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Harmonic map heat flow with free boundary

MA LI

Abstract. In this paper, we study the harmonic map heat flow with free boundary from a Riemannian
surface with smooth boundary into a compact Riemannian manifold. As a consequence, we get at least
one disk-type minimal surface in a compact Riemannian manifold without minimal 2-sphere.

1. The motivation

Let (M, g) be a normalized compact Riemannian surface, i.e. a Riemannian
surface whose boundary consists of a finite number of closed geodesics of (M, g).
Let (N, h) be a compact Riemannian manifold of dimension n. For any smooth map
u:M—N, we define an energy of u by E(u) ={,, |du|*dM where |du| is the
Hilbert-Schmidt norm of the operator du.

Let K be a k-dimensional closed submanifold of N and we define

C(K) = {u e C{M, N); u(@dM) c K}.

Then the critical point of E( ) over C(K) is a harmonic map with free boundary.
The motivation of this paper comes from following basic problem: WHEN DOES
A GIVEN COMPONENT OF C(K) CONTAIN A HARMONIC MAP WITH
FREE-BOUNDARY?

A natural way to attack this problem is to flow u, in C(K) along the negative
L2-gradientline of E. That is, we want to find u: M x (0, + ) = N satisfying
following equations:

o,u(x, t) = t(u(x, 1)), V(x,t) e M x (0, 00), (1
u(, 0) = uy, (2)
u(x, t) e K, aaxedM fort=0, (3)
dui, ,(A) L T, nK, V(x, t) € 0M x (0, 0), (4)

where t(x) is the tension field of u in the sense of Eells-Sampson [ES], 7 is the
inward unit normal on M, and “1” means orthogonal.
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A global way to write (1) in one chart in the range was found in [ES]. We adapt
a statement from [H]. We imbed N in a Euclidean space E? by Nash’s isometric
imbedding theorem, but we prefer to change the ordinary metric on E¢ Let T be
a tubular neighborhood of N in E9 define : : T—T be an involution having
precisely N for its fixed point set, take an extension of the metric » to T, and
average it under the action of 1, then 1 is an isometry. Finally, let B be a large ball
in E9 containing T, and extend the metric on T smoothly to all of E“ so as to equal
the Euclidean metric outside of B, then we obtain a new metric vector space R?. In
R? B is also convex. If we consider u as a map from M to R< then (1) can be
written as:

ou'=Ayu'+ AL(Vu, Vu), 1<i<d (5)

where A,: T,N x T,N - T,R" is the second fundamental form of N in R“
Since the natural space for E make sense is H'(M, N), we shall enlarge the initial
values class of (2) to

HK)={ue H(M,N); u(x) € K; a.ax e IM},

By the argument of [SU}, we know that C(K) is dense in H(K). Our main result is
the following:

THEOREM 1. Let uy € H(K), then there exists a (distribution) global solution u
of (1-4), which is regular except a finite point set {(x',T')},<,<. =M x (0, 0)
such that at each point (x', T'), there exist sequences x\—x',t} / T', and R} \, 0
such that (a) if x'eint M, then u(x'+ R} x x,t}) - u,(x) in Hy.(R?> N) where
u,: R*—> N can be extended to a minimal 2-sphere in N.

(b) if x' € OM, then

u(x'+ R! x x, t}) > u(x) in H:.(R%, N)
where u, : R — N can be extended to minimal 2-disk in N with free boundary in K.

The solution u is unique in this class and the singularities are characterized by
the condition that lim, 1, 71 E(u(?), Br(x')) 2 &y, VR >0 where ¢, is a uniform
constant.

If uy e C(K), then the solution u is regular on M x [0, T) where T = min {T"}.

As a direct consequence of Theorem 1, we obtain
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THEOREM 2. Let N be a compact Riemannian manifold with no minimal
2-sphere. Let K be a connected and simply connected closed submanifold of N. Then
there exists at least one minimal 2-disk with free boundary in K.

So our Theorem 2 is a generalization of the result of [St] and one may see [Stl]
for further references. The main difficulty in proving Theorem 1 is as follows. We
cannot directly use implicity function theorem to obtain the small time existence of
a solution of (1)—(4), but we work through by proving a uniqueness theorem and
using fixed point theorem after a subtle geometrical construction. The large time
behaviour of the solution was studied as in [St]. Our argument is similar to [St2].
I should mention the work of Kungching Chang [C] which is very important in
relating harmonic map heat flow with minimax principle and Morse theory. In the
following, without loss of generality, we will assume that the injectivity radius of
(M, g) is one and the sect (N) < 1.

