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On embedding numbers into quaternion orders

J. BRZEZINSKI

Abstract. A generalization of the Chevalley-Hasse-Noether theorem from maximal orders to arbitrary
Eichler orders in quaternion algebras is given. A stability property for the numbers of orbits for unit
groups in quaternion orders acting on optimal embeddings of quadratic orders is proved. The results are
applied to Siegel’s meanvalue of integral representations by genera of integral definite ternary quadratic
forms.

Introduction

Let R be a Dedekind ring with quotient field K, and let 4 be a K-algebra. An
R-order in A is a subring of A4 containing R and a K-basis of 4 over K, which is
finitely generated and projective as an R-module. If S and A are R-orders in
K-algebras, then an injective R-homomorphism ¢ : S — A is called an optimal
embedding if A/¢(S) is R-projective. The unit group A* acts by conjugation on
optimal embeddings (¢ +— A o ¢, where (4 o ¢)(x) = Ap(x)A ! for 4 € A*). We shall
assume that there is only a finite number e*%(S, A) of orbits for this action of A*.

The embedding numbers e%(S, A) play a very essential roll in different contexts
and were computed by many authors in special cases. If 4 is a quaternion algebra
(that is, 4 is central, simple and dimx 4 =4) and S is an R-order in an algebra of
dimension 2 over a global field X, then e*%(S, A) were computed in [4] for hereditary
orders, in [5] for Eichler orders with particular choice of S, and in [2] and [6] for
other types of Bass orders.

The first purpose of the present paper is to compute the numbers e*(S, A) for
arbitrary orders S in algebras of dimension 2 over K, when A is an Eichler order.
The method follows an idea of E. Noether [10] in connection with her version of the
proof of the Chevalley—Hasse—Noether theorem, and the results of Section 1 can
be considered as a generalization of this theorem to the case of arbitrary Eichler
orders in quaternion algebras (see (1.14)). The final result of the computations are
explicit formulas for e%(S, A) similar to those in [2] for the case of primary Bass
orders. This is the content of Section 1.

The second purpose of the paper is to establish a stability property of the
embedding numbers. The results of Section 1 together with the results of [2] show
that if A and a quadratic K-algebra L are fixed, then the values of e%(S, A) do not
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depend on S, when the conductor of S in the maximal order of L
is sufficiently small as an R-ideal (for exact meaning see Section 1). Unfortunately,
this result is only proved for quaternion orders whose Gorenstein closure is a Bass
order. It would be desirable to have a proof covering arbitrary quaternion orders.

In the last section, we give some applications of the stability property of the
embedding numbers to representations of integers by genera of definite integral
ternary quadratic forms and to Eisenstein series defined by such genera. If
f(x1, x5, x3) is a definite integral ternary quadratic form, Aut* (f) the group of its
integral automorphisms with determinant 1, and for an integer N, r,(N) the number
of integral solutions to f(x,, x,, x3) = N such that GCD(x,, x,, x;) =1, then

{ "f-(N)

igl IAUt+ (f) I

= y(N)A(S),

where f; =1, ..., f, represent all classes in the genus of f, § = Z[\/ —c,N] for an
integer ¢, > 0, A(S) is the class number of S, and p(N) is a constant depending on
the embedding number of § into a suitable quaternion order A, (see [1]). If fis the
sum of 3 squares, then S = Z[,/ — N] and y(N) is periodic modulo 8 according to
Gauss’ Three-Square-Theorem. A rather unexpected result of the analysis of the
embedding numbers is the fact that, in general, y(N) depends on two periods: if
¢;N = NjN, # 1, where N,, N, are integers and N, is square-free, then there are
integers M, and M, such that y(N) = y(N,, N,) only depends on the residues of N,
modulo M, and N, modulo M,. Moreover, one can choose M,=d(A,) and
M, = 4d,(A, ), where d(A,) is the discriminant of A, and d,(A,) is the product of
different primes dividing it. This property has a natural interpretation as a state-
ment about coefficients of Eisenstein series defined by genera of integral definite
ternary quadratic forms (see (3.10)).

1. Bouquets of Eichler orders

Let R be a complete discrete valuation ring of characteristic #2 with quotient
field K. Let n be a generator of the maximal ideal m of R, and let v be the valuation
of K corresponding to R and such that v(n) = 1. Recall that an R-lattice on a vector
space over K is a finitely generated free R-module containing a basis of the space.

Let L be an n-dimensional separable commutative K-algebra, and let 7 be an
R-lattice on L. It is well-known that Endg (/) ={¢ € End, (L): () =1} is a
maximal R-order in the central simple K-algebra A = Endyg (L). We denote this
maximal order by I'(I). It is also well-known that every maximal R-order in 4 can
be represented in that way for a suitable R-lattice 7 on L. Moreover, I'(I,) = I'(1;)
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if and only if there is a € K* such that I, =al,. There is a natural embedding
1 : L - End, (L) mapping £ € L onto x — ¢x, x € L. The image of ¢/ will be denoted
by £ as well (so L will be identified with its image). Let S be an R-order in L. If
SI < I, then the embedding : restricts to an embedding S — I'(I), and conversely, if
the restriction of 1 to S gives such an embedding, then I is an S-ideal. This
embedding is optimal if and only if S = O(I); where O(I) = {a« € L: af = I}. Notice
that I'(la) = al'(I)o ~' when a € L*. (For these facts see [8], pp. 26—27 and p. 107).

