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On the minimal surfaces of Riemann

Eric Toubiana

§1. Introduction

Let yn i 1, 2 be plane Jordan curves in horizontal planes Pn i \,29 Px^ P2,

we know that under conditions on y,, for example y, not too far from y2, y, and

y2 bound a least area minimal annulus M between Px and P2. Meeks and White
[7] were able to prove that when the y, are convex there are at most two minimal
annuli bounded by yjuy2. Assuming that the y, are convex, Shiffman [10] proved
that if M is a minimal annulus bounded by yi uy2 then for each horizontal plane
P between Px and P2, the intersection PnM is again a convex Jordan curve,
furthermore if y! and y2 are circles, then PnM is also a circle.

In view of this last resuit it is natural to ask what happens when two straight
lines replace the Jordan curves. Namely, let Dni 1,2, be straight lines in
horizontal planes Pni= 1,2, P, #P2. Let us assume that Dx makes an angle 0

with D2,0 g [0, n]. Now let M be a minimal annulus between Px and P2 bounded

by Dx uZ)2. If P is a horizontal plane between Px and P2, what can we say about
the intersection PnM?

For example, if 0 0 i.e. Dx and D2 are parallel, Riemann [9] has constructed
a minimal embedded annulus S between Px and P2 bounded by DxkjD2. Furthermore

the intersection with any horizontal plane is a circle, see [3] for a detailed

description of Riemann&apos;s examples.
In the same paper [3], Hoffman, Karcher and Rosenberg proved that if Dx and

D2 are parallel, i.e. 0 0, then the only minimal properly embedded annulus
between Px and P2, bounded by DxkjD2 is precisely Riemann&apos;s example.

Hère we shall prove that the case 0 ^ 0 does not occur, namely we show the

following.

THEOREM 1. Let Dn i 1, 2 be straight lines in horizontal planes Pn i 1, 2,

px^z p2i let 6 e [0, n] be the angle that Dx makes with D2. Let us assume there

exists a minimal properly embedded annulus M between Px and P2 bounded by

Then necessarily 0=0 and M is Riemann&apos;s example S.
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Let us assume now 0 0, î e Dx and D2 parallel We can gêneralizé Riemann&apos;s

examples to yield a family of minimal surfaces Sk wiîh the following properties
(1) So S where S is Riemann&apos;s example
(2) For every integer k, k &gt; 0, Sk is a minimal immersed annulus between Px and

P2, bounded by DxuD2 such thaï after reflection about the Unes Dl9 D2,
we get a complète minimal surface in R3, which we call again Sk Furthermore
Sk is invariant under the translation X -» X + lu where u is the vector
orthogonal to D, translating Dx to D2 Also each end of Sk in R3 is a flat
horizontal end, i e an end asymptotic to a horizontal plane, and the projection
of every end over any horizontal plane is a (4k -f 1) to 1 map

The following gives the Weierstrass représentation of this family

THEOREM 2 Let T be a rectangular torus, îe T2 C/r where

F {2œxp -h 2a&gt;3&lt;7, p, q e Z, œl e R£, œ3 e iR+}
Thenfor every k,keN the following data (gk, t]k) is the Weierstrass représentation

of the surface Sk descnbed above

1k
dz dz

gk(z) AJP(z) - P(a&gt;2))
2k + 1

&apos;

where œ2 c^ + o&gt;3, z e T2 - {0, co2}, Xk iv/(-2/P&quot;((o2))2k+l and P is the P-
functwn of Weierstrass

We prove Theorems 1 and 2 in §2 and §3 respectively

§2. Proof of Theorem 1

We are going to use the Weierstrass représentation for a minimal surface, see

Lawson [5] p 113, and the reflection pnnciple, namely if a minimal surface in R3

has a pièce y of a straight line m îts boundary then we can extend mimmally this
surface along y by the reflection about the line defined by y, see [5] p 82

Let us take the notation of Theorem 1 By the reflection pnnciple we can extend

M to a complète properly embedded minimal surface m R3, let us call M again this
surface As the composition of the two reflections about Dx and D2 is a screw-mo-
tion S2e, i e the 29 -rotation with respect to the x3-axis composed with a vertical
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translation, we get that M is globally invariant by the screw-motion S20 :

S2e(M)=M.

