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On the ring of invariants of F£,

H. E. A. Campbell*, I. Hughes, F. Pappalardi and P. S. Selick*

Abstract In [1] the first and last authors studied a décomposition of //*(RP°° x x RP°°, F2) mto
modules over the Steenrod algebra obtamed from an action of the cychc group FJ, Hère a minimal set

of generators for the nng of invariants îs charactenzed and counted by analyzing the associated nng of
Laurent polynomials A structure theorem for the ring of invariant Laurent polynomials îs given and a
&apos;déstabilisation cancels localisation&apos; theorem îs obtamed

Introduction

This paper is intended as a sequel to [1], although it is self-contained. First of
ail the title should be explained since the group Ff* never makes an appearance in
the body of this paper. Choose a primitive 2n - 1-st root of unity co in F2« so that
{co° l,co,... ,co&quot;~1} is a basis for F2«. Multiplication by œ détermines an
invertible F2-linear transformation of F2« to îtself and so générâtes a subgroup, G,

of order 2n — 1 in Gln(¥2) - think of G as FJ,. G acts as a group of algebra
automorphisms of the symmetric algebra of F2« over F2 (the former thought of as

a vector space of dimension n over the latter). This algebra may be identifîed with
the mod 2 cohomology of a product of n copies of RP°° with the usual action of
Steenrod&apos;s algebra. On the other hand, a non-modular abelian group such as FJ,

may be diagonalized usually by extending the scalars (in this case to F2«) and taking
a basis of eigenvectors. This is made explicit in [1, Section 1]. Hère the diagonalized

group is taken as the point of departure.
This paper studies the ring of polynomials left invariant under the action of this

diagonal group. The invariants of diagonal groups are particularly simple to
describe since such groups map monomials to monomials. Consequently they act
also on the associated ring of Laurent polynomials. A structure theorem for the

ring of invariant Laurent polynomials is obtained - it is again a ring of Laurent
polynomials on generators of degree 1 (see theorem 1.2). A careful study of this

ring leads to a minimal set of generators for the original ring of invariants which

* The authors gratefully acknowledge the support of NSERC 1980 Mathematics Subject classification,

13F20, 55 Keywords Invariant theory, Steenrod algebra
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can then be counted This is of interest to commutative algebraists, for the number
of such generators minus the Krull dimension (hère the Krull dimension îs aï) is the

homological dimension of the nng of invariants - the length of a resolution of the

nng of invanants by syzygies Perhaps ît is worthwhile to note the rapid growth of
thèse generating sets with n For example, if n 8, the ring of invariants of the

group in question of order 255 is mimmally generated by 5,095,775 éléments Thèse

questions are addressed in Section two
The behaviour of thèse nngs with respect to the action of Steenrod&apos;s algebra A

is interestmg This was first noted by G Carlsson in [3], and was independently
rediscovered by W Singer (private communication) They point out that the

process of extending the scalars and taking a basis of eigenvectors involves twisting
the action of A Such twisted actions play an important rôle in H Miller&apos;s proof of
the Sullivan conjecture [13], and in G Carlsson&apos;s proof of the Segal conjecture [2],
especially as explained by J Lannes and his collaborators, see [10], [11], and [12],
and also by D Davis [6] The connections are more fully discussed m [1, Section 2]

In this paper we prove a &apos;destabihzation cancels localisation&apos; theorem (theorem
3 3), that is, the subalgebra of unstable éléments m the ring of Laurent polynomials
is the original ring

There is a well understood représentation theoretic technology for decompos-

îng the classifymg spaces of vanous groups (or rather their associated suspension
spectra) as a wedge of (perhaps indécomposable) spectra Thèse décompositions
begm with a décomposition of the cohomology as an A -module into a sum of
sub-A -modules On the other hand, such décompositions are also provided by
the relative invariants (the graded eigenspaces) of the group FJ« Relations

existmg between the invariant theoretic approach of [1] and the représentation
theoretic approach of, say, [7] or [14], are explored by J Harns m [8] and by J

Harns, T Hunter and J Shank in [9] In particular, [8] identifies the relative
invanants of the group FJ, with the summands constructed by M Witten in her

thesis [15]
Recall the followmg discussion from [1] Let Ffw be the group generated by œ so

that Ff» acts on the additive group F2« by multiplication Form the semidirect

product F?» x F2« In gênerai, if N is a normal subgroup of a group Q with |Q/iV|
relatively pnme to 2, then H*(Q, F2) £ H*(N, F2)Q/N (cf [4, pages 257-258])
Applying this to the inclusion F2«-&gt;Ff,, ix F2« gives H*(¥2n tx F2n, F2)