We say that R-lattices al, a € K*, form a K-class. We shall write I, ~ I,, when
I, and I, are in the same K-class. Recall that the distance between the classes of I,
and I,, denoted by d(/,, I,), may be defined as v(Ann (/,/(I,n1,)) + v(Ann (I,/
(I,n L)), where Ann (X) denotes the annihilator ideal of an R-module X, and
v(a) =r if a=m’(m° = R). (It is not difficult to prove that d really is a distance in
usual sense.)

Assume now that n =2 and recall that an R-order A in A is called an Eichler
order if A is an intersection of two maximal orders, that is, A = I'(1,) " I'(I,) for
suitable R-lattices 7, and I,. Recall also that the maximal orders I'(J;), j = 1, 2, are
uniquely determined by A (see [3], (26.28)). Choosing a basis ¢,, e, such that
I, = Re, + Re, and I, = Rn“e, + Rn’ e,, where a < b (see [3], (4.13)), it is easy to
see that A is isomorphic to the order A, consisting of matrices:

R R
n“R R
where d = b — a. The ideal d(A) = (n?) will be called the discriminant of A. Only in

this section, we also call d the discriminant of A. d(A) characterizes the isomor-
phism class of A (see [3], (26.28)). Thus, we have:

(1.1) PROPOSITION. If A=TI{)NnT{,), then d(A)=(n%, where
d=d(l,L,).

Recall that if S, is the maximal R-order in L, then every other R-order in L is
equal to S; = R + n'S,, i =2 0. Notice that d(S;, S,) = i. Let x — X be the non-trivial
automorphism of L over K, and let N(x) = xx. The following Lemma will be very
useful in many computations:

(1.2) LEMMA. If A=T(S)nI(S’®), where S<S’ are R-orders in L and
o € L* is such that S’a = S’ but S'an~' ¢ S’, then

(@) d(S’, S’@) = v(N(a)),

(b) d(A) =d(S, S’) + v(N()).

Proof. (a) See [3], (4.20a).
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(b) Let S=R+n'S’, so d(S,S’) =i. Since S’a =S’ and S’an ' £'S’, there
are u,,u, € L such that S’a~'= Ru, + Ru, and S’ = Ru, + Rn’u,,j =20 (see [3],
(4.14)). The case j =0 is trivial, so assume that j > 0. Then 1 = au, + bn’'u,, gives
a€ R* Thus, Sa '=R+ Ru,, S"=R+ Rn’u, and S =R + Rn‘*/u,, which
shows that d(S, S'@a~") =d(S, S") +d(S’, S’a~"). But S’a ~! ~ S’a, so the required
equality follows from (a) and (1.1).

Let S be an R-order in L. By an S-bouquet in 4 we mean the set £(S, A) of all
Eichler orders in A isomorphic to A, which optimally contain S. The group L* acts
on 4(S, A) by conjugation: If A" € #(S, A) and « € L*, then aAd’a "' € #B(S, A). Let
e (S, A4) be the number of L*-orbits on #(S, A). Our objective is to compute these
numbers for arbitrary quadratic R-orders S and arbitrary Eichler orders A, when
R/m is finite. The first step in this direction is the following useful result:

(1.3) LEMMA. (a) Each L*-orbit on #(S, A) contains an order I'(S) nI'(S’x),
where S’ 2 §S.

(b) Two different orders I'(S)I'(S’a) and I'(S)NI'(S"B) are in the same
L*-orbit if and only if S" =S"= S and Sp ~ Sa.

Proof. (a) Since dimg L =2, each R-lattice I/ on L is principal over its order
O(I), that is, I=0()x for a suitable aeL* (see [3], (35.14)). Let
A =TI(I)) nI'(I,). Since the R-orders in L are linearly ordered by inclusion, S must
be optimally embedded in at least one of the orders I'(J;), j = 1, 2. Thus, we may
choose I, = Sa, and I, = S’a,, where S’ = S. Hence a; ' Aa, = I'(S) N I'(S’a), where
a=a0; ' € L*

(b) Let A’=I(S)NnI'(S’a) and A" =T'(S)NT(S"B). If yA’y~'=A", y e L*,
then I'(Sy) = I'(S) and I'(S’ay) = I'(S"By), or I'(Sy) =I'(S"P) and I'(S"ay) = I'(S),
since the maximal orders containing an Eichler order are unique. In the first case,
Sy ~Sand S’ay ~ S"By, so §"= 8", and consequently, A" = A". In the second case,
we get Sy ~S”B and S'ay ~ S, s0 §S =8"=S8" and Saf ~ S, which is equivalent to
SB ~ Sa. Conversely, if Sp ~ Sa, then clearly I'(S) nI'(Sa) and I'(S) N I'(SP) are in
the same L *-orbit.

Let S be an R-order in L. The last proposition and (1.1) show that in order to
compute the numbers e, (S, 4), we have to describe all K-classes of S-ideals So and
compute d(S, Sx) for them. Let C/(S/R) denote the multiplicative group of all
principal S-ideals in L modulo the S-ideals generated by the elements of K*. We
have to distinguish between 3 cases: L is an unramified field extension of K
(unramified case), L is a ramified field extension of K (ramified case), and
L =K x K (split case). Recall that the R-orders in L are S, =R +n'S,,i 20,
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where S, is the maximal R-order. Let e = v(2), and let k = |R/m| be the number of
elements in the residue field of R. In order to simplify formulations, we assume that
k" =0, when n <0.

