are needed to prove Theorem II. Although the following
resuit is well known to the experts, we hâve not found a proof of it in the literature.

LEMMA 5.5. The group K_X(ZQ(S)) 0. Ifk &gt; 4, then K_x(ZQ(2k)) F2, the

group with 2 éléments, and Ind^* + 1 : K_x(ZQ(2k)) —&gt;K_x(ZQ(2k+ *)) is an isomor-

phism. Hère Qk Q(2k).

Proof. It follows from [Ca; Theorem 3] that we can analyze K_X(ZQ) by using
the following exact séquence

0 &gt; K0(Z) &gt; Ko(Z2Q)®Ko(QQ) -^ K0(Q2Q) &gt; K^X(ZQ) &gt; 0.

It is well known that K0(Z2Q) is free abelian of rank 1. The décomposition of
QQ into simple factors is (Q)4©I M2(Q(A2,)) ©Q(4-i)&lt;-l, -1&gt; where the
last factor is a quaternionic algebra, / 1,. q — 2, X2J Ç2j + Cu^ and C&gt;t is a

primitive A&gt;th root of unity. Over each of thèse factors there is a unique simple
module and K0(QQ) is free ablian on thèse simple modules. Since 2 is totally
ramified in Q(Ç2J) for any j, the décomposition of Q2Q into simple factors is

(Q2)4©i:M2(Q2(/l2,))©Q2(^-i)&lt;-l5 -1&gt; and Ao(Q20 is again free abelian

on the unique simple modules over the factors. Hence rk K0(Q2Q) rk K0(Q2Q)
and rkÀ&apos;_1(Z0=O. Under the homomorphism p, except for the last factor,
the simple module over a factor of QQ maps to the simple module over the

corresponding factor of Q2Q- If A: &lt; 3, the same is true of the simple module over
the last factors and À&apos;_1(Z0=O. If k ^ 4 however, the simple module over
&lt;Q(A2*_i)&lt; —1, —1&gt; is the free module of rank 1 while Q2(A29-i)&lt;—1, —1&gt; splits
(i.e. is the matrix algebra M2(Q2(A2~ *)). Hence p maps this generator of K0(QQ)
to twice the corresponding generator of K0(Q2Q). In this case, then K_X(Z.Q) F2.

Finally, since Ind^ + &apos; K0(QQ(2k)) -? ^0(02(2^ + l)) préserves the last factors of the
above décompositions, this map is the identity if k &gt; 4.

PROPOSITION 5.6. Let q &gt; 4 and p be an odd prime. Suppose that
G Q(2q,p, 1) acts linearly on the sphère I such that the cyclic subgroup Cp acts

freely. Suppose that either dim I &lt; 2 or dim IQ &gt; 2. Then Hf(I; K^x{ZGa)) 0.

REMARK 5.7. Proposition 5.6 also holds under the assumption that for ail

HczQ, either LH 0 or dim LH &gt; 2 and {H c Q | dim IH &gt; 2} has a unique
maximal élément. We do not need this resuit in this paper.

Proof. Suppose dim S &lt; 2. Since Cp acts freely on I, dim I &lt; 1. If dim I &lt; 1,

clearly Hf(I; K_x(ZGa)) 0. So suppose dim I 1. Let p:G-+O(2) be the
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linear représentation given by Z. Since the only fini te subgroups of 0(2) are

cyclic or dihedral and Cp is acting freely, im p D is dihedral of order 2&apos;p for
some t and N ker p is a normal subgroup of order 2S for some s. Hence
HGX (Z; K__x{ZGa)) H\°(Z; K_x{ZGa)) and we may compute this group by look-
ing at a Z)-eqinvariant cellular décomposition of Z. This décomposition has a single
1-cellT. If N GT is either cyclic or g(8), then K_X{ZGX) 0 by [Ba; Theorem
10.6, p. 695] and 5.5. Hence Hf(Z;K_x(ZGa)) 0. If N Gr Q{2S) for some

s &gt; 4, then by 5.5 the coefficient System K_x(ZGa) is the constant System with value
F2 and H?(I; K_X(ZGO)) H?(Z; F2) HX(Z/D; F2) 0 since the orbit space is

an interval.
Suppose dim ZQ &gt; 2. Since Cp acts freely on Z, Q G/Cp acts on L Z/Cp and

there is an isomorphism

Let / be an isotropy subgroup for the Q action on L. Then / is either cyclic
of order 2k with k&lt;q — \ or quaternionic. If / is cyclic, then K_X(ZI) =0
by [Ba; Theorem 10.6, p. 695]; while AL,(Zg) is given by 5.5. Hence

