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On the Gauss image of a spacelike hypersurface with
constant mean curvature in Minkowski space

Y. L. XIN*

I. Introduction

To generalize Bernstein’s theorem on minimal surfaces Chern [5] proposed to
study the distribution of normals to complete constant mean curvature hyper-
surface in Euclidean space. In this direction there is a remarkable theorem given
by Hoffman, Osserman and Schoen [7]. The author also considered more general
cases of this kind of problem in a previous work [2].

In [10] Palmer studied the analogous problem in the ambient Minkowski
space.

Let M be an oriented spacelike hypersurface in a Minkowski space R7*'. Let
¥~ be the timelike unit normal vector field to M in R;*'. For any point
p € M|V (p)|* = —1. By parallel translation to the origin in R7*! we can regard
¥"(p) as a point in the n-dimensional hyperbolic space H"( —1) which is canoni-
cally embedded in R?*!. In such a way we have the Gauss map y : M - H"(—1).

Palmer proved the following result:

THEOREM A [10). For H #0 there exists a number t(n, H) >0 with the
following property: Let M —R?* ' be a spacelike hypersurface with constant mean
curvature H. If ¥ (M) is contained in a geodesic ball of radius t, <t in H'(—1)
then M is not complete.

We observe that in the case when M has constant mean curvature the Gauss
map y is a harmonic map into the hyperbolic space [8]. Then the Liouville
theorem of harmonic maps is applicable provided one can show M has nonnega-
tive Ricci curvature [3]. This can be done by using the maximum principle [2].
Therefore, by a totally different approach we generalize the above quoted Theo-
rem A as follows:

* Research in part supported by NNSFC and SFECC.
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THEOREM B. Suppose M is a complete spacelike hypersurface with constant
mean curvature in Minkowski space R}*'. If the image under the Gauss map
y: M —> H"(—1) is bounded then M has to be a linear subspace.

In view of the famous Calabi—Cheng—Yau result [1], [4] of non-existence of
nontrivial complete maximal spacelike hypersurface in Minkowski space, any
complete spacelike hypersurface with nonzero constant mean curvature in
Minkowski space must have boundedless Gauss image.

It should be mentioned that Choi—Triebergs also study the Gauss maps of
constant mean curvature graphs in Minkowski space [6].

In this note we will firstly give an estimate for the squared length of the second
fundamental form in terms of mean curvature and Gauss image diameter and then
prove Theorem B.

II. Preliminaries

Let N be an (n + 1)-dimensional Lorentzian manifold with Lorentzian metric g

of signature (—, +,..., +). Let {e;, e;,...,e,} be a local Lorentzian ortho-
normal frame field in N. Let wy, w,...,w, be its dual frame field so that
g=—w)+ X w?. We agree the following range of indices:

1<ij...<n,

0<a,B,...<n

The Lorentzian connection forms w,; of N are uniquely determined by the
equations

dwy =Y wy; A w;,

dw;, = —Y wgy A W, +Z Wy, A w;, €))
W,p + gy = 0.

The covariant derivatives are defined by the following equations

DeO = Z 0;€;,
(2

J
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The curvature forms Q,; of N are given by

Qy; = dwy; — Z Wor N Wy,

i

Qyy = dwy + g A 0o — Y. Oy A Oy, (3)
J

Qaﬂ = —'2_Raﬂy6wy A s,

where R,;,; are components of the curvature tensor R of N.