(1.4) PROPOSITION. (a) Let L > K be unramified, that is, L = K(w) and
So = R[w], where w?>—w +¢=0, ¢ € R* and 1—4¢c € R*\R*>. Then C/(S;/R)
consists of K-classes of S;(a + B) and S,(1+ bw) where nt|b and i 2 1, for a and b
representing different residue classes in R/(n’). We have d(S;, S;(a + w)) = 2i for k'
elements of C{(S;/R), and d(S;, S;(1 + bw)) = 2i —2r for k' =" — k'~ "~ elements of
C/(S;/R) corresponding to be n’'R* and re {1,...,i}.

(b) Let L>K be ramified, that is, L=K(w) and S,= Rlw], where
w?>—n*w+en=0,ceR*and pe{l,...,e+1}. Then C{(S;/R) consists of K-
classes of S;(a + w), where r|a, and S;(1 + bw) for a/n and b representing different
residue classes in R/(n’). We have d(S;, S;(a + w)) =2i+ 1 for k' elements of
C/(S;/R), and d(S;, S;(1 + bw)) = 2i —2r for k'~ "— k="~ ! elements of C{(S;/R)
corresponding to ben'R* and r € {0, . . ., i}.

(c) Let L oK be split, that is, L=K x K and Sy= R x R. Then C{(S;/R)
consists of K-classes of S;(1,a)(n", 1), r 20 and S;(1, a)(1, "), r 2 1 for a represent-
ing different residue classes in (R/(n’))*. We have d(S;, S;(1,a)(n’, 1)) =d(S,,
S:(La)(1,n")=2i+rif r#0 or a#1, for k' —k'~'—1 elements of C{(S;/R)
when r =0, and for 2(k' — k'~ ') such elements when r 2 1.

Proof. (a) Without changing the class of a principal S;-ideal Z, one can choose
a € S, such that I = S;a. Since C£(S,/R) is trivial, one can assume that « € S§, that
is, & = a + bw, where n,}’a or n)(b. Therefore, one can further reduce assuming that
each class of S;-ideals contains either an ideal S;(a + ) or S;(1 + bw) with n|b. Now
it is easy to check that the classes of S;(a + ) and S;(1 + bw) are different if i = 1,
while S;(a + w) ~ S;(a’ + w) (or S;(1+bw) ~ S;(1+ b’w)) if and only if a =a’
(mod =) (or b = b’(mod =n’)). The last statement in (a) now follows from (1.2)(a).

(b) It is well-known that C£(S,/R) has two elements represented by S, and S,w.
The same arguments as in (a) show that the elements of C¢(S;/R) are represented
by S;a with Sya = S, or Sya = Syw. In the first case, one can assume that a = 1 + bw,
and in the second, that & = (1 + bw)w = a + w for a suitable a € (7). The remaining
arguments are the same as in (a), with the only difference that S;(a + w) ~ S;(a’ + w)
if and only if @ = a’(mod =’ *!).

(c) The group CZ(S,/R) is infinite and its elements are represented by the ideals
So(n", 1), r 20, and Sy(1, "), r 2 1. The proof is similar to that of (a) and (b).

The last proposition together with (1.2) give an easy possibility to compute the
number of intersections I'(S) "I'(S’ §) (not necessarily different) equal to an
Eichler order with fixed discriminant.
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(1.5) PROPOSITION. Let the notations be the same as in (1.4). All Eichler
orders I'(S;) NI'(S,90) with discriminant d and 0 <j <i are given in the following
way:

(a) Let L o K be unramified. Then 0 £d £ 2i. For 0 £d £2i — 2, and for each
jelli—d| i] such that j=i—d(mod2) and j=2 when dZ=i, there are
k/—2® — kJ=® =1 orders with 6 =1+ bw and v(b) =(j+i—d)/2. For i £d £2i
and j = d — i there are k’ orders with § = a + w.

(b) Let L o K be ramified. Then 0<d <2i+ 1. For 0 <d <2i, and for each
jel|i —d|, i] such that j=i—d(mod 2), there are k/~"® —k/=*® =1 orders with
0=1+bw and v(b) =(j+i—d)/2. Fori+1<d=<2i+1and j=d—i—1 there
are k’/ orders with 6 = a + .

(c) Let L o K be split. For 0<d <iandj=1i—d there is one order with 6 = 1.
For d > i and for each j € [0, min (d — i, i)] there are 2(k/ —k’~ ") orders with the
exception of j=d —i, when the number of orders is k’—k’~'—1, with
o=(Lan", 1),r2z00r (1,a)(1,n"),r21andr=d—i—j.

Proof. According to (1.2), d=j—i+d(S; S;é), and it suffices to use
the results of (1.4) in order to obtain all possible intersections when d and i are
fixed.