Then we get a quotient surface M\SlQ in R3As26r By construction this surface is

topologically a two-punctured torus properly and minimally embedded in R3/s20.

By a theorem of Meeks and Rosenberg [6] we deduce that MjSie has fini te total
curvature. From this we get that each end of M is conformally a punctured dise, see

[5] p. 130. At last we deduce that the ends of M are parallel, flat, embedded and
also the Gauss map g of M has order two at each end (this last claim cornes from
the fact that if Ex is the end of M passing through the straight Une Dx then, by
construction, Ex — Px has two connected components). Subsequently we assume
that Dx is the x^axis in the plane Px {x3 0}.

LEMMA 1. The extended complète minimal surface M in R3 is parameterized by
where:

Îr
{2œx • p + 2ni • q9p, q e Z, cox e R+ },

z0 eœx +ynU 0 £ y ^ 1.

Furthermore if X is the minimal immersion of C onto McR3, X must satisfy:

- X sends the vertical Unes {Re (z) c, c # kœx, k eZ} to horizontal Jordan

curves in R3.

- X sends the vertical Unes {Re (z) kcox, k g Z} to horizontal straight Unes in R3

andparticularly Xsends {Re (z) 0} to the xx-axis Dx and {Re (z) œx} to D2.

At last we hâve:

VzeC, X(z+2ni)=X(z), (1)

X(2œx-z)=SD2[X(z)), (2)

2cox)=:S20[X(z)l (3)

where SDl is the reflection about D2 and S2e SDl° SDr

Proof of Lemma 1. Let M, be the pièce of M bounded by Dx uD2 and let M2
be the reflection of M, about D29 i.e. M2 SD2(MX). Let D3 be SD2(DX\ so that M2
is bounded by D2 and D3.

By construction Mf — Mx\jM2 is homeomorphic to a one-punctured planar
annulus A bounded by two Jordan curves yl9 y3 each one with a point pt9 i 1, 3

removed.
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Let Z be the minimal immersion of A onto M&apos;, let A hâve the conformai
structure induced by Z. As each end of M is conformally a one-punctured dise we
deduce that A is conformally a one-punctured annulus bounded by two Jordan
curves y,, y3 each one with a point /?,, / 1, 3 removed.

M - R

Assume that Z(y,) £&gt;,, * 1, 3. Z sends a neighbourhood of p to the end

passing through the Une D2. Assume that D2 belongs to the plane P2

{x3 c, c &gt; 0}. Then D3 belongs to the horizontal plane P3 {x3 2c} (recall that
Px {*3 0}).

Let Z3 be the third coordinate function of Z, Z3 is a harmonie function. By
construction of M, the Une D2 is the only part of M in the plane P2, that is:

MnP2 D2,

as Z3(yi) 0 and Z3(y3) 2c, we deduced that {Z3~I(c) u/?} is an embedded closed

curve in the interior of Â9 and by the maximum principle applied to the function
Z3, this curve must be connected, so that {Z3l(c) up} is a Jordan curve y2 in the

interior of A.
Now let a be a real number with a # c and 0 &lt; a &lt;&gt; 2c, again by the maximum

principle we get that Z3](oî) is a Jordan curve y of Â. Hence we hâve a foliation
(y,)i ^ i &lt; 3 of ^T with Jordan curves y,, so that Z3 is constant over each curve yn i.e.:

Vi e [ 1, 3], Z3(y, c, with: 0 &lt; c, &lt; 2c and c, 0; c2 c; c3 2c.

Let Z? be a harmonie conjugate of Z3 over Â, we hâve locally:

where a is a path between a base point z0 and z, and *dZ3 is defined by:

5Z3 J dZ3 J
dx dy
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It can happen that Z? is not globally defined on A, i.e. if y is any Jordan curve
in Â generating TIX (Â), let a be the real number defined by:

*dZ3.