Hf (L; K_x(ZQa)) Hf(A&apos;, F2) where A is the union of the subspaces {LH \ H is a

quaternionic subgroup of Q of order &gt;8} and the coefficient System F2 is constant.
We claim that H?(A ; F2) 0. To prove this, let Q //0, Hx,...,//, be a set of

conjugacy class représentatives for [H a Q | H is quaternionic of order &gt; 8}
ordered so that if H, is conjugate to a subgroup of Hr then j &lt; i. For
k 0, 1, t set Lk U {X(Ht ^i^k} where JT(//) ={xeX\(H)c (Gx)}. Then

is a filtration of ^4 by g-invariant subspaces. We assert that Hf(L0; F2) 0 and that
//p(Lk, Lfr_ !; F2) 0 for / &lt; 2 and every A: &gt; 0. Assuming this, a simple induction

argument shows that Hf(Lk ; F2) 0 for every k. Since A L,, the claim will follow.
Since L T/C^ is a mod 2 homology sphère, each Lu is a mod 2 homology

sphère. Since g acts smoothly on L, each LH is a manifold. Furthermore dim LH &gt;

dimLe&gt;2. Hence each LH is connected and HX(LH; F2) =0. In particular
Hf(L0; F2) HX(LO ; F2) 0 as asserted above. Furthermore, since Lk= Lk_x kj
L(Hk) and H acts trivially on LH, there are isomorphisms

#r(&quot;H^ £&quot;nL,_ ,; F2)-/^^^
where W(//) N{H)jH and the F2 in the leftmost term is the trivial F2 W{H) -module.

A standard induction argument using Mayer-Vietoris séquences, shows that if
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B îs any union of the sets {LH \ H îs a quaterniomc subgroup of Q of order &gt;8},

then B îs connectée! and H] (B, F2) 0 Hence the cellular chain complex
C^(LH, LHnLk F2) îs acychc for * &lt; 2 Since this îs a chain complex of free

¥2W(H)-modules, the chain complex C^(LH,LHr\Lk i,F2)®F2 îs also acychc
for * &lt; 2 Hère ® îs tensor over F2 W{H) Hence H^H\LH, LHnLk F2) 0 for
i &lt; 2, the second assetion above holds, and the claim îs established

Proof of Theorem II The proof îs by contradiction So suppose that F acts

freely, cellularly, and cocompactly on a Clf complex X homotopy équivalent
to SSr+3 for some r&gt;0 Smce Zr(Cp) îs finite, Hf(I,K ,(ZGff))^0 by
5 1 In addition, smce 0 vcdZr(C/7) dim(S&gt;F)cp by 1 2, Cp acts freely on I
Hence if either dim I ved F - 1 &lt; 2 or 2 &lt; ved Zr(Q) - 1 dim £e, then

//f (Z, ^ ,(ZGJ) =0 by 5 6 This îs a contradiction and Theorem II follows

Proof of Corollary III Let Cp act on ZfCJ by multiplication by a /?-th root of
umty and Ao (Z[Ç,])* for some Â: &gt; 1 (or if p 3, k &gt; 2) Then rk A0 (p- \)k
Let ^4 Ind£ Ao and T be the semidirect product A x G We show that F satisfies

the hypothèses of Theorem II Since F îs crystallographic, ît îs lattice-hke A simple
Mackey double coset argument shows that Cp acts freely on A Hence Zr(Cp) îs

contained in G and îs finite Another double coset argument shows that

Resg A Resg Indg Ao Indf1} Zip 1)/c {TQYP l)k

Since (p, k) either has/7 &gt; 5 and k &gt; 1 or has/? 3 and A: &gt; 2, ved (Zr(0) rk A Q

(/? — l)/c &gt; 4 and (1) also holds Corollary III now follows from Theorem II

6. The Proof of 5.4

After provmg some preliminary results, this section gives the proof of Proposition

5 4 The authors want to thank Jim Davis for several discussions about the

matenal in this section that hâve greatly clanfied îts présentation
Let H be any finite group and p be any prime Let

1111 |*»| v •&quot;•&apos; »n / &quot; •• *¦ i v ¦&quot;¦•«¦ n •¦ ¦• / i x y(6

where $kp îs any maximal Zp -order in QPH This group îs called the p-local defect

group of H By choosing Wp to contain ZpH9 we see that the numerator contains the

denominator On the other hand, the numerator îs well defined for suppose 50ÎP x and
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$Jlp2 are two maximal Z^-orders in QPH Then by [Re, Theorem 17 3] there îs a unit
u e (QPH)X such that u^lp xu~x yhp2 Hence there îs a commutative diagram

