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The Gauss map of a spacelike constant mean curvature
hypersurface of Minkowski space

Bennett Palmer

The Bernstein problem for maximal (mean curvature zéro) spacelike hyper-
surface of n + 1 dimensional Minkowski space En+I was introduced by Calabi [C]
in 1968. He showed that for n ^ 4 the only entire maximal graph was a linear
supspace. For n &gt; 4 the same conclusion was reached by Cheng and Yau in [CY].
Nonlinear entire graphs of constant non-zero mean curvature were found by
Treibergs [T].

For hypersurfaces of Euclidean space Ert+1, one possible generalization of the
Bernstein problem is to study the distribution of normals to a complète constant
mean curvature hypersurface. This problem was suggested by Chern in [Ch]. The
best resuit in this direction is that of Hoffman, Osserman, and Schoen [HOS] who
showed that the normals to a complète constant mean curvature surface in E3

cannot lie in a closed hémisphère of S2, unless the surface is a plane or right
circular cylinder.

Hère we study the analogous problem for spacelike constant mean curvature
hypersurfaces M c E?+1. The case n 2 was previously discussed by the author in
[P]. In order to state the main resuit we let r\ be the timelike unit normal field to
M. For peMwe regard t](P) as a point in the n-dimensional hyperbolic space

Hn{-\) canonically embedded in E?+1. We show

THEOREM I. For H=£0 there exists a number r=r(nfH)&gt;0 with the

followingproperty: Let Mn a E?+1 be a spacelike hypersurface with constant mean
curvature H. If r){M) is contained in a géodésie bail of radius tx&lt;x in Hn(—l)
then M is not complète.

To this end we demonstrate that there is an upper bound on the radius of a

géodésie bail Bp(x0)czM if rç(M) is contained in a géodésie bail of radius r in
Hn{—1) for r sufficiently small.

We would like to thank Professor Robert Osserman for his helpful comments
in the préparation of the manuscript.

We will need the following.

52



The Gauss map of a Minkowski space 53

LEMMA 1. Let M be a smooth Riemannian manifold with Laplace operator
A. Let S be a smooth function on M satisfying

and

a &lt; S &lt; t.

Let QcM be relatively compact smoothly bounded domain. Then the first
eigenvalue Xx kx(Q) of the problem

Au 4- Au 0, on Q

u 0 on dQ

satisftes

(x-oTl^K (1)

Proof. Let / be a smooth function on Q and consider the problem

Av =/, in Q

v 0, on dQ.

It is well known that the solution is given by

-v(x)=\ f(y)G(x,y)*l(y) (2)

where G(x, y) is the (positive) Green&apos;s function and * 1 is the volume élément of
M. In particular when / 1,

-tH*)=f G(x,y)*l(y)

solves Axj&gt; l, ^Ui2 0. Let 5 be as above and note that

and

5 - \p 5 &lt; r, on dQ
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Therefore by the maximum principle

S - ip &lt; t in Q

and so

— xp &lt; r — a in £2.

Let w be an eigenfunction belonging to kx. It is well known that u is positive in Q.
We hâve by (2)

&lt;Â(maxw) f G(jc, y

&lt;À1(maxa)(r — a).
Q

Choosing x0 such that u(x0) is a maximum, one obtains (1).

Let M be a spacelike hypersurface of E?+1. We will always consider M with
the induced Riemannian metric. For x e M let Bp(x) dénote the géodésie bail of
radius p centered at x. Similarly for t] eHn(—l)c= E?+1, Br(r]) will dénote the
géodésie bail of radius r centered at ry.

THEOREM IL Let Mn c Eî+1 6e a spacelike hypersurface of constant mean
curvature H ¥= 0. Le/ x € M swc/i f/iaf Bp(jc) c M. v455wme r/ia/ r?(M) c i5T(f)) /or

e Hn{-\). Then kx Xl{Bp{x)) satisfies

nH2(cosh t - ly1 &lt; kx.

In order to prove Theorem II, the following lemma is needed.

LEMMA 2. Let M and rj be as above. Then the differential dr\ of t] satisfies

Proof Using a standard argument, it is easily seen, using the smoothness of
Af, that dt] is self-adjoint. Choosing an orthonormal basis at an arbitrary point in
M which diagonalizes, we can assume a matrix représentation dr\ diagonal
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kn) where k; are the principal curvatures. We hâve:

Using, for example, Lagrange multipliers it is easily checked that the minimum of

/ on the level set g nH occurs when k} H for ail j.

Proof of Theorem II

By a resuit of Ishihara [I] the Gauss map rç is a harmonie map of M into
Hn(— 1). If fj (»h, • • • y Vn+i) then ^^ch component satisfies the Euler-Lagrange
équation,

Ar,, \\dr,\\\. (3)

We may assume, by first applying a Lorentz transformation to M if necessary,
that ff (0, 0, 0, 1). The assumption t](M) a Bx{f\) implies

1 &lt; qn+1 &lt;cosh t.

By (3) we hâve

4r?rt+1 ||dr?||2 ryn+1 &gt; nH2r]n+l &gt; nH2.

Define s rjn+1(nH2y\ Then

and

(nH2)-1 &lt;s&lt;(nH2y lœshr.

So by Lemma 1,
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Proof of Theorem I

It is well known [CY] that the Ricci curvature of M is bounded below by
(-n2H2/4). Assume that Bp(x) c M and rj(M) c BT{f\). Then applying the lower
bound for kt derived above along with an upper bound for kx due to M. Gage,
[G] we obtain the following inequalities:

Whenn=2,

for n 3

(3//2)(cosh r - l)&quot;1 &lt; À! &lt; §/J2 + ^
and for n &gt; 4

16

inf
o&lt;*&lt;i 1(1 — t)p

and the theorem follows.
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The author would like to call the readers&apos; attention to a récent paper of H. I.
Choi and A. Treibergs, with the same title as the présent one, in which the Gauss

map of an entire spacelike surface is studied using its idéal boundary.
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