Then Z? is well defined on A if and only if a 0. In case a ^ 0 let us consider the
function:

F(z) exp \— (Z3(z) + /

In case a 0 we put:

in any case F is a well defined map of Â into C, F maps the Jordan curves {yt} x ^ t ^ 3

to concentric circles of C: {|w| exp [(2/7/#)&lt;:,] or exp[cj depending on the

expression of F}. F maps Â on an annulus B of C bounded by two concentric circles

Cl9 C3 with

F(y,)=C,, l£/£3.

V.

6

It is easy to see that F is a «-covering map of A onto B in C, so after composing
F with the nth root map, we can assume that F is an embedding of Â onto B.

Let us call Y the composed map Z o F~l9
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we clearly hâve Y(Ct Dn i 1, 2, 3 so by the reflection principle if Ic dénotes the
reflection in C about a circle C we hâve:

C3 7C2(C,) (because Y(C3) =D3 SDl(Dx))

and then F(P3) =IC2(F(Pl)).
Now by reflection principle we extend Y to a minimal immersion of C — £ onto

M in R3, where E is the infinité discrète set of C obtained by taking F(PX F{P)
and ail the successive images of those points by the reflections about the circles

Then the exponential map z -? u exp (z) of C sends the vertical Unes

{Re(z)=&lt;z} of the z-complex plane on the concentric circles {|w|=e&quot;} of the

w-complex plane.

Up to a homothety of the «-plane we can assume that C, is the circle of radius

one. So that if we call Xthe composed map: X Y ° exp, X sends the imaginary axis

{Re (z) 0} to Dx in R3. Furthermore up to a rotation in the m-plane, we can assume
that F{px) 1, so that exp (0) F{px) 1. Let dénote z0 the inverse image, by the

exponential map, of F(p) with 0 &lt; Im z0 &lt; 2ti, and a&gt;, the real part of z0.

col Re (z0).

Then X sends the Une {Re (z) co]} to the horizontal line D2 in R3.

It is clear that the inverse image of E by the exponential map is just F u (z0 -h F),
with

T {2œ,/? + 2niq, p,qe Z}.

Furthermore by construction of Y and by the géométrie properties of M in R3

we must hâve:

X(z+2ni)=X(z\ (1)

(2)

(2)&apos;
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(1) cornes from the fact that X Y o exp, and (2) (resp. (2)&apos;) cornes from the fact
that M is invariant by the reflection about D2 (resp. D3).

So that combining (2) and (2)&apos; we hâve:

VzeQ X(z+2œx)=S2e[X{z)l (3)

Finally considering the map z -&gt; — z of the z -plane keeping fixed the point 0,

and because of (1) we can assume that:

0 ^ Re (z0) and Im (z0) yn, 0 &lt;&gt; y &lt; 1.

Remarks

(1) From Lemma 1 we see that X induces a minimal embedding of C/2niZ onto
M in R3 and a minimal embedding of T2 — {0, z0} C/r^(Zo + n onto M/Sw in

/20
(2) Until now we don&apos;t know if co, is bigger or not than n, so from now we

assume n bigger than œl9 the rest of the proof will not be affected.

Let co3 in, so that the lattice F is:

T {2œxp + 2niq, p, q € Z}.

LEMMA 2. With the hypothesis of Theorem 1 we hâve 9=0 and the Weierstrass

représentation of the minimal immersion X of C in R3 in Lemma 1 is:

n

; C, g(z) k[P(z) - P{co2)),

dz dz

g(z)~X[P(z)-P(ca2)]&apos;

where P is the P-function of Weierstrass associated to the torus T2 C/F,
co2 a&gt;i + œ3 and X iy/—2/P&quot;(œ2) e /R.

Proof of Lemma 2. We are going to use some basic facts about the a and C

functions associated with the P-function of Weierstrass (we recall thèse facts in the

Appendix).
Let us call (&amp;l9 &lt;P2,&lt;P3) the coordinate forms of X, i.e.