Notations

For a domain Qc M, —w0 <s<t <+ let
Q=0 x(s,10), Q°=Q, Q= Q'
and the space

V(Q!) ={ueCs, t1]; H(Q, N)); |V ?u

, [0u| € L¥(Q1)}
where the derivatives are taken in the distribution sense.

V denotes the covariant derivative on (M, g). In particular, for a local frame
{ei,e;} we write ¥, =V, fori=1,2.

At a local frame of x,, we denote x,+x=exp, x for xe R2.
{(x) € C3(BM.(x,)) denotes a non-increasing function of the distance dist,, (x, x,)
such that { =1 on B¥(x,) and =0 outside B%%(x,) and |V{|<3R"!

¢ denotes a generic constant depending only on M, N and K sometimes
numbered for clarity.

2. A-priori bounds

The following Sobolev-type equality is crucial in our estimates.
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LEMMA 1. There exist two constants ¢ and R, for any R € (0, R,), T < o0, and
any u € V(MT), there holds the estimate

xxHDeMT

j |Vul* dM dt < ¢ esssup j |Vul> dM
BR(x)

x(J |Vzu|2det+R‘2J |l7u|2det>.
MT MT
Moreover, for any x,€ M, { as before, we have estimate:

j |Vu|*C dM dt < esssup J |Vul?* dM
Br(xg)

0st=sT

x(j |V2u[2Cdet+R‘2f (Vu|2chdz).
MT MT

Proof. The same argument as that of Lemma 3.2 in [’St]. Q.E.D
Now let us introduce a key quantity
&(R) = l)lm E(u(-, 1); Br(x)),
(x,t

which describes the energy distribution of the map u over all balls of radius R in M
and plays an important role in following estimates.

LEMMA 2. If ue V(M7 be a solution of (1)—(4), then E(u(?)) is absolutely
continuous in t € [0, T] and there holds the estimate

E(u(?) + f 16,ul> dM dt < E(up) (6)

~ Proof. By Lemma 1 we may multiply (5) by u, and integrate. On account of
(3)—(4) this gives for any s, t € [0, T]:

J‘ 4 E(u(t)) dt + J |0,ul*dM dt =0
s dt M

and the claim follows.
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LEMMA 3. There exist constants c,, €, > 0 depending only on M, K and N such
that for any solution u e V(IM™) of (1)-(4) and any R € (0, 0.5] there holds the
estimate

|Vu(T)|? + |V2ul* < ¢, E(uo) + ¢, TR™2 sup E(u()
Bg(») B.(x)T 0<st<T

provided ¢&(2R) < g,.

Proof. Testing (5) with — A4,,u{? we obtain
J |Au|*(? dM dt +J |Vu(T)|*? dM —J |Vuo|* dM
MT " M
< cg, f |V2u’(?dM dt + cTR™* sup E(u(?)). @)
MT 0<t<T

Without loss of generality, we assume x,e€ dM. Let {e,,e,} be a local frame
on Bgr(x,) such that e, is the outward normal on 0M. Testing (5) with —V3u{? we
find

J 6,(1|72ulz)C2+J |PV,ul> —cTR™2 sup E(u(t))
MT 2 MT 0<t:<T
< C(J \Vufc? +J |Vu|2|l7§u|) + IU Vyu, V3ud(? +j |Pul?C2.
MT MT oM T MT

(8)

For u € K now let {G,(u),...,G,_x(w)} = TN be the outward normal frame to
K. By (4),

Viu ="ik Vyu, G;(u) YG;i(u) ="ik (Vyu-G;u)G;w)  on oM.

i=1 i=1

By (3)
Vou,G;(uw)>=0 a.e. on dM.
Differentiating this equality w.r.t e, on M yields that

(Gi(u), Viuy = —<VG,(u) - Vyu, Vou),
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hence on oM,

k

Viu, Viuy = — ni (Viu - G;)(Vau - VG, (u) - Vyu).

i=1

Smoothly extended G, to B = R and by Stokes’ theorem,

f Viu- V5u62=j Au - [G;()(Vou - VG, (u) - V,u)lC?
oM M

+ Vu - V[G;(w)(V,u - VG (u) - Vz“)]cz
Jm

+ | Vu-Gw)Vyu-VG,(u) - V,u)V{?