H*(F2n, F2)F2&quot; This last is the nng of invanants studied hère at least as an
.4-module, see theorem 1 of [1] (which requires that co be chosen to provide a

normal basis for F2« - such an a&gt; exists by Davenport&apos;s pnmitive normal basis
theorem [5])

AH of the results of this paper apply to the case of odd pnmes in a straightfor-
ward way Some of the minor changes required are indicated m Section four
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Section One

Let V be a vector space with basis {xw _,,..., x0} over F2. Let W F2« ® ¥l V
be the corresponding vector space of dimension n over ¥2n with the same basis. Let
co be a primitive 2&quot; - 1 root of unity in F2« and let g e Gl{W) be the diagonal matrix
with entries (co2&quot;&quot;1,..., co). Then g has order 2&quot; — 1 and générâtes a cyclic group,
G, of the same order.

Consider the polynomial algebras Pn ¥2[xn_},. x0] and

Qn F2«® F2 Pn ¥2n[xn_ x0]. Thèse are the symmetric algebras S&gt;mF2(K)

and Sym¥in{W) respectively. Each is graded by defining the degree of xn denoted
|x,|, to be 1. Eléments g1 of G act on Qn by extending the given action on W

multiplicatively. The ring of invariants is denoted Q%. Let / (iw _,,..., *0) be any
séquence of non-negative integers, and let x1 xl»-{ - - • x$ dénote the corresponding

monomial of degree \xl\ E /,. Let 0 be the séquence (2&quot;~~ \ 2, 1) and
define w(/) &lt;9 •/ L z,2y; we call w(I) the weight of I or x1. Note that
g(x7) œw{nx! so that g maps monomials to scalar multiples of themselves. Further
note that x1 is left fixed by ail éléments of G if and only if

0/ Omod(2n-l).

/ will be called an x-exponent séquence. By abuse of notation / is often said to be

invariant if x1 is invariant.
View this équation as defining a &apos;hyperplane&apos; in (Z/(2W— 1)Z)&quot;. Then every

invariant jc-exponent séquence can be uniquely written &apos;modulo 2&quot; — V in terms of
the n — 1 fixed invariant x-exponent séquences

/ aw_1(l,...,l)+an_2(0,3, 1,...,1) + ••• + a1(0,...,0,2&quot;-1-l, 1),

for at € Z/(2W - 1)Z. In the language of commutative algebra, there are (2n - \)n~
x

such invariants and thèse are free module generators for the ring of invariants over
the homogeneous System of parameters {x%nSil,... ,xf~1}. In other words, the

x-exponent séquences of the free module generators can be written as

(0»-i &gt;0*-i + 3flB_2,..., an_, -h- + a2 + (2&quot;-1-l&gt;i1,flJI__ + ••• + «,);

taken modulo 2n — 1. This qualifies as a description of the ring of invariants
perhaps, but this is unsatisfactory; for example, the authors hâve been unable to
détermine in gênerai the number of module generators in any given degree using
this description.
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If / is invariant, write 0 1 m{I){2n — 1); m(I) is called the multiplier of /. For
non-trivial /, m(I) &gt; 1. Furthermore, m(I + /) m(I) + m(J).

For / (/„_,,..., /0) define (t(/) (in_2,..., *0, *„_ i).

LEMMA 1.1. 7/7 w invariant, then &lt;j(I) is invariant and m(o(I)) 2m(7) — /„ _ i.
(&lt;x&apos;(/)) 2to(/) - y- V - • • • - iH_J9j £ n.

Proof. Since / is invariant, 0 1 m(I)(2n — 1). Consequently,

The second statement is an easy induction.

Let P% Q% nPn. The notation is misleading - the group G does not act on

Let Kn respectively Ln dénote the multiplicative subsets of Pn respectively
Qn generated by {xn_,,...,x0}. Let Rn ¥2[x±l,,...,x0±1] respectively
Sn F2« ® f2 Rn F2«[x *_! j,. x^l] dénote the corresponding localisations. The

rings Rn and Sn are called the rings of Laurent polynomials associated to Pn and Qn

respectively. The action of G extends to Sn and the ring of invariants is denoted S%.