X(z) (Xt(z), X2(z), X3(z)) Re f* (#„ #2, 4&gt;3

Jzq
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with z0 a base point in C and:

*i ^(i-V); *2 ^(i + g2); *3 w.

As the third coordinate function X3 is constant on vertical Unes {Re (z) c} we

can assume &lt;P3 1 and then rj dz/g(z).
As M/520 has two flat horizontal ends parameterized by 0 and z0 (with

Re (z0) œu see Lemma 1), we can assume that

g(0) oo and g(zo)=0,

also g is a 2 to 1 map near each end.

Furthermore on a fundamental domain of T2 in C there is no other point where

g is vertical, if not, up to a rotation in R3, another such point would be an h-pôle
of g, n &gt; 1, but this point is a regular point of M, so it must be a 2«-zero of rj and
then it is an «-pôle of d&gt;3 =grç, but $3 1 as we saw before.

As g is the Gauss map of M, up to the stereographic projection of S2 to
Cu{oo}, by the géométrie properties of M in R3, g must satisfy:

VzeC

(1)

(2)

(3)

Those properties (1), (2), (3) of g corne from respectively the properties (1), (2), (3)
of X established in Lemma 1.

From (3) we deduce that the map (g&apos;/g)(z) is well defined on the torus T2 C/r.
Furthermore {g&apos;lg)(z) is an elliptic function on T2 and has a single pôle at a point
z in T2 if and only if z is a pôle or a zéro of g, and (g&apos;lg)(z) has no other pôle on
T2. From what we saw before we see that {g&apos;lg)(z) has two single pôles on T2, so

it is an elliptic function of degree two on T2 with a single pôle at 0 and z0. The most
gênerai form of such a function is:

g&apos;

7(Z)= P(z)-P(z0)
&apos;

«»*°&apos;*GC

with a^Zo) + a0 bP\z0) because — z0 is not a pôle of {g&apos;jg)(z).
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From (2) we get that

Vz g C, 2c»! - z z =&gt; — (z) e iR.
g

So (g&apos;/g)(z) must hâve purely imaginary values on the Une {Re(z) œx} in C.

But as Re (z0) cox, P(z0) g R and then P(z) — P(z0) has real values on the Une

{Re (z) cox} also P&apos;(z) has purely imaginary values on this line, so we hâve:

Vy g R, ax P(wx + yco3) +ao + bP\œx + yw3) e /R.

For y 0 and &gt;&gt;
1 we deduce (as P&apos;O^i) 0 P&apos;(a&gt;i + co3))

as P(o){) and PC^) are two distinct real numbers, we get that a{ and a0 are purely
imaginary numbers, ax, a0 e i&apos;R, so that:

V,y g R, ZjF&apos;Cû), + yœ3) e iR

and then 6 is a real number:

ax, a0 g i&apos;R, Z? g R.

Now let us look for g, we hâve:

Vz6C, »:w..1

We want to show that z0 co2. Let us suppose now that z0 ^ co,, / 1, 2, that is:

As P\z0) ^ 0 we hâve

__J_K,
P(z)-P(z0) P&apos;(z0)
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as a{P(z0) +ao bP&apos;(z0) we get:

&apos;j w - + 2«zo)+

and so

with X g C, ax g iR, 6 g R.

But g must hâve a double pôle at 0 and a double zéro at z0, now we remark that
the function in brackets (&lt;r(z — zo)/a(z H- zo))(P(z) — P(z0)), has the same zéros and
pôles, so we must hâve b 1, so:

Vz g C, g(z) X eAz g{*-Zq)
(P(Z) _ P(Zo))

a(z + z0)

where, A g C, A ax + 2Ç(z0).