JM

s::f (7 2ul[Pu -+ [Pu[2 + |PLP [Pul.
M

Hence for any 6 € (0, 1) we know from (8):

! f 7o) - ) j 7302 + j PP
2 M 2 M MT
< (cg, + 6) J V202 + «(8)TR =2 sup E(u(?)).
MT 0<t<T
Since

|V2ul> = |Viul + |V 3ul* + |V, V,ul?
= (du — V3u)> + |V3ul* + 2|V, V,u|?
< 2(|4ut +2 - VV,ul), (9)

we obtain from (9) and (7):

f [V 2702 < (ce, + 49) J |V2u[?0? + cE(up) + c(6)TR ™2 sup E(u()),
MT MT 0st<T

and the claim follows from g,,é > 0 small enough.
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Using
f ;a,u|2det3cJ |l72u|2{2det+cf \Pul*C? dM s,
MT MT MT

in the above argument we obtain the following:

LEMMA 4. There exist constants c,, e, >0 depending only on M, K and N
such that for any solution u € V(IMT) of (1)—(4), any R € (0,0.5), any x € M there
holds:

E(T), B,(x,)) < 2E(uo; Bya(xo)) + ¢, TR™?

and
J |V2u|* dM dt < 4c,(1+ TR?)
BR(XO)

provided ¢(2R) < ¢,.

3. Uniqueness

Let M be the double of M, it is well-known that M is a closed Riemannian
surface. We will denote M, the a-tubular neighbourhood of M in M and
M_, ={xeM;dist(x,0M) 2a}. Then for a small enough and for any
xeM_,, there exists a unique projection point x"€0M and a unique
point x € M, /M that has also x” as the unique projection onto dM along the
geodesic c¢(f) =exp, {—exps'x}. So we may define an involution & (that is
$2 =1d) by

P(x)=x ifxeM_, and &(x)=x forxeMy,/M
Similarly, we can define an involution I in a b-neighbourhood K, of K in B. So
the restriction of 7 in N is an involution in the b-neighborhood of K in N. For a

solution u € V(MT) to (1)—(4) now we consider the set

3 ={(x, 1) € My /M), (), 1) € K, }
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and define an extension of uto @ = MTu g

u(x, t), if x e M,

flx, 1) = {I(u((b(x), ), if (x, ) ed.

By the interior regularity results of (1) (see [C]), @ is open in M, x(0,T) and
it is meaningful to consider

I((P(x), 1) = u(x, t)
for (x,t) e MT with (®(x), ) € Q. It can be verified that:
LEMMA 5. Suppose u € V(M7) solves (1)—(4), then ii satisfies
V24, 0,4 e L2 (9)
and i is a weak solution to the system
0,4 — At + T,(Vil, Vi) =0 (10)

on Q, where I';(,*) be a bounded bilinear form.

Proof. To obtain (10) note the pointwise estimates for all (x, 7) € 4.
|0,4(x, O)| < |DI(u) - 3,u(P(x), D)| < c|6,u(P(x), 1)], etc. (*)

Moreover, it is easy to see that #(¢) is of class H? for a.e. ¢t € [0, T'] on its domain
Q(?). Indeed #i(7) € H? separately on M and Q(f)/M =:Q(¢) for a.e.t. By properties
(3)—(4) we have that for any ¢ € CP(€(2); RY:

av2p dM +J avipdM = | V2u¢dM + f V2ud dM,

M fol0)) M

j av2¢ dM =
€(r) (0

while the boundary terms cancel. Hence the L2-function V2u(f) (defined on
M U (1) is the second distributional derivative of #(f) € H*(€(¢), R¢) for a.e.t.
Since I =1Id on K, and for v € TK,, we obtain that

DIl(y) Dlyv =0
for y € K,. Let o = DI(v), then by differentiate the above equation we have that

DZII(y)(DIy(U), DIy(U)) + DI](y)DZIy(U, U) == 0
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here we assume D, =0 at the point y. Then
D?I,,,(9,9) = — DI, DI (v, )
where y = I(y). Let ¢; be a moving frame on M, by the relation
u(x, 1) = I(U(P(x), 1))
we obtain further that

d,u(x, t) = DI - 0,4(x, 1),
Viu(x, t) = DI - Vil ,(V,P(x), 1),
Apu(x, t) =V, Vu(x, t)
= DIV, i, Vi) + DI, - Vi, (e, )
= DI; - Ay, ey + DI - D24y VOV, 0), VOV ; 1D)),

where ¢, = Vd(e;). By (1) we have (10). Q.E.D

Later we will use another implication of (3)—(4). Define P: K, - K by
dist (y, p(y)) =dist (y, K). Define ¢ € CF(R) satisfying 0<¢p < 1, ¢(s) =1 if
Is| < a/2, while ¢(s) =0, if |s| > a. Then for any solution u € V(MT) with extension
u the function

1 f xeM
P(x, 1) =< P(disty (d(x, 1), P(x, 1)), if (x,1) e (11)
0 if (x,7)¢8Q

belongs to HZ .(9(1)) for a.e.t. and satisfies a.e.