The monomials x1 form a basis for Sn but now négative exponents are allowed.

Furthermore, the notions of invariance, weight and multiplier admit the obvious
extensions to Sn. Lemma 1.1 is still true when applied to monomials of Sn. Let
R% S° nRn. Again, the notation is misleading - the group G does not act on Rn.

Define Qo (2, 0,..., 0, -1) and Q{ al(Q0) for 1 &lt;&gt; i &lt;&gt; n - 1. Define

yl xQi x~xx2l_ for / n — 1,..., 0 (the indices are read modulo n as usual).
Then yt e S% and \yt\ 1. Given a monomial yM, M is said to be a j-exponent
séquence.

Given M (mn _l9. m0) with integer entries mt define I(M) =(in_x,.. i0)

by in _ j 2m0 — mn _ x,..., /0 2m, — m0. An easy computation shows

0 - I(M) mo(2n - 1), so I(M) is invariant. Hence I(oJ(M)) (TJ(I(M)) is invariant,

with m(aJ(I(M))) mr Moreover I(M + N) I(M) + I(N).
On the other hand, given an invariant séquence / (in _,,..., i0) define

M(/) (mn _,,..., m0) by the rule w7 m(aJ(I)). It is clear that
M(7)
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by

Define

4&gt; ¦ F24&gt;

the rule

p : Wj.bc

4&gt;{y

±1
n — 1 :» • • • 5

x/(A/)

Ao J

^F

and

H E A CAMPBELL ET AL

by the rule p(xl) yM(I). Then $ is the algebra map defined on generators by the

rule (/&gt;(y,) x~lx*_l. It is easy to check that 0 and p are inverse to each other.

Consequently

THEOREM 1.2. SjsF^i, j/f1], ou/ R* *V2[yîll9. 9y£l]9 as

algebras.

Section Two - Algebra generators for PJ and g^

A non-negative invariant non-trivial x-exponent séquence / is said to be

decomposable if / J + K where J and K are non-negative invariant non-trivial
x-exponent séquences. Otherwise, / is said to be indécomposable. Note that /
decomposable implies aJ(l) is decomposable. Finally, if / is decomposable then

m(l) ^ 2 since m(J), m(K) &gt; 1. Simple examples show this necessary condition on
the multiplier of an indécomposable is far from sufficient.

The indécomposable séquences in P% and R* can be analyzed using theorem
1.2. A ^-exponent séquence M (mn_u..., m0) is said to be admissible if
2m} ^ nij-\\ otherwise M is said to be inadmissible. The admissible séquences are

the ^-exponent séquences which map onto the non-negative invariant x-exponent
séquences under the map &lt;t&gt;. The analogous définitions of decomposable and

indécomposable séquences apply also to admissible j-exponent séquences. Further-

more, M(I) is indécomposable if and only if I(M) is indécomposable (since &lt;t&gt; and

p are multiplicative and map monomials to monomials). Finally, note that if ml 0

for some / then M is inadmissible, or trivial M (0,..., 0).

LEMMA 2.1. Suppose I is a non-negative invariant indécomposable x-exponent

séquence. If 1 — Qt is non-negative, it is also indécomposable, 0 &lt;, l &lt;,n — l.

Proof. Suppose not, then / — Q{ J + K for some / and J, K non-negative
invariant non-trivial x-exponent séquences. In particular, il+ï + 1 =y/+i -f &amp;/+1

and it — 2 =j) + kh It follows that one ofy/+ x or k{+1 is greater than or equal to 1,
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saY j)+i - 1- Then Qt + J is a non-negative invariant non-trivial .x-exponent
séquence and / (/ + 0/ -h K9 contradicting the indecomposability of /.

PROPOSITION 2.2. Let I be a non-negative invariant x-exponent séquence, and
let M M(I) be the associated admissible y-exponent séquence. Then I is decompos-
able if and only if m, &gt; 2 for ail /, 0 ^ / ^ n — 1.

Proof If / is decomposable then / / + K for non-trivial non-negative invariant

.x-exponent séquences / and K. But then mt m(crl(I)) m(al(J)) +
m((Tl(K)) &gt; 2.