Using (1.5), it is very easy to compute the total number of intersections
I'(S)NI(S’6), S’ =S, which give an Eichler order with fixed discriminant 4. This
number is very close to the number of L*-orbits on the corresponding S-bouquet.
Unfortunately, the special case S’ = S (see (1.3)(b)) introduces a correcting term,
which needs some additional computations. Let us start with a definition:

k(x, y, i) =|{(x, ) € R/(n") x R/(n’) : x* = y*(mod ') }| (1.6)
and

k(x, y, i, r) = |{(x, ) € R/(n") x R/(n’) : x* = y*(mod =) and &(x —y) =r}|.
(1.7)

0 is the valuation on R/(n’) induced by v on R. We assume that #(0) =i for
0 € R/(n"). [x] will denote the integer part of the number x. We are now ready to
compute the numbers e (S, A):

(1.8) THEOREM. Let S=S; be an R-order in L, and let A be an Eichler
R-order in A with discriminant d.
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(a) If L o K is unramified, then

0 if d > 2i,
WV 4+ k(x, x + 1, 1)) ifd=2i
S,A _— 2( b b ’
xS A =< ey if 0 <d <2i,d odd,
k' 4 k1241 4 (x, 1,0, —3d)) if 0<d <2i,d even,
where
life=0o0ri=0
, 1, . — i b .
(x, x +1,0) {0 otherwise, (19
and
kV2d _p12d—1 if0<d<2e<ior0<d<i<2e,
k(x, 1,i,i —3d) = { k® if i22e+1 and d =2i — 2k, (1.10)
0 otherwise.
(b) If L o K is ramified, then
0 ifd>2i+1,
e (S, A) = FEV2HE=D 4 ge(x, x + 7P, i+ p + 1)) if d=2i+1,
¥ kl2d—0 if 0 <d < 2i, d odd,

Lk 4 k124 (x, 1, i+ p, i+ p —1d)) if 0<d <2i deven,

where

ki ifigp-—1
kx,x+ni+p+1)=<k® ifi>p—1=e (1.11)
0 otherwise

and k(x, 1,i + p, i + p —3d) is given by (1.10) (with i replaced by i + p).
(c) If L o K is split, then

ki+ki—! if d > 2i,
) Mk 3k o(x, 1, 0)) — 1 if d = 2i,
ex(5, 4) = ki k9-i-1 1 ifi <d < 2i,

1 if0=Sd=i,
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where

{3 K020 f 0 <i < 2e,
KO LD=Voke it iz2e41.

Proof. (a) According to (1.5)(a), e,(S, A) =0 when d > 2i. It easily follows
from (1.5)(a) that the total number of intersections I'(S) N I'(S’a) with discriminant
d is equal to k"2 This number is equal to e (S, A) if in all intersections S’ # S,
which holds when 0 £ d £2i and d is odd. If d = 2i, then we have to consider the
number of L*-orbits on k' intersections I'(S;) N I'(S;x), where « = a + w. According
to (1.3)(b), we need the number of a such that S;& = S,a, that is, the number of a
satisfying 2a + 1 =0 (mod n’). This number is given by (1.9). If d is even and
0<d<2i then we have the intersections I'(S;) nI'(S;ax) with a =1+ bw and
v(b) =i —3d. In this case, S;@ = S,« if and only if 424 2b =0 (mod n’). The
number of solutions, which is equal to x(x, 1, i, i —3d), can be obtained from the
following easy to prove result: if R is a discrete valuation ring, then x(x, 1, i) is
given by (1.12) and the solutions to x> =1 (mod n’) are

(1.12)

. . 1.13
l+n'~¢r orl—en+n'~"°r for0O=<uv(r)<e ifiz2e+]1, (119

3 {1 + 126+ Dl for 0<d(r) <[3i] if0<i<2e,
where 2 = n%.

(b) (1.5)(b) says that e, (S, A1) =0 when d>2i+ 1. The total number of
intersections I'(S) N I'(S’«) with discriminant d is also equal to k!'/24), The intersec-
tions I'(S;) N I'(S;a) only appear for odd d <2i+ 1. If d=2i + 1, then a =a + o,
where n|a, give k' intersections, and S;& =S,a if and only if 2a+=7°=0
(mod =’ * ). The number of solutions, which is equal to x(x, x + n*, i + p + 1), can
be obtained by elementary considerations. If 0 <d < 2i, then a =1 + aw, where
v(a) =i —3d(k'*—k'24-! intersections), and S,d=S,a if and only if
n*a?+2a =0 (mod ‘). The number of solutions is x(x, 1,i+ p, i + p —3d) and
can be computed using (1.13).

(¢) The total number of intersections TI'(S)N(S'«) is 1 when
0<d<ik? "+k? '-'—1 when i <d <2i, and 2k’ when d > 2i. The intersec-
tions I'(S;) nI'(S;x) only appear if d=2i with a =(1,a), ae R*, a#1 for
d>0(k‘— k'~ ! possibilities) or d > 2i with « = (1, a)(1, n") or (1, a)(n’, 1), where
r=d—2i (2(ki — k'~ ") possibilities). In the first case, S;@ = S;a if and only if
a’=1 (mod ), which contributes with x(x, 1, i), while in the second case, the
equality S;& = S;a is not possible.

(1.14) REMARK. It follows from (1.8) that e, (S, A) =1 when A is maximal,
that is, & = 0. This is a special case of the Chevalley—Hasse—Noether theorem (see
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[10], p. 13 or [4], Satz 6). The same is true when A is hereditary, that is, d = 1. This
case was proved by M. Eichler (see [4], Satz 6).