Vo| < c|Vil, V29| < |V, (1D
moreover, the distributional derivative d,¢ € L. and

0.6| <cloa| ae. (12)

LEMMA 6. Suppose u,,u, € V(MT") are twoo weak solutions to (1)—(4) with
1 (0) = 2,(0) = u,, then u, = u,.
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Proof. Let i, be the extension of u; defined in the above of Lemma 5 and ¢, the
associated truncation function j=1,2. Define ¢ =min{¢$;,$,} and
|Vi| = |Vit,|+ |Vd,|, etc. Subtracting equations (5) for u;,u, and testing with
(u, — u,)$* we obtain the following estimates for & = @i, — ii,:

10,6 — Agd| < (V0| |VD] + |Vaa||D])
1 A A A A A A A A A A A Al A
[, (Fopon +wiapar)<c [ totiaolo+alilivalo +1veoi
MT MT
+ V| |V5)[8)¢2 + |V ¢ 26} dM dt.

By (11)-(12) we may bound the above by
c f [oP(|o,u| + |Pul?) + |Po|lo|(1 + |Vu|) dM dt,
MT

here we have used the mean value theorem:
0(x, ) = (ty — @)(x, ) = o uy — I o u (P(x), 1)

1
= J- DI(u; + 0(uy — uy)) - (uy — u,) do I(«p(x),:),
0

and the bounds
|6(x, D) < c|p(®(x), 1)), [Vd(x, 0| < c|Vo(P(x), 1))|

for all x ¢ M, and integral estimates for § and V$ can be obtained from estimates
for v and Vv on M7 respectively.
From Holder’s inequality we now obtain

f |v(T)|2dM+J Vol aM di < c
M MT

1/2
x(j (|6,u|2+!Vu|4)det(J |v|4det)
MT MT

+-‘-J |Vv|2det+cJ (o dM dt.
2 MT MT
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Without loss of generality, we may assume that T is chosen such that

f |e(T)]? dM = sup J lo(0)|? dM.
M 0<:<T M

Using Lemma 1 for the estimate of L*norm of v, we conclude that

sup j o0 dM + J Vol dMdt < cT sup J o0 dM di
M MT M

0<t<T 0<tsT

1/2
+CU (Ia,u|2+|Vu|4)det) (sup Jv(t)sz+f |Vv|2dez>
MT 0<t=<T |p MT

and by absolute continuity of the Lebesgue integral the above can be bounded
by

1
—( sup J lo(0)[2 dM+j |Vv|* dM dt)
2 0<t=T M MT

for T > 0 sufficiently small. Hence v = 0 on M7 for this T. By iterationv =0 on M7
for any T > 0 such that u,, u, are defined on [0, T].

4. Local existence

THEOREM A. For uy€ C(K), there exists a number T > 0 depending only on
M, K and N such that (1)—(4) admits a solution in V(M7).

Proof. We want to prove this theorem by Schauder’s fixed point principle. Let

uo(x) if x e M,

t(x) = {I(uo(cp(x)))’ if x €M /M

and for any T >0 and ¢ > 0 sufficiently small let

M= {12 € V(MT; B)|i#(0) = #,, esssup j V() — Vi|* dM < a}
0<t<T T

M)

where ¢ be a number >4 to be determined later. .# is a closed convex set in
V(MT,; RY), To it € # we now associate the unique solution & =£(%) € V(M R?)
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of the Cauchy-Dirichlet problem

00 —Au o+ T,(Vi,Via)=0 in MJ,, (13)
0(0) =, (14)
d=4 on oMy, x[0,T]. (15)

It is a standard fact that we have the following uniform estimate
J (|0,8]9% + |V 25|9%) dM dt < c(u).
MT