From the property (#) of the &lt;r-function, see the Appendix, we hâve:

VzgC, g(z+2œl)=e2™&lt;A-^«g{z\ i 1, 2, 3,

from conditions (1) and (3) on g we get:

o A — Ar\x z0 2/0 + 2/?7n, /? g Z,
)2CO3^ — &apos;

and then

20
z0 zo(0) -— co3

By considering the real part and the imaginary part of z0, as we know that
Re (z0) co,, and 0 &lt; Im (z0) &lt; — i(o3 we hâve q 1 and p —l9 so:

zo(0) cox + 1 - - œ3 0 g [0,7r
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and

2co, A=4rjl zo(9) + 2/0 - lui. *)

On the other hand as the map X is well defined on C we must hâve:

Vy e 77,(0, Re f (#„ *2, #3) =0.

In particular if y is a small circle around 0, we must hâve:

Rcf (*,,#2)s=0,

that is

Jr

and as rç dzjg{z) then:

-2n Re s(g, 0) 2n Re si -, 0 0 because 0 is a zéro of -
\g J \ S

and so we must hâve

Re s(g9 0) 0.

A computation shows that:

So we get that A 2((z0). In view of (*) we hâve

2o&gt;,C(zo(0)) 2f?izo(fl) + i0 - in. (T)

Let h(0) be the function on [0, n] defined by:

V0 € [0, 4 *(0) j [2©, C(
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As T2 îs a rectangular torus we hâve

VyeR, Re(C(co1+j(y3))=fy1 C(co1),

and then

V0e[O,4 Re[C(zo(0))]=ih,

we deduce that h(0) îs a real-valued function
Now let us look for solutions 6 of (T), 1 e zéros of the h -function, we hâve

h(0) =~[2CO1C(CO2) -2^002 + 71*]

-[2œxrj2- 2rjxœ2 + ni]

0 by Legendre relation, (see the Appendix)

and

h(n) -[2œxÇ(œx) ~2r\xœx] =-[20),^,-2^,0),] =0

So 0 and n are solutions of (T) Let us show there îs no other solution in [0, n]

Suppose there îs another solution 6 in ]0, n[, then by Role&apos;s theorem the function
h&apos;(0) would hâve at least two distinct zéros in ]0, n[, but we hâve

zo(6) îs a stnctly monotone function of 9 with values in L {a&gt;j +^co3, 0 ^ y ^ 1}

Furthermore Pis a stnctly monotone and real-valued function on L We deduce

that h&apos;{0) îs a stnctly monotone function on [0, n] and then h&apos;(0) cannot hâve two
zéros on ]0, n[

So the only solutions of (T) are 6=0 and 6 n, but we then get z0 co2 or
z0 (ox Let us show that z0 co, does not work For that let us assume that

z0 œx Then (g&apos;/g)(z) must hâve a single pôle at 0 and œl9 so
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with: axP(cox) -f aQ 0, we deduce that:

As before we must hâve ax e iR and b g R, furthermore:

As g must hâve a double pôle at 0 and a double zéro at œx we deduce 6 1, and

VzeC, g(z)=&gt;l^1P(z)-JP(co1)], AeC, a, e iR

but as we must hâve g(z H- 2œ3) g(z), we deduce that ax • 2co3 2tt/^, q g Z and

so û! 0 because û^ e i&apos;R, at last we hâve:

fg(z)=A(P(z)-P(co1)), 2eC,

_
dz

As we hâve (property (1) of Lemma 1 with co3 in)

Vz g C, X(z + 2o&gt;3) JT(z)

we deduce that Re {œi/* + 2c°3
(&lt;PX, &lt;P2) 0, and then

Jeu i /2 \ î &apos; ji/ &apos;

HJœ,/2 Jo),/2

So

/•t»! /2 + 2o&gt;3 JL, /•

—-——- AI
Jo.,/2 ^)--P(«l) Jo

oi /2 4- 2co3

(P(z)-P(aJl))&lt;/z (4)
Jo.,/2

as we hâve:

-P(û),)), and
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we conclude:

4
i3 + œ3 P(a&gt;i — 2ÀA(rj3 + co3 P(œj (4)

r \ujx)

and then: (as rj3, co3 g /R and ^(cO]) g R)

AI=-—^- (5)

but as the P-function satisfies:

with ex,e2, e3 real numbers, e,+e2 + e3 0, e3 &lt; e2 &lt; e^, we deduce:

P&quot;{(ox )=2(3e2l+ele2 + e]e3 + e2e3)

and then Pf\(ox) is a positive number (as ex &gt; e2 and ^, &gt; e3) so (5) cannot be

satisfied, and z0 # a&gt;,.