Let M be a spacelike hypersurface in a Lorentzian (n + 1)-manifold N. We
choose a local Lorentzian orthonormal frame field ¢, e,,..., e, in N such that,
restricted to M, the vectors e, . . ., e, are tangent to M. When we restrict their dual
forms to M, then

w0=0

and the induced Riemannian metric g of M is written as g = X, w7 and the induced
structure equations of M are

dw,‘ = a),-k N wk, (U,j + wll = 0,

dwij = Z Wy A W — Wig A O + 2y, (4)
1
Qij = dwij - Z Wi N Wy; = "5 Rij0p A @y,
k

where Q,; and R;;, denote the curvature forms and the components of curvature
tensor of M, respectively.
By Cartan’s lemma, we have

Wy = hijwj’ &)

where h;; are components of the second fundamental form of M in N. From (3), (4)
and (5) we obtain the Gauss formula

Rijkl = R-ijkl - (hikhjl - hilhjk)' (6)
The Riéci tensor is

Rik = Rik + Z hijhkj - thik’
J



On the Gauss image of a spacelike hypersurface 593

where H = (1/n) X, h;; is the mean curvature of M in N. If N has Ricci curvature
bounded below by C, then M has Ricci curvature bounded below as follows:

Ricc = Cy —-%msz. (7

Let h;;, denote the covariant derivative of A;; so that

Y hjewp =dh; + % hywy; + Y by ;. (8)
Then by exterior differentiating (5) and using (4) we obtain the Codazzi equation

i — ha; = Royje. (%)

Define the covariant derivative of h;;, by

; hijriw; = dhj, + ; hyjxwy; + Zl, hi @y + ; I (10)
Then by exterior differentiating (9), one obtains the Ricci formula

hijgr — hijue = ; Prnj Ropines + ; Pim Ro et - (11)
From (9) and (11) it follows that the Laplacian satisfies

ah; = ; Prij + kz:” Prie Rnijic + kzm i Ropijic + ; Roijix + }kj Rowirj» (12)
where

; Rﬂijklwl = dROijk - Z{: Rozjkwil - 21, R.Oilkwlj - 2:, R-Oijlwlb

Let S =X, h} be the squared length of the second fundamental form of M in
N. Then (12) gives

 AS = Y Wt n Y hyHy+ S —nH Y hohiha+ Y hhon R
ij

2 i,j.k i,j,k i,jk.m

+ Z hijhimRmkjk + Z hin_Oijkk + .Zk hy; Rogis - (13)
ij.

i,j.k.m ij.k
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If M has constant mean curvature in Minkowski space N then

-;- 48 2 3 h+ S? = n|H|S*. (14)
¥ A

III. A proof of the main result

Let r, 7 be the respective distance functions on M and H"(—1) relative to
fixed points x, € M, %, € H"(—1). Let B(a) and B(a) be closed balls of radius a
around x, and X, respectively. Define the maximum modulus of Gauss map
y: M — H"(—1) on B(a) by

def

iy, @) = max {F(y(x)); x € B(@) < M}. (15)
For a fixed positive number a choose b > ch(u(y, a)). Define f: B(a) > R by

_(@-r)’s
I=e=hen>
-
where S is the squared length of the second fundamental form of M in R}™*!,
h = chF.
Since f|;54) =0, f achieves an absolute maximum in the interior of B(a), say
f £ f(2), for some z inside B(a). By using the technique of support functions we may
assume that fis ¢? near z. We may also assume S(z) #0. Then from

(16)

Vi(z) =0,
Af(z) <0

we obtain at the point z the following:

2vr2 VS 2P(hoy) 0

= = 17

a2—~r2+S+b—hoy ’ a7
—2vrr 24r2  AS |[VS[P 24(hoy)  2[V(hoy)P

— —_— <0. 18
@—1) a2 § 8 Tb—hey (—hey)] (18)
The Schwarz inequality implies that
2

VSE sy e, (18)

S i,j.k
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Hence (14) and (19) give
VSP?
a5 2755 4 559352 niar)

so that

4s _|PSP_ =2vheonf  4pehen)||rrY
S 8 (b-hop?® (b-hoy)a®-r?)

2l 2|2
- EZ{J“—‘rr—L)“f +28"%(S'2 — n|H]).