(see [LSU], Theorem 4.9.1). By Lemma 4.1 of [C] we may bound the derivative of
§ on M_, x[O,T] if u, is sufficiently smooth on M. Here we followed the
argument of [St2]. Hence for ¢ >0,7T > 0,0 >0 small enough, the point set
{6(P(x), t); x € IM ,, } will lie in a b-neighbourhood of K in B and their reflection
in K will be defined. We may therefore define a map F: .# — .# by letting w = F(ii)
be the unique solution to the problem

db — AW + Ty(Vit, Vi) =0 in MT,, (16)
w(0) = iy, (17)
Wix, ) = IG(P(x), )  on oM, x [0, T]. (18)

Note that if ¢ >4 is chosen sufficiently large from Lemma 4.1 of [C] and the
regularity of ¥ on 0M_, we obtain uniform Holder estimates for V'w in (x, ?).
Therefore, for this small T we have w € # and F : .# — .# and F(.#) is bounded
in V(M[,; B).

In fact, F is a compact operator. Let # be a bounded subset of .#, then this #
is compact in L*([0, T]; L}(M,; R?)) by the weak compactness of V(M[,; R?)
and uniform boundedness of Vi(r) in LYM; R?) for any ¢t €[0, T] and any
i € #. Moreover, the associated set of traces

{ﬁlaM(Z); 13 € g}

is compact in W3/>*4 From (16)—(18) and Lemma 4.1 of [C] it follows that F is
compact in V(M7; R?). By Schauder’s fixed point theroem F has a fixed point
i = w. Necessarily

0(x, t) = l(x, t) = w(x, t) = I(6(P(x), 1)) on oM, x [0, T],
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i.e. ¥ is also a solution to (16)—(18). Hence ii =9 = w and # is a solution to (10).
But by our construction also J(#(®(x), #)) is a solution to (10) in (M, /M _,) 7 with
the same initial and boundary values as #. By an argument like the proof of
uniqueness for (1) —(4) we get that #(x, 1) = I({a(P(x), t)). So (3) is satisfied. Now by
the theorem in page 109 of [H] we know that d4(M x [0, T]) = N satisfying (1). (4)
should hold—otherwise ¥?u would not be in L*(M)). Q.E.D.

5. The large time behaviour

The following Lemma was obtained by M. Struwe [St] for harmonic map heat
flow in closed Riemannian surface.

LEMMA 7. There exists a constant &3 > 0 depending only on M, K and N such
that the following is true:

Any weak solution ue V(M) to (1)—(4) with initial data u,e H' is Holder
continuous on M x (0, T'), and any subinterval [s, T, s > 0, the Holder norm of u is
uniformly bounded in terms of T, S and the number

R =sup{R €(0,3]; &(2R) < ¢,}.

If uy € C(K), the solution u is Holder continuous on M x [0, T] and its Holder norm
is bounded in terms of T, R, and the H?-norm of uy.

Proof. First we derive uniform bounds for smooth solutions for the L?-norm of
o,u(t) for a.e.t > 0.
Differentiate (10) with respect to ¢ to obtain the equality

020 — Ay 8,8] < c|V3,4||Vi| + c|d,2| |4l

on Q. Testing this inequality with the function 8,2¢2{? and integrating over M,
and [¢,, t,] = [0, T] we obtain that

1 A sl Al A
S T s
M) (M@a)3

_ J (% 0,0.a1%) + |V6,ﬁ|q‘>£2>
(M)/i3

IA

c J (10,2160 + V0,8(0,310,8162C% + [V 0.0 0.4 [P lpV il 202
(M@}

+|vo,a[6,al¢2C|VE| +[0,aP{Val¢c?) aM at

Note that we have used the bounds of ¢.
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Next recall the integrals and derivatives of 4 over £ can be estimated by
corresponding integrals of u over M; see Lemma S. Hence we may replace the
domain M, by M and omit ¢ in all integrals at the expense of enlarge our constants
c. Applying Holder’s inequality we obtain

j 10,u(2,) P + f VoulP?<c j |a,u(t,)|2§2arM+1 f |Vo,u|?¢? dM dt
M M2 M 2 M2

1

+ c(f (|0.ul’¢* + |Vul*t?) dM dt)m(J‘ |0,u|*C? dM a’t)l/2
M,'% M,’f

re j 6P Q-+ PCP) dM dt. (19)
M‘?

From (5) there holds
|0,u] < |V2u| + c|Vul%, (20)

we now have the estimate
J |0.ulC?+ [Vul*<c f |V 2u[?(% + [Vul*c?
M,'f M,?

up E(u(?), B3(x,))

]
[ <t<1t,

< c(j \V2ul?(?+ |6, — 1, |R ™2
M2

L]

<c(t,— ;)R +¢.