The only case remaining is z0 a&gt;2 cox + co3, as before we hâve:

[g(z) KP(z) - P(co2)),

dz

and the condition (5) becomes

^ P&quot;((O2)

but now we hâve

P&quot;(co2) 2{le\ + ete2 + e{e3 + e2e3)

e3) 2(e3 - e2\ex - e2)

and P&quot;(a&gt;2) is a négative number because ex &gt; e2 and e3 &lt; e2.
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At last as we assume that X sends the line {Re (z) 0} to the xraxis of R3, g
must hâve purely imaginary values on the line {Re (z) 0}, so X must be in /R and

we conclude:

!P&quot;(co2)&gt;

and without loss of generality we can assume

This concludes the proof of Lemma 2.

Remark. A computation shows that the minimal surface given by the data (g, rj)
in Lemma 2 is invariant by the w-translation where u is given by:

Jeu 3/2

LEMMA 3. The data (g, rj) given in Lemma 2 is the Weierstrass représentation

of Riemann&apos;s example.

Proof. Riemann [9] constructed for every rectangular torus an embedded minimal

annulus bounded by two parallel horizontal straight Unes such that every
intersection with any horizontal plane is a circle. Inversely we just saw in Lemmas
1 and 2 that if such a surface exists then its Weierstrass représentation is necessarily
the one given in Lemma 2; this concludes the proof of lemma 3 and the proof of
Theorem 1.

Remarks

(1) In [3], Hoffman, Karcher and Rosenberg gave an explicit proof that each

horizontal intersection of the surface defined by the data (g, rj) of Lemma 2 is a

circle.

(2) Darboux [1] gave explicitly the équations of Riemann&apos;s examples in terms
of a parameter k, 0 ^ k ^ 1 associated to a rectangular torus T2 (that is for every
rectangular torus we can associate a real number k, 0 ^ k ^ 1 and conversely for



On the minimal surfaces of Riemann 561

each such number there is a corresponding rectangular torus) and the Jacobi
function associated to T2. For more détails about thèse concepts see Gerretsen and
Sansone [2] p. 286.

(3) In [11] Appendix C we gave the following Weierstrass représentation for
Riemann&apos;s examples using the équations given by Darboux, see Remark 2 above).

Following the notations of [11], we set 2K&apos; col, 2iK œ3, 2K&apos; + 2iK œ2 and we

use the variable z instead of (z — K&apos;) in [11]. Let F dénote the lattice generated by
(2cou 2œ3) (4/T, 4iK) and let P stand for the Weierstrass P-function on the torus

c/r. Set

kk&apos; 1

1W 4 P(z)-P{co2Y

- (P(z) ~ P(œ2)) dz y~A •

We want to show that the data (g,, rj{) defines the same surface as the data

given in Lemma 2, up to a rigid motion of R3. This will give a new proof of Lemma
3.

To see this recall that (see again [11] p. 60):

; Jfc,*&apos;e[O, 1],

ex — e3 - I since K&apos; hœx with h - I.

We hâve (since l/(P(z) - P(œ2)) (2/P&quot;(œ2))(P(z - œ2) - P(co2)):

kk&apos;

but again we can make a change of variable and put z instead of (z — a&gt;2), so:

kk&apos;

Using (*) and since P&quot;((o2) 2(e3 — e2)(el — e2) a simple computation shows that:

kk&apos; I -2
2P&quot;(w2)

&quot;
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So we hâve:

k&apos; dz

Finally the 3n/2 rotation about the *3-axis in R3 applied to the surface defined by
(£1 &gt; rl\ gives the following data for the rotated surface:

k&apos; dz

that is:

where (g, rj) is the data given in Lemma 2. Then (g2, q2) defines the same surface as

(g, rj) up to the k&apos;/2 homothety in R3, and so the date (g, rj) given in Lemma 2 defines
Riemann&apos;s examples.