Substituting (21) into (18) gives

—=24r*  4pr?? 4v(hoy)||vr? 24(h o y)
a’—r? (@*—=r>? b-hoya® —-r?) b-hoy

It is easily seen that

VY« = hye;,

[V(hoy)|?=<grad h, y,e ){grad h,y e ) < (sh*F)S.
Since

Hess 7 = coth /(g — dF ® dF),
we have

Hess h = (chi)g,
where g is the metric tensor of H”(—1). It follows that

A(h o y) = Hess (h)(y y€;, Y 4€:) +<grad h, ¥,y ,e;>
= (chP)S + (grad h, h;;;e; >
= (chF)S.

595

(20)

(2D

+28VX(S'2 — n|H|) < 0.

(22)

(23)

(24

(25)

The last equality follows from the Codazzi equation (9) and the assumption of

constant mean curvature.
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Since the Ricci curvature of M is bounded from below by —n2H?/4 we can use
the Laplacian comparison theorem and obtain

Ar? <2+ 2(n — er(coth cr) < 2n +2(n — er, (26)

where ¢ = (n/2)|H|. Substituting (23), (25) and (26) into (22) we have

chf 4(Shf)r
(b —ar T I)S - ((b ~ehiNat =) + n|H|)\/§

B (Z(n + (n — )er) . 8r2 ) <o. 27

a’—r? (@a*—r?

It is easily seen that if ax? —bx — ¢ <0 with a, b, ¢ all positive, then

2
x2< k(—b—i + E),
a’> a

where k is an absolute constant and in what follows £ may be different in different
inequalities. Thus, we obtain at the point z,

it +n|H| ’
s<k | chr)a® —r’) + 2n + (n = Der)(a® —r?) +8r2
chr 1 2 chf 1)@= )2
b — chf b — chf
and
4(shu)a st Vo
P (b—-chy+na IHI) Ana®+ (n — 1)ca’) + 8a

1 l2b h -1- 1Yb—ch
(5+ )( — chp) (b+ )( chp)

Choosing b = 2chu we have

(28)

(4shwa + n(chu)a®lH)? _ (1 +4)a? + (n — Dea®
1@ = k[ (1+ 2ch) (b — ch) 14 2chy
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and
_(b—ch)f(x) _(b—chP)f(z) 2chu )
S(x) = (@ —r)? < (@ —r?)? S(az_rz)z f(@)
< . (4Gshp)a + n(chw)a?H|)* (n + 4)(chpa® + (n — 1)ca® (29)
B (1 4+ 2chp)*(a® —r?)? (1 4 2chp)(a? —r?)? ’

where ¢ = (n/2)|H| and p is defined by (15). We state the above estimate in the
following theorem.

THEOREM B'. Let M be a spacelike hypersurface of constant mean curvature H
in Minkowski space R}* ' such that for a certain x, € M, the geodesic ball of radius

a centered at x, is compact. Let S =X, h}; be the squared length of the second

fundamental form M in R?+'. Then we have the estimate (29).
Now we are in a position to prove the main result stated in the introduction.

A proof of Theorem B. If the image under the Gauss map is bounded, then the
maximum modulus u(y, a) is bounded. We also have bounded smooth function
h = chi(y(x)) on the complete manifold M of Ricci curvature bounded below by
—n?H?/4. Thus the Omori—Yau [9], [11] maximum principle is applicable to 4. For
any ¢ >0 and p, € M there exists a point p such that

h(p) = h(p,), |gradh|, <e and 4h|, <. (30)
By (25)

Ah = (chP)S,
which means

inf S =0.
On the other hand

st“S
n
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and H is constant. This forces H = 0. From (29) it follows

16(sh*u)a? (n + 4)(chp)a? :l (1)

S = k[(l + 2chp)*(a* —r*)? (1 + 2chp)*(a* —r?)?

Hence we may fix x and let a tend to infinity in (31). Then we obtain S(x) = 0 for
all x € M. This completes the proof of Theorem B.
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