For the last inequality we have also used Lemma 1, Lemma 4, and our assumption
that &(2R) < g;. Moreover, note that we may also apply Lemma 1 to the term
fa2|0,u*C? appearing on the right of (19). Going back to (19) we now simply write

LA

j Bt PL + f VouPe? < c f 6.ty P
M M,'f M

sup J |0,u()|¢?

tsty

+ c[(1 + (1, — t))R ?)e;] ”2[

1

X(J |va,u|2c2+1z—zla,u|2c2)]+c[(¢2_t.)R—2+s3] fim. j 6,uC0)
M’? 1<I1s1t,H BZR(xo)

SCJ |0,u(t)|?C2+ (1 +(t2~t|)R*‘a3]‘/2j |V, ul*¢?

+c(es+ (1, — ,)R™?) sup J |6,u(t)|2.
Bap(xg)

11St1s1t,



Harmonic map heat flow with free boundary 293

i.e. for sufficiently small &, >0, ¢, —t, < & R? there holds

f lou(t,)? <c j |0,u(t,)|* + ces  sup f |0, u()|*.
Bg(xo) B)Rr(x0) T =r=13 JB;R(x)

This inequality will hold for any x,e M and any ¢,,¢,€[0, T] such that
t,—t, < & R? Fix

0<7 <f<I +¢&R?, L=t +15),

and for ¢, e [f|, §,] let x,e M, t, €[t,, f;] be defined such that

2[ |0,u(t,)|> 2 gsssup —[ |0, u(D)|*.
BRr(xp) *id) & Bgr(x)

'1

Covering M with balls of radius R, for sufficiently small ¢; > 0 and suitably chosen
t, € [f,, f,] we obtain that

1R j o ulEy)P < J Bt < ¢ J o)
M BRr(xg) Bar(xg)

inf f G < o 1)
I, <t<7i,
By (20) and Lemma 3 we finally get
J |0,u(t,)? S (22)
-4

for all 1,, t, € [0, T] such that 0 <t, — t; <&, R?, with constant ¢ = ¢(T, R), i.e. for
all ¢ € (O, T] there holds

J 0 u(Of <e(1+1t71). (23)
If uye C(K) from (23)—(24) we obtain
f |0, u(D] < ¢ (24)

uniformly, with ¢ depending in addition on H*(M)-norm of u,. Now we derive
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pointwise estimates for

f 72u(n)

by using (10). Note that (10) implies that
|4d(1)| < c(|0,4(0)| + [P i) ).
Testing it with 44(f)¢? we find that
f Papes f (0,8 + [P + c J 724 afe?
M M M
i.e. by (*) again
f V2u(@f <c f (|0:u()) + |Vu(®)|*),
M M

Lemma 1 and our assumption &2R) < &; now imply that

V@) <c | |0,u(H) +cR2,
M | M

and (24) yields the estimate

J. |V2u(t)|* < (T, s, R)
M

for all ¢ €[s, T], s > 0 and the global bound

j P20 < (T, R, [t | sary)
M

for all u,e C(K). By Sobolev’s imbedding theorem H*(M) o C%M) and u(t) is
locally uniformaly continuous on (0, 7] resp. on [0, T'] for regular u,. In particular,
Q contains a uniform neighbourhood of M x (0, T, resp. of M x [0, T], as we can
use Lemma 4.2 of [C] to derive all required estimates for u.

For weak solution u € V(M) the time derivative has to be replaced by diffrence
quotients. One can proceed as above. Q.E.D.
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Remark. Now we can prove the small time existence of V(M7 )-weak solution
to (1)—(4) for u, € H'. To see this we approximate u, by smooth data uJ' € C(K)
and let u™ € V(M 7~) be the corresponding solution of (1) -(4). By Lemma 3, 4 and
7, each u,, persists as a regular solution to (1)—(4) for at least T = ER?/2¢c, > 0. In
fact, Lemma 3 guarantees the estimate &(2R) < & for all ¥™ on [0, T], and Lemmas
4 and 7 apply. Moreover, we have a uniform bound

f (|8,u™? + |V2u™ + |Vu"|*) dM dt + sup E(u™(t)) < c(R),
mT 0<¢<T

and we may extract a subsequence that convergences weakly in V(M7T) to a
solution of (1)—(4).
Now we are ready to following

LEMMA 8. Suppose u € Ny, V(MT) is a solution to (1)—(4) and for some
R > 0 there holds

sup E(u(t), Br(x)) <&

(x,)e M

Then u is globally regular and there exists a sequence t,,— oo such that u(t,) € C?
and

u(t,) — i in H{(M),

where 4 is a harmonic map from M into N with free boundary in K.