Kxmp2) &gt;Kl(QpH)

where cu QpH -&gt;QpH îs conjugation by u and &lt;/&gt;u cu \Wlpl Since cM* îs the

îdentity, the numerator îs well defined

In the sequel ît îs convenient to dénote the images in the numerator and

denominator of (6 1) by K\(ykp) and K\{ZpH) respectively

Lemma 6 2 The correspondence that sends H to LDf(ZpH) is a functor from
finite groups to abehan groups

Proof Let g H{ -+H2 be a homomorphism and g^ K^ÛpH^) -&gt;Kx(QpH2) be

the induced homomorphism Let 9Mj be a maximal Z^-order in QpHx We claim
there is a maximal Zp-order ÎR2 with gCSM^e^, for L î.pH2® Wx is a Zp-lattice
in Q^Z/2 where ® is tensor over ZpHx Let Or(^) {^ e Qp^21 LÀ &lt; L) It is well
known (cf [Re, p 109]) that Or(L) is a Z^-order in QpH and it is clear that
g(9Jï,) cz Or(L) Let yjl2 be a maximal Z^-order in QpH2 containing Or(L) Then

g^CÎK,) c ^,(««2) Since it is clear that g^K\{ZpHx)eK\{ï.pH2\ g induces a

homomorphism g^ LD\ZpHx) -+LD&apos;(ZpH2) The rest of the proof is trivial

Let D(H) =kev {K0(ZH) -+ K0(W)} where 501 is a maximal Z-order in QH
containing ZH and let Kx(m) îm {Kx(Wl)-&gt;KX(QH)}

LEMMA 6 3 There is an exact séquence

K\(W) &gt; X LD\ZpH) -^ i)(//) &gt; 0

//z^ sum runs over ail primes p dwiding \H\ Hence d induces an isomorphism

d Y.LD&apos;(ZpH)/imK\(m)-*

Proof Consider the diagram

ZH m &gt; QH

i i
zh —» m —&gt;qh
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in which 9K is a maximal Z order in QH containing Z//, IH n ZpH, Wl U Wlp

where 9Jlp — 1LP (g) 9W, QH n QPH, and ail products run over ail primes p dividing
\H\. Since the left hand square in the above diagram maps into the outer square,
there is an induced map of Mayer-Vietoris séquences. Swan&apos;s theorem that
projective modules over Z// are locally free shows that the following commutative

diagram has exact rows

D(H)
1

Hère the sums are again over ail primes p | | H\. Hence there is an exact séquence

K\ (3H) ©I K\ (ZPH) X K\ (SWP) -^- £»(//) 0,

where K\(W) im {Kt(W) -*Kt(QH)}, from which the given exact séquence is

easily derived.

REMARK 6.4. If g : H^-y H2 is a homomorphism, then the following diagram
commutes

i
LD&apos;(ZpH2)

We now specialize the discussion to the case when G Q(2q,p, \). Let

p ^(GJ-^LjD^Z^GJ/imJfUSK) be tne composite of 5&quot;1 and projection on the

indicated factor.

THEOREM 6.5 (Davis). If q &gt; 4, p # 1 (morf 8) owrfp # - 1 (mot/ 2^ -!),

Proo/. Since this resuit does not appear explicitly in [Da], we indicate how it
follows from the results that are there. In particular, by using the décomposition of
ZPG into blocks (i.e. two sided ideals that are direct summands), Davis constructs
another projection p that fits into a commutative diagram
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D(G) -^-&gt; LD\Zp G) /im K\

îm A,(yJi

(The denominator in the lower right term arises since 901 is also decomposed in blocks
of which only the indicated pièces map non-trivially into LD&apos;(Bn_2)) Since [Da;
Proof of Theorem 6.1, p. 47] shows that p&apos;(oG(XIG)) / 0, the stated theorem follows.

Proof of 5 A. We show first that p factors through D(G)/j\D(Q) and then that
this group is a subgroup of KQ(ZG)/j\K0(ZQ). To see the first statement, consider
the commutation diagram

LD&apos;(Z2Q)

ïG)®LD\ZpG) » D(G)

Iproj p I rj
1

LD\ZpG) D(G)

Since Q Q{2q) is a 2-group, the map at the top is onto. Sincey^ maps into the first
factor and proj is projection on the second factor, proj j #

0 and the first claim
follows. A simple chase of the diagram

j*

D(G) &gt;K0(ZG)

using the fact that f^j\ is the îdentity shows that j\D(Q) D(G) «

estabhshing the second claim and completing the proof of 5.4.
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