Our main interest in Section 2 will be in the numbers of orbits of A* acting by
conjugation on the optimal embeddings of S into A. More exactly, if ¢ : S > A4 is
an optimal embedding and ¢ € Aut(A) (the automorphism group of A), then ¢ o ¢
is also optimal. For simplicity of notations, we write ¢ to denote the inner
automorphism x — oxo ~' induced by ¢ € A*. Let e,4)(S, 4) be the number of
orbits for the action of Aut(A) on the optimal embeddings S — A. It follows from
a general theory that e, 4)(S, 4) = e;+(S, A) (see [1], (1.1) and (2.1)). Let us recall
that any optimal embedding ¢ : S — A is given by ¢(x) =oxoc ~!, where o € A*.
Hence ¢ extends to an automorphism of A4, and ¢ ~'(A) € #(S, A). Conversely, if
A’ € B(S, A), when A’ = p(A) for a suitable automorphism of 4, so ¢ ~! restricted
to S gives an optimal embedding of S into A. In this way, we get a bijection
between optimal embeddings in any Aut(A)-orbit and the orders in the correspond-
ing L*-orbit.

We have A* < Aut(A), and we want to compute the numbers e*(S, A) of
A*-orbits on the optimal embeddings S — A. For simplicity, we shall write e(S, A)
instead of e* (S, A). Recall that for non-maximal Eichler order, Aut(4) = A*uA*0,
where o is a generator of the Jacobson radical J(A) (see [2], (2.2)).

(1.15) LEMMA. Let A be a non-maximal Eichler order in A. Then
e(S, 4) = 2e,(S, 1) —«k,

where x is the term k(x, y, i) or k(x, y, i, r) in the formulas (1.8) for e (S, A) when it
appears there and 0 otherwise.

Proof. Let ¢ : S—> A be an optimal embedding, and let A =TI'(S)~I'(S'a).
According to the comments concerning the equality e, 4)(S, 4) = €,+(S, 4), we
can suppose that ¢ is the identity. Since L = KS is a maximal commutative subring
of A, the stabilizer of ¢ in Aut(A) = A* U A*as is Aut(A) N L*. The optimality of ¢
implies that A*NL* = S*, and A*6 N L* # ¢ if and only if there is § € Aut(A4) and
B € L*\S*. Thus Aut(A) nL* = S* or Aut(A)nL*=S*US*B. In the first case,
there are two A*-orbits in the Aut(A)-orbit of ¢, while in the second, the A *-orbit
coincides with the Aut(A)-orbit of ¢. Assume now that such a B exists. Then we
have A = BAB~! = I'(SP) nI'(S’ap), which, as we already know (see the proof of
(1.3)(b)), is valid if and only if $’=S and SB ~ Sx ~ Sa. Conversely, if
A=I(S)NnI'(Sa) and Sa ~ Sa, then B =a is the desired element. Therefore, the
number of A *-orbits on the optimal embeddings ¢ : § — A which coincide with the
corresponding Aut(A)-orbits is equal to the number of L*-orbits on #(S, A), which
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are represented by I'(S) nI'(Sx) with Sa ~ S&. These numbers, which were com-
puted in the course of the proof of (1.8) as suitable values of the functions x defined
in (1.6) and (1.7), should be subtracted from the double of the number of all
L*-orbits on %(S, A).

Because of the importance of the embedding numbers e(S, A) and for the
convenience of references, we record the values of e(S, A) in a form suitable for
applications in the next section:

(1.6) COROLLARY. Let S =S, be an R-order in L, and let A be an Eichler
R-order in A with discriminant d > 0. Then

0 if0<i<id,
oS, 4) = § k"™ ifi=3d
kU724 4 gl2d=n Gf > 1g

when L > K is unramified,
0 if0<i<¥d-1),

el/2d =1 if i =4d - 1),

e(S, A) = fl2d) 4 gl2@=nl if j > 1

when L o K is ramified, and

2k + K1) if0<i<d,
~ k12 4 3f1/2d—1_ 9 if i =%d,

e(SsA)"’ z(kd-—i+kd——i—'1_.1) 1f—;~d<l<d,
) if i 2d,

when L o K is split.

2. Stability of embedding numbers

As in Section 1, let R be a complete discrete valuation ring of characteristic #2
with quotient field K. Let A4 be an arbitrary quaternion K-algebra (that is, a central
simple algebra of dimension 4 over K), and let A be an R-order in A. In this
Section, using the fact that e(S, A) only depends on A when the conductor of S is
sufficiently small, we show how to decide whether e(S, 4) = e(S’, A) where S’ is an
R-order in another quadratic extension L’ o K.
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Let us start with some definitions. If X denotes an R-order in L or in 4 and
J(X) its Jacobson radical, define e(X) =1 if X/J(X)=R/m x R/m, e(X) =0 if
X/J(X) = R/m, and e(X) = — 1 if X/J(X) is a quadratic field extension of R/m. Let
L c K be a quadratic separable extension. Define e(L/K) = e(S,), where S, is the
maximal R-order in L (that is, e(L/K) =1, 0 or —1 depending on whether L o K
is split, ramified or unramified). Let 4(L/K) be the discriminant of L > K, that is,
the discriminant of any basis of the maximal R-order in L (computed with respect
to the trace form T:L x L - K, (x,y) — T(x, y), where T is the trace function
from L to K). A(L/K) is defined up to a square of a unit in R.