Proof. Our assumption and Lemma 3 imply that for m e N,

~

J 0,ul2 dM dt 50 (m — o),
M,,’7+‘

f |V2u|*dM dt < ¢ uniformly in m.
M’r"n—i—]

By Fubini’s theorem we may choose a sequence ¢,, — oo such that u,, = u(t,,) € C?
satisfies

o.u(t,) = Ayu,, + Aw,,)Vu,,, Vu,) -0 in L*(M),
Ou,(x) LT, oK a.e. on oM,

sup E(u,,, Br(x) <§, for all m.
xeM

Now the claim follows from Theorem B below. Q.E.D.
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As in [St] we study singularities created by concentration of energy near some
points.

LEMMA 9. Suppose that for some T < o,u€ ny_r V(MT) is a solution of
(1)—(4). If for all R >0,

lim sup E(u(?), B,(x)) =&,

T1T(x,DeMT

then there exist sequence t,, /' T, x,,€ M, R, \,0 and a map i € H%_ such that
u(t,,) € C* and the rescaled functions

u,, (1) = u(x,, + R, x, t,,) > it in HZ,

after a possible rotation of coordinates. Moreover, E(it) < o0, and @ is conformal to
either some minimal 2-disk with free boundary in K or some minimal 2-sphere in N.

Proof. For any sequence R,, \, 0 let t,, < T be maximal with the property that
for some x,, e M

E(u(ty), Brm (X)) = o, E(u(?), Bgn(x)) = .

Clearly t,, /' T as m — co. After possibly take a subsequence we assume that x,, — X
in M. Let O be a local chart of x. By Lemma 4 there exists a constant ¢; = &2c,) '
such that for all ¢t €[t,, — c; R2,, t,,]

E@(1), Byan(x) 2 5> 0.
Moreover, by lemma 3 and Lemma 1

f Vul*<c
Mt’,'”"—cg,R'i

uniformly for all m, while again by Lemma 3 and absolute continuity of the
Legesgue integral

J |V?u|dM dt -0 (m — + ).
Ml‘,:,n—C3R3'

Finally, by Lemma 3 also

esssup E(t) £c <
tm—C3RZ <t<1,



Harmonic map heat flow with free boundary 297
uniformly for all m. Hence if we let
u™(x, t) = u(x,, + R, x, t,, + R%1)
and
M™ ={x € R¥x,, + R,,x € 0},
then u™ e V((M)__,) will satisfy (1) on (M*™)_, and following estimates
j |0,u™? dM dt -0 (m — o0),
M) _ .,
J |V 2u™|dM dt < c,
M) _
esssup0 E@™(t), B,(0)nM™) >0,

—c3S 1S

esssu Eu™(t) <c < o0,
(x,t)e(/l')'(m)_(.3

uniformly in m. As in [C], we can choose s, € [—c3, 0] such that wu,, =u™(s,,)
satisfies
u, € H3(M™, RY,
0u™(S,,) = Ayt + A, (Vu,,, Vuy,,),
Oitn(x) LT, oK, ae ondM"NOR%: =M
0<c<EWwu,, B,(0)nM™) < E(u,,) <c’ <o,
sup E(u,,, B,(x) nM™) <g,

x e Mim)
uniformly in m. After shifting time we assume s,, = 0 and invoke theorem B below

to conclude our lemma.

THEOREM B. Suppose M™ < R?, is a sequence of bounded domains that
converges to a limiting domain M < R?, u™ € H*(M ™) satisfies that

U, (M) c K, (26)
Oatt(¥) LT, K a.e. on OM™, (27)

E(u,) <c<ow uniformly in m, (28)
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sup | E,,, B,(0)nM™ < ¢ uniformly in m,
xe M(m

J‘ IAM(m)um + Aum(Vums Vum)lz—’o (m =¥ CD)
M (m)

(29)

(30)

Then there exists a map i € H2 (M, R?) and a subsequence (we still denote)

m — oo such that
Upm "‘*12 in leoc(M(w)9 Rd)9
where i@ € H'(M (™) solves

A + A,(Via, Vi) =0  in M,

i, | —la,P=0=a, -a, in M,
#OM®) < K,

0zu(x) L Ty K, on M),

and
E(@) < 0.