(4) In fact in Lemmas 1 and 2 wejust need M/S20 to be an immersed two-punctured
torus in R3/s20 with finite total curvature and two embedded planar ends. That is we

can remove the hypothesis &quot;M is properly embedded&quot; by &quot;M/Sw has finite total
curvature and embedded planar ends&quot;.

§3. ProofofTheorem2

To show that the data (gk, tfk) defines an immersed minerai surface in R3/z we just
need to verify the period conditions, that is if y and \i are the paths on T2 defined by:

+ 2 re[0,l],

y, /e[0,1],
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it is enough to show that:

Re f(*,,*2,*3)= (0,0,0), (1)

where:

This claim holds since the forais &lt;Pni= 1,2,3 hâve no residue (because the

P-function of Weierstrass is an even fonction). Let us remark that if the conditions
(1) are satisfied then the forms (#,, #2&gt; ^3) must hâve periods on the path n, that
is:

&apos;

f (*1,*2,Re (*,,*2,*3)# (0,0,0),

otherwise the data (g*, rç^) defines an immersed minimal surface with finite total
curvature and two parallel flat ends in R3, but the &quot;Half space theorem&quot; of
Hoffman and Meeks [4] shows this situation is impossible.

Let us assume for a while that (1) is satisfied. Let / be the map on T2 defined

by:

Vz e T2, I(z) -z.

Let us remark that, as P&quot;(co2) is a négative real number (see the proof of Lemma
2 in §2), kk € /R. We deduce that:

Vz e T2, gk(I(z)) 4[P( -S) - P(co2)] 2k + &apos;

-gk(z).

Then:

(„)
&amp;(/(*)) gk(z)

so that:
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Calling Xk the minimal immersion defined, up to a translation in R3, by
(gk, rjk), we deduce that:

Vzer2-{0,co2}, X*(/(z)) Sx[Xk(z)]9

where Sx is the reflection about the Xj-axis. This shows that Xk sends the Une C,
defined by:

to D1 which is the Xj-axis in the horizontal plane P} {x3 0}.
In the same way if J is the map on T2 defined by:

Vz e T2, J(z) 2œl - z,

we can show that:

VzeT2-{0,co2}9 Xk(J(z))=S2[Xk(z)],

where S2 is the reflection about Z)2, a straight line parallel to Dx in a horizontal
plane P2, P2 distinct from Px. Then A^ sends the line C2 of T2 on Z)2 in R3 where

C2(t) co, + 2fco3, r e [0, 1], / ^ -.

Let

A {z e T210 &lt;: Re (z) &lt; c^!, z # 0, z # œ2}.

As &lt;P3 1 and hence:

(^)3W Re (z), VzeT2- {0, co2},

we see that A^ sends A nT2 to the slab of R3 bounded by P, and P2.

Of course ^(^4) is a minimal immersed annulus in R3 between Px and P2 and
bounded by DxuD2.



On the minimal surfaces of Riemann 565

f
Finally denoting (Xk)t by Xn 1 1, 2, 3 for simplicity, we hâve:

r--{o,œ2},

therefore, for z near 0 we hâve

=[ rjk-
J

-£ ** _2(2/c+l)Z

and so the projection of the end near 0 on a horizontal plane is a (4k + 1) to 1 map.
Near the other end œ2 we also hâve:

&apos;*f«
dz

-m^2(2^+1)C02)

Ait 1

3k -f 1 (z - co2) Ak + 1

and again the projection of the end œ2 on a horizontal plane is a (4/c -h 1) to 1 map.
So it remains to show that conditions (1) hold. As we hâve &lt;P3 1 we deduce:

Re f #! 0
Jy

MJy Jr

and Re #2 0

(1)
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As rjk dz/gk(z) we hâve:

•f —=T
Jy gkW Jy

but:

1 2
(P(z-co2)-P(a&gt;2)).