If L and L’ are two separable quadratic K-algebras, define:

Oo(L, L) =2e + 1 + min(v(4(L/K)), v(4(L’/K))), (2.1

where v is the valuation corresponding to R and e = v(2). Recall that e(L/K) = +1
if and only if A(L/K)e R*, and e(L/K) =1 if and only if A(L/K) € R*2. If
e(L/K) =0, then A(L/K) € n?R*, where pe{l,...,e+ 1}. The following well-
known result is a direct consequence of the remarks above and the local square
theorem (see [11], 63:1a):

(2.2) PROPOSITION. (a) If (L, L") = 2e + 1, then A(L/K) = (L’/K)(mod 4n)
implies e(L/K) = e(L'/K). If 6(L, L) >2e + 1, then e(L/K) = e(L’/K).
(b) L=L’ if and only if A(L/K) = A(L’/K)(mod n®"%)),

It is clear from (1.16) that the numbers e(S, A) depend on e(L/K). In general,
when Eichler orders are replaced by arbitrary quaternion orders, it is easy to
construct examples showing the dependence of e(S, A) on the isomorphism class of
L o K (see (13.9)(b)). Of course, they also depend on the conductor of § with
respect to the maximal R-order S, in L. Recall that if S =R + n'S,, then the
conductor f(S/R) is the ideal (n°) (that is, f(S/R) = (z¥5-50)) = Ann (S,/S)).

The most important property of the embedding numbers e(S, A) from the point
of view of applications, which we have in mind, is that they stabilize when f(S/R)
is sufficiently small with respect to the discriminant of A. Unfortunately, we cannot
prove this for arbitrary quaternion orders, since our proof is based on the explicit
computations of e(S, A) for Eichler orders in Section 1, and in [2] for other classes
of Bass orders. We slightly extend these results to orders whose Gorenstein closure
is a Bass order (see (2.3)), but the embedding numbers e(S, A) still have to be
computed for Gorenstein non-Bass orders. Recall that A4 is a Gorenstein order if
Homyg (A, R) is A-projective as left (or right) A-module (see [3], p. 776). A is a Bass
order if each R-order A’ in A containing A is Gorenstein. If A is an arbitrary
R-order in A, then A = R + n"G(A), where G(A) is a Gorenstein R-order contain-
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ing 4 and r > 0. Both G(A) and r are uniquely determined by the above presenta-
tion of A (see [2], Section 1).

(2.3) PROPOSITION. Let S;=R+n'S, be an R-order in L, and let
A =R 4+ n"G(A) be an R-order in A with Gorenstein closure G(A). Then

1 — e(G(ADk !
k —e(S;-.)

e(S;, A) =k¥+! e(S;_,, G(A)),

where we put e(G(A)) = 1/k when G(A) is a maximal order in a split K-algebra A.

Proof. 1t is easy to see that any optimal embedding S’ — G(A) restricts to an
optimal embedding S =R +7n’S’—> A4, and conversely, any optimal embedding
S—A can be uniquely extended to an optimal embedding S’ — G(A), where
S =R+ n"S’. In particular, if S;> A is an embedding, then i =r. Since A* is
normal in G(A)*, the last group acts on optimal embeddings S; — A. The number
of A*-orbits in one G(A)*-orbit for this action is equal to (G(A)*: A*)/(S*_, : S?}),
since the optimality of the embeddings S; -+ A and S,_, = G(A) implies that the
stabilizer of §; » A in G(A)* is S*_,. Now it is an easy task to compute the indices:
(G(A)*: A*) =k¥(1 — e(G(A)k ") and (SF_,: S¥) =k"~'(k — &(S;_,)-

Let d(A) denote the discriminant ideal of A (see [2], p. 167). We can now prove
that e(S;, A) stabilize when i is sufficiently large.

(2.4) PROPOSITION. Let S, be an R-order in L, and let A = R + n"G(A) be an
R-order in A whose Gorenstein closure is a Bass order. Then e(S;, A) have the same
value for i 2 v(d(A)) — 2r when e(A) = e(L/K) = 1, and for i > v(d(A)) —r) in all
other cases.

Proof. Let r =0 and let v(d(A)) =d. It follows from (1.16) that e(S;, A) =
kti2dl 4 gli2d ="l for j>3d and e(L/K) # 1, while e(S;, A) =2 for i =2d, when
e(L/K) = 1. Similarly, from [2], (3.3) and (3.10), we get (S,, A) =0 for i > jd when
A is ramified. If A is split, the same references give e(S;, A) = c(k['/24 — kl1/2d1-1)
where ¢ =0 or 2 if e(A) =0 or e(A) =e(L/K) = —1, and ¢ =1 if e(4) = —1 and
e(L/K) # —1.

If r>0, then the estimates for i now follow from the equality
v(d(A)) = v(d(G(A))) + 3r and (2.3).

Let A be an R-order in A. Denote by i(A4, L/K) the least non-negative integer
such that e(S;, A4) have the same value for i 2 i(4, L/K). The existence of i(4, L/K)
follow from (2.4) for quaternion orders whose Gorenstein closure is a Bass order
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(and it remains to be proved for Gorenstein non-Bass orders). The following result
is a direct consequence of (2.2) and the definition of i(A, L/K):

(2.5) PROPOSITION. Let S be an R-order in L, S’ an R-order in L’ and A an
Rorder in A. If (@) A(L/K) = A(L’/K)(mod n®*LY) and (b) f(S/R) =f(S’/
R)(mod /LK then e(S, A) = e(S’, A).