If M =R2 , then @ is conformal to a minimal 2-disk,
If M) = R?, then & is conformal to minimal 2-sphere.

Proof. By (30) we obtain

12
J |Au,, | <c j \Vu,,, |*|du,, | + 0(1)(-[ |4u,,, |2) :
M M M

By Lemma 1 this gives
J |Aum|2$cJ |V, [* + 0(1)
M (m) M (m)
sdz’f |V %u,,,|* + ¢ + 0(1).
Mm)
As in the proof of Lemma 3, we have

Vu,|<c uniformly in m,
M (m)

(3D)
(32)
(33)
(34)

(35)

(36)
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By Sobolev’s imbedding theorem, u,, are equicontinuous and hence may be ex-
tended to a r-neighbourhood M of M by reflection in K as before, here r > 0
independent of m (26)—(27) guarantee that these extensions i,, € H3(M“; R¢) and
satisfy (10) on M, as we verified in Lemma 5. Moreover, as in the proof of
Lemma 5, for the extension i, of u,, we derive that

f iy, + Ay (Vi Vi) =0
M (m)

for all m.
By (36) we may select a subsequence i, such that for any bounded domain
Q c R?

A, =i weakly in HX (M nQ; R?).
By Rellich’s theorem we have

d, >u strongly in L' (M Q; RY)
and

A, — il strongly in LM nQ; R?)

for any ¢ < co. Hence we may pass to the limit m — oo in (30), (26), (27), and find
that # be a harmonic map as claimed.

Moreover, letting @,, be the cutoff function associated with i, by (11). Given j,
k let ¢ =min {¢,, @, }, ¢ € C3(2) upon testing the difference of Eq. (5) for u;, u,
with the function 4(u; — u,)$¢ we obtain

f V(@ — ) Peé = J 4G, — ) Pog +0(1)
R R2
<c j (A, (Vily, Vit;) — Az Vi, Vil )] - A(d; — i )@E + 0(1)
R2

as m — oo,

and 4, — 4 strongly in HA(M© nQ, R% for any bounded Q = R
The remaining part of our claim are now easily verified. By (31) the complex
valued function of z = x + iy € M < R* = C is holomorphic and

H(z) =|a,|*—|u—,|* — 2ia, - a,
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by (35) is integrable over M=), In case M) = R? from the mean value theorem for
harmonic functions

1
=— H(z) dz’
H(2) 27R Sy (z) dz’,

upon letting R — co we obtain that H(z) =0, i.e. that @ is weak conformal. By [S§],
# is smooth and hence a minimal 2-sphere.

Similarly, if M =R2 , by (33)-(34) H is real on M), By reflection and
(35) the imaginary part of H may be extended to a harmonic function in L'(R?),
hence it must vanish identically by the above argument. The Cauchy-Riemann
equations now imply that H = constant. But H € L'((R%), thus H =0, and # is
weak conformal. By the conformal equivalence D?=R2, the map @ will be
conformal to a weak harmonic map. By the regularity result of [S] again #& is

smooth and hence a minimal 2-sphere.
Q.E.D.

6. The end

Now, the proof of Theorem 1 is a direct consequence of Theorem A, the
remark, and Theorem B.

Proof of Theorem 2. First, suppose K is diffeomorphic to S2. Let (r, @) be a
polar coordinate on S? and denote C =dD? then S?= C x [0, n] with C x {0},
C x n collapsed to points. Let D : K —» S? be the diffeomorphism in our assump-
tion. Then any continuous mapping p: [0, ] - H(K) such that p(0), p(n) are
constant maps induces a mapping dp : S — S? by letting

op(y, ¢) = D(p(¢)(e™)). (37)
Endowing the space of mappings S?— S? with C%topology set

2 = {p € C°([0, n]; H(K))|p(0) = const,
dp € C°(S?, S?) is homotopic to the identity on S?}.

Since (37) for p =id|s. defines a path p € C'. Clearly 2 # ¢.

Suppose the conclusion of Theorem 2 is false, then for any u, € H(K), there is
a global regular solution of (1)-(4) which convergences to constant at infinity.
Hence id|s. is homotopic to constant mapping in C°(S?, S?), a contradiction.
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The general case can be proved in the same spirit. More precisely, it goes as the
same as the proof of Theorem 8.50 in the book of J. T. Schwartz: Nonlinear
Functional Analysis, Gordon and Breach, New York, 1969. Q.E.D.
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