On the other hand, suppose there exists an indécomposable / with m(al(I)) ^ 2

for ail /. Choose such an indécomposable of lowest degree. If ail the m/s are equal
then so are ail the i/s and / would be decomposable. Suppose a ^ 2 is the smallest

integer occurring as an entry of M. Not ail entries of M are equal so there is an /
with ml tx and /?*/+, a+/? for some a ^2 and fi ^ 1. Thus
// 2(a -h p) — a a H- 2j? ^ 2. Consequently, L =1 — Qt is a non-negative
indécomposable invariant jc-exponent séquence of degree |/| — 1. Furthermore

M{L) (mn_!,..., ml + 2, a + jff — 1, a, m7_ ï9..., m0). Hence each entry in M(L)
is greater than or equal to 2. This contradicts the définition of/, so no such /exists.

THEOREM 2.3. The number, G(n), of non-negative indécomposable invariant

x-exponent séquences is given by the formula

n — 1 2 2mn _ 2 2m{ + i 2m/ 2/n/

c(«)=Z I Z ••• I I ¦•• I i
1=0 mn _ 2 — 2 mM _ 3 2 m/ 2 m/ _ j 1 mg= 1

Define

&amp;%{ri) {M \mn_x=k, and 2mn_l ^ mn_2,. 2/m, ^ mo,mt ^ 1},

and let F*(/f) |«^(«)|. A séquence, M g JÇ(w) need not be admissible since such

an M need not satisfy 2m0 ^mn_x. However if M 6&amp;\{ri) then M is admissible.

David Horrocks, a graduate student at the University of Waterloo, observed

that M g &amp;\{ri) implies that I{M) is a partition of 2n — 1 using only powers of 2.

In other words, /^(/i) is the coefficient rf2«-1 of f2&quot;~~ * in the power séries expansion
of

I. 0-
0
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This helps to explain the phénoménal rate of growth of G{n) with n. It is not hard
to see that d2l + x d2l and d2l d2l_ 2 + dt. This gives a crude estimate

- 2)/2 ^ log2 (^ _ 1 log2 (F, (*)) ^ log2 (G(*))

by induction on n.

LEMMA 2.4. Fk(n) Z£ F,(» - 1) and Fk(l) l. D

It follows that

LEMMA 2.5. Fk{n) E* _2== t
• • • 2£»0&gt;_ 1. D

Defîne (Sl{jt) {M (ww_ /wo)|M admissible and ml 1, mt_ 5^ 1,...,
m0 # 1}. Set Gt(n) |*,(w)|. Then M e ^o(«) &amp;x(n) if and only if m0 1. Note
that M g ^,(tf) implies /rz,_ t 2. The collection ^Xn) partitions the set of indécomposable

admissible séquences of length n. Hence 2 Gt(n) G(n).

LEMMA 2.6.

2 2mn_2 3-mn-t 2mw_,_1 2m,

&lt;?,(»)= E I ••• Z Z ••¦ Z »

,(/i) counts

{M|M admissible and mn_x l,mw_2# 1,... mn_l_x # 1}

{by cyclicly permuting the entries of each séquence Me^(«)). Let

a — (ûf0,. an_ x) and a (a0,..., aM_2) be two séquences of non-negative in-

tegers. Consider the set of séquences b (b0,... 9bn_,) satisfying
b0 a09 ax ^ bx ^ aoèo,. tfM_ i ^ ^w_ i ^ (xn_2an_2. If G dénotes the number of
such séquences then

^«O an -2an -2c- Z •¦• Z

for each term in the sum détermines a séquence and vice versa. Lemma 2.6 is the

case a (1, 2,..., 2,1,..., 1) (i 2&apos;s) and a (2,..., 2). D

Theorem 2.3 now follows.
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PROPOSITION 2.7. Let R= ®Rt be a connectée finitely generated graded
algebra over afieîd Rq k. Then any two minimal homogeneous gênerating sets for R

as an algebra hâve the same number of éléments.

COROLLARY 2.8. The set {xJ\l indécomposable} is a minimal générâting set for
PG and QG.

COROLLARY 2.9. PG is minimally generated by G(n) éléments. So also is QG.

For example, G{2) 3, G(3) 13, G(4) 79, G(5) 681, G(6) 8,595,

G(7) 165,677 and G(8) 5,095,775.

Proof of 2.1. This is well-known but hère is a proof anyway. Let °M and &apos;V be

two minimal generating sets for R. Both °U and V are graded by degree % © Qll

and 1T © yt where, for example, *, * n /?f. It is easy to see that if Rt # 0 and

1*, 0 for 0 &lt;j &lt; i then %, and ^ are bases for /?,.