(2.6) REMARK. It follows from (2.4) that for an order A = R + n"G(A) whose
Gorenstein closure G(A) is a Bass order, we have i(A, L/K) < v(d(A)) — 2r, when
e(A) = e(L/K) =1 and i(A, L/K) < [Xv(d(A)) —r)] + 1 in all other cases. It follows
from (1.16) and from [2], (3.3), (3.10) that the second estimate can be improved. In
fact, i(A,L/K) £ [%(d(A) —r+1)] if A4 is a division algebra and (e(4), e(L/
K)) #(0, —1), or A is a split algebra and (e(A), e(L/K)) = (0, 0), (0, —1) or (1, 0).

3. Representations of integers

We are now ready to discuss some applications of the embedding numbers to
representations of integers by ternary quadratic forms.

Let f(x,, x,, x3) = 2, < ;a;x,x; be a definite integral primitive ternary quadratic
form, Aut*(f) the group of its integral automorphisms with determinant 1, and
r/(N) the number of primitive representations of N by f, that is, the number of
(x,, X5, X3) € Z% such that N = f(x,, x,, x;) and GCD(x,, x,, x;) = 1. The following
result was proved in [1], (3.8):

(3.1) THEOREM. Let f be a definite integral ternary quadratic form and let
fHi=f,...,f, represent all classes in the genus of f. Then there exist a quaternion
Z-order A and an integer ¢, >0 such that

t rf,-(N)
igl lAUt+(f;‘) I

1
= PaTg 1;[ e(S,, 4,), (3.2)

where p, is a rational number which only depends on A, S = Z[./ —c;N], h(S) is the
class number of S, and e(S,, A,) are the embedding numbers for p-adic completions
of S and A at all prime numbers p.

Let us recall how to find A = A, and c,. Let

2ay, a;; 4
M(f)= a;; 20y Gy
a3 Gy 2as
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be the matrix of the quadratic form f, and let ¢, be the least positive integer such
that c,M(f) ! is a matrix whose all elements are even integers. It is easy to show
that ¢, = 4d( f)/Q(f), where d(f) =1 det M(f) is the discriminant of f, and Q(f)
is the GCD of the elements of the adjoint matrix M(f)? (notice that ¢, is closely
related to the “level” of f). Let f, be the quadratic form whose matrix is co M( f).
Then A, = O(f,), where O(f,) is the even Clifford algebra corresponding to the
quadratic form f, (see [1], Section 3) and c, =4d(f)/Q(f)> It is not difficult to
show that d(A,) is generated by 16d(f)*/Q(f)*. Notice that f, need not be
primitive, since the GCD of its coefficients may be equal to 2. In such a case,
O(f,) =Z+2G(O(f,)). (In general, if f'is an integral ternary quadratic form and
f=af,, then O(f) =Z+ a0(f,), and O(f,) is Gorenstein if and only if f, is
primitive.)

Our objective is to analyse the right hand side in (3.2) using the information
about the embedding numbers e(S,, 4,). Unfortunately, we only know these
numbers for A such that G(A) is a Bass order. Therefore, we have to restrict the
class of quadratic forms f to those satisfying the following condition:

G(A,) is a Bass order. (3.3)

Notice that it is very easy to recognize f satisfying (3.3): G(A,) is the otder
corresponding to f, divided by the GCD of its coefficients. If, in general,
A = 0O(g), where g is an integral primitive quadratic form, then A is a Bass order
at p if and only if pfQ(g) or p|©2(g) and a non-zero element of (p)/(p)? is
represented over Z, (the p-adic integers) by g reduced modulo p? (see [2], (3.21)).
A is a Bass order if and only if it is a Bass order at each p (see [3], p. 778). We
have e(4,) =1, 0 or —1 depending on whether the reduction of g modulo p is a
product of two different linear factors, two equal linear factors or is irreducible
over Z/(p) (see [2], (3.21)).

Before we can formulate the main result of this section, we neéd some nota-
tions. We write v, to denote the valuation on @ or Q, corresponding to p and
such that v,(p) = 1. We let d(A) denote the positive generator of the discriminant
ideal of A (denoted by d(A) as well).

(3.4) THEOREM. Keeping the notations of (3.1) assume that f satisfies (3.3),
and let

i ’f,-(N)

A== p(N)A(S),
i=1 lAut"T(:fia)r YN)A(S)

where S =Z[./ —c,N] and y(N) = p, (1/|S*)) I1, &(S,, A4,).
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There exists a positive integer M, such that y has the following property: Let
¢;N = N3N, # 1, ¢,N' = NZN}, where Ny, N\, Ny, N are integers and N,, N are
square-free, and let for all p|d(A;):

vp(NO) = vp(N(')) or min (vp(NO)’ vp(Né))) g min vp(MO)a (35)
and
N,p =™ = Nip =% ¥)(mod p+1), (3.6)

where e = v(2). Then y(N) = y(N’). Moreover, one can choose M, = d(A;).

Proof. If —c¢;N # 1, then |S*| =2, so the factor p,(1/|S*|) in y(N) is indepen-
dent of N. The factor following it depends on the discriminant of Q(,/ —c¢,N) (that
is, 4N, or N, when N, = 3(mod 4)) and the conductor of S (that is, N, or 2N, when
N, = 3(mod 4)). Thus the property of y directly follows from (2.5). The (not always
optimal) choice of M, follows from (2.4) (see (3.8)).