So:

c 2 v*+i r
(P(z) - P(o&gt;2))2*+ ¦

&amp; —— (P(z-cu2) -
Jy \^ V«2V Jy

The following lemma shows the last equality is true.

LEMMA 1. For every positive integer q we hâve:

1 P{z)q dz -ï Pq(z - œ2) dz.
y Jy

Assuming Lemma 1 we hâve:

2k+l

(1)

2k + 1

2k + 1 2k + 1

which is true as lk i-s/(—2/P&quot;(a)2))2k+l. So it just remains to prove Lemma 1.
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Proof of Lemma 1. As T2 is a rectangular torus we hâve the following Laurent
séries for the Weierstrass P-function, see [2], [8] or the Appendix.

Z n=\

with an real numbers.
We deduce that for any positive integer q the Laurent séries of Pq(z) has the

following type:

q + 00

«=1 n=0

with bj real numbers, j 1,...,«.
Also if P(k)(z) is the fcth-derivative of P we hâve:

where Fk is a holomorphic map near 0. We deduce that:

is an elliptic function on T2 without pôles, so this function is constant and taking
z (ox, we see that this constant c must be real, so:

with b_n and c real numbers. Then:

Z ~&quot; P(2n2)W ^ + \ dz

co3

û&gt;l/2
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since for k ^ 2:

^ 3) (y) 0.

Then, as Ç&apos;(z) — P(z) we hâve:

{

2rj3b_l + 2œ3c.

In the same way, as:

c,

we also hâve:

P\z - o)2) dz -2f]3b_l + 2(o3c.i
This concludes the proof because c and b_x are real numbers and œ3 and rj3 are

purely imaginary numbers.

Remarks

(1) Foliowing the arguments of Lemmas 1 and 2 in §2, it is easy to show that
the surfaces Sk are the only minimal immersed surfaces between Px and P2 bounded

by D{uD2 with finite total curvature.
(2) We do not know if there exists surfaces like Sk which are bounded by two

horizontal lines Dl9 D2 and make a non zéro angle 6. Of course for k 0, Theorem
1 shows that such a surface does not exist.

§4. Appendix

Let T2 be a torus C/r where F is the lattice of C given by:

r {p • 2cox + q • 2o&gt;3,/&gt;, g Z, o&gt;, e R£, Im (o&gt;3) g RJ}.
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The Weirstrass P-function is a spécial function defined on T2 which is a meromor-
phic function on C such that:

P has a pôle of order two at each point of F and:

VzeC-F, P(z + 2a;,)=P(z), i l,3.

If û&gt;2 œx + co3, P(œl + P(co2) + P(œ3) 0.

P has the following Laurent séries:

P is an even function: Vz g C - F, P( -z) P(z).

There are two other functions related to P, namely the C and &lt;7-fonctions: The

C-function satisfies:

VzeC-F, Ç&apos;(z) -P(z).

If r]l £(ewf / 1, 2, 3, then &gt;y2 ^y, + //3, so C is uniquely defined on C — F. We
hâve:

Vz g C — F, £(z + 2(0,) £(z) -I- 2fyM / 1, 2, 3,

and then C is not defined on T2 because z and (z -f 2cy, represent the same point
on T2.

C is an odd function: Vz g C - F, C( -^) -Ç(z).
The following Legendre relation holds.

œ2ri] -(0^2 1-,

The (T-function satisfies:

VzgC-T, -(z)=
(T
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and then a îs an holomorphic function on C, furthermore:

so that a îs uniquely déterminée on C.

We also hâve:

Vz g C, a{z + 2a),)=- elr&gt;&lt;{z + w&apos; yz). #

a îs an odd fonction* Vz g C, a( — z) — &lt;x(z).

Furthermore if T2 îs a rectangular torus, that îs if co3 g jR+, we hâve:

VzgC-T, P(z)=P(z);

Vz g C, &lt;t(z) ^jz).

For more détails about those functions see Gerretsen-Sansone [2] or Molk-Tan-
nery [8].
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