Let k[^&lt;t] respectively k[V&lt;l] dénote the subalgebras generated by ^ respec-
tively Yj for y &lt; /. Let &lt;^,&gt; respectively &lt;^&gt; dénote the subspaces of R, spanned

by the respective subsets ôill and Y%, Suppose by induction that |^| |f^| for y &lt; /,

and that k[tfl&lt;l]=k[ir&lt;l]. Since $11 and i^are minimal generating sets

R, &lt;*,&gt;©(*[«&lt;,]), &lt;^&gt;©(A:[1^&lt;I])I (the sum is direct by minimality). The
resuit follows.

Section Three - Destabilization cancels localisation

Let A dénote Steenrod&apos;s algebra acting on Pn and Qn by the rule

Sqx(xt) x2t_ j, SqJ(xt) 0 if y &gt; 1 and by the requirement that each élément of A
be F2«-linear. In fact thèse rules détermine an action of A on Pn and Qn in a purely
formai manner according to an argument of Thomas Hunter (unpublished). That
is, this action respects the Adem relations - this may be verified monomial by
monomial. Thus both Pn and Qn receive the structure of unstable modules over A.
On the other hand, it is shown in [1, theorem 1] that this A -module structure on Pn

is isomorphic to the more usual A -module structure on such a polynomial algebra
obtained by identifying it as the cohomology of a product of RP°°&apos;s.

The action of Steenrod&apos;s algebra is extended to the localised algebras Rn and Sn

requiring that the total Steenrod opération Sq ltl==QSql be a ring homomor-
phism. Consequently both Sn and Rn receive the structure of A -modules although,
of course, they are no longer unstable.
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LEMMA 3.1. SqJ(x~l)=x-J- !x?_ xrxy\.

Now compare terms of degree j — 1 to obtain the formula above.

This ,4-action commutes with the action of G on Pn so that PG becomes an
^4-module. Hence so also is SG. The subalgebras QG and RG are closed under the

A -action, so they too receive the structure of A -modules.

LEMMA 3.2. Sq°(yt) yn Sq\yt) y?9 and, for j &gt; 1, Sq\yt)

Suppose M is a module over A which is also an algebra. Let Uns(M) dénote the

A -submodule of M consisting of the unstable éléments of M. That is,

Uns{M) {fe M I Sq\f) 0, if excess(J) &gt; |/|}. Uns(M) is a subalgebra of M.

THEOREM 3.3. Uns(Sn) Qn and Uns{Rn) Pn.

COROLLARY 3.4. Uns(S°) QGn and Uns(R°) PGn.

Proof 3.3. Note Qn c Uns(Sn). If feUns(Sn) then /=Xa/ for a;eF2,
Assume without loss of generality that / is homogeneous. Let r be the least

exponent occurring in any of the monomials x&apos;j, say, x/l xl£z\ • * • x\ • • • xô°. That
is, // r and /, ^ r for y # /. Suppose r &lt; 0 and consider

x jc~^ * • • xf~l • • • x^r g Qn. Since Uns(Sn) is an algebra x/e Uns(Sn). By
construction

*/=*,- ¦/+/&apos;,

where/&apos;,/&quot; e 2* and no monomials in/7 are divisible by xh
But no élément of the form xflf can be unstable since

SqJ(xflf) =x/~/~1JC/$/_1/—\-feUns(Sn) and where / has degree bigger than

—y — 1 in xt. Hence no cancellation occurs, so SqJ(xf */&apos;) # 0, for ail / This
contradicts xfe Uns(Sn). Consequently r ^ 0, so that fe Qn as required.

The second statement follows from the first. D

Section Four - Extension to odd primes

Ail of the results of the previous three sections admit straightforward extensions

to odd primes p. Some of the minor changes required are indicated hère. Proceed
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as above with œ a primitive pn — 1-st root of unity in ¥pni g diag(œpn~\ œ)

and 0 (pn~ \ 1). Topologists will want to take \x, | 2. Define
O0 (p, 0,..., 0, -1) to obtain yx with \yt | 2(p - 1).

Theorem 2.3 now reads

YX 1 p P^^fi 5 P^^l -4- 1 P^^l pf¥l 1

Gin) x Z Z&quot; • • Z Z---Z1
In Section three the twisted action îs Px{xl) =xp_ x.
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