It follows from (3.4) that the values of y(N) = p(N,, N,) depend on the residues
of N, modulo M, and N, modulo a positive integer M,. According to (3.6), one can
choose M, =4d,(A,), where d,(A,) is the square-free part of d(A,) (notice that
d(Ay) is always divisible by 2). Thus, we have

(3.7) COROLLARY. There exist positive integers M, and M, such that the
values of the function y(N) = y(Ny, N,) for ¢,N # 1 are determined by the residues of
Ny, modulo My and N, modulo M, .

(3.8) REMARK. (a) A special case of the above result was proved in [7] for N
relatively prime to the discriminant of f. Probably, Siegel’s formula for the weighted
average of the number of integral representations by genus in case of ternary
quadratic forms also can lead to a proof of (3.4).

(b) (N) = y(N,, N,) can be computed using a finite number of “test values” for
N. But the choice of M, in (3.4) often can be improved. First of all, if p =2, and
N, = 3(mod 4), then d(A,) can be replaced by %d(A, ), since the conductor of S is
2N,. If A, is not a Gorenstein order, then one can take M, = %d(A,) (see (2.6)). If
e(G(A,),) # 1, then one can choose M, with v,(M,) = [%(vp(d(Af )) —r] + 1 where
r=0or 1 and r=1 if and only if p =2 and A, is not Gorenstein (see (2.6)).
Slightly better estimates can be obtained in particular cases mentioned at the end of
(2.6).
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(3.9) EXAMPLES. (a) Three-Square-Theorem. Let f= X2+ Y2+ Z2. Then
t=1,|Aut*(f) | =24, d(4,) =4 and ¢, =1 (see [1], (3.9)(a)). Since e((4,),) =0,
we can choose M, =2 using (3.8) (instead of M, =4 in (3.4)). Since there are 8
quadratic extensions of @Q,, we have to compute y(N) for 16 values of N corre-
sponding to N such that v,(Ny) =0 or 1 and N, giving non-isomorphic quadratic
extensions (and N # 1). If v,(N,) = 1, we easily find that r,(N) =0, so y(N) =0. If
0,(Ny) =0, we choose N, =3 (unramified case), N,=7 (split case), and
N, =1,5,2,6,10, 14 (ramified case). Choosing No=1 if N, #1, and Ny=3 for
N, =1, we get y(N) for all integers N # 1. The final result is y(N) =0if N=0,4,7
(mod 8), y(N) =1 if N=3 (mod 8) and y(N) =1 if N=1,2 (mod4). It is, of
course, a coincidence that the congruence conditions on N, and N, can be replaced
by such a condition on N. It is also a coincidence that y(N) only depends on the
type of the quadratic extension of Q, corresponding to N;.

(b) As a more typical example, let us consider f = X2+ Y? 4+ 2Z2. In this case,
t =1, |Aut*(f)| =8, d(A,) =16 and ¢,=2. (Notice that A, =Z + ZI + ZJ + ZK,
where I=i+j, J=i—j, K=2k and i,j, k are the quaternion units.) We have
e((Ay),) = 0. Hence if e(Q,(\/ = N)/Q;) # —1, then v,(M) = [3(v2(d(4,)) + )] =
2, and if e(Q,(./—N,)/Q,)= —1, then the conductor of S is 2N,, so
v,(M,) = [%v,_(d(Af ))] = 2. Thus, we can choose M, =4 and we have to look at the
values of y(N) corresponding to v,(N,) =0, 1, 2 and N, as in (a), where 2N = N3N,.
If v,(Ny) =0, then N, must be even, so we can choose N, =1 and N, =2, 6, 10, 14.
If v,(Ny) = 2, then we easily get r,(N) = 0, that is, y(N) = 0. If v,(N,) = 1, we take
N, = 2 and we compute y(N) for 8 possible N, as in (a) obtaining two different values
of y(N), when Q,(,/— N,) is ramified. More exactly, we get:

(0 if v,(N,) =1 and N, = 7(mod 8) or v,(N,) 20 )
(y(N) =0),

2h(Z[./ —2N)) if v,(Ny) =1 and N, = 3(mod 8) (Y(N) =D,

4h(Z[./ —2N]) if v,(Ny) =0 or 1 and N, =0(mod 2) (y(N) =3),

_ 6h(Z[/—2N]) if v,(N,) =1 and N, = 1(mod 4) (Y(N) =2d). )

Al
Y

re(N) =

(3.100 REMARK. Let

: o(f.,
Ogenf,2) =M;" } Tﬁé——(zf‘),.—ﬂ’

where

: 1
Rl

=1
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be the theta series of the genus of /. This function is an Eisenstein series in the sense
of [12], whose N-th coefficient for square-free N is M 'y(N)A(S). (Notice that the
N-th coefficient of 6( f, z) is equal to the number of all integral solutions to f= N,
while r,(N) in (3.4) only counts the primitive ones. If N is square-free, then r (N)
is the coefficient.) Corollary (3.7) gives the periodicity of the factor following A(S).
A similar property is well-known for the coefficients of Eisenstein series of weight
k|2, k = 5, as defined in [9] (see Prop. 5, p. 188). One can expect that when the
group I'¢(4) (which is related to the sum of three squares by [12], Kor. 1, p. 289)
is replaced by I'y(N), then for all coefficients the period 8 in [9], Prop. 5, p. 188, will
be replaced by two periods as in (3.6).
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